Appendix A
Auxiliary Material

A.1 Orlicz Norms

We frequently use Orlicz norms || - ||y of random variables. Given a convex
nondecreasing function ¥ : Ry + Ry with ¢/(0) = 0 and a random variable n
on a probability space (§2, X, IP), define

Inlly = inf{C >0: EI//(%) < 1}
(see Ledoux and Talagrand [101], van der Vaart and Wellner [148], de la Pena and
Giné [50]). If we want to emphasize the dependence of the Orlicz norms on the
probability measure, we write || - ||, ) (similarly, || - |, p), | - |z, 1) €te).
If Y (u) = u? for some p > 1, then the -norm coincides with the usual L ,-
norm. Some other useful choices of function ¥ correspond to Orlicz norms in spaces
of random variables with subgaussian or subexponential tails. For o > 0, define

Vo(u) = e —1, u> 0.

Most often, ¥,- and ¥-norms are used (the first one being the “subgaussian norm”
and the second one being the “subexponential norm”). Note that, for ¢ < 1, the
function v, is not convex and, as a result, ||-||, is not a norm. However, to overcome
this difficulty, it is enough to modify v, in a neighborhood of 0. As it is common in
the literature, we ignore this minor inconvenience and use || - ||, as a norm even for
a < 1. Moreover, usually, we need the v,-norms for « > 1. The following bounds
are well known (see [148], p. 95):

1y, < Qog2)*Inlly,,, 1 <1 <

and, forall p € (m —1,m],m =2,3,... |InllL, <m!{nly,.
It easily follows from the definition of 1, -norms that
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Another well known fact is that, for many convex nondecreasing functions 1,
including ¥ (1) = u? with p > 1 and ¥, with @ > 1, forall N > 1 and for all
random variables 11, ...,y

<K LN,
| max e < K max el V)

where K is a constant depending on V¥ (see, e.g., [148], Lemma 2.2.2).

A.2 Classical Exponential Inequalities

Let Xy, ..., X, be independent random variables withEX; =0, j =1,...,n. We
state below several classical exponential bounds for the sum

Sui= X1+ + X,

Denote B? := EX? +--- + EX2.
* Bernstein’s inequality. Suppose | X ;| < U, j = 1,...,n. Then,

12 }
23,3(1 + ;Tf/z)

* Bennett’s inequality. Suppose | X ;| < U, j =1,...,n. Then,

B% (tU
P{S, zt}fexp%—U—"z (ﬁ)},

P{S, >t} < exp{—

where h(u) 1= (1 + u) log(1 4+ u) — u.
* Hoeffding’s inequality. Suppose a; <b;,j=1,....,n, X;€la;,b;],
EX; =0,j =1,...,n. Then,

2¢2

P{Sn > z} < exp%——z,}ZI(bj —a,-)z}’ t>0.

* Bernstein’s type inequality for yri-random variables. Suppose || Xy, < V.

Then,
P{S, > 1} < e A !
n = = €eX — —_— —
Pl I\ y
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with some universal constant ¢ > 0.

Bernstein’s inequality easily implies that, for all # > 0, with probability at least
l—e™
|Su| < C(B,v/1 v Un),

where C is a numerical constant. We frequently use this form of Bernstein’s
inequality and other inequalities of similar type.

A.3 Properties of f- and b-Transforms

Here we provide some properties of f{- and b-transforms introduced in Sect. 4.1 and
used in the construction of excess risk bounds. The proofs of these properties are
rather elementary. We are mainly interested in f{-transform.

1. If ¥ (u) = o(u) as u — oo, then the function ¥ is defined on (0, +00) and is
a nonincreasing function on this interval.

2. If Yy < . then ! < Yk Moreover, if v, (§) < ¥,(8) either for all § > v/ (e),

or for all § > wf (¢) — = with an arbitrary t > 0, then also wf (e) < wg (e).
3. Foralla > 0,

@)*(e) = y'(e/a).
4. Ife=¢e1 +---+ &, then

i@\ -V Vh© < @+ + vk < vl \/ -\ vhien).

5. If y(u) = ¢, then
Yh(e) = c/e.
6. If ¥ (u) := u* with o < 1, then

Yhe) 1= e/ 170,

7. For ¢ > 0, denote ¥, (§) := ¥ (c§). Then
1
Vi) = —vie/o).

If ¢ is nondecreasing and ¢ > 1, then

eyt ) < yhu/c).

8. For ¢ > 0, denote ¥ (§) := ¥ (8 + ¢). Then forallu > 0, ¢ € (0, 1]

Yhw) < (W (eu/2) —c) v ce.
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Recall the definitions of functions of concave type and strictly concave type
from Sect. 4.1.
9. If ¥ is of concave type, then " is the inverse of the function

5!—)@.

In this case,

Y (cu) = Y u) /e
forc <1 and

Y (cu) < yFu) /e

forc > 1.
10. If v is of strictly concave type with exponent y, then for ¢ < 1

Yi(cu) < Yruye ™,

A.4 Some Notations and Facts in Linear Algebra

Let L be a linear space. The following notations are frequently used: 1.s.(B) for a
linear span of a subset B C L,

Ls.(B) := {ijxj n>1,1; eRx; € B};

J=1

conv(B) for its convex hull,

conv(B) := {ijxj tn>1,14; EO,ZAj =1,x; EB};

J=1 Jj=1

and conv, (B) for its symmetric convex hull,

convg(B) := {ijxj n>1,4; ER,ZMH <l,x;€ B}.

Jj=1 J=1

For vectors u,v € C" or u,v € R™, (u, v) denotes the standard Euclidean inner
product of u and v; |u| denotes the corresponding norm of u. Notations ||u|l¢, or
[[u]l¢p are also used for the same purpose.

For vectors u, vin C" (or other real and complex Euclidean spaces), u®v denotes
their tensor product, that is, the linear transformation defined by
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u®@v)x = (v, x)u.

Given a subspace L C C™ (more generally, a subspace of any Euclidean
space), P, denotes the orthogonal projection onto L and L+ denotes the orthogonal
complement of L.

We use the notations M, , (R) and M, ,»,(C) for the spaces of all m; x m;
matrices with real or complex entries, respectively. In the case whenm| = my, = m,
we use the notations M, (R) and M, (C). The space of all Hermitian m x m matrices
is denoted by H,,(C). For A, B € H,,(C), the notation A < B means that B — A4 is
nonnegatively definite.

We denote by rank(A4) the rank of a matrix A and by tr(A) the trace of a
square matrix A. Given A € M,,, »,(C), A* denotes its adjoint matrix. We use the
notations (-, -) for the Hilbert-Schmidt inner product of two matrices of the same
size,

(A, B) = tr(AB™),

|| - || for the operator norm of matrices and || - || ,, p > 1 for their Schatten p-norm:

1/p
jat, = (Sata)
k

where {0y (A)} denote the singular values of the matrix A (usually, arranged in a
nonincreasing order). In particular, || - ||, is the Hilbert—Schmidt or Frobenius norm
and || - ||y is the nuclear norm. The notation || - || is reserved for the operator norm.
Given a probability distribution /7 in H,,(C), we also associate with a matrix B €
H,,(C) the linear functional (B, -) and define the L,(IT) norm of B as the L,(IT)-
norm of this functional:

nm@m:/'<anmun
H”l (C)

We use the corresponding inner product (-, -) 1,7y in the space of matrices.
For a matrix S € H,,(C) of rank r with spectral decomposition

S = Z/\j(ej ®ej),
i=1

where ey, ..., e, are the eigenvectors corresponding to the non-zero eigenvalues
Als..., Ay, define the support of S as supp(S) := Ls.({ei,..., e, }). Also, define

S| := VST =" [A;l(e; ®e))

Jj=1

and
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sign(§) = Zsign(kj)(ej ®ej).

j=1
It is well known that the subdifferential of the convex function H,,(C) 3 S + ||S||
has the following representation (see, e.g., [151]):

OISl = {sign(S) + PLaWPL: W] <1},

where L := supp(S).
Some other facts of linear algebra used in Chap. 9 can be found in [21].
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