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repeated in their lexicographical position later. Page numbers given in boldface
indicate the location of the main definition of the item, and those in italics indicate
statements of results.

A -equivalent 110
A .W; TE/ 17
A L.W; TE/ 21
cdim.f / 112
C1.M; N / 9
C1

H .O/ 31
.C1/A

H .eO/ 33
Cm 2
@hE , @vE 14
@hW , @vW 15, 37
@h˙ , @v˙ 37
diff.M / 9
Difff .E/ 14
Difff .˙/ 36
DiffA

H .eO/ 33
DiffL.M rel X/ 21
DiffM �X.M / 21
Diff.M rel X/ 13, 21
Diff.M; V / 25
Diffv.E/ 14
Dih.S1 � S1/ 2
D�

4m 2, 5, 54, 57
Embf .W; E/ 15
EmbH .eW ;eO/ 31
EmbA

H .eW ;eO/ 33
Emb.V; M / 14
EmbK.V; M / 21
Emb.V; M rel S/ 21
EmbK.V; M rel S/ 21
Embv.W; E/ 15
Emb.W ; O/ 31

Expa 16
Expv 16
g 28
� (graph in flattened surface) 70
Hx.E/ 15
I 9
I .M / 2
=.z0 C z1j / 58
emb.M / 9
Img.V; M / 25
Isom

C
.S3=G/ 58

isom.M / 2
I �

120 2
J (subgroup of S3) 57
j kf 110
K0 53
L.m; q/ 2, 85
M.m; n/ 53
Norm.G/ 58
O.2/ 1, 57
O.2/� 2, 60
O�

48 2
O.2/�

e� O.2/� 2
O.2/�

e� O.2/� 61
P (I-bundle) 53
P (quaternions) 58
�1.M.m; n// 54
Pt 96
Qs 96
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R.s; t/ 94
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rD2 92
<.z0 C z1j / 58
R-equivalent 110
S1

e� S1 2
S1

e� S3 2
sA, sB , sX , sY 98
TExp 12
T �

24 2
e� 2
Tu 56, 69
Vt , Wt 94
V .W; TE/ 17
V L.W; TE/ 21
Vx.E/ 15
!v, !h 15
XH .eW ; TeO/ 32
�k 57
X .V; TM /, X L.V; TM / 13
Y .M; TM / 9
Y .V; TM /, Y L.V; TM / 12
Z 12
Z-compatible 134

A

adjacent regions in graphic 98
A -equivalent 110
aligned

exponential 16
equivariance 38

vector field 16
Anderson-Kadec Theorem 4
A .W; TE/ 17
A L.W; TE/ 21

B

base Klein bottle 55, 62
basic isotopy 127
biessential 86, 91

after basic isotopy 86, 127, 128
bigon move 122
bilongitudinal

levels 133
birth-death point 96
Bonahon

method for �0.Diff.L// 87
border label control 105, 116–117

and labels in graphic 106

boundary
horizontal 14
vertical 14

Bruce 86, 110
weak general position theorem 106

for parameterized family 107

C

cdim.f / 112
center

critical point type 96
center of mass 42
Cerf vi, 3, 19
C1.M; N / 9
C1

H .O/ 31
.C1/A

H .eO/ 33
Cm 2
codimension

and singularity type 111
of real-valued function 111–113

compatible
Z-compatible parameters 134

concentric solid torus 92
core circles

does not create 120
core region 88
cored 133
corners 11, 14
critical point

birth-death type 96
center type 96
saddle type 96
stable 96

crossover point 121

D

deformation
of parameterized family 51

@hE , @vE 14
@hW , @vW 15, 37
@h˙ , @v˙ 37
diagonal subgroup 2, 54, 59
Diagram 99
diff.M / 9
diffeomorphism

fiber-preserving 14
orbifold 31
vertical 14



Index 151

Difff .E/ 14
Difff .˙/ 36
DiffA

H .eO/ 33
DiffL.M rel X/ 21
Diff.M /

CW-complex 10
Fréchet structure 13
homeomorphism type 4–5
isomorphism type 5
Lie structure 13
local convexity 13

DiffM �X.M / 21
Diff.M rel X/ 13, 21
Diff.M; V / 25
Diffv.E/ 14
Dih.S1 � S1/ 2
discal 86, 91
D�

4m 2, 5, 54, 57

E

elliptic 1
embedding

fiber-preserving 15
orbifold 31
vertical 15

Embf .W; E/ 15
EmbH .eW ;eO/ 31
EmbA

H .eW ;eO/ 33
Emb.V; M / 14

Fréchet structure 14
EmbK.V; M / 21
Emb.V; M rel S/ 21
EmbK.V; M rel S/ 21
Embv.W; E/ 15
Emb.W ; O/ 31
equivalence

of germs of smooth maps 110
equivariant 31, 31

Riemannian metric 32
smooth function 32
vector field 31

examples
local triviality and Lie groups 22
meridional annuli in a solid torus 89
graphic with no unlabeled region

100–102
flattened torus with two meridian disks

124
flattened torus in L.2; 1/ with two meridian

disks 125
nested ball regions 130

level tori out of order 133
hypothetical inconsistent nesting 137

Expa 16
exponential

vertical 16
Exponentiation Lemma 24

for fiber-preserving maps 28, 30, 40
Expv 16
Extension Lemma 23

for fiber-preserving maps 27
equivariant 34, 35
for fiber-preserving maps 39
for singular fiberings 39, 40
Seeley 12, 13, 14, 24, 28, 35

F

fiber-preserving
diffeomorphism 14
embedding 15

fibered submanifold 15
figures

T a neighborhood of T \ S 27
canonical straightening 43
flattened surfaces, local picture 70
flattened saddle tangency 71
flattened surface near original intersection

arc 71
removal of a bigon by isotopy 73
an exceptional K \ K0 for M.1; 1/ 74
meridional annuli in a solid torus 89
Heegaard torus with bad meridional annuli

91
complicated configuration of intersecting

levels 94
the Diagram 99
graphic with no unlabeled region 101
sweepout with no unlabeled region 102
ascending and descending arcs in a graphic

118
up and down edges 121
tunnel arc and tunnel move 122
flattened torus with two meridian disks

124
nested ball regions 130
out of order level tori 133
inconsistent nesting 137
projection of a perturbed level 142

finite multiplicity 68
finite multiplicity type 56
finite singularity type 109–111
finitely determined 110
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flattened surface 69
flattening 56, 120

isotopy 72
Fréchet space 4

G

g 28
Gabai 6
� (graph in flattened surface) 70
general position 86

of parameterized family 106
with respect to sweepout 106

Generalized Smale Conjecture v
generic position 56, 68, 74, 76
Geometrization Conjecture 1, 7
germs of smooth maps

types of equivalence 110
good position 86, 91, 126
(GP1), (GP2), (GP3) 106, 117, 120, 143
graph 105
graphic 86

Rubinstein-Scharlemann 98

H

Hantsche-Wendt manifold 47
Hatcher v, vi, 3, 6, 20, 49, 56, 57, 77, 86, 126,

128, 134
Hattori 1
Heegaard torus 90, 131
Hendriks 113
homeomorphism type of Diff.M / 5
Hopf fibering

of M.m; n/ 55, 60
of S3 55
of lens space 87

horizontal
boundary 14
lift 15
path 15
subspace of TxE 15
tangent vector 15

Hx.E/ 15

I

I 9
I .M / 2

=.z0 C z1j / 58
image labels 126
emb.M / 9
Img.V; M / 25
instant pair 143
intersection

biessential 86
discal 86

Isom
C

.S3=G/ 58
isometries

calculation of isom.�1.M.m; n/// 58–59
isometry groups

calculation 58–59
isom.M / 2
isotopy

basic 127
Isotopy Extension Theorem 19
isotopy lifting 29
I �

120 2
Ivanov v, 3–5, 20, 49, 56, 126

J

J (subgroup of S3) 57
jets 110
j kf 110

K

K0 53
(K1), (K2), (K3) 99
Karcher 42

L

L.m; q/ 2, 85
labels

and border label control in graphics 106
image 126
key properties 98
of regions 97

lens spaces 36
level

of sweepout 94
levels 69, 86, 126
lift

horizontal 15
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lifting isotopies to bundles 29
local cross-section 21
Logarithm Lemma 23, 51

equivariant 34, 35, 38
for fiber-preserving maps 27, 39
for singular fiberings 39, 40

longitude
in solid torus 88
in level 69

longitudinal
annulus 89
fibering of K0 3, 47, 53, 55

lower-case convention 9

M

M.m; n/ 53
is lens space when m D 1 54

manifold with corners 11
Mather 110, 111
meridian 69

of solid torus 88
meridian disk 88
meridional

annulus 89
figure 90

fibering of K0 3, 47, 54, 55, 69
Morse general position 96
Morse type 96

N

neighborhood of a submanifold 21
Neumann 20
normalizer 58
Norm.G/ 58

O

O.2/ 1, 57
O.2/� 2, 60
orbifold 31

diffeomorphism 31
homeomorphism 31

O�

48 2
O.2/�

e� O.2/� 2
O.2/�

e� O.2/� 61

P

P (I-bundle) 53
P (quaternions) 58
Palais vi, 10
Palais method 22–25

Exponentiation Lemma 24
Extension Lemma 23
Logarithm Lemma 23

Palais-Cerf Restriction Theorem 20, 79
Parameterized Extension Principle 51
Parameterized Isotopy Lifting Theorem 19,

29
Park 20
path

horizontal 15
Perelman 1, 7
�1.K0/

standard presentation 53
�1.M.m; n// 54
pinched regular neighborhood 121
precompressing disk 97
precompression 97
prism manifold 54
product near @hE 15
product near the boundary 11, 37
Projection Theorem

bundles 29
Palais-Cerf 19
singular fiberings 39, 49, 66, 67, 76, 81

projection-restriction square 20
fiber-preserving 30
singular fiberings 41

Pt 96
pure imaginary quaternions 58

Q

Qs 96
quaternionic manifold 54
quaternions 1, 57–58

R

R 53
R.s; t/ 94
Raymond 20
rD2 92
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<.z0 C z1j / 58
region

target 138
regions

of graphic 97
R-equivalent 110
Restriction Theorem 20

fiber-preserving 20
orbifolds 36, 46, 65
Palais-Cerf

relative version 25, 31, 82
relative fiber-preserving 30, 31
singular fiberings 40, 46, 49, 67, 82
to boundary of orbifold 45
to point 46, 80

Riemannian metric
complete 10
equivariant 37
product near the boundary 11

(RS1), (RS2), (RS3) 98, 100, 119, 125
Rubinstein-Scharlemann

graphic 86, 98
method 85, 96–100

S

S1
e� S1 2

S1
e� S3 2

sA, sB , sX , sY 98
saddle

critical point type 96
Sard’s Theorem 117, 126
Scharlemann vi, 87
Seeley

Extension Lemma 12
Seifert-fibered 3-manifold 20
semialgebraic sets 110–111
Sergeraert 86, 111

Stratification Theorem 113
� -level 96
singular point

of S \ T 68
singular fiberings 20, 36

and Seifert fiberings 36
very good 41

singularity
finite type 109–111

singularity type
and finite codimension 111

Smale 3
Smale Conjecture v, 1, 3

current status vi

for incompressible Klein bottle case 4,
66

for lens spaces 4
in physics 5
�0-part 3

small-letter convention 9
space of fibered structures 41
space of images of a submanifold 14, 25
space of Seifert fiberings v, 20, 47

contractibility 47
space of singular fiberings 41

Fréchet structure 41
special

Klein bottle 55, 61
suborbifold of O 61
torus 61

spine 94
square

projection-restriction 20
fiber-preserving 30
singular fiberings 41

stable
critical point 96
tangency 96

straightening fibers 41–44
stratification 111

of space of real-valued functions
113–116

strongly irreducible
Heegaard splitting 97
sweepout 97

submanifold
fibered 15
meeting collar in I-fibers 11
vertical 15

suborbifold 31
of the boundary 44

subspace
horizontal 15
vertical 15

sweepout 85, 93

T

table
isom.M.m; n// calculations 59
isometry groups 2
quotient orbifolds 60
Smale Conjecture status vi

tame exponential 12, 13, 17
target region 138
Tarski-Seidenberg Theorem 111, 115
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� -level 96
TExp 12
Thom transversality 107
T �

24 2
e� 2
Tu 56, 69
tunnel move 122

V

V -cored 133
vector field

aligned 16
vertical

boundary 14
diffeomorphism 14
embedding 15
exponential 16
submanifold 15
suborbifold 37
subspace of TxE 15
tangent vector 15

very good
position 86, 91, 126–131
singular fibering 41

Vt , Wt 94
V .W; TE/ 17
V L.W; TE/ 21
Vx.E/ 15

W

Waldhausen 47, 82
Waldhausen’s Theorem 6
W -cored 133
weak transversality 106–109
!v, !h 15

X

XH .eW ; TeO/ 32
�k 57
X .V; TM /, X L.V; TM / 13

Y

Y .M; TM / 9
Yagasaki 12
Y .V; TM /, Y L.V; TM / 12

Z

Z 12
Z-compatible 134
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