
Appendix A

A.1 Convergence of Set Sequences

In this section we collect some facts on the convergence of a sequence of closed
sets An to A, typically the sets will be spectra of operators and therefore be subsets
of RC or C. Nevertheless, we need also a weighted distance, so we formulate this
chapter in terms of a complete metric space .M; d/ and assume An; A � M . We
denote the open and closed metric balls by

B�.x/ WD f y 2 M j d.x; y/ < � g and B�.x/ WD f y 2 M j d.x; y/ � � g:

Moreover, for a set B � M and a 2 M , we define the distance of a to B by

d.a; B/ WD inf
b2B

d.a; b/ 2 Œ0; 1�: (A.1)

Note that if B is compact, then the minimum is achieved, and we can replace inf by
min.

Definition A.1.1. We define the myemphmaximal outside distance of A to B by

dC.A; B/ WD sup
a2A

d.a; B/ 2 Œ0; 1�:

Moreover, the maximal inside distance of A to B is given by

d�.A; B/ WD dC.B; A/:

Finally, the Hausdorff distance of A and B is defined by

d.A; B/ WD maxfdC.A; B/; d�.A; B/g:
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The proof of the following proposition is standard:

Proposition A.1.2. We have d˙.A; B/ D d˙.A; B/ and d.A; B/ D d.A; B/.
Moreover, the Hausdorff distance is indeed a metric on the space

K .M / WD f K � M j K compact g:

If .M; d/ is complete, so is .K .M /; d/.

Note that the maximal outside and inside distances are not symmetric: Assume that
A, B are compact. Then dC.A; B/ D 0 is equivalent to A � B , i.e. the maximal
outside distance of A to B does not see points in B n A, and similarly for d�.

Lemma A.1.3. Let � �. We have the following equivalent characterisations for
compact subsets A; B � M :

dC.A; B/ � � , 8a 2 A 9b 2 BW d.a; b/ � �;

d�.A; B/ � � , 8b 2 B 9a 2 AW d.a; b/ � �:

Note that this characterisation allows to define maps f�W A �! B and g�W B �! A

such that d.a; f�.a// � � and d.b; g�.b// � �. This point of view is useful when
comparing two different metric spaces A, B in the Gromov-Hausdorff distance (see
e.g. [Ka02, Ka06]).

Definition A.1.4. Let An; A 2 K .M / be compact subsets of M .

1. An converges from outside to A (An & A) if dC.An; A/ ! 0.
2. An converges from inside to A (An % A) if d�.An; A/ ! 0.
3. An converges to A (An ! A) if d.An; A/ ! 0.

Remark A.1.5. Again, we warn from taking the terminology too literally: if
An � A, then dC.An; A/ D 0, i.e. a sequence An inside A converges from outside
to A, and similarly for d�. In particular, if An & A converges from outside, then
the limit can suddenly expand. For example, if An D A0 ¨ A, then dC.An; A/ D 0.
The convergence from outside does not note what happens inside A. Similarly, if
An % A converges from inside, then the limit can suddenly collapse. For example,
if An D A0 © A, then d�.An; A/ D 0. The convergence form inside does not
note what happens outside A. Nevertheless, if An ! A (i.e. An converges to A in
Hausdorff distance), the limit A cannot either expand nor collapse.

Let us give an element-wise characterisation of the convergence from inside and
outside. Recall that an assertion .An/ holds eventually if there exists n0 2 N such
that .An/ holds for all n � n0. Similarly, .An/ holds infinitely often if for all n0 2 N

there exists n � n0 such that .An/ holds.

Proposition A.1.6. Assume that M is a compact metric space. Let An; A 2 K .M /

be closed subsets. Then the following conditions are equivalent:
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An & A , 8x 2 M n A 9� > 0W B�.x/ \ An D ; eventually;

An % A , 8a 2 A 9anAnW d.an; a/ ! 0:

Proof. Assume that An & A then d.an; A/ ! 0. Let x … A. Since Ac is open,
there exists � > 0 such that B2�.x/ \ A D ;. Now, if an 2 B�.x/ \ An infinitely
often, then

d.a; an/ � d.a; x/ � d.x; an/ > 2� � � D �

for all a 2 A, i.e. d.an; A/ � �, contradicting d.an; A/ ! 0.
For the opposite direction, assume that An & A is not true, i.e. there exists

� > 0 and a sequence an 2 An such that d.an; A/ � � infinitely often. Since M

is compact, we can extract a convergence sub-sequence ank
! x. In particular,

d.x; A/ � �, thus x 2 M n A. From the assumption, we have B�.x/ \ An D ;
eventually, in contradiction to ank

! x.
The second equivalence is simpler: The convergence An % A is equivalent

to d.a; An/ ! 0 uniformly in a 2 A. In particular, the pointwise convergence
d.a; An/ ! 0 for all a 2 A follows. For the opposite direction, we use again the
compactness of M in order to obtain the uniform convergence. ut

A.2 Estimates on Abstract Fibred Spaces

In this section, we develop an abstract framework in order to prove Sobolev trace
theorems and related estimates on graphs and manifolds. In the abstract setting, we
consider (weakly) differentiable functions on an interval with values in a Hilbert
space. We allow the Hilbert spaces along the interval to vary, and define abstractly
(warped) products and spaces close to (warped) products. All relevant examples are
covered, e.g., the Sobolev trace estimate for a manifold with boundary or estimates
on cone-like manifolds. Our approach here is related (at least formally) to [B89,
GG91], as well as to the abstract approach to so-called “Dirac systems” in [BBC08].
There are also relations to “half-line boundary triples” introduced in Sect. 3.5.

A.2.1 Vector-Valued Integrals

Let us start with some facts about vector-valued integrals. More details can be
found e.g. in [Y80, GG91]. Let .M; �/ be a measure space and X a Banach space.
A function uW M �! X is said to be weakly measurable if ' ı uW M �! C,
s 7! '.u.s//, is measurable for all ' 2 X � in the dual space. A function
uW M �! X is said to be a step function if its range ran u D u.M / is finite,
say, u.M / D fx1; : : : ; xkg; and if �.u�1.xi // < 1 for all i D 1; : : : ; k, provided
xi ¤ 0. A function uW M �! X is said to be strongly measurable if there is
a sequence of step functions unW M �! X (an approximating sequence) such
that kun.s/ � u.s/k ! 0 for �-almost all s 2 S . By Pettis’ theorem, a weakly
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measurable function is strongly measurable provided X is separable (or at least if
the closed subspace generated by ran u is separable). In our application below, X
will be a separable Hilbert space. Moreover, we use the case X D L .H / and
u.s/ D �'.s/.H � s/�1 for a closed operator H (see Theorems 3.3.6 and 3.3.20).
Note that in the latter situation, the closed subspace generated by the range of u is
an abelian sub-algebra of L .H / and therefore separable.

For strongly measurable functions, the vector-valued integral is defined in the
obvious way. A function uW M �! X is said to be Bochner-integrable, if u is
strongly measurable (with approximating sequence un) and if

R
M

ku.s/ � un.s/kd�

.s/ ! 0. It can be seen that the definition of the integral in the next theorem is
independent of the approximating sequence (two approximating sequences can be
combined into a single approximating sequence). By Bochner’s theorem, a strongly
measurable function is Bochner-integrable iff s ! ku.s/k is integrable:

Theorem A.2.1 (Bochner). Let .M; �/ be a measure space, and X a Banach
space. Assume that uW M �! X is strongly measurable. Then u is (Bochner-)
integrable iff Z

M

ku.s/kd�.s/ < 1: (A.2)

In particular, if the integrability condition (A.2) if fulfilled, then the vector-valued
integral Z

M

u.s/d�.s/ WD lim
n!1

X

x2ran unnf0g
�.u�1

n .x//x 2 X

exists in the norm-topology on X , where un is an approximating sequence.
Moreover, �

�
�

Z

M

u.s/d�.s/
�
�
� �

Z

M

ku.s/kd�.s/:

Let now X D H0 be a (separable) Hilbert space. Then weakly measurable func-
tions are strongly measurable. Moreover, we have a vector-valued generalisation of
the Cauchy-Schwarz inequality, namely

ˇ
ˇ
ˇ
DZ

M

u.s/d�.s/;

Z

M

v.s/d�.s/
E

H0

ˇ
ˇ
ˇ

CS�
Z

M

ku.s/kH0kv.s/kH0d�.s/; (A.3)

provided the RHS is finite, i.e. u; v 2 L2.M; H0/. Here, L2.M; H0/ is the space of
(equivalence classes of) measurable functions uW M �! H0 such that

kuk2
L2.M;H0/ WD

Z

M

ku.s/k2
H0

d�.s/ < 1:

In particular, L2.M; H0/ is a Hilbert space with inner product

hu; viL2.M;H0/ WD
Z

M

hu.s/; v.s/iH0d�.s/ D
DZ

M

u.s/d�.s/;

Z

M

u.s/d�.s/
E

H0

:
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Here, the latter equality is true since the Bochner integral commutes with (bounded)
linear operators. Note that L2.M; H0/ is also unitarily equivalent with L2.M /˝H0

and with the direct integral
R ˚

M
H0d�.s/ with constant fibre, see the next subsection.

Moreover, in the vector-valued case, we also have a “scalar-vector” version of
the Cauchy-Schwarz inequality, namely

�
�
�

Z

M

f .s/u.s/d�.s/
�
�
�

2

H0

CS�
Z

M

jf .s/j2d�.s/

Z

M

ku.s/k2
H0

d�.s/ (A.4)

for f 2 L2.M;C/ and u 2 L2.M; H0/.

A.2.2 Fibred Spaces Over an Interval

Assume that I � R is an interval and that H .s/ is a family of separable Hilbert
spaces based on the same vector space H0 (i.e. H .s/ D H0 as vector space). It is
unimportant whether we choose I to be open or closed, since individual points are
not seen by the Lebesque measure ds. We assume that H .s/ is measurable, i.e. that
s 7! ku0k2

H .s/ is measurable for all u0 2 H0. We set

H .I / D
Z ˚

I

H .s/ds

(for an abstract definition of the direct integral of Hilbert spaces
R ˚

I
H .s/ds, we

refer e.g. to [Di69] or [RS80, Sec. XIII.16]). Equivalently, we can define H .I /

as the completion of the space of continuous functions C.I; H0/ under the norm
k�kH .I /, where

kuk2
H .I / WD

Z

I

ku.s/k2
H .s/ds < 1:

Similarly, we define a fibred Sobolev space H 1.I / as the completion of the
space of functions C1.I; H0/ under the norm k�kH 1.I /, where

kuk2
H 1.I /

WD
Z

I

�ku.s/k2
H .s/ C ku0.s/k2

H .s/

�
ds < 1:

We denote by H k.s0; s1/ the corresponding space H k.I / with I D .s0; s1/. Note
that

I1 � I2 implies kukH k.I1/ � kukH k.I2/: (A.5)

Since the Hilbert spaces H .s/ and H0 differ only in their inner product, there
exists a positive operator-valued, measurable function s 7! A.s/ such that

ku0k2
H .s/ D hu0; u0iH .s/ D hu0; A.s/u0iH0
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for all u0 2 H0 and almost all s 2 I with respect to the Lebesque measure.
Moreover, there exist measurable functions �˙W I �! .0; 1/ such that

��.s/ku0k2
H0

� ku0k2
H .s/ � �C.s/ku0k2

H0

for almost all s 2 I and all u0 2 H0. For example, we can choose ��.s/ WD
inf �.A.s// and �C.s/ WD sup �.A.s//.

We will now make more assumptions on the functions �˙.

Definition A.2.2.

1. We say that the fibred space H .I / is an almost warped product if there is a
function � called distortion function and constants �˙ > 0 such that

���.s/ � ��.s/ and �C.s/ � �C�.s/

i.e.

���.s/ku.s/k2
H0

� ku.s/k2
H .s/ � �C�.s/ku.s/k2

H0
(A.6a)

for almost all s 2 I and all u0 2 H0. We call �1 WD �C=�� the global relative
distortion.

2. We say that H .I / is a warped product if it is an almost warped product with
relative distortion �1 D 1, i.e. if ��.s/ D �C.s/ DW �.s/, or equivalently,
A.s/ D �.s/ idH0 , or, what is the same,

ku0k2
H .s/ D �.s/ku0k2

H0
(A.6b)

for all u0 2 H0. We call � (resp. �˙) the (upper/lower) distortion function.

The case when the distortion functions are constant deserves a special name:

Definition A.2.3.

1. We say that H .I / is an almost product if it is an almost warped product with
constant functions �˙, i.e. �˙.s/ D �˙;0 for almost all s 2 I . In this case,
�1 D �C;0=��;0.

2. We say that the fibred space H .I / is a product if it is an almost product with
relative distortion �1 D 1, i.e. ku0k2

H .s/ D ku0k2
H0

. In this case,

H .I / D L2.I; �0H0/ Š L2.I / ˝ �0H0

where �0 denotes the constant value of the distortion function � and �0H0 is the
Hilbert space H0 with norm defined by ku0k2

�0H0
WD �0ku0k2

H0
.

On an (almost) product H .I /, the identification operator from H .I / onto L2.I /˝
�0H0 resp. L2.I / ˝ �˙;0H0 defines a bijective isomorphism resp. an isometry.
By suitably inserting the distortion functions �˙ into the inequality (A.4), we can
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extend the inequality to (almost) warped products, as we will do in the following
lemma:

Lemma A.2.4. Assume that H .I / is an almost warped product and that s0 < s1 < s2

where si 2 I . If u 2 H 1.I / with u.s2/ D 0, then

ku.s1/k2
H .s1/ � �1�1.s1; s2/ku0k2

H .s1;s2/; (A.7a)

kuk2
H .s0;s1/ � �1�2.s0; s1; s2/ku0k2

H .s0;s2/; (A.7b)

where

�1.s1; s2/ WD �.s1/

Z s2

s1

1

�.s/
ds and �2.s0; s1; s2/ WD

Z s1

s0

�1.t; s2; �/dt:

Proof. By a density argument, we can assume that u is of class C1. Then we have

u.t/ D �
Z s2

t

u0.s/ds:

Using the Cauchy-Schwarz inequality for vector-valued integrals (A.4) we obtain

ku.t/k2
H .t/

CS�
Z s2

t

�C�.t/

���.s/
ds

Z s2

t

���.s/

�C�.t/
ku0.s/k2

H .t/ds

� �1
Z s2

t

�.t/

�.s/

Z s2

t

ku0.s/k2
H .s/ds

using (A.6a) and the first estimate follows for t D s1. The existence of the vector-
valued integral u.t/ is guaranteed once the integrals on the RHS are finite (cf.
Theorem A.2.1). The second estimate follows by integrating over t from s0 to s1

and using the monotonicity of the norms (A.5). ut
Remark A.2.5. Note that the condition u.s2/ D 0 is well-defined for functions in
H 1.I / by a similar argument as above.

If u does not vanish at s2, we can argue as follows.

Proposition A.2.6. Assume that H .I / is an almost warped product and that u 2
H 1.s0; s2/, then

ku.s1/k2
H .s1/ � 2�1e�1.s1; s2; �/ku0k2

H .s1;s2/ C 2�1e�1.s1; s2; �0/kuk2
H .s1;s2/;

kuk2
H .s0;s1/ � 2�1e�2.s0; s1; s2; �/ku0k2

H .s0;s2/ C 2�1e�2.s0; s1; s2; �0/kuk2
H .s0;s2/;
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where

e�1.s1; s2; �/ WD �.s1/

Z s2

s1

j�.s/j2
�.s/

ds; e�2.s0; s1; s2; �/ WD
Z s1

s0

�1.t; s2; �; �/dt;

and where � is a Lipschitz function such that �.s/ D 1 for s0 � s � s1 and
�.s2/ D 0.

Proof. Set eu WD �u. Then eu fulfils the assumptions of Lemma A.2.4. Moreover
u.t/ D eu.t/ for t 2 Œs0; s1�. We start with

ku.t/k2
H .t/ � 2

�
�
�

Z s2

t

�.s/u0.s/ds
�
�
�

2

H .t/
C 2

�
�
�

Z s2

t

�0.s/u.s/ds
�
�
�

2

H .t/
;

and argue then as in the proof of Lemma A.2.4. The last estimate follows as before
by integration. ut

Let us now fix the cut-off function � D �a: Assume that 0 < a � s2 �s1. Denote
by �a the continuous, piecewise affine linear function given by

�a.s/ D

8
ˆ̂
<

ˆ̂
:

1; for s0 � s � s1,

1 � a�1.s � s1/; for s1 � s � s1 C a,

0; for s1 C a � s � s2.

(A.8)

We obtain the following corollary. For the definitions of the functions �1 and �2 see
Lemma A.2.4.

Corollary A.2.7. Assume that H .I / is an almost warped product. If u 2
H 1.s0; s2/ then

ku.s1/k2
H .s1/ � 2�1�1.s1; s1 C a/

�
ku0k2

H .s1;s2/ C 1

a2
kuk2

H .s1;s2/

�
(A.9a)

� 2�1�1.s1; s1 C a/

minf1; a2g kuk2
H 1.s1;s2/

(A.9a’)

for 0 < a � s2 � s1 and a � 1. Moreover,

kuk2
H .s0;s1/ � 2�1�2.s0; s1; s1 C a/

�
ku0k2

H .s0;s2/ C 1

a2
kuk2

H .s0;s2/

�
(A.9b)

� 2�1�2.s0; s1; s1 C a/

minf1; a2g kuk2
H 1.s0;s2/

: (A.9b’)

Proof. The result follows from Proposition A.2.6 by simply estimating j�a.s/j � 1

and j�0
a.s/j D 1=a for s1 � s � s1 C a. ut
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If H .I / is an almost product, we have the following estimate:

Corollary A.2.8. Assume that H .I / is an almost product. If u 2 H 1.s0; s2/ then

ku.s1/k2
H .s1/ � �1

�
aku0k2

H .s1;s2/ C 2

a
kuk2

H .s1;s2/

�
(A.10)

� 2�1
minf1; .s2 � s1/gkuk2

H 1.s1;s2/
(A.10’)

for 0 < a � s2 � s1 and a � 1.

Proof. Again, the result follows from Proposition A.2.6 by evaluating the integrals
e�i for �a. ut
Remark A.2.9. Note that the estimate (A.7a) is optimal in the following sense:
Assume that H .I / is a warped product and that u.s/ D .

R s2

s1
�.s/ds/�1'0 with

k'0kH0 D 1, i.e. u is constant and kukH .s1;s2/ D 1. Moreover, assume that
�0.s/ < 0 for all s1 � s � s2. Then we have

1 D ˇ
ˇ�.s2/ � �.s1/

ˇ
ˇ2 D

�Z s2

s1

j�0.s/jds
�2 CS�

Z s2

s1

�.s/ds

Z s2

s1

j�0.s/j2
�.s/

ds:

If the distortion function is �.s/ D ��0.s/ D j�0.s/j, then we have equality in the
Cauchy-Schwarz inequality, and in particular,

ku.s1/k2
H .s1/ D �.s1/R s2

s1
�.s/ds

D �.s1/

Z s2

s1

j�0.s/j2
�.s/

ds D e�1.s1; s2; �0/kuk2
H .s1;s2/

by the above equality of Cauchy-Schwarz, the definition of e�1 and the fact that u is
normalised on H .s1; s2/. Therefore, estimate (A.7a) is optimal. A similar remark
holds for the other estimates.

Let us now fix a normalised vector '0 2 H0. Denote by P0u0 WD h'0; u0iH0'0

the corresponding orthogonal projection onto the subspace C'0. In our applications
later on, '0 will be an eigenvector associated with the lowest eigenfunction of an
operator K on H0. For a warped product, the projection is independent of s:

Lemma A.2.10. Let H .I / be a warped product. Then '0 ¤ 0 in H .s/ for almost
all s 2 I , and 's WD '0=k'0kH .s/ D �.s/�1=2'0 is normalised in H0. Moreover, P0

is also the orthogonal projection onto 's in the Hilbert space H .s/. In particular,

kP0u0k2
H .s/

CS� ku0k2
H .s/

for u0 2 H .s/ D H0.

Proof. We have k'0k2
H .s/ D �.s/k'0k2

H0
D �.s/ > 0 for almost all s 2 I ; in

particular, '0 ¤ 0 2 H .s/. Moreover, the orthogonal projection onto 's in H .s/
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is given by

h's; u0iH .s/'s D �.s/�1h'0; u0iH .s/'0 D h'0; u0iH0'0 D P0u0:

The last estimate follows from Cauchy-Schwarz. ut
Proposition A.2.11. Let H .I / be a warped product. Then

�.s1/kP0u.s2/ � P0u.s1/k2
H0

D �.s1/
ˇ
ˇh'0; u.s2/iH0 � h'0; u.s1/iH0

ˇ
ˇ2

� �1.s1; s2/ku0k2
H .s1;s2/

for u 2 H 1.I /.

Proof. We have

�
�h'0; u.s2/ � u.s1/iH0'0

�
�2

H0

CS� ku.s2/ � u.s1/k2
H0

D
�
�
�
D
'0;

Z s2

s1

u0.s/ds
E

H0

'0

�
�
�

2

H0

CS�
Z s2

s1

1

�.s/
ds

Z s2

s1

ku0.s/k2
H0

�.s/ds

using Cauchy-Schwarz for vector-valued integrals (A.4) for the second inequality.
The result follows by the definition of �1 in Lemma A.2.4. ut

A.2.3 Examples: Cones and Cylinders

We will give now some special cases coming from a warped product metric on a
manifold as applied in Chap. 6. Denote by X D I �s Y the warped product of
I D Œ0; `� and the compact Riemannian manifold Y with radius function r W I �!
.0; 1/, i.e. X is equipped with the metric g D ds2 C r.s/2h, where h is the metric
on Y (see Definition 5.3.2). Then we have

kuk2
L2.X;g/ D

Z

I

ku.s/k2
L2.Y;h/r.s/mds:

In particular, L2.X; g/ D H .I / is a warped product with distortion function �.s/ D
r.s/m and fibre Hilbert space H0 D L2.Y; h/.

For the next corollary, assume that r is constant, say r D 1.

Corollary A.2.12 (Product). Assume that I D Œ0; `� and X D I � Y with product
metric g D ds2 C h. Then H .I / is a product (in the sense of Definition A.2.3).
Moreover,
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ku.0; �/k2
L2.Y / � aku0k2

L2.X/ C 2

a
kuk2

L2.X/ � 2

minf1; `gkuk2
H1.X/

(A.11)

for all 0 < a � minf1; `g and u 2 H1.X/.

Proof. The result follows from Corollary A.2.8. Note that H1.X/ � H 1.I / since

kuk2
H 1.I /

D kuk2
L2.X/ Cku0k2

L2.X/ � kuk2
L2.X/ Cku0k2

L2.X/ CkdY uk2
L2.X/ D kuk2

H1.X/

for u 2 H1.X/. ut
We return to the abstract framework, and calculate the functions �1, �2 of

Lemma A.2.4 for special choices of the distortion function � D rm. Let us first
define some universal functions occurring in the estimates later on. Universal refers
here to the fact that the functions depend only on the parameter m.

Definition A.2.13. We set

pm.	/ WD 1

1 � 	

Z 1

	

umdu and epm.	/ WD 1

1 � 	

Z 1

	

pm.t/dt:

We have the following properties of the functions pm and epm:

Lemma A.2.14.

1. We have

pm.	/ D

8
ˆ̂
<̂

ˆ̂
:̂

1

m C 1

mX

iD0

	 i ; if m � 0,

� log 	

1 � 	
; if m D �1,

and

epm.	/ D

8
ˆ̂
<̂

ˆ̂
:̂

1

m C 1

mX

iD0

1

i C 1

iX

j D0

	j ; if m � 0,

dilog 	 C 	.1 � log 	/ � 1

1 � 	
if m D �1,

where dilog 	 WD R 	

1
log t

1�t
dt . Moreover, pm and epm are polynomials of degree

indicated by the subscript (for non-negative subscripts) with continuous exten-
sion pm.1/ D 1 and epm.1/ D 1. In addition, p�1 and ep�1 extend to an analytic
functions also in 	 D 1 by setting p�1.1/ WD 1 and ep�1.1/ WD 1.

2. For 0 < 	 � 1 and m � 0, we have

1

m C 1
� pm.	/; epm.	/ � 1; � log 	 � p�1.	/ � 1 � log 	:
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Moreover, we have the asymptotic behaviour

pm.	/ �0

1

m C 1
; p�1.	/ �0 � log 	;

epm.	/ �0

1

m C 1

mX

iD0

1

i C 1
; ep�1.	/ �0


2

6
� 1;

at 	 D 0. Here, f .	/ �a g.	/ means that lim	!a f .	/=g.	/ D 1.
3. For 1 � 	 and m � 0, we have

	m

m C 1
� pm.	/ � 	m;

	m

.m C 1/2
� epm.	/ � 	m:

In addition, we have

pm.	/ �1
	m

m C 1
; p�1.	/ �1

log 	

	
;

epm.	/ �1
	m

.m C 1/2
ep�1.	/ �1 log 	:

Proof. The properties follow by direct calculation, e.g., for 	 ¤ 1 and m > �1, we
have

pm.	/ D 1

1 � 	

Z 1=	

1

1

tmC2
dt D 1

.m C 1/
� 1 � 	mC1

1 � 	
D 1

m C 1

mX

iD0

	 i

substituting u D 1=t . For m D �1 the result follows similarly. Moreover,

epm.	/ D 1

1 � 	

Z 1

	

pm.	/	d	 D 1

m C 1
� 1

1 � 	

mX

iD0

Z 1

	

	 i d	

D 1

m C 1

mX

iD0

1

i C 1
� 1 � 	iC1

1 � 	

D 1

m C 1

mX

iD0

1

i C 1

iX

j D0

	j

for m > �1 and similarly for m D �1. The other assertions can be checked
easily. ut

In the following lemma, it is convenient to use the differences a D s1 � s0 and
b D s2 � s1:
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Definition A.2.15. We set s0 D 0, s1 D a and s2 D a C b for a; b > 0 and define

�1.b/ WD �1.a; a C b/ and �2.a; b/ WD �2.0; a; a C b/:

Moreover, we set

vol.s0; s1/ WD
Z s1

s0

�.s/ds; vol.a/ WD vol.0; a/:

Let us now fix the radius function r , and therefore the distortion function � D rm:
Note that if r is constant, then the resulting warped product manifold X D I �r Y

is a product, or a cylinder. If r is affine linear, then X D I �r Y is a cone. Recall
that we allowed weak regularity on r and therefore on the metric of the manifold
(see Sect. 5.1). Therefore, we may consider the following (piecewise) affine linear
function r , i.e. we consider two cones (if ri�1 ¤ ri ) or cylinders (if ri�1 D ri )
attached together:

Lemma A.2.16.

1. (Almost) Product: If �.s/ D rm
0 , then

�1.b/ D b;

�2.a; b/ D
Z s1

s0

.s2 � t/dt D 1

2

�
.a C b/2 � a2

� D a.b C a=2/ � a.a C b/;

vol.a/ D arm
0 :

2. (Almost) warped product If �.s/ D r.s/m, where r is the continuous affine linear
function such that r.si / D ri , i D 0; 1; 2, and 	i WD ri�1=ri are the relative radii,
then

�1.b/ D bpm�2.	2/	2

abpm�2.	2/	2pm.	1/ � �2.a; b/ � a
�
aepm�2.	1/ C bpm�2.	2/	2pm.	1/

�
;

vol.a/ D arm
0 pm.	�1

1 /;

Note that �1 and �2 depend only on the ratio 	1 D r0=r1 and 	2 D r1=r2 an not on
the values ri itself.

Proof. The first result is an easy calculation. For the second, note that

r.s/ WD ri C .s � si /
rj � ri

sj � si

; 0 � i < j � 2; si � s � sj :

Moreover, for r1 ¤ r2 and m > 1, we have

�1.s1; s2/ D
Z s2

s1

�r.s/

r1

��m

ds D b	2

1 � 	2

Z 1=	2

1

	�md	 D b	2pm�2.	2/
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using the substitution 	 D r.s/=r1 and the fact that d	 D .1 � 	2/.b	2/
�1ds. If

m D 1, then

�1.s1; s2/ D � b	2

1 � 	2

log 	2 D bp�1.	2/	2:

In addition, if r1 D r2, i.e. 	2 D 1, then �1.b/ D b by the first part. But pm.1/ D 1

for m D �1; 0; 1; : : : , so that the formula for �1 also holds in this case. In order to
estimate �2, we observe that

�1.t; s2/ D �1.t; s1/ C �.t/

�.s1/
�1.s1; s2/:

The integral over the first term can be estimated as

Z s1

s0

�1.t; s1/dt D
Z s1

s0

.s1 � t/pm�2

� r.t/

r1

�r.t/

r1

dt

� a

Z s1

s0

pm�2

� r.t/

r1

�r.t/

r1

dt D a2

1 � 	1

Z 1

	1

pm�2.	/	d	

using the substitution 	 D r.t/=r1 and d	 D .1 � 	1/a�1dt .
The second term can be integrated by

Z s1

s0

�.t/

�.s1/
dt D

Z s1

s0

� r.t/

r1

�m

dt D a

1 � 	1

Z 1

	1

	md	 D apm.	1/:

The calculation for vol.a/ follows similarly. ut
We will use the following special case in Sects. 6.3 and 6.8 on warped products:

Proposition A.2.17. Assume that I D Œ0; a C b�, where 0 < a � b. Let � be
the continuous, piecewise affine linear function with �.0/ D r0, �.a/ D r1 and
�.a C b/ D r1, where r0 � r1. Then H .I / is a warped product and,

kuk2
H .0;a/ � 4ab

�
ku0k2

H .0;aCb/ C 1

a2
kuk2

H .0;aCb/

�
and (A.12a)

a

m C 1
rm

1 � vol.a/ � arm
1 (A.12b)

for u 2 H 1.I /. Moreover, if P0 is a projection in H0 with one-dimensional range,
then

rm
0 kP0u.0/k2

H0
� 2apm�2

�r0

r1

�r0

r1

C 2rm
0 kP0u.a/k2

H0
(A.12c)

for u 2 H 1.I /.
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Proof. The first estimate follows from Corollary A.2.7 and the estimate

�2.a; b/ � a
�
aepm�2.	1/ C bpm.	1/

� � a2 C ab � 2ab:

Here, we used Lemma A.2.16 with the setting 	1 D r0=r1 � 1, 	2 D 1,
epm�2.	1/ � 1, pm.	1/ � 1 and a � b. The second estimate estimate is a
consequence of Lemma A.2.16 and

1

.m C 1/
	�1

1 � pm.	�1
1 / � 	�m

1

using Lemma A.2.14. Finally, the last estimate can be seen from Proposition A.2.11
and �1.a/ D apm�2.	1/	1. ut

Let us finish this section with some more examples illustrating the abstract
setting. The possibly simplest example is given by H .s/ D C. The estimate follows
from Corollary A.2.8:

Corollary A.2.18 (Interval). Let I D Œ0; `�. Assume that H .s/ D C and that the
distortion function is constant, say �.s/ D 1. Then H .I / D L2.I / is a product and

jf .0/j2 � akf 0k2
L2.I / C 2

a
kf k2

L2.I / � 2

`�
kf k2

H1.I /

for all 0 < a � `� D minf1; `g and f 2 H1.I / D H 1.I /.

The following result is only needed in the special case H .s/ D C:

Proposition A.2.19. Assume that I D Œ0; `�, then

kf 0k2
L2.I / � 1025

`2�
kf k2

L2.I / C 2kf 00k2
L2.I / � 1025

`2�

�
kf k2

L2.I / C kf 00k2
L2.I /

�

for f 2 H2.I /.

Proof. Partial integration and Cauchy-Young’s inequality yield

kf 0k2
CY� 1

2
kf k2 C 1

2
kf 00k2 C ˇ

ˇf .0/f 0.0/
ˇ
ˇ C ˇ

ˇf .`/f 0.`/
ˇ
ˇ:

The boundary term at s D 0 can be estimated by

ˇ
ˇf .0/f 0.0/

ˇ
ˇ CY� �

2

ˇ
ˇf 0.0/

ˇ
ˇ2 C 1

2�

ˇ
ˇf .0/

ˇ
ˇ2

� �

2

�
b0kf 00k2 C 2

b0 kf 0k2
�

C 1

2�

�
bkf 0k2 C 2

b
kf k2

�

D 1

�b
kf k2 C �b0

2
kf 00k2 C 1

2

�2�

b0 C b

�

�
kf 0k2
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for � > and b; b0 2 .0; `�, applying Corollary A.2.18 to f and f 0. A similar result
holds for the boundary term at s D `, so that we end up with the inequality

kf 0k2 �
�1

2
C 2

�b

�
kf k2 C

�1

2
C �b0�kf 00k2 C

�2�

b0 C b

�

�
kf 0k2:

If we set � WD a=8, b WD a=32 and b0 WD a for 0 < a � `, then the coefficient of
kf 0k2 on the RHS equals 1=2. Bringing this term on the LHS and multiplying by 2

yields the desired estimate with a D `�. Note that 1 C 4=.�b/ D 1 C 1;024=a2 �
1;025=a2 and 12�b0 D 1 C a2=4 � 2 since a � 1. ut

More generally than in Corollary A.2.18, we may assume that the measure on
I is weighted, i.e. we replace the Lebesque measure ds by w.s/ds. Then from
Corollary A.2.7 we conclude (with the estimate �1.a/ � !a):

Corollary A.2.20 (Interval with weights). Assume that I D Œ0; `�, that
wW .0; `/ �! .0; 1/ is a measurable function, and that H .s/ DCw.s/. Then
H .I / D L2.I; wds/ is a warped product with distortion function � D w. If in
addition

! WD w.0/

inf w.Œ0; minf1; `g�/ < 1;

then

jf .0/j2 � 2a!kf 0k2
L2.I;w.s/ds/ C 2!

a
kf k2

L2.I;w.s/ds/ � 2!

minf1; agkf k2
H1.I;w.s/ds/

for 0 < a � minf1; `g and f 2 H1.I; w.s/ds/ D H 1.I /.

Let us finally give another example, which is needed for topological perturbations
like removing balls from a manifold or adding handles to it. We will present such
constructions in a subsequent work.

Example A.2.21 (Polar coordinates). Assume that .X; g/ is a Riemannian mani-
fold. Here, we apply the warped product structure of a metric g on a manifold X

given in polar coordinates.
Denote by �x.r/ the maximal absolute value of the sectional curvature on Bx.r/.

Let r�.x/ be the maximal radius r > 0 such that r � 
=.2
p

�x.r// with the
convention 1=0 D 1. We set

r0.x/ WD minfinj rad x; r�.x/g: (A.13)

For x 2 X , we can parametrise Mx WD B.x; r0.x// with polar coordinates .s; y/ 2
Ix � Y , Ix WD .0; r0.x//, Y D S

m. The metric in these coordinates is given by

g D ds2 C hs;
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where hs is an s-depend metric on Y . We denote the standard metric on S
d�1 by h.

Recall that the warped product metric g0 D ds2 C s2h is the flat metric around x,
i.e. RC �r S

m Š R
mC1, where r.s/ D s is the radius function (see Definition 5.3.2).

From [Au82, Thm. 1.53] and the definition of r0.x/ in (A.13), it follows that we
have the estimate

ds2 C s2
� 2




�2

h � g D ds2 C hs � ds2 C s2
�

sinh
�


2

� 2




�2

h:

In particular, L2.Bx/ is an almost warped product with distortion function �.s/ D sm

and relative distortion �1 D .sinh.
=2//m.
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Dirichlet-to-Neumann map, Ann. Sci. École Norm. Sup. (4) 34 (2001), 771–787.

[LPPV08] D. Lenz, N. Peyerimhoff, O. Post, and I. Veselić, Continuity properties of the
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Vol. 1, Travaux et Recherches Mathématiques, No. 17, Dunod, Paris, 1968.
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Études Sci. Publ. Math. (1983), 39–78 (1984).

[Tep98] A. Teplyaev, Spectral analysis on infinite Sierpiński gaskets, J. Funct. Anal. 159
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Notation

We give an overview of some general notation used in this work. Other commonly
used symbols are listed in the index.

General notation

• N D f1; 2; 3; : : : g, N0 D f0; 1; 2; : : : g,
• Z D f: : : ; �2; �1; 0; 1; 2; : : : g,
• RC D Œ0; 1/,@CI WD I \ RC n I denotes the topological boundary in the

relative topology RC (I � RC), e.g., @CŒ0; �� D f�g.

• We use the short hand notation

@sf .s/ D @f .s/

@s

Moreover, du denotes the exterior derivative of u 2 C1.M /.

Sets and topology

• jAj denotes the number of elements in the set A

• C D A �[ B means that C D A [ B and that A, B are disjoint (A \ B D ;)

Let A; B; C be subsets of a topological space X .

• A denotes the closure of A, VA denotes the interior of A.
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420 Notation

Measure spaces

Let X be a measure space.

• X D A �[ B (“X is the disjoint union of A and B up to measure 0”) means that
X D A [ B and that A \ B has measure 0.

• X D �S
i Ai (“X is the disjoint union of all Ai up to measure 0”) means that

X D S
i Ai and that Ai \ Aj has measure 0 for all i ¤ j .

• len.I / denotes the Lebesque measure of I (length of the interval I � R).

Hilbert spaces, operators and function spaces

All our Hilbert spaces are assumed to be separable, i.e. having a countable
orthonormal basis. The inner product and all sesquilinear forms are anti-linear in
their first argument.

• a
CS� b means that we applied the Cauchy-Schwarz inequality.

• The Cauchy-Young reads as

2
ˇ
ˇhf; giˇ

ˇ CY� �kf k2 C 1

�
kgk2 (1)

for any � > 0. In particular, if � D 1,

2
ˇ
ˇhf; giˇ

ˇ � kf k2 C kgk2:

• H1 ˚H2 denotes the orthogonal sum of the Hilbert spaces H1 and H2; elements
of H1 ˚ H2 are written as f D .f1; f2/ or f D f1 ˚ f2. Similarly, elements ofL

e He written as f D ffege or sometimes as
L

e fe .
• H1 PC H2 denotes the topological sum of the spaces Hi � H , i.e., the direct

(but not necessarily orthogonal) sum, and Hi is assumed to be closed in H .
• If a linear operator A is not defined for all elements of H , we write dom A for

the domain of A. Similarly, for a quadratic form h, we write domh for its domain.
The corresponding sesquilinear form is then definded on hW dom h�dom h �! C.

• For a linear operator AW H �! G we denote the range of A by ran A WD f g 2
G j 9h 2 dom AW Ah D g g and the kernel of A by ker A WD f h 2 dom A j Ah D
0 g.

• C1
c .I / denotes the space of smooth functions with compact support in VI .

• Sobolev spaces Hk.I / WD f f 2 L2.I / j f .i/ 2 L2.I / 8 i D 1; : : : ; k g with
norm kf k2

Hk.I /
WD Pk

iD0 kf .i/k2
L2.I /, where f .i/ is the i -th (weak) derivative,

VHk.I / is the closure of C1
c .I / w.r.t. the norm k�kHk.I /.



Index

Symbols

jAj (number of elements of A) 419
h�; �i D h�; �iH (inner product) 97
h�; �ik;�k (pairing H k � H �k) 102
D� (dual of D) 101
0 (trivial quadratic form) 98
1 (quadratic form given by the squared norm)

98
A �[ B (disjoint union of A and B) 419
A �[ B (disjoint union up to measure 0) 420
�S

i Ai (disjoint union up to measure 0) 420
�
R

M u (average of u on M ) 264
K�R

";vu (averaging on enlarged scaled vertex
neighbourhood) 344

K�R
vu (averaging on enlarged vertex

neighbourhood) 344
CS� (Cauchy-Schwarz inequality) 420
CY� (Cauchy-Young inequality) 420
k�k D k�kH (norm of H ) 97
k�k1 (norm associated with a quadratic form)

98
k�k1=2 D k�kG 1=2 (norm on G 1=2) 119
k� k1!0 (norm of � W H 1 �! G ) 119
k�k1;H (norm on first order space associated

with non-self-adjoint operator H )
108

k�k1;
 (norm on the complexly dilated coupled
first order space 171

k�k˙2;H (natural norm on operator domain and
its dual) 105

k�k2;D D k.H D C 1/�k 126
kAk operator norm of A 98
k�kh (norm associated with the form h) 98

k�kk (norm associated with a scale of Hilbert
spaces) 102

k�kX D k�kL2.X/ (L2-norm on X) 262
k�kHk .I / (norm of a Sobolev space) 420

VA (topological interior of A) 419
A (topological closure of A) 419
H1 ˚ H2 (orthogonal sum of the Hilbert

spaces H1 and H2) 420L
e He (orthogonal sum of the Hilbert spaces

He) 420
H1

PC H2 (topological sum of the Hilbert
spaces H1 and H2) 420

@G (boundary of a metric graph) 76
@U (total boundary of U � X) 260
@X (boundary of the manifold X) 260
@CI WD I \ RC n I 419
@0X (transversal boundary of X) 261, 302,

303
@1X (longitudinal boundary of X) 261, 302,

303, 316
@eX";v (scaled boundary component at edge e)

312
@eXv (boundary component at edge e) 302,

303
V@U (internal boundary of U � X) 28, 260,

302, 303, 312
V@X";v (internal boundary of Xv) 312
VX (interior of the manifold X) 260

@W E �! V � V (connection map of a graph)
58

@sf .s/ D @f .s/

@s
419

VV D V n @G (interior vertices of a metric
graph) 76

Õ

�
e .v/ (oriented evaluation of a 1-form) 64

f
e
.v/ (Unoriented evaluation of fe at v) 30
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422 Index

f
e
.v/ (unoriented evaluation of fe at v) 70

Õ

f
e

.v/ (Oriented evaluation of fe at v) 30
Õ

f
e

.v/ (oriented evaluation of fe at v) 70

A

AV .v; w/ 67, 95
A.z/ (adjoint of Neumann solution operator)

129
adjoint, ı- 209, 234
almost product 394
almost warped product 394
analytic vector 176
anti-linear 97, 101
averaging operator 264
averaging principle 6

B

B.z/ (adjoint of Dirichlet solution operator)
129

B
 .z/ (adjoint of the dilated (coupled)
Dirichlet solution operator) 151, 166

Bethe-Sommerfeld conjecture 47
bipartite 92
Bochner-integrable 392
borderline case 6, 29, 50, 293, 299, 332, 339,

342, 352, 372, 384
boundary identification operator 328, 361,

381, 387
boundary map 242
boundary map associated with a quadratic form

116
boundary map coupled via a graph 181, 182
boundary map, non-proper 116
boundary map, proper 116
boundary maps compatible with a graph 181
boundary maps coupled via graphs 180
boundary of a manifold 260
boundary of a metric graph 76
boundary space of a quantum graph,

unweighted 161
boundary space of a quantum graph, weighted

161
boundary triple 37, 77, 114
boundary triple associated with a manifold

39, 117, 133
boundary triple associated with a manifold

(couupled dilated) 160

boundary triple associated with a quadratic
form 35, 116

boundary triple associated with a quantum
graph 39, 76, 136

boundary triple associated with a quantum
graph (couupled dilated) 161

boundary triple coupled via a graph 184
boundary triple, bounded 37, 77, 117
boundary triple, complexly dilated 148
boundary triple, coupled 42, 44, 152, 154
boundary triple, dilated 147
boundary triple, dilated coupled 152, 158,

159
boundary triple, elliptic 38, 77, 97, 125
boundary triple, half-line 140, 142
boundary triple, ordinary 23, 39, 77, 114,

121, 132
boundary triple, quasi- 38, 132
boundary triple, unbounded 117
boundary triples compatible with a graph

183
boundary triples coupled via graphs 180
boundary, internal 28
boundary, transversal 28
bounded boundary triple 117
bounded, .1 C ı/- 210
bounded, C1- 234

C

C.G;V / (Hilbert chain associated with a discrete
quantum graph) 67, 88

C.Gmet ;V / (Hilbert chain associated with a
quantum graph) 87

C.Gmet ;V ;L/ (Hilbert chain associated with an
extended quantum graph) 89

CD.'; �/ (constant in holomorphic functional
calculus) 107, 114

Ce (constant in scaled embedding) 307
C.z; w/ 123
C 
 .z; w/ 149
C
 .z; w/ 149
C �# .z; w/ 149
C�# .z; w/ 149
Cv (constant in vertex neighbourhood estimate)

321
C #

1 .z/ (norm estimate of complexly dilated
coupled Dirichlet solution operator)
172

C1
c .I / (space of smooth functions with

compact support) 420



Index 423

C1
c .X; Y / (space of smooth functions on X

with support disjoint from Y � X)
262

Cauchy-Schwarz inequality 420
Cauchy-Young inequality 420
closed operator 99
closed path 92
closed quadratic form 98
closed sesquilinear form 98
closeness of boundary maps, ı- 243
closeness of non-self-adjoint operators,

.ı; �; U /- 222
closeness of non-symmetric sesquilinear

forms, .ı; �; U /- 235
closeness of operators of order m � 0, ı-

195
closeness of operators, ı- 195
closeness of quadratic forms, ı- 210
coboundary operator 64, 65
cohomology of a quantum graph 87
collar neighbourhood 303
combinatorial (discrete) Laplacian 39, 163,

178
combinatorial length 91
combinatorial path 91
compatibility operator 108, 109, 171
compatible of order 1, C - 110
compatible with zeroth order identification

operator, .ı; C; z0/- 237
compatible with zeroth order identification

operator, ı- 215
compatible with a non-negative operator 108
complex dilation 10, 40, 41, 140, 141, 148
complex scaling 10, 41
complexly dilated boundary triple 148
complexly dilated coupled operator 164, 170
complexly dilated coupled operator on first

order spaces 170
complexly dilated coupled sesquilinear form

173
conductor 11
connection map of a graph 58
continuous vertex space 61
convergence from inside 390
convergence from outside 390
convergence in the generalised sense 32
convergence of operators acting in different

Hilbert spaces 32
convergence of resonances 44
coupled boundary triple 152, 154
coupled boundary triple, 
 - 159
crushed ice problem 16
cycle 92

D

«� (discrete (weighted) Laplacian) 60«�comb
G (combinatorial (discrete) Laplacian)

39«�norm
G (normalised discrete Laplacian) 39

«�V (discrete generalised Laplacian) 64
ı";v (constant in vertex neighbourhood

estimate) 321
Oı";v (constant in average vertex neighhourhood

estimate) 319
eı";v (constant in vertex neighbourhood

estimate, slowly decaying case) 323
ı";v;e (constant in vertex neighbourhood

estimate) 318O�.V ;L/ (extended Laplacian of a quantum
graph) 82

�X (Laplacian on the manifold X) 264
�

@0X
X (Laplacian on the manifold X with

Dirichlet condition on @0X 263
�D

X (Laplacian on the manifold X with
Dirichlet condition) 264

�p (standard Laplacian with weight p) 73
�V (metric graph Laplacian associated with

the vertex space V ) 72
OdL (extended quadratic form of a quantum

graph) 82
d@0X (quadratic form on the manifold X with

Dirichlet condition on @0X 263
du (exterior derivative of u) 419«d (standard discrete exterior derivative) 60«dV (exterior discrete derivative associated with

the vertex space V ) 64
dV (exterior derivative associated with the

vertex space V ) 71
Od.V ;L/ (extended exterior derivative of a

quantum graph) 82
decoupled Sobolev space of a metric graph

70
deg v (degree of the vertex v) 59
degree of a vertex 59
delta-interaction at a vertex 87, 373, 376
densely embedded with constant C 100
differential form 54
dilated boundary triple 147
dilated coupled boundary triple 152, 158,

159
dilated coupled Dirichlet solution operator

166
dilated Dirichlet solution operator 148
dilated quadratic form 147



424 Index

Dirichlet operator associated with a boundary
map/triple 116

Dirichlet operator associated with a boundary
triple 37

Dirichlet operator associated with a quantum
graph 79

Dirichlet part of a vertex condition 74
Dirichlet problem 118
Dirichlet problem, strong solution of the 124
Dirichlet solution operator 23, 118, 119, 123
Dirichlet solution operator (weak) 118, 123
Dirichlet solution operator associated with a

quantum graph 80
Dirichlet solution operator, dilated 148
Dirichlet vertex space 62, 73
Dirichlet-to-Neumann operator 37, 120, 130
Dirichlet-to-Neumann operator associated with

a quantum graph 80
discrete exterior graph 59
discrete generalised Laplacian 64
discrete graph 58
discrete magnetic Laplacian 66
discrete quantum graph 61
distortion analyticity 10
distortion function of a warped product 394
distortion, global relative 394
dom A (domain of the operator A) 420
dom h (domain of the quadratic form h) 420
dom h (domain of the sesquilinear form h)

420
domain of a quadratic form 420
domain of a sesquilinear form 420
domain of an operator 420
dual of a space 101
dual vertex space 61

E

"M ("-homothetic version of M ) 267
E (matrix with all entries 1) 61
E (set of edges of a graph) 58
E0 (set of thick edges) 356, 386
E0;ext (set of thick exterior edges) 386
E0;int (set of thick edges of finite length))

361
E0;int (set of thick interior edges) 386
Eext (set of exterior edges) 59
Eint (set of interior edges) 59
Ev (set of edges adjacent to v) 58
E˙

v (set of incoming/outgoing edges at v) 58
edge neighbourhood 26, 302
edge-weighted discrete exterior graph 59

edge-weighted graph 59
eigenvalues in gaps 48
elliptic boundary triple 38, 77, 97, 125
elliptic estimate 127
energy-dependent vertex condition 87, 373
energy-independent vertex condition 74
equilateral metric graph 49, 59, 84
equivalent closed paths 92
Euler characteristic 67, 87, 89
evaluation operators of a metric graph 70
.�/ext (label for exterior boundary triple) 153
extended discrete Hilbert chain 90
extended exterior derivative of a quantum

graph 82
extended form of degree 0 of a a quantum

graph 89
extended Hilbert space 30, 138
extended Laplacian of a quantum graph 31,

82
extended quadratic form 138
extended quantum graph 81
exterior boundary triple 153
exterior derivative associated with a quantum

graph 71
exterior derivative on a discrete graph 64
exterior dilation operator 41
exterior discrete derivative associated with a

vertex space 64
exterior edge 40, 59
exterior part of a space 40
exterior scaling method 10

F

'D.H/ (holomorphic functional calculus of
H ) 107, 114

˚
 (flow) 179
fast decaying vertex volume 6, 29, 49, 293,

322, 324, 339, 369, 379
first order identification operator 7
Floquet theory 47
flow, non-smooth 179
flow, smooth 180
flux condition on the derivatives 73
forbidden zone 11
form of degree 0 of a a quantum graph,

extended 89
form of degree 0 of a discrete graph 60, 61
form of degree 0 of a quantum graph 71, 87
form of degree 1 of a discrete graph 60
form of degree 1 of a quantum graph 71, 87
fractal metric graph 56



Index 425

fractal spectrum 51
fractal-like manifold 18
Fredholm index 67, 87, 89
free form 108
free operator 108
functional calculus, L1- 104
functional calculus, holomorphic 107, 114
fundamental solution 79

G

� W H 1 �! G (boundary map) 37, 116
� 0W W 2 �! G (second boundary map of a

boundary triple) 117
.�; � 0; G / (boundary triple) 116
.�0; �1; G / (ordinary boundary triple) 23,

114
. N��; N� 0

�; NG / (weighted boundary space of a
quantum graph) 162

.��; N� 0
�; NG / (weighted boundary space of a
quantum graph) 162

.�ext; �� 0
ext; G / (exterior boundary triple)

153
.�int; � 0

int; G / (interior boundary triple) 153
.� 
 ; �� 0
 ; G / (dilated boundary triple) 147
.� 
 ; � 0
 ; G / (dilated coupled boundary triple)

159
�D

# .z/ resolvent estimate 150, 165
�

D;1
# .z/ resolvent estimate 150, 166

� 1� (adjoint of � w.r.t. inner products of H 1

and G ) 120
�.z/ resolvent norm profile of complexly

dilated coupled operator 173
�1.z/ resolvent norm profile of order 1 of

complexly dilated coupled operator
174

G (Hilbert space (boundary space)) 37
G 1=2 (range of the boundary map) 37, 116
G k (scale of Hilbert spaces associated with

Dirichlet-to-Neumann operator) 120
G (metric graph) 291
g";e (scaled metric on edge neighbourhood)

307
g";v (scaled metric on vertex neighbourhood)

307
Kg";v;e (metric on truncated cone) 308, 343
Gmet (metric graph) 69
G top (topological graph) 69
.G; V / (quantum graph) 71
Gv (star-shaped metric graph) 291
generalised adjacency matrix 66

generalised norm resolvent convergence 198,
223

generating operator of a densely embedded
space 101

global module of continuity 276
global relative distortion 394
gr H (graph of the operator H ) 99
graph-coupled quadratic form 181
graph-coupled space of order 1 181
graph-decoration 48
graph-like manifold 7, 28, 291, 302
graph-like manifold (scaled) 291
graph-like manifold according to a self-similar

graph 18
graph-like manifold with different vertex

scaling 314
graph-like space 27
Green’s formula (abstract) 36, 114, 117
Gromov-Hausdorff distance 19, 390
Gromov-Hausdorff topology 19

H

H (Hilbert space) 37, 97
H 1 (coupled first order space) 153
H 1 (domain of the Neumann quadratic form)

37, 98, 116
H 1;dec (decoupled first order space) 153
H 1;D (domain of the Dirichlet quadratic form)

37, 116
H 1;
 (dilated coupled first order space) 158
H 1.H/ (first order space associated with

non-self-adjoint operator H ) 108
H 2 (operator domain with natural norm) 99
H ˙2.H/ (scale of order ˙2 associated with

H ) 105
OH 2
L (domain of the extended operator) 139

H 2;
 domain of the complexly dilated coupled
operator) 170

OH (extended Hilbert space) 81, 138
OH 1
L (extended space of order 1) 82, 139

H k (scale of Hilbert spaces associated with a
non-negative operator) 102

H k;D (scale associated with the Dirichlet
operator) 116

H k;N (scale associated with the Neumann
operator) 116

H k.�/ (scale of Hilbert spaces associated
with � � 0) 102

H 1
v;e (first order space on graph-coupled

boundary maps) 182



426 Index

h (quadratic form) 37, 98
h (sesquilinear form) 98
h? (transversal quadratic form of a half-line

boundary triple) 147
hD (Dirichlet quadratic form) 116
OhL (extended quadratic form) 138
hH (sesquilinear form associated with the

operator H ) 99
h
 (complexly dilated coupled sesquilinear

form) 171, 173
h
 (dilated coupled quadratic form) 158
h
 (dilated quadratic form) 147
H ? D id ˝K (transversal operator of a

half-line boundary triple) 142
LH (operator in Green’s formula) 117

H D (Dirichlet operator associated with a
boundary triple) 37, 116

he (metric on transversal manifold) 307
H N (Neumann operator associated with a

boundary triple) 37, 116
H p.G; V / (cohomology of a discrete quantum

graph) 67
H p.Gmet; V / (cohomology associated with a

quantum graph) 87
H 
 (dilated coupled operator) 159
H 
 (dilated operator) 147
eH 
 complexly dilated coupled operator)

164, 168
eH 
 D H 
 complexly dilated coupled

operator) 170
LH 
 (dilated operator in Green’s formula)

147
H 
;D (dilated Dirichlet operator on coupled

space) 165
H 
;D (dilated Dirichlet operator) 150
H 
;N (dilated Neumann operator) 150
OHL (extended operator) 139

H1.X/ (first order Sobolev space on X) 263
H1.X; @0X/ D H1.X; @0X; g/ (first order

Sobolev space on X with Dirichlet
condition on @0X) 263

Hk.I / (Sobolev space of order k on I ) 420
VH1.X/ (first order Sobolev space on X with

Dirichlet condition on @X) 263
VHk.I / (Sobolev space of order k with

vanishing boundary values) 420
Hk

max.G/ (maximal Sobolev space of the metric
graph G) 70

Hk
V .G/ (Sobolev space associated with

.G; V /) 71
half-line boundary triple 140, 142
Hausdorff distance 19, 389

heat kernel of a quantum graph 95
Helmholtz resonator 45, 54, 178, 257, 368
Herglotz function 122
Hilbert chain associated with a vertex space

67
Hilbert chain morphism 88, 90
Hilbert space 97, 420
homothetical version of a manifold, "- 267
homothetically scaled manifold 27

I

�D;
 (embedding H 1;D � H 1;
 ) 171
�DN (natural inclusion of the Dirichlet into the

Neumann form domain) 116
�ell;D (embedding dom H D � W 2) 126, 127
�ell;N (embedding dom H N � W 2) 126, 127
Iv;e (longitudinal space of collar

neighbourhood) 304
identification operator 32, 33, 189
identification operator of order 1 209, 234
Im h (imaginary part of the form h) 99
impurity of a periodic structure 49
index of a discrete quantum graph 67
index of a Hilbert chain 67
index of a quantum graph 87
index of an extended quantum graph 89
initial edge of a path 91
initial vertex 58
initial vertex of a path 92
inner product 97, 420
insulator 11
.�/int (label for interior boundary triple) 153
interior boundary triple 153
interior edge 59
interior of a manifold 260
interior part of a space 40
interior vertex 76
internal boundary 260, 312
irreducible vertex space 63

J

J , J 0 (zeroth oder identification operators)
189

J 1, J 01 (first order identification operators)
209, 239

J 1, NJ 01 (first order identification operators)
234



Index 427

NJ 1, J 01 (first order identification operators
234

J"W H0 �! H" (identification operator) 32
J 0

" W H" �! H0 (identification operator) 32

K

k (transversal quadratic form of a half-line
boundary triple) 141

K (transversal operator of a half-line boundary
triple) 141

ker A (kernel of the operator A) 420
kernel of an operator 420
Kirchhoff Laplacian 30, 73
Kirchhoff vertex space 61
Krein � -field 23
Krein’s Q-function 122
Krein’s resolvent formula 23, 38, 42, 84,

136, 164

L

�.z/ (Dirichlet-to-Neumann operator) 130
`� (lower bound of the edge lengths) 60
`e (length of the edge e) 59
`v;e (length of collar neighbourhood) 304
l (quadratic form of the Dirichlet-to-Neumann

operator) 119
L2.X/ D L2.X; g/ (L2-space on .X; g/) 262
L2.G/ (Hilbert space of the metric graph G)

70
`2.V; deg/ (weighted `2-space) 30
Laplacian associated with a quantum graph

72
Laplacian of a quantum graph, extended 82
Laplacian on a manifold 263
Laplacian, combinatorial (discrete) 39, 163,

178
Laplacian, discrete magnetic 66
Laplacian, generalised discrete 64
Laplacian, normalised discrete 39, 163
left-inverse 210
len.I / (Lebesque measure of I ) 420
length of a metric path 93
length of an edge 59
line graph 65
Lipschitz manifold 262
local module of continuity 276
local operator on a vertex space 61

local vertex space 61
longitudinal boundary 261, 302, 303, 315

M

m.z/ 137, 139
OmL0.�/ 140
MV (principle part of a generalised discrete

Laplacian) 66, 95
magnetic perturbation of a vertex space 63
magnetic (standard) vertex space 62
magnetic perturbation of a vertex space 62
magnetic vector potential 62
manifold, Lipschitz 262
manifold, smooth 262
maximal inside distance 389
maximal Sobolev space of a metric graph 70
maximal vertex space 61, 62
maximally #-sectorial 99
measurable, strongly 391
measurable, weakly 391
measured Hausdorff topology 20
metric graph 69
metric graph, equilateral 49, 59, 84
metric graph, fractal 56
metric graph, self-similar 50
metric length of a path 93
metric measure space 69
metric path 93
min-max principle 104, 220
minimal vertex space 62
moc.�; ı/ (module of continuity) 276
mocs0 .�; ı/ (local module of continuity) 276
module of continuity 276
module of continuity, local 276
module of continuity, uniform global 276
multiplicity of a resonance 43

N

N 1 (weak solution space at z D �1) 118
N 1.z/ (weak solution space) 122
N 2 (strong solution space at z D �1) 118
N 2.z/ (strong solution space) 124
N D f1; 2; 3; : : : g 419
N0 D f0; 1; 2; : : : g 419
n.z/ 137, 139
naturally bounded 127, 131
Neumann operator associated with a boundary

map/triple 116
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Neumann operator associated with a boundary
triple 37

Neumann operator associated with a quantum
graph 80

Neumann part of a vertex condition 74
Neumann problem 118, 125
Neumann problem, strong solution of the

125
Neumann solution operator 125
Neumann vertex space 62, 73
Nevanlinna function 122
non-homogeneous vertex neighbourhood

scaling 328
non-proper boundary map 116
non-smooth flow 179
norm of an operator 98
normalised discrete Laplacian 39, 163
numerical range of an operator 99

O

operator induced by a sesquilinear form 112
operator, complexly dilated coupled 164
ordering of quadratic forms 100
ordinary boundary triple 39, 77, 114, 121,

132
orientation of a graph 58
oriented evaluation at a vertex 30, 64, 70
orthogonal sum of Hilbert spaces 420

P

partial isometric (of order k), ı- 189
partial isometric equivalence of non-self-

adjoint operators, .ı; �; U /-, .ı; �; U /�-,
.ı; C; z0/- 222, 223

partial isometric equivalence of non-symmetric
sesquilinear forms, .ı; �; U /- 241

partial isometric equivalence of operators (of
order m � 0), ı- 196

partial isometric equivalence of quadratic
forms 215

partial isometric equivalence, ı- 22, 222
partial isometry of first order identification

operators, ı- 210, 239
periodic, 
 - 47
photonic crystal 11
polarisation identity 98
prime cycle 92

principle part of a generalised discrete
Laplacian 66

product (fibred space) 394
product, almost (fibred space) 394
proper boundary map 116
properly closed path 92

Q

quadratic form 98
quadratic form, closed 98
quadratic form, sectorial 98
quantum graph 12, 71
quantum graph, extended 81
quantum graph, simple 81
quantum network 12
quasi-boundary triple 38, 132
quasi-inverse 198
quasi-unitary equivalence of non-self-adjoint

operators, .ı; �; U /-, .ı; �; U /�-,
.ı; C; z0/- 222, 223

quasi-unitary equivalence of non-symmetric
sesquilinear forms, .ı; �; U /- 238

quasi-unitary equivalence of operators (of
order m � 0), ı- 196

quasi-unitary equivalence of quadratic forms,
ı- 215

quasi-unitary equivalence, ı- 22, 32, 222
quasi-unitary of order k, ı- 189
quasi-unitary, ı- 32, 189

R

�.A/ (resolvent set of A) 98, 222
R.C; z0/ (set of operators with resolvent norm

profile C on fz0g) 106
R.�; U / D R0.�; U / (set of operators with

resolvent norm profile � on U ) 106
R1.�; U / (set of operators with resolvent norm

profile � on U of order 1) 110
RC D Œ0; 1/ 419
R D .� C 1/�1 (resolvent of �) 103
R.z/ D .H � z/�1 (resolvent of H in z) 105
R D .H � z0/�1 (resolvent of H in a fixed

point z0) 105
RD D .H D C 1/�1 (resolvent of the Dirichlet

operator in z D �1) 123
RD.z/ D .H D � z/�1 (resolvent of the

Dirichlet operator) 123
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R
;D.z/ D .H 
;D � z/�1 (resolvent of the
dilated Dirichlet operator on coupled
space) 165

R
;D.z/ D .H 
;D � z/�1 (resolvent of the
dilated Dirichlet operator) 150

R
 .z/ (resolvent of the complexly dilated
coupled operator, 
 complex) 164,
167

R
 .z/ D .H 
 � z/�1 (resolvent of the dilated
coupled operator, 
 real) 163

radius function of a warped product 274
ran A (range of the operator A) 67, 420
range of an operator 420
Rayleigh quotient 271
Re h (real part of the form h) 99
regularity assumptions 125
relative distortion of two metrics 269
relative Euler characteristic 68
residually finite group 52, 85
resolvent 105
resolvent norm profile 97, 106, 188
resolvent norm profile of order 1 109
resolvent set 222
resolvent set of an operator 98
resonance 9, 43, 97, 174, 177, 249, 377, 381
Robin part of a vertex condition 74

S

˙# WD f z 2 C j jarg zj � # g (sector with
angle #) 98

S D S.�1/ (weak solution operator at
z D �1) 118

S.z/ D SD.z/ (Dirichlet solution operator in z)
118, 123

SN.z/ (Neumann solution operator) 118, 125
S�1 (adjoint of S w.r.t. inner products of G and

H 1) 120OS.z/ (extended solution operator) 139
S
 .z/ (dilated Dirichlet solution operator)

148
S
 .z/ (dilated coupled Dirichlet solution

operator) 166
S# D f 
 2 C j jIm 
 j < #=2 g (horizontal

strip in C) 148
scale of Hilbert spaces 103
scale of order 2 associated with H 105
scaled graph-like manifold 291, 305
scaling rate of a vertex neighbourhood 27,

314
scattering amplitude associated with a vertex

space 93

scattering operator of a vertex condition 74
Schrödinger-type operator 376
sectorial form 98
sectorial operator 99
sectorial operator, maximally 99
self-loop 58
self-similar metric graphs 50
semi-conductor 11
sesquilinear form 98
sesquilinear form associated with a general

closed operator 112
sesquilinear form associated with an operator

99
sesquilinear form associated with an operator

in the generalised sence 113
sesquilinear form with symmetric domain 98
sesquilinear form, closed 98
sesquilinear form, sectorial 98
Sierpiński metric graph 50
simple graph 58
simple quantum graph 81
singular continuous spectrum 175
slowly decaying vertex volume 6, 29, 52,

293, 297, 329, 339, 342, 348, 371, 383
smooth flow 180
smooth manifold 262
Sobolev space 420
Sobolev space associated with a quantum

graph 71
Sobolev space of a metric graph, decoupled

70
Sobolev space of a metric graph, maximal 70
Sobolev trace estimate 317
solution of the Dirichlet problem, (weak)

122
solution operator, Dirichlet 118
solution operator, Neumann 118
�.A/ (spectrum of A) 98
spectral band 11, 47
spectral band edges 52
spectral distance 20
spectral engineering 15, 46, 52, 54
spectral gap 11, 46, 85
spectral relation 137
spectral relation for discrete and quantum

graphs 85
spectral smallness condition 29
spectral vertex neighbourhood condition 28
spectrum of an operator 98
spectrum, singular continuous 175
standard Laplacian 30, 73
standard vertex space 61
step function 391
strong solution of the Dirichlet problem 124
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strongly measurable 391
subdivision graph 65, 76

T

# < #0 (sectorial angles) 149
T 
 (compatibility operator for the complexly

dilated coupled operator) 171
terminal edge of a path 91
terminal vertex 58
terminal vertex of a path 92
theta-function 48, 94, 96
thick edge 356, 362
topological graph 69
topological sum 122, 420
total boundary 260
trace formula 94–96
transversal boundary 261, 291, 302, 303,

312, 314
transversal manifold 26, 302
transversal operator of a half-line boundary

triple 142
transversal quadratic form of a half-line

boundary triple 142
tubular neighbourhood, "re- 336

U

U 
 (unitary dilation operator on coupled
space) 158

U 
 (unitary dilation operator) 146
unbounded boundary triple 117
uniform global module of continuity 276
uniform graph 46
uniform graph-like space 46
unique continuation principle 178
unitary group generated by a flow 179
unoriented evaluation at a vertex 30, 70
unweighted boundary space of a quantum

graph 161

V

V (vertex space) 61
V mag;˛ (magnetic vertex space) 62
V max (maximal vertex space) 61
V min (minimal vertex space) 62
V ? (dual vertex space) 61

V p (standard weighted vertex space) 72
V p (weighted standard vertex space) 62
V std (standard vertex space) 61, 72
Vv (vertex space at v) 61
V max

v D C
Ev (maximal vertex space at v) 61

V (set of vertices of a graph) 58
vertex condition 12, 72
vertex condition, Dirichlet part of a 74
vertex condition, energy-dependent 87, 373
vertex condition, energy-independent 74
vertex condition, Neumann part of a 74
vertex condition, Robin part of a 74
vertex neighbourhood 26, 302
vertex neighbourhood scaling rate 314
vertex neighbourhood scaling, non-

homogeneous 328
vertex potentials 376
vertex space 57, 61
vertex space, continuous 61
vertex space, Dirichlet 62
vertex space, Kirchhoff 61
vertex space, magnetic (standard) 62
vertex space, maximal 61, 62
vertex space, minimal 62
vertex space, Neumann 62
vertex space, standard 61
vertex space, weighted standard 62
vertex volume, borderline case 6, 29, 50,

293, 299, 332, 339, 342, 352, 372, 384
vertex volume, fast decaying 6, 29, 49, 293,

322, 324, 339, 369, 379
vertex volume, slowly decaying 6, 29, 52,

293, 297, 329, 339, 342, 348, 371, 383
vol X D voln X (volume of the n-dimensional

Riemannian manifold X 260

W

W 2 (domain of � 0 and LH for a boundary
triple) 117

W 2;dec (decoupled second order space) 153
W 2;
;N (domain of the complexly dilated

coupled operator) 164, 170
W 2;
;N (domain of the dilated coupled

operator) 159
VW 2 D ker � \ ker � 0 117

W 
;�1!1.z/ (resolvent difference for the
complexly dilated coupled boundary
triple) 173

W 
 .z/, W 
;0!2.z/ (resolvent difference for
the complexly dilated coupled boundary
triple) 167
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WV .c/ (weight associated with the path c) 95
warped product 274, 394
warped product metric 274, 281
warped product, almost 394
weak solution 122
weak solution space 151
weakly measurable 391
weight associated with a path 95
weight of an edge 59
weighted boundary space of a quantum graph

161
weighted standard vertex space 62
Wentzell condition 31
Weyl-Titchmarsh function 122

X

X" (scaled graph-like manifold) 27, 291
Xe (edge neigbhourhood) 302
X";e (scaled edge neighbourhood) 27, 291,

304
Xv;e (collar neighbourhood of Xv) 303
X";v (scaled vertex neighbourhood) 27, 291,

304

KX";v (enlarged vertex neighbourhood) 343
XC

";v (scaled graph-like manifold associated
with a star-shaped graph 291

X�
";v (scaled vertex neighbourhood subset)

305
X";v;e (scaled collar neighbourhood of X";v)

305KX";v;e (truncated cone) 308, 342
Xv (vertex neighbourhood) 302
XC

v (star-shaped vertex neighbourhood) 302
X�

v (vertex neighbourhood subset) 303

Y

Y" (total scaled transversal manifold) 293
Ye (transversal manifold) 291, 302
Y";e (scaled transversal manifold) 293, 304

Z

Z D f: : : ; �2; �1; 0; 1; 2; : : : g 419
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