Appendix A

The (Affine) B.G. Property
for Simplicial Sheaves

A.1 Some Recollections on the B.G. Property

We make free use of some notions and results from [15,59).
Definition A.1. Let B be a presheaf of simplicial sets on Smy.

1) [15] We say that it satisfies the B.G.-property in the Zariski topology if for
each X € Smy, and each open covering of X by two open subschemes U
and V the following diagram of simplicial sets is homotopy cartesian:

B(X)— B(V)
{ {
B(U) = BUNV)

2) We say that it satisfies the A'-B.G. property in the Zariski topology if B
satisfies the B.G. property in the Zariski topology and if moreover, for any
X € Smy, the map
B(X) — B(X x A')

induced by the projection X x A’ — X is a weak equivalence.

The notion in (1) was introduced by Brown and Gersten in [15]. One of
their main Theorem is:

Theorem A.2. [15] A morphism X — Y of presheaves of simplicial sets
on a Zariski site (for instance on Smy,) which satisfy both the B.G. property
i the Zariski topology and which s a local simplicial weak equivalence in
the Zariski topology' induces, for any U € Smy, a weak equivalence X (U) —
Y(U) of simplicial sets.

IThat is, induces a weak equivalence on each Zariski stalk.
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As an application they endowed the category of sheaves of simplicial
sheaves on some space with a model category structure (which is called the
B.G. structure). One can do the same for the category A°?Shv(Smy)zar of
simplicial sheaves of sets on Smy, in the Zariski topology. We will denote by
Rzqr a chosen fibrant resolution functor. As a consequence of their result,
one obtains:

Lemma A.3. Let B be a simplicial presheaf of sets on Smy, which satisfies
the B.G. property in the Zariski topology. Then the canonical morphism of
simplicial presheaves of sets B — Rzar(azar(B)) induces for any X € Smy,
a weak equivalence of simplicial sets

B(X) — RZar(aZaT (B))(X)

Here azqr denotes the sheafification functor in the Zariski topology.

Indeed both terms satisfy the B.G. property in the Zariski topology and
the morphism clearly induces a weak equivalence on Zariski stalks.

Remark A.4. This result allows one to compute maps in the associated
simplicial homotopy category Hs(Smyg)zar from any X € Smy to aze-(B):
indeed mo(Rzar(azar(B))(X) is by the very definition of the model category
structure equal to the set Homy, ((smy)zar) (X, @zar(B))-

Definition A.5. Let B be a presheaf of simplicial sets on Smy.

1) [59] We say that B satisfies the B.G.-property in the Nisnevich topology if
and only if for any distinguished square? in Smy, of the form

wcv

L
UcX

the diagram of simplicial sets

B(X)— B(V)
{ {
B(U) — B(W)

is homotopy cartesian.

2) We say it satisfies the A'-B.G. property in the Nisnevich topology if it
satisfies the B.G. property in the Nisnevich topology and if moreover, for
any X € Smy the map

2In the sense of [59, Definition 1.3 p.96].
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B(X) = B(X x A')

induced by the projection X x Al — X is a weak equivalence.

One of the technical result in [59] involving the B.G. property in the
Nisnevich topology is quite analogous to the original result of Brown and
Gersten: a morphism X — ) of presheaves of simplicial sets on Smy which
satisfy both the B.G. property in the Nisnevich topology and which is a
local simplicial weak equivalence in the Nisnevich topology® induces, for any
U € Smy, a weak equivalence X(U) — Y(U) of simplicial sets.

Remark A.6. Let X be a simplicial presheaf which satisfies the A'-B.G.
property in the Nisnevich topology. Denote by an;s(X) its sheafification in
the Nisnevich topology. Then it is Al-local in the sense of [59, Definition 2.1
p. 106]. Indeed take a simplicially fibrant resolution an;s(X) — Y; by the
previous result just quoted (see also [59, Proposition 1.16 p. 100]) then for
any U € Smy, the morphism X (U) — Y(U) is a simplicial weak equivalence.
As a consequence for any U € Smy, the morphism

Y(U) = V(U x AY) = Y (U)

is a weak equivalence. This implies at once that the morphism Y — yAl is a
simplicial weak equivalence. Thus ) is A'-local and so is X.

From a technical point of view we will be interested in slightly weaker
conditions, only involving affine smooth k-schemes.

Definition A.7. Let B be a presheaf of simplicial sets on Smy.

1) We say that B satisfies the affine B.G. property in the Zariski topology if
for any smooth k-algebra A and any coprime elements f and g of A the
diagram

B(Spec(A)) — B(Spec(Ay))
1 1
B(Spec(4y)) = B(Spec(Ay.g))

is homotopy cartesian.

2) We say that B satisfies the affine B.G. property in the Nisnevich topology
if for any smooth k-algebra A, any étale A-algebra A — B and f € A such
that A/f — B/f is an isomorphism, the diagram

B(Spec(A)) — B(Spec(Ay))
I I
B(Spec(B)) — B(Spec(By))

is homotopy cartesian.

3That is, induces a weak equivalence on each Nisnevich stalk.
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3) We say that B satisfies the affine Al-invariance property if for any smooth
k-algebra A the morphism

B(Spec(A)) — B(Spec(A) x Al)

induced by the projection Spec(A) x At — Spec(A), is a weak equivalence.

Observe that the affine B.G. property in the Nisnevich topology implies
the affine B.G. property in the Zariski topology.

A.2 The Affine Replacement of a Simplicial Presheaf

For X a smooth k-scheme, we denote by szf /X the category of smooth
affine k-schemes over X that is to say the category whose objects are
morphism of smooth k-schemes ¥ — X with Y affine, with the obvious
notion of morphisms.

Let B be a presheaf of simplicial sets on Smy. For any X € Smy we denote
by B/ the presheaf of simplicial sets on Smj, defined for X € Smy, by the
formula:

B (X) := holim

(YﬂX)GSme/XEI(B(Y))

where Ex denotes a fixed choice of a functorial fibrant resolution in the
category of simplicial sets (see [59] for instance). We call it the affinisation
of B.

We observe that by definition [13], this is indeed a presheaf of simplicial
sets on Smy, and moreover that there is a morphism of presheaf of simplicial
sets on Smy:

B — B

Lemma A.8. The previous morphism induces for each affine smooth k-
scheme X a weak equivalence

B(X) = BY(X)

Proof. Because X is affine, the category szf /X admits a final object and
is thus contractible. By [13], the morphism is thus a weak equivalence. a

In particular this morphism of simplicial presheaves is a local weak
equivalence (i.e induces a weak equivalence on each stalk in the Zariski
topology—or any topology with affine local point).

Theorem A.9. Let B be a presheaf of simplicial sets on Smy,. Assume that
B satisfies the affine B.G. property and the affine A'-invariance property.

Then the affine replacement B/ satisfies the A'-B.G. property in the
Zariski topology.
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Proof. The proof follows an idea of Weibel [84] in the same way as the
proof of [49, Théoreme 3.1.6 p. 37]. The details are left to the reader. O

An immediate consequence is the following affine version of the result of
Brown—Gersten (Lemma A.3) which thus says that a presheaf of simplicial
sets on Smy which satisfies the affine B.G. property in the Zariski topology
and the affine Al-invariance property computes the “right thing” for affine
smooth k-schemes. Observe however that we use the A'-invariance property
which is not used in the classical case.

Lemma A.10. Let B be a simplicial presheaf of sets on Smy which sat-
isfies the affine B.G. property in the Zariski topology and the affine A'-
invariance. Then the canonical morphism of simplicial presheaves of sets
B — Rzar(azar(B)) induces for any affine X € Smy a weak equivalence
of simplicial sets

B(X) = Rzar(azar(B))(X)

Proof. We use the following commutative square of simplicial presheaves
of sets
B — RZar(aZar(B))
A A
Baf — RZar(aZar (Baf)

The left vertical morphism induces a weak equivalence on sections on affine
smooth k-schemes by Lemma A.8. The right vertical morphism induces a
weak equivalence on sections on any smooth k-schemes because azq.(B) —
azar(B%) is a local weak equivalence in the Zariski topology. The bottom
horizontal morphism induces a weak equivalence on sections on any smooth
k-schemes by Theorem A.2 because it is a local weak equivalence in the
Zariski topology between presheaves with the B.G. property in the Zariski
topology. For the latter one it is clear and for the first one it is Theorem A.9.
This gives the result. ad

A.3 The Affine B.G. Property in the Nisnevich
Topology

Slightly more difficult will be the analogue in the Nisnevich topology of
Theorem A.9. In fact we do not know how to prove the analogue. We will
have to assume that G is a presheaf of simplicial groups.

Theorem A.11. Let G be a simplicial presheaf of groups on Smy. Assume
that it satisfies the affine B.G. property in the Nisnevich topology as well as
the affine Al-invariance property.

Then the affine replacement G* satisfies the A'-B.G. property in the
Nisnevich topology.
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We observe the following immediate consequence which is proven in the
same way as Lemma A.10:

Corollary A.12. Let G be a simplicial presheaf of groups on Smy, satisfying
the assumption of the previous theorem. Then its associated sheaf in the
Nisnevich topology anis(G) is Al-local and moreover for any smooth affine
k-scheme U the map

G(U) = Ryis(anis(9))(U)
is a weak equivalence.

Remark A.13. Using [59, Theorem 1.66 p. 70] gives a resolution functor Ry
(or Rzar) which commutes to finite products. In particular it takes group
object to group objects and in the statement of the corollary we may assume
the morphism is a morphism of simplicial presheaves of groups.

Proof of the Theorem A.11. From Theorem A.9 we already know that the
affine replacement G%/ satisfies the A'-B.G. property in the Zariski topology.
Moreover by Lemma A.8 it also still satisfies the affine Nisnevich property.
Finally, G%/ is a simplicial presheaf of groups. Thus it suffices to prove
Theorem A.14 below. O

Theorem A.14. Let G be a simplicial presheaf of groups on Smy. Assume
that it satisfies the A'-B.G. property in the Zariski topology as well as the
affine B.G. property in the Nisnevich topology. Then it satisfies the B.G.
property in the Nisnevich topology.

Remark A.15. The assumption that G satisfies the Al invariance is crucial
in our argument. We do not know whether the statement of the previous
Theorem holds if we only assume G satisfies the B.G. property in the Zariski
topology as well as the affine B.G. property in the Nisnevich topology.

To prove the theorem we need some preliminaries. We will prove the
following crucial lemma:

Lemma A.16. For any distinguished square of the form

wWcv

L
UcX

for which the closed complement Z := X —U with its reduced induced structure
is k-smooth, the diagram
g(X)—= G(V)
1 1
GU) = Gw)

18 homotopy cartesian.
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We postpone the proof to the end of the section. We now prove how
to deduce Theorem A.14 from this statement. We recall the following facts
from [13]:

Lemma A.17. 1) For any commutative diagram of simplicial sets of the
form
Bl — BQ — Bg
IO ENCN (A1)

Cl—>CQ—>Cg

if the diagram (1) and (2) are homotopy cartesian the diagram

Bl—>33

L34
Cl—>03

is homotopy cartesian.

2) Consider a functor F : T — Squares from a small category T to the
category of commutative squares of simplicial sets. Suppose that for any
1 € Z, the square F(i) is homotopy cartesian. Then the square of simplicial
sets holimzF is still homotopy cartesian.

Proof of the Theorem A.14. We wish to prove that for any distinguished
square of the form

wcv

1l

UcX

the diagram of simplicial groups

G(X)—= g(V)
1 I (A2)
GU) = gw)

is homotopy cartesian.

Denote by Z the complement closed subset of U in X endowed with its
reduced induced structure. As k is perfect there exists a flag of increasing
closed subschemes

(Z):ZQC21C-"CZd:Z

with each Z;11 — Z; smooth over k. Define the corresponding decreasing flag
of open subsets
X=UyD>oUyD---2Uy=U

by setting U; := X — Z,;. Observe that U;11 = U; — (Z;41 — Z;) with
Ziy1 — Z; closed in U; and k-smooth. For each ¢ we thus have an elementary
distinguished square (with obvious notations)
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Vier CV;
} 1 (A.3)
Uiy CU;

and we know from Lemma A.16 that the associated commutative square

G(Ui) = G(Ui+1)
{ {
g(Vi) = G(Vit1)

is homotopy cartesian. By Lemma A.17, and an easy induction, this implies
that the square
G(X)— G(U)
1 1
G(V) = Gg(w)
is homotopy cartesian. The theorem is proven. a
Proof of the Lemma A.16. We will use the notations from [59, p. 115]

concerning deformation to the normal cone. The morphism denoted there by
Jx,z induces a morphism of simplicial sets denoted by G(§x, z):

G(B(X,Z) ~ f(Z x A)["G(B(X, Z)) = G(X - Z)/"G(X) (A4)

and the morphism denoted by ax,z in loc. cit. induces a morphism of
simplicial sets denoted by G(ax z)

G(B(X,2) - f(Z x A')/"G(B(X,Z)) = G(Nx z)/G(Nx.z) ~ (A.5)

Here Nx 7 denotes the normal bundle of Z in Y and N , the complement
of the zero section.
We introduce two assumptions depending on an integer d > 1:

(A1)(d) The statement of the Lemma A.16 is true if the codimension of
Z in X is < d;

(A2)(d) For any closed immersion Z < X, of codimension < d, between
smooth k-schemes the two maps of simplicial sets

G(gx,2) : G(B(X, Z) — f(Z x A"))/"G(B(X, Z)) = G(X - Z)/"G(X)
and
Glax,z): G(B(X,Z) — f(Z x AY))/"G(B(X, Z)) = G(N% 2)/G(Nx z)

are very weak equivalences.
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We recall that a very weak equivalence is a map of simplicial sets that
induces a weak equivalence to a sum of some of the connected components
of the target. Observe that a composition of very weak equivalences is still a
very weak equivalence.

We now make the following observation. Given an open subset 2 C X, we
may form an other commutative square

WQ C VQ

v (A.6)
UQ c Q

with Ug = U NQ, and Vo (resp. Wq) being the inverse image of Q (resp.
of Ug through V' — X. This diagram is obviously still distinguished. As a
consequence, because G satisfies the B.G. property in the Zariski topology
and by Lemma A.17, to check the fact that the Lemma for a given diagram,
it suffices to check it for the diagrams of the form (A.6) where the 2 run over
an open covering of X as well as the intersections between the members of
the covering. Thus to prove any of our two assumptions, me may choose X
as small as we want around a given point in Z.
This implies using the techniques from [59, p. 115] that for any d:

(A1)(d) < (A2)(d)

We left the details to the reader.

We also recall from Lemma 9.22 that a commutative square .

We will prove these equivalent properties for any B and any d > 1 by
induction on d. We observe that (A1)(1) holds: by the affine B.G. property
in the Nisnevich topology it holds for X = Spec(A) affine k-smooth and
7 = Spec(A/ f) a closed subscheme of X smooth over k. Let us assume d > 2
and that both (A1)(d-1) and (A2)(d-1) hold for any presheaf of groups
satisfying the assumptions of the Lemma. We now want to prove (A1)(d).

Assume
WwWcv

L
UcX

is a distinguished square in Smy, with Z := (X — U),eq k-smooth and of
codimension d. From our above localization principe we may assume that X
is affine and that Z — X is a regular closed immersion defined by a regular
sequence (z1,...,zq) of regular functions on X such that moreover each
closed k-subscheme of X of the form {x; =0,...,z; =0}, for i € {1,...,d},
is still smooth over k, in particular Z itself is smooth. Let usset Y = X /(a1 =
0,...,z4-1 = 0); Y is also smooth over k and we have a diagram of closed
immersion of the form: Z < Y < X, with Y of codimension d — 1 in X and
Z of codimension 1 in Y.
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Denote by Y’ C V the pull back of Y through V — X. To prove that the
diagram of simplicial groups of the Lemma is homotopy cartesian we know
from Lemma 9.22 that it suffices to prove that

G(U)/"G(X) = GW)/"G(V) (A7)

is a very weak equivalence.
We observe that for any diagram of simplicial groups of the form

G1— G2 — Gs
the obvious diagram of homotopy quotients
Go/"Gr — G3/"G1 — G3/" G

is a homotopy fibration sequence between pointed simplicial sets.
Taking this into account, we get a commutative diagram in which the lines
are homotopy fiber sequences of pointed simplicial sets

G(X -2)/"G(X) = G(X -Y)/"G(X) = G(X -Y)/"G(X - 2)
{ 1 {
GV —-2)/"G(V) = G(V-Y")/"G(V) = G(X -Y)/"G(X - Z)

To prove that (A.7) is a very weak equivalence, it is thus sufficient to prove
that the square of simplicial sets on the right

G(X -Y)/"G(X) = G(X -Y)/"G(X - 2)
{ 1 (A.8)
GV -Y"N/"G(V) = G(X -Y)/"G(X - Z)

is homotopy cartesian. In fact this implies slightly more, because we prove
that (A.7) is a weak equivalence.

Now to prove that statement, observe that each closed immersion Y — X,
Y VandthusY —Z — X —Z and Y’ — Z — V — Z are of codimension
< d — 1. Moreover there is a “closed immersion” of the distinguished square

Y -Z =Y

+ +
Y-Z =Y

into the distinguished square

V—-2Z-=V

+ +
X-Z—X
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As each of the morphisms in these diagrams are étale the functoriality of the
deformation to the normal bundle discussed in [59, p.117] together with our
inductive assumption (A2)(d-1) implies that the morphisms of the type g
and « induce in this case an explicit weak equivalence? between the diagram
(A.8) and the diagram:

G(E(Nxy))/"G(E(Nxy)) = G(E(N%_zy_2)/"G(E(Nx_2zy-2))
{ {
G(E(Nvy ) )/"G(E(Nvy')) = GE(Ny_ 7y 2)/"G(E(Nv_zy'—z))

But of course each of the normal bundles are trivialized in a compatible way
(using the fixed regular sequence) and it is not hard, using finally the Al-
invariance of G and the computations from [59, p. 112], to show that the last
diagram is weakly equivalent to (with “obvious notations”)

QEHGGCm)M A (Y1) = Q7 HG(Gm) M A ((Y = 2)4)))

+ {
QEHG(Gm)M A (Y]))) = Q5 HG(Gm) M A (Y = 2)4)))

But the presheaf Y +— Q4=Y(G((G,,)"¢A(Y,))) also satisfies the assumptions
of the Lemma. And moreover the commutative square

Y' - Z =Y
1 1
Y-Z =Y

is distinguished and Z < Y of codimension 1. Thus by the property (A1)(1)
this is homotopy cartesian. ad

A.4 A Technical Result

We start with the following lemma:

Lemma A.18. Let X be a simplicial presheaf of pointed sets on Smy.
Assume the associated simplicial sheaf an;s(X) in the Nisnevich topology
is Al-local. Assume also that the associated sheaf in the Zariski topology to
the presheaf U — mo(X(U)) is trivial (Thus X is also 0-connected in the
Nisnevich topology). Assume further that X satisfies the B.G. property in the
Zariski topology. Then it satisfies the B.G. property in the Nisnevich topology.

4This means a zig-zag—in fact only two morphisms in two different directions—of
morphisms of diagrams whose morphisms are weak equivalences at each corner.
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Proof. Let X — Rpyis(anis(X)) denotes a simplicially fibrant resolution
of anis(X) in the sense of [34,59]. Then Ryis(anis(X)) is of course still Al-
local and satisfies the Brown—Gersten property in the Nisnevich topology. It
is thus sufficient to prove that

X = Rnis(anis(X))

induces a local weak equivalence of presheaves in the Zariski topology, because
as both sides satisfy the Brown-Gersten property in the Zariski topology, it
will induce a termwise weak-equivalence of simplicial presheaves by the main
result of [15], thus proving the result.

To prove the above morphism is a local weak equivalence in the Zariski
topology it is sufficient to prove that for any localization X, of some smooth
k-variety X at some point z € X the map of simplicial sets

X(Xz) = Ryis(anis (X)) (Xe)

is a weak equivalence.

To do this we use Corollaries 6.2 and 6.9 which assert that under, our
assumptions, for n > 1 the n-homotopy sheaf associated to the presheaf
U +— m,(X(U)) in the Nisnevich topology is strongly Al-invariant, and is
also the Zariski sheaf associated to this presheaf (from the proof. As this is
also true by assumption for n = 0 as everything is assumed to be trivial,
this implies® that X — Ryys(anis(X))(X,) induces a weak equivalence on
sections over any smooth local k-scheme. ad

Here is our main application in this section:

Theorem A.19. Let B be a pointed presheaf of Kan simplicial sets on Smy.
Assume B satisfies the affine B.G. property in the Zariski topology, the affine
Al-invariance property and that the presheaf of (simplicial) loop spaces QL (B)
satisfies the affine B.G. property in the Nisnevich topology. Assume further
that the sheaf associated to the presheaf wo(B) is trivial in the Zariski topology
(and thus also in the Nisnevich topology) and that the associated sheaf to
m1(B) = mo(QL(B)) in the Zariski topology is the same as the one associated
in the Nisnevich topology and is a strongly A'-invariant sheaf of groups.

Then anis(B) is Al-local and for any smooth affine k-scheme U the
morphism

B(U) - Rlaxis(B)(U)

18 a weak equivalence of simplicial sets.

5Using comparison of the Postnikov towers in both the Zariski and the Nisnevich topology.
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Remark A.20. The main example of application we have in mind is of course
1

B= Sing‘f (Gry), n # 2, which is actually a simplicial sheaf in the Nisnevich

topology; see the proof of Theorem 8.1. O

Proof. By our assumptions the presheaf of simplicial sets B satisfy the
hypotheses of Theorem A.9. Thus its affine replacement B/ satisfies the
B.G. property in the Zariski topology and is also A'-invariant.

Now consider the presheaf of (simplicial) loop spaces Q! (B%f); we claim it
is nothing but the affine replacement of the presheaf Q!(B). This comes from
the commutation between loops space and homotopy limits [13]. Moreover
using Kan’s construction, we can find an equivalent® presheaf of simplicial
groups. By our hypothesis it satisfies the assumptions of Theorem A.11 and
thus satisfies the B.G. property in the Nisnevich topology and is Al-invariant.

We claim that the presheaf B¢/ satisfies the assumptions of Lemma A.18.
Indeed, from what we have just said the sheaf ap;s (B“f ) is (-connected and
its loop space Q! (an;s(B)) satisfies the A'-B.G. property in the Nisnevich
topology: it is thus A'-local by Remark A.6. Now by assumption, ay;s(B8%)
is O-connected, and its 7 is a strongly A'-invariant sheaf of groups. By our
results from Chap. 6 we conclude that ay;s(B8%f) is Al-local.

Now by Lemma A.18, we conclude that B/ satisfies the B.G property in
the Nisnevich topology and moreover that ax;s(3%/) is Al-local. As

anis(B) — anis(BY)

is a weak equivalence, the Theorem is proven. a

6Meaning together with a zig-zag of morphisms of presheaves of pointed simplicial sets,
each morphism in the zig-zag being a global weak equivalence of presheaves.



Appendix B
Recollection on Obstruction Theory

What usually refers to obstruction theory is the following situation. Given a
diagram
E

1
X —+ B

in some category, can we find a sequence of “obstructions” whose triviality
guarantees the existence of a morphism X — E which makes the obvious
triangle commutative?

The main examples come from homotopy theory, in a reasonable closed
model category [66] which has an appropriate notion of “truncated t-
structure”, in other words, in which objects admit a “reasonable” Postnikov
tower. We will not try to formalize this further, in this appendix we will only
recall' how the theory works in the homotopy category of simplicial sheaves
on a site T (with enough points) which is of finite type in the sense of [59,
Definition 1.31 p. 58]. This is the case for the sites Smy, either in the Zariski
or Nisnevich topology as it follows from Theorem 1.37 p. 60 from loc. cit..
Let us fix such a site T of finite type.

B.1 The Postnikov Tower of a Morphism

Given a morphism of simplicial sheaves of sets of the form f : £ — B which
is also a simplicial fibration,? we introduce the tower of simplicial sheaves

g_>..._>p(n)(f)_>..._>p(1)(f)_>3

L Actually we didn’t find any reference for this.

2Any morphism in the simplicial homotopy category Hs(T') of simplicial sheaves of sets
on T, see [59, Sect. 2.1 p. 46] for a recollection, can be represented up to an isomorphism
in Hs(T) by a simplicial fibration [34,59].

F. Morel, A'-Algebraic Topology over a Field, Lecture Notes in Mathematics 2052, 241
DOI 10.1007/978-3-642-29514-0, © Springer-Verlag Berlin Heidelberg 2012
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such that P (f) is the associated simplicial sheaf to the presheaf U
PM(E(U) — B(U)); the latter is the usual Postnikov section construction
associated to the Kan fibration, as f is assumed to be a simplicial fibration,
EWU) — B(U) described for instance in [44]. When B = x* is a point this is
the construction described in [59, p. 57].

This tower is always a tower of local fibrations, and evaluating at each
point x of the site T gives exactly the Postnikov tower of the stalk z*(f) of
the morphism f at . As a consequence, each morphism P+ (f) — P(M)(f)
is n-connected in the following sense:

Definition B.1. Let n > —1 be an integer. A morphism of simplicial sheaves
of sets £ — B is said to be n-connected if and only if for any points x of the
site, the map of simplicial sets £, — B, is n-connected in the classical sense.

We simply recall that a map simplicial sets f : E — B is n-connected in
the classical sense means that mo(E) — m(B) is onto and that given any
base point y € E the morphism

mi(Eyy) = mi(B; f(y))

is an epimorphism for ¢ = n + 1 and isomorphism for ¢ < n. When B is
0-connected with a base point « € B, this is equivalent to the homotopy fiber
I, of E — B at x being an n-connected space: 7;(I;) trivial for i < n.

We have the following easy observation:

Lemma B.2. Let f : &€ — B be a morphism of simplicial sheaves of sets.
If B is 0-connected and £ pointed, then f is n-connected if and only if the
(homotopy) fiber F = f~1(%) is an n-connected simplicial sheaf of sets.

We will use the following Lemma which is a generalization of [59, Corollary
1.41 p.61].

Lemma B.3. Assume that &€ — B is simplicial fibration between simplicially
fibrant simplicial sheaves. Assume it is n-connected. Given an object X € T
of cohomological dimension < d for some integer d > 0 then the map of
simplicial sets E(X) — B(X) is (n — d)-connected.

Proof. cf [59, p. 60 and 61]. O

Remark B.4. 1) For X of cohomological dimension < (n + 1), the lemma
implies in that £(X) — B(X) is (—1)-connected. This means that map is
surjective on the 7 or in other words that any H(7')-morphism X — B can
be lifted to a morphism X — £. If moreover X is of cohomological dimension
< n, the map

HOTTLHS(T) (X, 5) — HOTTLHS(T) (X, B)

is a bijection.
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2) In fact for f : £ — B, the morphisms PtV (f) — P (f) in the
Postnikov tower of f are more than n-connected: the fiber has “its homotopy
sheaves concentrated in dimension n + 1”.

3) The morphisms & — P (f) are also n-connected. A consequence of
the previous Lemma is the property that the obvious morphism

& — holim, P™ (f)

is a simplicial weak equivalence. a

Corollary B.5. Given an object X € T' of cohomological dimension < d for
some integer d > 0 then the map

Homy,(1)(X,E) = Homsy, (ry(X, P™(f))

1s surjective for d < n 4+ 1 and bijective for d < n.

B.2 Twisted Eilenberg—MacLane Objects

Let G be a sheaf of groups on T'. Given a sheaf of G-modules M and an integer
n > 2 we define a simplicial sheaf of sets K¢ (M;n) in the following way. Take
the model of Eilenberg—MacLane simplicial sheaf K(M,n) of type (M,n)
constructed in [59, p. 56] for instance. This construction being functorial, the
simplicial sheaf K (M,n) is endowed with a canonical action of the sheaf of
groups G. Let E(G) the weakly contractible simplicial sheaf of sets on which
G acts “freely” so that the quotient E(G)/G is the classifying object B(G)
(see [59, p. 128]). Then we set

K% M,n) = E(G) xg K(M,n)

This simplicial sheaf is 0-connected and pointed, its 7 is canonically
isomorphic to G' and there is an obvious morphism K%(M,n) — B(G),
which is a local fibration and whose fiber is K (M, n). Observe that the base
point of K (M,n) provides a canonical section to K“(M,n) — B(G).

We consider a simplicial fibration f : &€ — B. We assume & is pointed,
€ and B are 0-connected and that the induced morphism on the m; is an
isomorphism (we point B by the image through f of the base point of &).
We simply denote by G the sheaf of groups 7 (€) = m1(B). Observe that for
n > 2, the sheaf 7, (f) := m, (P (f)) is thus in a canonical way a G-module,
because G' = (P (f)). The following is the basic technical lemma needed
to the obstruction theory we will use.
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Lemma B.6. We keep the previous assumptions and notations. Then
POY(f) is weakly equivalent to the point, P (f) is weakly equivalent to
B(G), and for each n > 2 there exists a canonical morphism in Hs o(T)/B(G)

PUD(f) = KC(mn(f),n +1)
such that the square

PM(f) — B(G)
PO=D(f) = K (m,(f),n+ 1)

18 a homotopy cartesian square.

Proof. The first statement is clear. The second statement follows at once
from part (1) of Lemma B.7 below. We now observe that from the axioms
of closed model categories, we can always obtain a commutative square of
the form

PM(f) — E
\ 1
PO=D(f) = B(G)

where E' — B(G) is a weak equivalence and P (f) — E’ an inclusion (a
cofibration). Form the amalgamate sum of the diagram

PM(f) — E
l
PO=1(f)

and call it E”. Of course we obtain a commutative diagram of simplicial
sheaves of sets over B(G):

PM(f) — E
1 1
P(n—l)(f)_>E//

It is clear now that m (E”) = G, that m;(E”) = 0 for i € {2,n} and that
Tnt1(E") = m,(B): these facts follow from the observation that the cone of
(PM(f) — P=1(f)) is by definition equal to the cone of E' — E”, and the
fact that £’ = B(G). From part (2) of Lemma B.7 below we get a canonical
pointed morphism (in Hse(T)): E” — K%(m,(B),n + 1) over B(G). The
composition

PO U(f) = B — K% (m,(B),n+1)

has the required property: this follows using points of the site because it is
known in classical algebraic topology. a
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Lemma B.7. Let X be a pointed 0-connected simplicial sheaf of sets, and
denote simply by G its 71 -sheaf.

1) There exists a canonical morphism in Hs e(T)

X — B(G)
which induces the identity on T (and thus a weak equivalence P (X) =
B(@G)). Moreover this morphism induces for any sheaf of groups H a map:

HomHSY.(T)(X, B(H)) — Hom(G, H)

which is a bijection. Here the right hand side means the set of morphisms
of sheaves of groups and the map is evaluation at the my.

2) Assume that the Hs o(T)-morphism X — B(G) has a section s : B(G) —
X in Hs,o(T) which we fix, and that n > 2 is an integer such that m;(X) =
0 for 1 <i < n. Then there exists a canonical morphism in Hs o(T')

X — K% (m,(X),n)

which induces the identity morphism on m; for i < n and which is
compatible in the obvious sense to both the projection to B(G) and the
section from B(G). In particular, it induces a weak equivalence P (X) =2
K€ (mn(X),n)).

Proof. First recall that for n > 1 and for an (n — 1)-reduced simplicial
set® L there exists a natural map L — K (m,(L),n), the base point being
the canonical one. This comes from the definition of K(M,n): a morphism
X — K(M,n) (for M a group for n = 1, an abelian group for n > 2) is the
same thing as a an n-cocycle of the normalized cochain complex C% (X; M);
see [44] for instance.

We also remind that for a simplicial set L with base point ¢y, one denotes
by L™ C L the sub-simplicial set consisting in dimension ¢ of the simplexes
of L whose n-skeleton is constant equal to the base point 3. When L is an
n-connected Kan simplicial set, the inclusion L") C L is a weak-equivalence
(See also [44] for instance). These facts at once generalize to locally fibrant
pointed simplicial sheaves in an obvious way.

1) Having that in mind, let us denote by X(®) ¢ X' the sub-simplicial sheaf
associated to the presheaf U+ (X(U))(). The inclusion

X0 cx

3(n — 1)-reduced means with only one i-simplex for i < (n — 1).
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is thus a simplicial weak equivalence. Moreover, we have for each U a
canonical map of pointed simplicial sets (X(U))(© — B(m ((X(U))©)).
Sheafification of this morphism of simplicial presheaves defines a morphism
of simplicial sheaves X(©) — B(r(X)) = B(G). The diagram

X0 — B(@)

1l
X

in which the vertical morphism is a simplicial weak equivalence defines a
Hs.e(T)-morphism X — B(G). The assertion on the 7 is clear. To check it
has the second property we have to check surjectivity and injectivity. Given
a morphism of sheaves of groups G — H, it defines by the functoriality
of the construction G — BG, a morphism of pointed simplicial sheaves
of sets BG — BH. Composition with the Hs o(7T)-morphism X — BG
just constructed proves surjectivity. Let’s prove injectivity. Take two
morphisms a3 and ag: X — B(H) in H;e(T). By the pointed version
of [59, Proposition 1.13 p. 52] we may represent each of these morphisms
by a diagram of pointed simplicial sheaves of sets

Yo, = B(H)

1
X

where )J; — X is a (pointed) hypercovering. Taking the fiber product, we
may further assume that V,, = Vo, = Y. We may further assume that A
is locally fibrant (or in fact fibrant if we wish). As a consequence ) can
also be assumed locally fibrant (and pointed) because ) — X is a trivial
local fibration. From what we already saw, YO 5 yisa simplicial weak
equivalence. Now the diagram

VO = B(H)
l
X

factors through
Y — BG = BH

l
X

by the functoriality of the Postnikov tower and the fact that for ) 0-
reduced PM(Y) = Bri(Y). As a morphism of simplicial sheaves of the
form BG — BH is always of the form B(p : G — H) for p = m(BG —
BH), we get injectivity.
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For the point (2) we proceed as follows. Let us denote by G the sheaf
m1(X). We may assume that the morphism f : X — B(G) (given by 1)
is a simplicial fibration. We factor it as X — P™(f) — B(G), so that
P™M(f) — B(G) is a local fibration. We may clearly reduce to the case
X = P (f) and as B(G) is locally fibrant, we may assume that X’ is also
locally fibrant. Moreover, again by the pointed version of [59, Proposition
1.13 p. 52], we may represent the section s by an actual diagram of pointed
simplicial sheaves of sets

y =X
4
BG

in which Y — BG is a pointed trivial local fibration. Let us denote by
X the fiber product EG x g X (see [59, p. 128] for an explicit definition
of the simplicially weakly contractible simplicial sheaf EG as well as the
morphism EG — BG), by Y the fiber product EG xpg Y and by Y — X
the induced morphism of G-simplicial sheave of sets. As J — BG is a
simplicial weak equivalence, the induced map Y — EG is a G-equivariant
simplicial weak equivalence. Thus ) is weakly contractible. Denote by C
the cone of the morphism of simplicial sheaves of sets

VX

by which we means the amalgamate sum 22]_[5, C(Y), where C(Y) =
(¥ x 61)/(Y x {0}). By the very construction, the morphism of simplicial
sheaves of sets
X —=C

is a G-equivariant morphism, a simplicial weak equivalence, and moreover,
C is pointed as a G-object. Consider the resolution functor EzY con-
structed in [59, Theorem 1.66 p. 69]. As it commutes to finite products by
loc. cit., then Ex9(C) is clearly endowed with a G-action and the simplicial
weak equivalence C — Ez9(C) is G-equivariant. As C is pointed as a G-
object, so is Fxz9(C). As the latter is simplicially fibrant, the morphism
Ex9(C)" Y — Ez9(C) is a G-equivariant pointed weak equivalence.
Observe that m,(Ez9(C)"~Y) = 7,(X). As E29(C)™ Y is an (n — 1)-
reduced simplicial sheaf of sets, from what we have recall above, there
exists a natural G-equivariant map

E29(C)" Y = K(m,(X),n)

obtained by sheafification of the classical one. Now perform the Borel
construction EG x¢ (—) and remember the definition K¢ (7, (X),n) =
EG x¢g (K(mn(X),n)) of twisted Eilenberg-MacLane objects, to produce
a diagram of simplicial sheaves of sets
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EG x¢ (E29(C)" ™V — K% (1,(X),n)

l
EG xgX —» EG xgEx9(C)
1
X

in which all the vertical morphisms are simplicial weak equivalences.
This clearly defines the Hso(T)-morphism we are seeking, because by
construction using points of the site it is compatible to the classical
construction. a

Remark B.8. In fact with a little bit more work, one can prove that the
canonical morphism in H ¢(7)

X — K% (m,(X),n)

given by point (2) of the previous lemma is the unique one with these
properties. a

B.3 The Obstruction Theory We Need

We can now explain the obstruction theory we will use. Let us fix a diagram
in the category of simplicial sheaves of sets of the form

&

l (B.2)
X —B

with X € T. Our aim is to give, under some assumptions, both a criterium
for the existence and/or uniqueness of a morphism in H,(7T')

X =&

which makes the triangle
&

A
X —B

commutative in H (7). We may clearly assume that f : &€ — B is a simplicial
fibration.
We make the following assumptions:

1. B is 0-connected and pointed.
2. The morphism & — B is (n — 2)-connected, or in other words (by
Lemma B.2) the homotopy fiber of &€ — B is (n — 2)-connected.
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We observe that P (f) — B is a weak equivalence for i < n — 2 and
that from Lemma B.6 there exists a canonical homotopy cartesian square in
Hso(T):

Pr=(f) = B(G)
4 1 (B.3)
B =P 2 (f) = K% (mp-1(f),n)

Given X € T the previous homotopy cartesian square gives a surjection

Homay, (7y(X, PUD(f)) = Homay, ()(X, B)X Homse. ooy (X.KE (mns (f)m)
Homy (1)(X, BG)
Obstruction to lifting. By Corollary B.5 the map
Homay, (7y(X, €) = Homy,, (7 (X, P71 (f))
is a surjection for all X of cohomological dimension < n.

We thus obtained the following:

Theorem B.9. Keeping the previous assumptions on f: € — B, for any X
of cohomological dimension < n the map

Homyy, (1) (X, €) = Homay (1) (X, B)X Homa,, ooy (XK (00 _1()m))
HO’ITL'HS(T) (X, BG) (B4)

18 surjective.
We deduce the following obstruction theory:

Corollary B.10. Keeping the previous assumptions on f : € — B, for
any X of cohomological dimension < n and any morphism g : X — B
in Hs(T), there exists a morphism h : X — & which lifts g in H(T)
if and only if the composition X — B — K%(m,_1(f),n)) lifts through
BG — K% (mn_1(f),n)).

Now for any sheaf of G-modules M, for any A € Homy (1)(X, BG) =
H'Y(X;G) let us consider the subset

E;\L(XaM) - Hom'HS(T)(XaKG(Mvn))

of elements X — KY(M,n) whose composition to BG gives . This set is
pointed by X — BG composed with canonical section BG — K (M, n).
Given g : X — B in Hs(T) one gets by composition with B — BG a
morphism
Ag: X = BG
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Clearly a reformulation of the corollary is to say that the element e(g) €
EY (X;mn-1(f)) is the obstruction to the lifting of g:
(g lifts through & — B) < (e(g) is the base point in By (X;m-1(f)))

On the “Kernel” of the Map
HO’I’TL'HS(T)(X, 8) — Homes(T)(X, B)

By “Kernel” of that pointed map, we mean the subset K™ of Homy,_(1)(X, )
consisting of morphisms whose composition with f : £ — B is trivial (the
base point of Homy (1) (X,B)).

We want to study this kernel in the critical case. By Corollary B.5 and
our assumptions, the map

Homyy (1)(X,E) = Homy, (1) (X, B)

is a surjection for all X of cohomological dimension < n — 1 and a bijection
for all X of cohomological dimension < n — 2. By the critical case we mean
when the cohomological dimension is < n — 1 so that the map is surjective.
We just want to use the pointed simplicial fibration sequence

I'—-&¢—B

where I' is the (homotopy) fiber at the base point, and which is (n — 2)-
connected by assumption. We will use the natural action up to homotopy of
the h-group Q! (B) on the fiber I'. For any X we obtain a exact sequence of
pointed sets and groups

Homyy, (7)(X,Q%4(B)) = Homyy,(ry(X, ) = K" — *

The left hand side is indeed a group which acts on the middle set, and
exactness means that K" is the orbit set.

For X of cohomological dimension < n — 1 we can express in a simpler
way the middle term; by Corollary B.5 the maps

Homy,(r)(X,I") — Homyy, (X, P"D(I))
— Homyy (7)(X, K(mn—1(f),n — 1))

are all bijective (the latter one uses point 2) of Lemma B.7). But has
it is well known, the right hand side is an abelian group isomorphic to
H" 1 (X;m,-1(f)). At the end we get an exact sequence as above of the
form

Homa, (X, Q1(B)) = H" (Xm0 1(f)) = K" = »



B.3 The Obstruction Theory We Need 251

Remark B.11. Beware that in general the action on the left is not given by
a homomorphism: take the universal situation, in the category of simplicial
sets, that is to say the fibration

K(M,n) - BG — K%(M,n)

In that case the loop space in question is Q} (K% (M, n)) which is easily seen
to be equivalent to the semi-direct product G x K(M,n — 1) and the action
of QL(KY(M,n)) = G x K(M,n—1) on K(M,n — 1) is the standard action
of a semi-direct product G x N onto a G-module N. This action can’t induce
in general a group homomorphism. ad

Cohomological Interpretation of the Obstruction Sets
EY(X; M)

The pointed sets of the form EV(X;M) have a natural cohomological
interpretation, and in particular are abelian groups, for each fixed A\. We
end this appendix by explaining this fact.

First by [59, Proposition 1.15 p. 130], there is a canonical bijection

Homyy (7)(X,BG) 2 H'(X;G)

identifying morphism X — BG and isomorphism classes of G-torsors over X .
Thus our A corresponds to an isomorphism class of G-torsors over X. Pick
up one G-torsor Y — X in the class of A\. Consider the sheaf of sets M, on
T obtained as

MA = G\(Y X M)

The quotient being computed in the category of sheaves of sets on T'. The
obvious morphism My — ¢\Y = X defines it as a sheaf of sets on X. It is
called the sheaf obtained by twisting M by A. Our aim is to prove that this
sheaf is in a canonical way an abelian sheaf on X and that for each n > 2 the
pointed set EY(X; M) is canonically in bijection with the n-th cohomology
group
Hyx (X5 My)

Remark B.12. 1) Given A and M, all these constructions only depend on the
choice of a representative Y — X of A.

2) If X\ is the trivial G-torsor 6, the result is quite clear and in fact
E}(X; M) is canonically in bijection with Hy ) x (X My) = HR(X; M).

The following two lemmas are easy to prove.
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Lemma B.13. Given a sheaf of groups G on T, a G-torsor Y over the
final sheaf, and a G-sheaf of sets M the canonical morphism Y x M —
Y x (Y xg M) is an isomorphism of sheaves on T.

Lemma B.14. Given a sheaf of groups G on T, a G-torsorY over the point
and two G-sheaves of sets M and N, the canonical morphism of sheaves on
T:YXMxN —= (Y xgM)x (Y xg N) induces an isomorphism

Y Xg(M xN)—= (Y xgM)x (Y xgN)

As a consequence, if M is a sheaf of G-module, the sheaf Y xg M has a
canonical structure of sheaf of abelian groups.

Lemma B.15. Keeping the obvious notations, the X-sheaf M) admits a
canonical structure of abelian X -sheaf. Let us denote by K(Mx,n) the usual
simplicial Eilenberg-MacLane object in the category of sheaves over X. Then
there exists a canonical isomorphism of simplicial sheaves over X of the form

Y xg K(M,n) = K(My,n)

Proof. We only use the explicit definition of K(—,n) [44] which show that
in each degree K (M, n) is a product (over X) of copies of M. The conclusion
follows from the two previous lemmas. O

For any X € T, for any integer > 0, for any sheaf of G-modules M and
for any A € Homy, (r)(X, BG) = H'(X; G) we now describe a natural map
of pointed sets

H"(X; M) = EX(X; M) (B.5)

We will use Verdier’s formula to compute the left hand side; see [14] or
also [59, Proposition 1.13 p. 52 and Proposition 1.26 p. 57|, from which we
freely use the notation and results.

Let 4 — X be a hypercovering (a local trivial fibration) and U —
K (My,n) a morphism of simplicial sheaves over X which represent a class
a € H™"(X; M)). From [59, Lemma 1.12 p.128], we may assume (up to taking
a refinement of U/) that there exists a morphism of simplicial sheaves{ — BG
such that the Pull-back of the G-torsor EG — BG is isomorphic to the G-
torsor Y xx U — U.

Now from Lemmas B.13 and B.14, there exists a canonical isomorphism
of simplicial sheaves (over X)

Y xx K(My,n) =Y x K(M,n)

Beware there is no X in index on the right: this comes from the fact that
we apply the Lemmas to the X-sheaf of abelian groups M|zX — X. Our
isomorphism then follows from the tautological one Y x K(M,n) =Y xx
K(M x X — X,n). The previous isomorphism is moreover G-equivariant.
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We thus obtain a G-equivariant morphism
YxxU =Y xx K(Myx,n) =Y x K(M,n)

By assumption on U/ there exists a cartesian square

Y xU — EG
{ {
U — BG

the top horizontal one being G-equivariant. We now consider the G equivari-

ant morphism
Y xU - EG x K(M,n)

and pass to the quotient by G to get a morphism os simplicial sheaves:
U— KG(M,n)

As the composition Y — K%(M,n) — BG represents \ its associated
class (by Verdier’s formula [59, Proposition 1.13 p. 52]) in Homgy, (1)
(X, K(M,n)) actually lies in E¥(X;M). It is not hard to see that this
class only depends on the class of a so that we have indeed constructed the
expected map (B.5).

We are now ready to prove the following result:

Theorem B.16. The map just constructed:
HP (X5 My) — E(X; M)

18 a bijection.

Proof. We will indicate a way to construct a map the other way and will
let it to the reader to check both maps are inverse to each other.

Take an element 8 € E¥(X;M). That is to say a morphism in Hs(T):
X — K%(M,n) inducing .

Because K“(M,n) is locally fibrant, by the Verdier formula already used,
we may represent § by an actual morphism

U— KG(M,n)

where U — X is an hypercovering. Denote by U the fiber product EG X palUd
through U — K%(M,n) — BG. because the square

EG x K(M,n) — EG

A A
K% M,n) — BG



254 B Recollection on Obstruction Theory

is cartesian, there is a canonical G-equivariant morphism
U — EG x K(M,n) — K(M,n)

By the assumption the G-torsor U — U is also the pull-back of ¥ — X
because /5 induces A (use also [59, Proposition 1.15 p. 130]). This means that
U is isomorphic to Y x x U. We thus get a G equivariant morphism U-—Y.
We now claim that the G equivariant morphism product of the two previous
morphisms

U—-Y x K(M,n)

induces after passing to quotient by G a morphism over X
Uu— K(M)\, n)

We claim that the class of this map in H™(X; M)) only depends on 8 and
that the map
EX (X5 M) — H"(X; My)

is the inverse to the map of the Theorem. a
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