Appendix A
Gateaux and Fréchet Differentiability

Following [LP03] there are two basic notions of differentiability for functions
f: X — Y between Banach spaces X and Y.

Definition A.1. A function f is said to be Gdteaux differentiable at z if
there exists a bounded linear! operator T, € B(X,Y’) such that Vv € X,

o L@+ 10) = (@)
t—0 t

=T,v.

The operator T}, is called the Gateaux derivative of f at x.

If for some fixed v the limits

[z +tv) = f(2)

5vf(z) : t

T dt =0

fo+ 1) = lim

exists, we say f has a directional derivative at x in the direction v. Hence
f is Gateaux differentiable at x if and only if all the directional derivatives
0, f(z) exist and form a bounded linear operator D f(z) : v — 0, f(x).

If the limit (in the sense of the Gateaux derivative) exists uniformly in v
on the unit sphere of X, we say f is Fréchet differentiable at x and T, is the
Fréchet derivative of f at x. Equivalently, if we set y = tv then ¢ — 0 if and
only if y — 0. Thus f is Fréchet differentiable at z if for all y,

flx+y) = f@) = Te(y) = o(llyll)

and we call T, = Df(z) the derivative of f at x.

Note that the distinction between the two notion of differentiability is
made by how the limit is taken. The importance being that the limit in the
Fréchet case only depends on the norm of y.2

1 Some authors drop the requirement for linearity here.

21In terms of e-6 notation the differences can expressed as follows. Gateaux: Ve > 0
and Yv # 0, 36 = d(e,v) > 0 such that, ||f(z + tv) — f(z) — tT| < e|t| whenever
[t| < 6. Fréchet: Ve > 0, 3§ = &(e) > 0 such that || f(z +v) — f(z) — To|| < €|v||
whenever ||v]| < 6.
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272 A Gateaux and Fréchet Differentiability

A.1 Properties of the Gateaux Derivative

If the Gateaux derivative exists it unique, since the limit in the definition is
unique if it exists.

A function which is Fréchet differentiable at a point is continuous there,
but this is not the case for Gateaux differentiable functions (even in the
finite dimensional case). For example, the function f : R? — R defined
by f(0,0) = 0 and f(z,y) = x'y/(2® + y®) for 2% + y*> > 0 has 0 as its
Gateaux derivative at the origin, but fails to be continuous there. This also
provides an example of a function which is Gateaux differentiable but not
Fréchet differentiable. Another example is the following: If X is a Banach
space, and ¢ € X’ a discontinuous linear functional, then the function
f(x) = Jlz|lp(z) is Gateaux differentiable at @ = 0 with derivative 0,
but f(x) is not Fréchet differentiable since ¢ does not have limit zero at
z=0.

Proposition A.2 (Mean Value Formula). If f is Gateauz differentiable
then

1f () = f(@)[l < llz -yl JSup [1Df(0z + (1 = 0)y)].

Proof. Choose u* € X such that ||u*|| =1 and || f(y) — f(z)|| = u*, f(y) —
f(z)). By applying the mean value theorem to h(t) = (u*, f(z + t(y — x)))
we find that [ (u”, f(y)) — (u”, f(2)) | = [|L(1) = h(0)[| < supo<;<; [|B' ()] and

W) = (o Gt ol =)

flz+(t+s)(y—2) - flz+iy —x))>

= (u*, lim
s—0 S

= (W' Df(z+t(y — ) (y —2)).

So [(t)] < [[Df(x+t(y —=)) (y —2)| <[ Df(@+ty—=)|lly—=]. O
If the Gateaux derivative exist and is continuous in the following sense,
then the two notions coincide.

Proposition A.3. If f is Gateaux differentiable on an open neighbourhood
U of z and Df(x) is continuous,® then f is also Fréchet differentiable
at x.

31In the sense that Df : U — B(X,Y) is continuous at = so that limz_, |Df(z)
— Df(Z)|| = 0. In words, the derivative depends continuous on the point z.
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Proof. Fix v and let ¢g(t) = f(x 4+ tv) — f(z) — t Df(x)v, so g(0) = 0. By
continuity of the Gateaux derivative with the mean value theorem we find
that

If(x +tv) = f(z) =t Df(z)oll = lg(V)]]
loll sup |[Df(z+ tv) = Df(z)]

o([[vll) 0

IN

The notion of Gateaux differentiability and Fréchet differentiability also
coincide if f is Lipschitz and dim(X) < oo, that is:

Proposition A.4. Suppose f: X — Y is a Lipschitz function from a finite-
dimensional Banach space X to a (possibly infinite-dimensional) Banach
space Y. If f is Gateaux differentiable at some point x, then it is also Fréchet
differentiable at that point.

Proof. As the unit sphere Sx of X is compact, it is totally bounded. So given
€ > 0 there exists a finite set F' = F(¢) C X such that Sx =, e Be(u;).
Thus for all u € Sx there is an index j such that ||u — u;|| < e.

By hypothesis choose § > 0 such that

1f (@ + tuj) = f(x) = t D f(x)u;]| <elt]
for |t| < § and any index j. It follows that for any u € Sx,

1f (2 +tu) = f(z) = tDf(@)ul] < |[f(x +tu) = [z + tu;)]]
+ 1f (z + tu;) — f(z) =t Df(2)u,]|
+ [t Df () (uj — )]
S (CH+IDf()]l + et

for |t| < §, where C' is the Lipschitz constant of f. Hence § is independent of
u and so f is also Fréchet differentiable at x. O

In the infinite dimensional case the story is very different. Broadly speaking
in such a situation there are reasonably satisfactory results on the existence
of Gateaux derivatives of Lipschitz functions, while results on existence of
Fréchet derivatives are rare and usually very hard to prove. On the other
hand, in many applications it is important to have Fréchet derivatives of f,
since they provide genuine local linear approximation to f, unlike the much
weaker Gateaux derivatives.



Appendix B
Cones, Convex Sets and Support
Functions

The geometric concept of tangency is one of the most important tools in
analysis. Tangent lines to curves and tangent planes to surfaces are defined
classically in terms of differentiation. In convex analysis, the opposite ap-
proach is exploited. A generalised tangency is defined geometrically in terms
of separation; it is expressed by supporting hyperplanes and half-spaces. Here
we look at convex sets (particularly when they are defined by a set of linear
inequalities) and the characterisation of their tangent and normal cones. This
will be needed in the proof of the maximum principle for vector bundles dis-
cussed in Sect. 7.4.

B.1 Convex Sets

Let E be a (finite-dimensional) inner product space, and E* its dual space.
A subset A C E is conver set if for every v,w € A, v+ (1 — w € A
for all @ € [0,1]. A set I' C E is a cone with vertex u € E if for every
v € I' we have u + 0(v —wu) € I for all 6 > 0. A half-space is a set of
the form {x € E : {(z) < ¢} where ¢ is a non-trivial linear function on
E,ie. £ € E*\ {0}. In such a case we normalise so that £ is an element of
S*={we E*: ||w| =1}

A supporting half-space to a closed convex set A is a half-space which
contains A and has points of A arbitrarily close to its boundary. A supporting
hyperplane to A is a hyperplane which is the boundary of a supporting half-
space to A. That is, supporting hyperplanes to A take the form {x : £(z) = ¢}
where ¢ € E* \ {0} and ¢ = sup{{(v) : v e A}.

B.2 Support Functions
If A is a closed convex set in F, the support function of A is a function
s=384: E* - RU{oo} defined by

s(£) = sup{l(z) : =z € A}

275



276 B Cones, Convex Sets and Support Functions

for each ¢ € E*\ {0}. Here s is a homogeneous degree one convex function on
E*. For each ¢ with s(¢) < 0o, the half-space {z : ¢(x) < s(£)} is the unique
supporting half-space of A which is parallel to {z : ¢(z) < 0}.

Theorem B.1. The convex set A is the intersection of its supporting half-
spaces:

A= m {reE: lz) <s(0)}.

LeS*

Proof. Firstly, the set A is contained in this intersection since it is contained
in each of the half-spaces. To prove the reverse inclusion it suffices to show
for any y ¢ A there exists £ € S* such that £(y) > s(¢).

Let x be the closest point to y in A, and define £ € E* by ¢(z) = (z,y — ).
Suppose £(w) > £(x) for some w € A. Then z + t(w —x) € Afor 0 <t <1,
and

d 2

Ly~ (@ tlw—a)IP| =2y — w0 —2) = ~2(¢fw) ~ €(2)) <0,

contradicting the fact that x is the closed point to y in A. Therefore £(z) <
{(x) for all z € A, so s(f) = supy ¢ = £(x) < L(y). The same holds for
e=1/))¢| € S*. O

B.3 The Distance From a Convex Set

For a closed convex set A in F, the function d4 : E — R given by
da(r) = inf{]lz —yl|: y € A}

is Lipschitz continuous, with Lipschitz constant 1, and is strictly positive on
E\ A. We call this the distance to A. It has the following characterisation in
terms of the support function of A.

Theorem B.2. For anyy ¢ A,
da(y) = sup{l(y) — s(¢) : L€ 5"}
Proof. Let x be the closest point to y in A. So for any ¢ € S* we have
{y) = s(6) = Uy) —supL < U(y) — £(z) = Ly — )
<l lly =zl = lly — 2l = da(y),

while the particular choice of £(-) = (y — x, -)/|ly — z|| gives equality
throughout. (|
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B.4 Tangent and Normal Cones

A convex set may have non-smooth boundary, so there will not in general
be a well-defined normal vector or tangent plane. Nevertheless we can make
sense of a set of normal vectors, as follows:

Definition B.3. Let A be a closed bounded convex set in F, and let z € 0A.
The normal cone to A at x is defined by

N A={te E*: l(x)=s(0)}.

In other words, N A is the set of linear functions which achieve their maxi-
mum over A at the point x (so that the corresponding supporting half-spaces
have z in their boundary). The set N, A is a convex cone in E* with vertex
at the origin.

Complementary to this is the following definition:

Definition B.4. The tangent cone 7, A to A at z is the set

T.A= () {z€E: ((z) <0},
LEN LA

That is, z + 7, A is the intersection of the supporting half-spaces of A with z
on their boundary. It follows that A—x C 7, A. Indeed 7, A may alternatively
be characterised as the closure of (J{#(A — x) : h > 0}. The tangent cone
T:A is a closed convex cone in E with vertex at the origin (in fact it is the
smallest such cone containing A — x).

B.5 Convex Sets Defined by Inequalities

In many cases the convex set A of interest is explicitly presented as an inter-
section of half-spaces, in the form

A= ({zeE: x) < ¢(0)} (B.1)

leB

where B is a given closed subset of E* \ {0} and ¢ : B — R is given. If B
does not intersect every ray from the origin, this definition will involve only
a subset of the supporting half-spaces of A. In this situation we have the
following characterisation of the support function of A:



278 B Cones, Convex Sets and Support Functions

Theorem B.5. Let E be of dimension n, and suppose A is defined by
(B.1). For any { € E* with s({) < oo there exist {1,...,0pt1 € B and
Alseeoy Ant1 = 0 such that

n+1 n+1

i=1 =1

It follows that the support function s of A on all of E* can be recovered from
the given function ¢ on B.

Proof. Firstly, for £ € B note that if ¢(x) = ¢(¢) for some x € A, then
{(x) =sup{{(y) : y € A} = s(¢). Now define

B=R"{fe B:3z e A with {(z) = ¢({)}.

That is, B consists of positive scalar multiples of those £ in B for which
equality holds in equation (B.1). Note that B is closed. Also let

¢(V) =

~ co(f) if ¥ = ¢l where ¢ > 0,0 € B
400  otherwise

Thus we have that ¢(19) = s(1J) for ¥ € B. From (B.1) and by the construction
of ¢ we have

A= () {z € E:d(x) < o(0)}.

YeE*

In which case we see that

s(0) = sup{{(z): z € A}
= sup{l(z) : x € E,V(z) < ¢(V),V9 € E*}
= sup{l*(¢) : * < ¢, 0* € (E*)*}
since (E*)* = E. That is, the epigraph of s is the convex hull of the epigraph

of ¢ (cf. [Roc70, Corollary 12.1.1]). Now we observe by the Caratheodory
theorem [Roc70, Corollary 17.1.3] that

n+1 n+1
i=1 =1

The infimum is attained since B is closed. T he result follows since each ¢; € B
is a non-negative multiple of some element ¢; of B with ¢(¢;) = s(¢;). O
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From this theorem we obtain a useful result for the normal cone:

Theorem B.6. Let E be of dimension n, and suppose A is defined by (B.1).
Then for any x € A, N A is the convex cone generated by BN N, A. That
is, for any £ € N_A there exist k < n+1 and l1,...,0, € BNNA and
ALy Ak > 0 such that € =% Nt

Proof. Let £ € N, A. By Theorem B.5 there exist £1,...,0,11 and \; > 0
such that s(£) = S." 5 N (4;) and £ = S A4, Since £ € N A we have

n+1 n+1

lx) =s(l) = Z Ais(£;) > Z Aili(z) = l(z),

so that equality holds throughout, and s(¢;) = ¢;(x) (hence ¢; € N A) for
each ¢ with A\; > 0. O

This in turn gives a useful characterisation of the tangent cone:

Theorem B.7. Let E be of dimension n, and suppose A is defined by (B.1).
Then for any x € 0A,

T.A= ﬂ {ze E: {2) <0}
LeB: L(x)=¢(L)

and the interior of T, A is given by the intersection of the corresponding open
half-spaces.

Proof. Any point z in T, A satisfies {(z) < 0 for every ¢ € E \ {0} with
l(x) = s(f). In particular, if £ € B and (z) = ¢(z), then ¢(x) = s(¢) and
£(z) < 0. Conversely, if £(z) <0 for all £ € B with £(x) = ¢(¢) (equivalently,
for all £ € BN N,A) and ¢ is any element of N, A, then by Theorem B.6
there exist £; € BNN A and \; > 0fori=1,...,ksuch that ¥ = Zle Ail;,
and so ¥(z) = Zle Aili(z) < 0. Since this is true for all 9 € N, A, z is
in T A. O



Appendix C
Canonically Identifying Tensor Spaces
with Lie Algebras

In studying the algebraic decomposition of the curvature tensor, one needs to
make several natural identification between tensor spaces and Lie algebras.
By doing so, one is able to use the Lie algebra structure in conjunction with
the tensor space construction to elucidate the structure of the quadratic terms
in the curvature evolution equation.

C.1 Lie Algebras

A Lie algebra consists of a finite-dimensional vector space V over a field F
with a bilinear Lie bracket [,]: (X,Y) — [X,Y] that satisfies the properties:

1 [X,X]=0

for all vectors X,Y and Z.
Any algebra <7 over a field F can be made into a Lie algebra by defining
the bracket

[X,Y]:=X Y-V X

A special case of this arises when & = End(V) is the algebra of operator
endomorphisms of a vector space V. In which case the corresponding Lie
algebra is called the general Lie algebra gl(V'). Concretely, setting V = R"
gives the general linear Lie algebra gl(n,R) of all n x n real matrices with
bracket [X,Y] := XY — Y X. Furthermore, the special linear Lie algebra
sl(n,R) is the set of real matrices of trace 0; it is a subalgebra of gl(n,R).
The special orthogonal Lie algebra so(n,R) = {X € sl(n,R) : XT = —X} is
the set of skew-symmetric matrices.

281



282 C Canonically Identifying Tensor Spaces with Lie Algebras

C.2 Tensor Spaces as Lie Algebras

Suppose U = (U, {-,-)) is a real N-dimensional inner product space with
orthonormal basis (eq)Y_;. Let E,p be the matrix of zero’s with a 1 in the
(cv, B)-th entry. The matrix product then satisfies EqgEx;, = dgrEan-

The tensor space U ® U is equipped with an inner product

(z®y,u®v) = (z,u)(y,v).

The set (eq ® eg)g’ﬁ:l forms an orthonormal basis. We identify U ® U ~
gl(N,R) by defining the linear transformation

rQy:z—(y,z)x (C.1)

for any x ® y € U ® U. The map simply identifies y with its dual. Under this
identification, the inner product on gl(N,R) is given by the trace norm:

(A,B) =tr AT B,
for any A, B € gl(N,R). To see why, observe that e, ® eg ~ E,3 and so

tr EggEAn =trEgoEy, = tr 5a)\E5n = 50&>\5ﬁ77 = <€a Reg,ex® 677> .

C.3 The Space of Second Exterior Powers
as a Lie Algebra

Consider the n-dimensional real inner product space V = (V, (-,)) with or-
thonormal basis (e;)™_ ;. As usual, let (e?) be the corresponding dual basis for
V*. Define /\2 V =V ® V/Z to be the quotient algebra of the tensor space
V ® V by the ideal Z generated from x ® = for x € V. In which case

rAy=2Q®y (modZ),

for any z,y € V. The space /\2 V' is called the second exterior power of V
and elements x Ay are referred to as bivectors." The canonical inner product

! The geometric interpretation of = A y is that of an oriented area element in the
plane spanned by x and y. The object x Ay is referred to as a bivector as it is a two-
dimensional analog to a one-dimensional vector. Whereas a vector is often utilised
to represent a one-dimensional directed quantity (often visualised geometrically as
a directed line-segment), a bivector is used to represent a two-dimensional directed
quantity (often visualised as an oriented plane-segment).
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on /\2 V is given by
(x ANy, u Av) = {x,u) (y,v) — (x,v) (y,u) . (C.2)

With respect to this, the set (e; A e;)i<; forms an orthonormal basis for the
n(n — 1)/2-dimensional vector space A\*V. We identify AV ~ so(n) by
mapping e; A e; to the linear map L(e; A e;) of rank 2 which is a rotation

with angle 7/2 in the (4,j)-th plane. This is equivalent defining the linear
transformation

xAy:z—(y,z)x —(z,2)y. (C.3)

Under this identification, the inner product on so(n) is given by the trace
norm

A B) = Lpatp—_Luap
< 2 2

where A, B € so(n). To see this, note that

(ei Aey)T - (en Nee) = (Bji — Eyj)(Ere — Eur)
=ik Eje — dieEji + 050 Eir — 05k Eir
and so tr (e; A ej)T (ex Nee) =2(0ikbje — 0iedjn) = 2(e; Nej, e Neg).

Example C.1. When n = 3 and V = R? we observe that

0

es Nes— R, = Fo3 — E39 = 01
—-10
001
61/\63|—>Ry:E13—E31: 000
—-100

01

egtNeor— R, =Fi9—Fy1=| —-10
0

where R;, Ry, R, are m/2-rotations about the z,y and z axis. Whence any
X € 50(3) can be written as

0 ¢ b
X=|-c0 a|=aR,+bR,+cR.,
—b—a0

since X7 = —X and trX = 0 by definition. Furthermore, if Y = uR, +vR, +
wR, then the inner product (X,Y) = au+bv+ cw = (a,b,¢) - (u,v,w) is the
usual Euclidean inner product.
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C.3.1 The space /\2 V* as a Lie Algebra

As done in the above passage, /\2 V* = V* ® V*/T is the quotient algebra
of V* ® V* by the ideal T = (z ® x|z € V*). The canonical inner product
given by (C.2), except now applied to dual vectors. The wedge A is an anti-
symmetric bilinear product with the additional property that

(' Ae?)(er, er) = det (61.(%) ef(eg)) = dikdje — itk

e’ (ex) €’ (er)
Any p € /\2 V* may be written as
1 o S
= iizj%jez/\ej :;jgpijel/\ej (C.4)

where @;; := ¢(e;, e;). Moreover, the pairing of bivectors with its dual is given
by (e" Ae?)(ex Aeg) = (e* Ae?)(ek,e¢) in order to preserve orthonormality.

Remark C.2. A quick consistency check confirms the summation convention
used in (C.4) allows the coefficients ¢;; that appear in the sum to agree with
the component ¢(e;, ;). Indeed, we observe that

1 o 1 1
2 > piet nel | (en,en) = 5% Oidje = diedjn) = 5 (Pre — ) = ue
.3

which is equal to ¢(ex,er) by definition. Furthermore one also find that
<g0, ek A e£> = %Zl ; Pij <el Ael, ek A eé> = @ge. Thus the convention is
consistent.

We identify A\® V* with the Lie algebra so(n) by sending e Ae? — E;—Ej;
as before. This equips /\2 V* with a Lie algebra structure. In particular the
bracket

[l Ael,eb nefl = (et Aed) - (eF Neb) — (eF neb) - (el ned)
= (Eij — Eji)(Exe — Ei) — (Exe — Eg) (Eij — Eji)
= EijEyy — EijEg, — EjiEye + Ej By,
— BBy + BBy + Eg By — Egp By

= 067 N eF + 5jkei Ael —6e? Net — 5jg6i A eF
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In which case, given any ¢,y € /\2 V* one computes
1 iAo kAL
(6, 9] = Z(bijwkg[e Nel e Ae]
1 . . ) _
= 4 Pis¥ne(Oiee’ A e 4+ 0ine Aet —dipe? Ael — §i0et A eF)
1 | | | |
- Z((bpjwkpej net+ PipPpee’ A ef — PpjPpee’ N e — Piprpe’ N €k)

1 . .
=3 Z((bipwm' — Yipdp;)e’ N e

2%

Therefore we (naturally) define the components of the bracket, with respect
to the basis (ei A Bj)i<j, by

[0, V]ij = BipPpj — VipPpj (C.5)

for any ¢, € /\2 V*.

C.3.1.1 Structure Constants

Now suppose (¢®) is an orthonormal basis for /\2 V*. The structure constants
2 for the bracket (C.5), with respect to the basis (¢*), are defined by

[0%, @] = 5Py,
As (%) are orthonormal, the structure constants can be directly computed

from
czﬁ = <[50a7 (pﬁ]7 907> .

It is easy to check that the tri-linear form <[g00‘,<p5]7gﬁ> is fully antisym-
metric, thus the structure constants cgﬁ are anti-symmetric in all three

components. Moreover, if (0,,) orthonormal basis for A\*V dual to (¢®), then
the corresponding structure constants ¢/ 5 are given by

[0a,08] = czlﬁov.

Cr e 2 . 2 1rx —
From the identification of A"V with A" V* we also have ¢, = b
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