
Appendix A
Auxiliary Material

A.1 Orlicz Norms

We frequently use Orlicz norms k � k of random variables. Given a convex
nondecreasing function  W RC 7! RC with  .0/ D 0 and a random variable �
on a probability space .˝;˙;P/; define

k�k WD inf

�
C > 0 W E 

� j�j
C

�
� 1

�

(see Ledoux and Talagrand [101], van der Vaart and Wellner [148], de la Pena and
Giné [50]). If we want to emphasize the dependence of the Orlicz norms on the
probability measure, we write k � kL .P/ (similarly, k � kL .P /; k � kL .˘/; etc).

If  .u/ D up for some p � 1; then the  -norm coincides with the usual Lp-
norm. Some other useful choices of function correspond to Orlicz norms in spaces
of random variables with subgaussian or subexponential tails. For ˛ > 0; define

 ˛.u/ WD eu˛ � 1; u � 0:

Most often,  2- and  1-norms are used (the first one being the “subgaussian norm”
and the second one being the “subexponential norm”). Note that, for ˛ < 1; the
function ˛ is not convex and, as a result, k�k ˛ is not a norm. However, to overcome
this difficulty, it is enough to modify ˛ in a neighborhood of 0: As it is common in
the literature, we ignore this minor inconvenience and use k � k ˛ as a norm even for
˛ < 1: Moreover, usually, we need the  ˛-norms for ˛ � 1: The following bounds
are well known (see [148], p. 95):

k�k ˛1 � .log 2/˛1=˛2k�k ˛2 ; 1 � ˛1 � ˛2

and, for all p 2 .m � 1;m�; m D 2; 3; : : : k�kLp � mŠk�k 1 :
It easily follows from the definition of  ˛-norms that
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Pfj�j � tg � 2 exp

�
�

�
t

k�k ˛

�˛�
:

Another well known fact is that, for many convex nondecreasing functions  ;
including  .u/ D up with p � 1 and  ˛ with ˛ � 1; for all N � 1 and for all
random variables �1; : : : ; �N

��� max
1�k�N �k

���
 

� K max
1�k�N k�kk  �1.N /;

whereK is a constant depending on  (see, e.g., [148], Lemma 2.2.2).

A.2 Classical Exponential Inequalities

LetX1; : : : ; Xn be independent random variables with EXj D 0; j D 1; : : : ; n:We
state below several classical exponential bounds for the sum

Sn WD X1 C � � � CXn:

Denote B2
n WD EX2

1 C � � � C EX2
n:

• Bernstein’s inequality. Suppose jXj j � U; j D 1; : : : ; n: Then,

PfSn � tg � exp

�
� t2

2B2
n

�
1C tU

3B2n

�
�
:

• Bennett’s inequality. Suppose jXj j � U; j D 1; : : : ; n: Then,

PfSn � tg � exp

�
�B

2
n

U 2
h

�
tU

B2
n

��
;

where h.u/ WD .1C u/ log.1C u/� u:
• Hoeffding’s inequality. Suppose aj < bj ; j D 1; : : : ; n; Xj 2 Œaj ; bj �;

EXj D 0, j D 1; : : : ; n: Then,

P

n
Sn � t

o
� exp

�
� 2t2Pn

jD1.bj � aj /2

�
; t � 0:

• Bernstein’s type inequality for  1-random variables. Suppose kXjk 1 � V:

Then,

PfSn � tg � exp

�
�c

�
t2

nV 2

^ t

V

��
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with some universal constant c > 0:

Bernstein’s inequality easily implies that, for all t > 0; with probability at least
1 � e�t

jSnj � C.Bn
p
t _ Ut/;

where C is a numerical constant. We frequently use this form of Bernstein’s
inequality and other inequalities of similar type.

A.3 Properties of ]- and [-Transforms

Here we provide some properties of ]- and [-transforms introduced in Sect. 4.1 and
used in the construction of excess risk bounds. The proofs of these properties are
rather elementary. We are mainly interested in ]-transform.

1. If  .u/ D o.u/ as u ! 1; then the function  ] is defined on .0;C1/ and is
a nonincreasing function on this interval.

2. If 1 �  2; then ]1 �  
]
2 :Moreover, if 1.ı/ �  2.ı/ either for all ı� ]2."/;

or for all ı� ]1."/� � with an arbitrary � > 0; then also  ]1."/� ]2."/:
3. For all a > 0;

.a /]."/ D  ]."=a/:

4. If " D "1 C � � � C "m; then

 
]
1."/

_
� � �

_
 ]m."/ � . 1 C � � � C  m/

]."/ �  
]
1."1/

_
� � �

_
 ]m."m/:

5. If  .u/ � c; then
 ]."/ D c=":

6. If  .u/ WD u˛ with ˛ � 1; then

 ]."/ WD "�1=.1�˛/:

7. For c > 0; denote  c.ı/ WD  .cı/: Then

 ]c ."/ D 1

c
 ]."=c/:

If  is nondecreasing and c � 1; then

c ].u/ �  ].u=c/:

8. For c > 0; denote  c.ı/ WD  .ı C c/: Then for all u > 0; " 2 .0; 1�

 ]c .u/ � . ]."u=2/� c/ _ c":
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Recall the definitions of functions of concave type and strictly concave type
from Sect. 4.1.

9. If  is of concave type, then  ] is the inverse of the function

ı 7!  .ı/

ı
:

In this case,
 ].cu/ �  ].u/=c

for c � 1 and
 ].cu/ �  ].u/=c

for c � 1:

10. If  is of strictly concave type with exponent �; then for c � 1

 ].cu/ �  ].u/c� 1
1�� :

A.4 Some Notations and Facts in Linear Algebra

Let L be a linear space. The following notations are frequently used: l:s:.B/ for a
linear span of a subset B � L;

l:s:.B/ WD
� nX
jD1

�j xj W n � 1; �j 2 R; xj 2 B
�

I

conv.B/ for its convex hull,

conv.B/ WD
� nX
jD1

�j xj W n � 1; �j � 0;

nX
jD1

�j D 1; xj 2 B
�

I

and convs.B/ for its symmetric convex hull,

convs.B/ WD
� nX
jD1

�j xj W n � 1; �j 2 R;

nX
jD1

j�j j � 1; xj 2 B
�
:

For vectors u; v 2 C
m or u; v 2 R

m; hu; vi denotes the standard Euclidean inner
product of u and vI juj denotes the corresponding norm of u: Notations kuk`2 or
kuk`m2 are also used for the same purpose.

For vectors u; v in C
m (or other real and complex Euclidean spaces), u˝v denotes

their tensor product, that is, the linear transformation defined by
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.u ˝ v/x D hv; xiu:

Given a subspace L � C
m (more generally, a subspace of any Euclidean

space), PL denotes the orthogonal projection ontoL and L? denotes the orthogonal
complement of L:

We use the notations Mm1;m2.R/ and Mm1;m2.C/ for the spaces of all m1 � m2

matrices with real or complex entries, respectively. In the case whenm1 D m2 D m;

we use the notations Mm.R/ and Mm.C/: The space of all Hermitianm�mmatrices
is denoted by Hm.C/: For A;B 2 Hm.C/; the notation A � B means that B �A is
nonnegatively definite.

We denote by rank.A/ the rank of a matrix A and by tr.A/ the trace of a
square matrix A: Given A 2 Mm1;m2.C/; A

� denotes its adjoint matrix. We use the
notations h�; �i for the Hilbert–Schmidt inner product of two matrices of the same
size,

hA;Bi D tr.AB�/;

k � k for the operator norm of matrices and k � kp; p � 1 for their Schatten p-norm:

kAkp WD
�X

k

�
p

k .A/

�1=p
;

where f�k.A/g denote the singular values of the matrix A (usually, arranged in a
nonincreasing order). In particular, k � k2 is the Hilbert–Schmidt or Frobenius norm
and k � k1 is the nuclear norm. The notation k � k is reserved for the operator norm.
Given a probability distribution ˘ in Hm.C/; we also associate with a matrix B 2
Hm.C/ the linear functional hB; �i and define the L2.˘/ norm of B as the L2.˘/-
norm of this functional:

kBk2L2.˘/ WD
Z

Hm.C/

hB; xi2˘.dx/:

We use the corresponding inner product h�; �iL2.˘/ in the space of matrices.
For a matrix S 2 Hm.C/ of rank r with spectral decomposition

S D
rX

jD1
�j .ej ˝ ej /;

where e1; : : : ; er are the eigenvectors corresponding to the non-zero eigenvalues
�1; : : : ; �r ; define the support of S as supp.S/ WD l:s:.fe1; : : : ; erg/: Also, define

jS j WD
p
S2 D

rX
jD1

j�j j.ej ˝ ej /

and
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sign.S/ WD
rX

jD1
sign.�j /.ej ˝ ej /:

It is well known that the subdifferential of the convex function Hm.C/ 3 S 7! kSk1
has the following representation (see, e.g., [151]):

@kSk1 D
n
sign.S/C PL?

WPL?
W kW k � 1

o
;

where L WD supp.S/:
Some other facts of linear algebra used in Chap. 9 can be found in [21].
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27. Bobkov, S. and Houdré, C. (1997) Isoperimetric constants for product probability measures.
Annals of Probability, v. 25, no. 1, 184–205.

28. Borell, C. (1974) Convex measures on locally convex spaces. Arkiv för Matematik, 12,
239–252.

29. Boucheron, S., Bousquet, O. and Lugosi, G. (2005) Theory of Classification. A Survey of
Some Recent Advances. ESAIM Probability & Statistics, 9, 323–371.

30. Boucheron, S., Bousquet, O., Lugosi, G. and Massart, P. (2005) Moment inequalities for
functions of independent random variables. Annals of Probability, 33, 2, 514–560.

31. Boucheron, S., Lugosi, G. and Massart, P. (2000) A sharp concentration inequality with
applications. Random Structures and Algorithms, 16, 277–292.

32. Boucheron, S. and Massart, P. (2010) A high dimensional Wilks phenomenon. Probability
Theory and Related Fields, to appear.

33. Bousquet, O. (2002) A Bennett concentration inequality and its application to suprema of
empirical processes. C.R. Acad. Sci. Paris, 334, 495–500.

34. Bousquet, O., Koltchinskii, V. and Panchenko, D. (2002) Some local measures of complexity
of convex hulls and generalization bounds. In: COLT2002, Lecture Notes in Artificial
Intelligence, 2375, Springer, 59 - 73.

35. Bunea, F., Tsybakov, A. and Wegkamp, M. (2007) Aggregation for Gaussian regression,
Annals of Statistics, 35,4, 1674–1697.

36. Bunea, F., Tsybakov, A. and Wegkamp, M. (2007) Sparsity oracle inequalities for the LASSO.
Electronic Journal of Statistics, 1, 169–194.

37. Bunea, F., Tsybakov, A. and Wegkamp, M. (2007) Sparse density estimation with `1 penalties.
In: Proc. 20th Annual Conference on Learning Theory (COLT 2007), Lecture Notes in
Artificial Intelligence, Springer, v. 4539, pp. 530–543.

38. Candes, E. (2008) The restricted isometry property and its implications for compressed
sensing, C. R. Acad. Sci. Paris, Ser. I, 346, 589-592.

39. Candes, E. and Plan, Y. (2009) Near-ideal model selection by `1-minimization. Annals of
Statistics, 37, 5A, 2145-2177.

40. Candes, E. and Plan, Y. (2009) Tight Oracle Bounds for Low-Rank Matrix Recovery from a
Minimal Number of Random Measurements. IEEE Transactions on Information Theory, to
appear.

41. Candes, E. and Recht, B. (2009) Exact matrix completion via convex optimization. Founda-
tions of Computational Mathematics, 9(6), 717–772.

42. Candes, E., Romberg, J. and Tao, T. (2006) Stable Signal Recovery from Incomplete and
Inaccurate Measurements. Communications on Pure and Applied Mathematics, 59, 1207–
1223.

43. Candes, E., Rudelson, M., Tao, T. and Vershynin, R. (2005) Error Correction via Linear
Programming. Proc. 46th Annual IEEE Symposium on Foundations of Computer Science
(FOCS05), IEEE, 295–308.



References 243

44. Candes, E. and Tao, T. (2007) The Dantzig selector: statistical estimation when p is much
larger than n: Annals of Statistics, 35,6, 2313–2351.

45. Candes, E. and Tao, T. (2010) The power of convex relaxation: Near-optimal matrix
completion. IEEE Transactions on Information Theory, 56, 2053–2080.

46. Catoni, O. (2004) Statistical Learning Theory and Stochastic Optimization. Ecole d’Eté de
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