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61. J. Cea, Optimisation: théorie et algorithmes (Dunod, Paris, 1971); Polish translation:
Optymalizacja: Teoria i algorytmy (PWN, Warszawa, 1976)

62. A. Cegielski, Relaxation Methods in Convex Optimization Problems (in Polish). Monographs,
vol. 67, Institute of Mathematics, Higher College of Engineering, Zielona Góra, 1993
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258. E. Matoušková, S. Reich, The Hundal example revisited. J. Nonlinear Convex Anal. 4, 411–

427 (2003)
259. S.F. McCormick, The methods of Kaczmarz and row orthogonalization for solving linear

equations and least squares problems in Hilbert space. Indiana Univ. Math. J. 26, 1137–1150
(1977)

260. Yu.I. Merzlyakov, On a relaxation method of solving systems of linear inequalities (in
Russian). Zh. Vychisl. Mat. Mat. Fiz. 2, 482–487 (1962)

261. D. Michalski, Y. Xiao, Y. Censor, J.M. Galvin, The dose-volume constraint satisfaction
problem for inverse treatment planning with field segments. Phys. Med. Biol. 49, 601–616
(2004)

262. W. Mlak, Introduction to Hilbert Spaces (in Polish) (PWN, Warsaw, 1982)
263. W. Mlak, Hilbert Spaces and Operator Theory (Kluwer Academic, Boston, 1991)
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268. J. Mycielski, S. Świerczkowski, Uniform approximation with linear combinations of repro-

ducing kernels. Studia Math. 121, 105–114 (1996)
269. N. Nadezhkina, W. Takahashi, Strong convergence theorem by a hybrid method for nonexpan-

sive mappings and Lipschitz-continuous monotone mappings. SIAM J. Optim. 16, 1230–1241
(2006)

270. F. Natterer, The Mathematics of Computerized Tomography (Wiley, Chichester, 1986)
271. J. von Neumann, in Functional Operators – Vol. II. The Geometry of Orthogonal Spaces.

Annals of Mathematics Studies, vol. 22 (Princeton University Press, Princeton, 1950) (Reprint
of mimeographed lecture notes first distributed in 1933)

272. O. Nevanlinna, S. Reich, Strong convergence of contraction semigroups and of iterative
methods for accretive operators in Banach spaces. Israel J. Math. 32, 44–58 (1979)

273. N. Ogura, I. Yamada, Non-strictly convex minimization over the fixed point set of an
asymptotically shrinking nonexpansive mapping. Numer. Funct. Anal. Optim. 23, 113–137
(2002)

274. N. Ogura, I. Yamada, Nonstrictly convex minimization over the bounded fixed point set of a
nonexpansive mapping. Numer. Funct. Anal. Optim. 24, 129–135 (2003)

275. S. Oh, R.J. Marks, L.E. Atlas, Kernel synthesis for generalized time-frequency distributions
using the method of alternating projections onto convex sets. IEEE Trans. Signal Process. 42,
1653–1661 (1994)

276. J.G. O’Hara, P. Pillay, H.-K. Xu, Iterative approaches to finding nearest common fixed points
of nonexpansive mappings in Hilbert spaces. Nonlinear Anal. 54, 1417–1426 (2003)

277. S.O. Oko, Surrogate methods for linear inequalities. J. Optim. Theor. Appl. 72, 247–268
(1992)



286 References

278. Z. Opial, Nonexpansive and Monotone Mappings in Banach Spaces. Lecture Notes 67-1,
Center for Dynamical Systems, Brown University, Providence, RI, 1967

279. Z. Opial, Weak convergence of the sequence of successive approximations for nonexpansive
mappings. Bull. Am. Math. Soc. 73, 591–597 (1967)

280. S.C. Park, M.K. Park, M.G. Kang, Super-resolution image reconstruction: A technical
overview. IEEE Signal Process. Mag. 20, 21–36 (2003)

281. J. Park, D.C. Park, R.J. Marks, M. El-Sharkawi, Recovery of image blocks using the method
of alternating projections. IEEE Trans. Image Process. 14, 461–474 (2005)

282. S.N. Penfold, R.W. Schulte, Y. Censor, A.B. Rosenfeld, Total variation superiorization
schemes in proton computed tomography image reconstruction. Med. Phys. 37, 5887–5895
(2010)

283. W.V. Petryshyn, T.E. Williamson Jr., Strong and weak convergence of the sequence of
successive approximations for quasi-nonexpansive mappings. J. Math. Anal. Appl. 43, 459–
497 (1973)

284. G. Pierra, Decomposition through formalization in a product space. Math. Program. 28, 96–
115 (1984)

285. C. Popa, Least-squared solution of overdetermined inconsistent linear systems using
Kaczmarz’s relaxation. Int. J. Comp. Math. 55, 79–89 (1995)

286. C. Popa, Extensions of block-projections methods with relaxation parameters to inconsistent
and rank-deficient least-squares problems. BIT 38, 151–176 (1998)

287. C. Popa, R. Zdunek, Kaczmarz extended algorithm for tomographic image reconstruction
from limited data. Math. Comput. Simulat. 65, 579–598 (2004)

288. S. Prasad, Generalized array pattern synthesis by the method of alternating orthogonal
projections. IEEE Trans. Antenn. Propag. 28, 328–332 (1980)

289. J.L. Prince, A.S. Willsky, A geometric projection-space reconstruction algorithm. Lin.
Algebra Appl. 130, 151–191 (1990)

290. E. Pustylnik, S. Reich, A.J. Zaslavski, Convergence of infinite products of nonexpansive
operators in Hilbert space. J. Nonlinear Convex Anal. 11, 461–474 (2010)

291. E. Pustylnik, S. Reich, A.J. Zaslavski, Convergence of non-cyclic infinite products of
operators. J. Math. Anal. Appl. 380, 759–767 (2011)

292. B. Qu, N. Xiu, A note on the CQ algorithm for the split feasibility problem. Inverse Probl. 21,
1655–1665 (2005)

293. B. Qu, N. Xiu, A new halfspace-relaxation projection method for the split feasibility problem.
Lin. Algebra Appl. 428, 1218–1229 (2008)

294. S. Reich, Weak convergence theorems for nonexpansive mappings in Banach spaces. J. Math.
Anal. Appl. 67, 274–276 (1979)

295. S. Reich, A limit theorem for projections. Lin. Multilinear Algebra 13, 281–290 (1983)
296. S. Reich and I. Shafrir, The asymptotic behavior of firmly nonexpansive mappings. Proc. Am.

Math. Soc. 101, 246–250 (1987)
297. S. Reich, A.J. Zaslavski, Attracting mappings in Banach and hyperbolic spaces. J. Math. Anal.

Appl. 253, 250–268 (2001)
298. R.T. Rockafellar, Convex Analysis (Princeton University Press, Princeton, 1970)
299. R.T. Rockafellar, Monotone operators and the proximal point algorithm. SIAM J. Contr.

Optim. 14, 877–898 (1976)
300. W. Rudin, Functional Analysis, 2nd edn. (McGraw-Hill, New York, 1991); Polish translation:

Analiza funkcjonalna (PWN, Warszawa, 2002)
301. A.A. Samsonov, E.G. Kholmovski, D.L. Parker, C.R. Johnson, POCSENSE: POCS-based

reconstruction for sensitivity encoded magnetic resonance imaging. Magn. Reson. Med. 52,
1397–1406 (2004)

302. J. Schauder, Der Fixpunktsatz in Funktionalräumen. Studia Math. 2, 171–180 (1930)
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Glossary of Symbols

H Hilbert space
hx; yi Inner product of x; y 2 H
kxk Norm of x 2 H induced by h�; �i
hx; yiG Inner product of x; y 2 R

n induced by a positive definite
matrix G

kxkG WD phx; xiG The norm of x 2 R
n induced by h�; �iG

^.x; y/ Angle between nonzero vectors x; y 2 H
X A nonempty closed convex subset of H
I WD f1; 2; :::; mg Finite subset of indices
xC; x� Positive and the negative part of x 2 R

n

R
nC;R�n Nonnegative and the nonpositive orthant

�m Standard simplex in R
m

jJ j The number of elements of a finite subset J

V ? Subspace orthogonal to a subspace V � H
B.x; 	/ Ball with a centre x and radius 	 > 0

C 0 Complement of a subset C � H
bd C Boundary of a subset C � H
int C Interior of a subset C � H
cl C Closure of a subset C � H
Lin S Linear subspace generated by S � H
aff S Affine subspace generated by S � H
H.a; ˇ/ Hyperplane fx 2 H W ha; xi D ˇg
H�.a; ˇ/ Half-space fx 2 H W ha; xi � ˇg
HC.a; ˇ/ Half-space fx 2 H W ha; xi � ˇg
fC; f� Positive and the negative part of a function f

Argminx2X f .x/ Subset of minimizers of f W X ! R

argminx2X f .x/ Minimizer of f W X ! R
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S.f; ˛/ Sublevel set of a function f at a level ˛ 2 R

epi f Epigraph of a function f

f 0.x; s/ Directional derivative of a function f at x in a direction s

Df , f 0, DT Derivative of a function f or of an operator T

rf .x/ Gradient of a function f at x

r2f .x/ Hessian of a function f at x

diag v Diagonal matrix with a vector v at the main diagonal
A> Matrix transposed to a matrix A

AC Moore–Penrose pseudoinverse of a matrix A

cone S Conical hull of a subset S � H
conv S Convex hull of a subset S � H
ri C Relative interior of a subset C � H
C � Polar cone to C � H
NC .x/ Normal cone to a convex subset C � H at x 2 H
TC .x/ Tangent cone to a convex subset C � H at x 2 H
@f .x/ Subdifferential of a function f at x 2 H
gf .x/ Subgradient of a function f at x 2 H
PC Metric projection onto a subset C � H
Pa Metric projection onto Linfag, where a 2 H
T� Relaxation of an operator T

Fix T Subset of fixed points of an operator T

d.�; C / Distance function to a subset C � H
d.A; B/ Distance between subsets A; B � H
L.H1; H2/ Space of all bounded linear operators A W H1 ! H2

�max.A/ Largest eigenvalue of a nonnegative operator A W H ! H
Fej T See page 46
Sep T See page 55
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AAR Averaged alternating reflection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
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AR Asymptotically regular (operator) . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
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EMOPSP Extrapolated method of parallel subgradient projections . . . . . . . . 257
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�-FNE �-firmly nonexpansive (operator) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
GCFP Generalized convex feasibility problem . . . . . . . . . . . . . . . . . . . . . . . 33
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LM Landweber method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228
LSFP Linear split feasibility problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
NE Nonexpansive (operator) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
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QNE Quasi-nonexpansive (operator) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
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SNE Strongly nonexpansive (operator) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
SPM Simultaneous projection method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215
sQNE Strictly quasi-nonexpansive (operator) . . . . . . . . . . . . . . . . . . . . . . . . . . 47
C -sQNE C -strictly quasi-nonexpansive (operator) . . . . . . . . . . . . . . . . . . . . . . . 47
SQNE Strongly quasi-nonexpansive (operator) . . . . . . . . . . . . . . . . . . . . . . . . 56
˛-SQNE ˛-strongly quasi nonexpansive (operator) . . . . . . . . . . . . . . . . . . . . . . . 56
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.ı; �/-algorithm, 252

actualization, 39
adjoint operator, 9
admissible control sequence, 225
admissible step size function, 255
affine hull, 13
affine operator, 11
affine subspace, 6
algebraic reconstruction technique, 220
algorithm, 39
algorithmic mapping, 39
algorithmic operator, 39
algorithmic projection operator, 129
almost cyclic control, 225
almost remotest set control, 224
alternating projection, 147
alternating projection method, 204
angle, 6
angle between subspaces, 208
angle between vectors, 6
appropriate weight function, 50
approximately regular control, 234
approximately regular control sequence, 251
approximately regular weight function, 234
approximately remotest set control, 223
approximately semi-regular control, 234
approximately semi-regular control sequence,

251
approximately semi-regular weight function,

234
approximately semi-remotest set control, 223
approximating sequence, 39
asymptotically regular

sequence of operators, 116
operator, 111

attracting operator, 47
autonomous method, 105
autonomous projection method, 203
averaged alternating reflection, 161
averaged alternating reflection algorithm, 212
averaged operator, 74
averaged quasi-nonexpansive mapping, 54

ball, 5
Banach fixed point theorem, 41
Banach theorem on contractions, 41
band, 133
Browder–Göhde–Kirk theorem, 42

closed operator, 107
coercive function, 7
common fixed point problem, 27
compact operator, 9
concave function, 14
constrained minimization problem, 24
constraints functions, 28
constraints qualification, 26
constraints sets, 28
contraction, 41
control function, 222
control sequence, 222, 234
convex cone, 13
convex feasibility problem, 27
convex function, 14
convex hull, 13
convex minimization problem, 25
convex subset, 12
convexity of the norm, 2
CQ algorithm, 229
cutter, 53
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cyclic control, 224
cyclic cutter, 176
cyclic projection, 171
cyclic projection method, 218
cyclic relaxed projection, 172
cyclic relaxed projection method, 219
cyclic-simultaneous projection operator, 173

demi-closed operator, 107
demi-closedness principle, 107
derivative

of a function, 7
of an operator, 10

diagonal matrix, 11
differentiable

function, 7
operator, 10

differential, 7
of an operator, 10

directional derivative, 7
distance function, 15
distance to a subset, 15
Douglas–Rachford algorithm, 212

eigenvalue, 9
ellipsoid, 137
elliptic operator, 9
epigraph, 7
"-optimal solution, 25
essential weight function, 192
Euclidean space, 3
extrapolated alternating projection method,

209
extrapolated Landweber operator, 182
extrapolated Landweber step size, 182
extrapolated methods of parallel projections,

254
extrapolated simultaneous cutter, 188
extrapolated simultaneous cutter method, 254
extrapolated simultaneous projection method,

254
extrapolated simultaneous projection operator,

190
extrapolated simultaneous subgradient

projection method, 258
extrapolation, 97

F -attracting mapping, 48
Fejér monotone

operator, 45
sequence, 108

firmly contractive operator, 65
firmly nonexpansive operator, 65
firmly quasi-nonexpansive operator, 54
fixed point, 11
focusing algorithm, 240
Fréchet-differentiable

function, 7

Gâteaux-derivative, 8
Gâteaux-differentiable

function, 8
Gâteaux-differential, 8
general convex feasibility problem, 33
generalized relaxation, 97
global minimizer, 24
global minimum, 7
gradient, 8
Gram matrix, 12

half-space, 6
hard constraints, 33
Hessian, 8
Hilbert space, 1
hyperplane, 6

ice-cream cone, 140
idempotent operator, 11
identity operator, 8
image, 11
intermittent control, 238
intermittent sequence of subsets, 237
inverse image, 11
inverse strongly monotone operator, 74
inverse-positive matrices, 197
iteration of an operator, 11
iterative method, 39
iterative procedure, 39

Kaczmarz method, 220
Karush–Kuhn–Tucker point, 25
kernel, 11
Krasnosel’skiı̆–Mann theorem, 115

Landweber extrapolation parameter, 180
Landweber method, 228
Landweber operator, 176
Landweber operator related to a matrix, 179
Landweber step size, 180
linear feasibility problem, 30
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linear least squares problem, 32
linear split feasibility problem, 35
linearization, 16
linearly dependent vectors

negative, 2
positive, 2

linearly focusing algorithm, 235
Lipschitz constant, 10
Lipschitz continuous operator, 10
local minimizer, 24
local minimum, 7
lower semi-continuous function, 7

maximal residual control, 224
metric projection, 17
minimizer, 6
monotone operator, 10
Moore-Penrose pseudoinverse, 12
Moreau decomposition, 13
multiple-sets split feasibility problem, 35

ni-firmly nonexpansive operator, 73
nonautonomous method, 105
nonautonomous projection method, 203
nonexpansive operator, 41
nonnegative operator, 9
norm of an operator, 9
normal cone, 13
normal equations, 32
normal solution, 32
null space, 11

oblique projection, 130, 184
obtuse cone, 13
obtuse cone selection, 197, 272
Opial space, 107
Opial’s property, 107
Opial’s theorem, 114
optimal solution, 24
orbit, 11
orbit of an operator, 39
oriented operator, 98
orthant

nonnegative , 5
nonpositive, 5
positive, 5

orthogonal projection, 11
orthogonal subspace, 5
over-projection, 77
over-relaxation, 40

paracontraction, 48
parallelogram law, 2
partial derivative, 8
polar cone, 13
polytope, 12
positive definite matrix, 11
positive operator, 9
positive semi-definite matrix, 11
positively homogeneous function, 15
product Hilbert space, 4
projected gradient method, 214
projected Landweber method, 228
projected Landweber operator, 184
projected relaxation, 89
projected simultaneous projection method, 217
projection, 11
projection method, 203
projection vector, 17
projection-reflection

method, 221
operator, 174

proper control, 264
proper sequence of weight functions, 264
proximity function, 28
pseudo-contractive operator, 73

quasi-nonexpansive operator, 47
quasi-periodic control, 225

range, 11
reflection, 40, 77
reflection-projection

method, 221
perator, 174

reflection-relaxed projection
operator, 174

regular obtuse cone selection, 197, 273
regular weight function, 232
relative interior, 13
relaxation, 40
relaxation parameter, 40
relaxed alternating projection method, 204
relaxed cutter, 53
relaxed firmly nonexpansive operator, 65
relaxed metric projection, 77
relaxed projection-reflection

operator, 174
relaxed separator, 53
repetitive control sequence, 225, 240
repetitive sequence of subsets, 240
residual selection, 197
residual vector, 31
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residuum of a constraint, 31
retract, 11
retraction, 11

Schwarz inequality, 1
Schwarz theorem, 8
segment, 6
self-adjoint operator, 9
separating operators, 54
separator, 53
sequential projection method, 222
simultaneous cutter, 186
simultaneous cutter method, 231
simultaneous projection, 162
simultaneous projection method, 215
simultaneous relaxed projection, 162
simultaneous subgradient projection, 199
Slater constraints qualification, 26
soft constraints, 33
sphere, 6
split feasibility problem, 34
standard scalar product, 3
standard simpleks, 5
step size function, 97
strict convexity of the norm, 2
strict relaxation, 40
strictly attracting operator, 47
strictly convex function, 14
strictly Fejér monotone

operator, 46
sequence, 108

strictly nonexpansive operator, 41
strictly quasi-nonexpansive operator, 47
strictly relaxed firmly nonexpansive operator,

65
strongly attracting operator, 56
strongly convex function, 14
strongly Fejér monotone

sequence, 108
strongly focusing algorithm, 240

strongly monotone operator, 10
strongly nonexpansive operator, 91
strongly oriented operator, 98
strongly quasi-nonexpansive operator, 56
subdifferentiable function, 16
subdifferential, 16
subgradient, 16
subgradient projection, 144
sublevel set, 7
subset of minimizers, 6
successive projection method, 222
surrogate constraint, 192
surrogate constraints method, 263
surrogate constraints method

with residual selection, 271
surrogate projection, 193

with residual selection, 198

tangent cone, 14
triangle inequality, 2

under-projection, 77
under-relaxation, 40
uniformly F -attracting mapping, 56
unit vector, 5
unitary operator, 9
update, 39

variational inequality problem, 27
violated constraints, 50
von Neumann method, 204

weak cluster point, 4
weak convergence, 4
weak limit, 4
weakly lower semi-continuous function, 7
weight function, 50
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