
Appendix

In this Appendix we collect some useful facts related to the almost-analytic exten-
sion of a smooth function and give, following Dimassi-Sjöstrand [7], the proof of
the Dyn’kin-Helffer-Sjostrand formula (12.48).

A.1 Almost-Analytic Extension
and the Dyn’kin–Helffer–Sjöstrand Formula

Let x,y ∈ R, and let z = x + iy ∈ C. We denote by L(dz) = dxdy the Lebesgue
measure of C, so that dz∧dz̄ =−2idx∧dy =−2iL(dz), and write ∂/∂ z̄ = (∂/∂x+
i∂/∂y)/2.

In the first place we recall the complex Gauss-Green formula, whose proof is
easily deduced from the classical Gauss-Green formula when applied to the real
and imaginary part of a complex-valued function.

Lemma A.1.1 (Complex Gauss-Green formula). Let D ⊂ Ω ⊂ C be open sets
such that D has a C1 boundary ∂D in Ω . Let f ∈ C1

0(Ω). Then with the proper
orientations (that is, with ∂D oriented in such a way that D is kept to the left) one
has ∫

∂D
f (z)dz =−

∫∫

D

∂ f
∂ z̄

(z)dz∧dz̄ = 2i
∫∫

D

∂ f
∂ z̄

(z)L(dz). (A.1)

Notice that (A.1) may also be rewritten as

〈∂1D

∂ z̄
| f 〉=

i
2

∫

∂D
f (z)dz, f ∈C1

0(Ω), (A.2)

where the left-hand side denotes the distribution duality, and 1D is the characteristic
function of the set D.

Next, following Hörmander [28], we recall the following result about the funda-
mental solution of the ∂/∂ z̄-operator.
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Lemma A.1.2. With the notation of Lemma A.1.1, let ζ ∈D. Then, with the proper
orientations,

f (ζ ) =− 1
π

∫∫

D

∂ f
∂ z̄

(z)(z− ζ )−1L(dz)+
1

2π i

∫

∂D
f (z)(z− ζ )−1dz, ∀ f ∈C1

0(Ω).

(A.3)

In particular, when D = Ω there is no curvilinear integral in (A.3), that is,

f (ζ ) =− 1
π

∫∫

Ω

∂ f
∂ z̄

(z)(z− ζ )−1L(dz), ∀ f ∈C1
0(Ω), (A.4)

and, furthermore, considering (x,y) �−→ Eζ (x,y) = π−1(z−ζ )−1, which is a locally
integrable function, gives

∂Eζ

∂ z̄
= δζ , (A.5)

that is, Eζ is a fundamental solution of ∂/∂ z̄.

Proof. For ζ ∈D, we apply the complex Gauss-Green formula (A.1) to the function
f (z)/(z− ζ ), with D replaced by D\Bε , where Bε is a disc of radius ε with center
at ζ , and ε is picked small. Hence

2i
∫∫

D\Bε

∂ f
∂ z̄

(z)(z− ζ )−1L(dz) =
∫

∂D
f (z)(z− ζ )−1dz−

∫

∂Bε
f (z)(z− ζ )−1dz,

with the proper orientations (i.e. ∂Bε is oriented in the formula as the boundary of
Bε ). Since

∫

∂Bε
f (z)(z− ζ )−1dz = f (ζ )

∫

∂Bε
(z− ζ )−1dz+ O(ε)−→ 2π i f (ζ ), as ε→ 0+,

letting ε → 0+ gives (A.3). ��
We now pass to the proof of Theorem 12.2.1. In the first place we show that given

a function f ∈C2
0(R), it is always possible to find an extension f̃ ∈C1

0(C) such that
∂ f̃ /∂ z̄ = O(|Imz|), as in the statement of Theorem 12.2.1, and for which formula
(A.4) holds true. We have in fact the following lemma.

Lemma A.1.3. Given any f ∈C2
0(R) there exists f̃ ∈C1

0(C) such that

f̃
∣∣
R
= f , and

∂ f̃
∂ z̄

(z) = O(|Imz|). (A.6)

Moreover, one has

f (t) =− 1
π

∫∫

C

∂ f
∂ z̄

(z)(z− t)−1L(dz), ∀t ∈R. (A.7)
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Proof. We denote by g(k) the kth-derivative with respect to x or y of a function g.
Take χ ∈C∞

0 (R) with 0≤ χ ≤ 1, χ
∣∣|y|≤1= 1, χ

∣∣|y|≥2 =0. Then define

f̃ (x + iy) :=
(

f (x)+ iy f (1)(x)
)
χ(y).

It is clear that f̃ ∈C1
0(C). One then computes

∂ f̃
∂x

(x + iy) =
(

f (1)(x)+ iy f (2)(x)
)
χ(y),

∂ f̃
∂y

(x + iy) = i f (1)(x)χ(y)+
(

f (x)+ iy f (1)(x)
)
χ (1)(y),

so that
∂ f̃
∂ z̄

(z) =
y
2

(
i f (2)(x)χ(y)− f (1)(x)χ (1)(y)

)
+ i f (x)χ (1)(y). (A.8)

Since

suppχ (1) ⊂ {y; 1≤ |y| ≤ 2},

we notice that
∣∣∣χ

(1)(y)
y

∣∣∣≤ |χ (1)(y)| ≤C,

whence we may write

∂ f̃
∂ z̄

(z) =
y
2

(
i f (2)(x)χ(y)− f (1)(x)χ (1)(y)

)
+ iy f (x)

χ (1)(y)
y

.

which proves (A.6).
The fact that formula (A.7) holds, follows immediately from Lemma A.1.2 by

taking Ω = C and ζ = x ∈ R. ��
We next prove Theorem 12.2.1.

Proof (of Theorem 12.2.1). Denote by Q ∈L (H,H) the right-hand side of (12.48).
For u,v ∈ H consider

((z−P)−1u,v) =
∫

(z− t)−1(dE(t)u,v),

where t �→ E(t) is the spectral family associated with P. It follows that

(Qu,v) =− 1
π

∫∫

C

∂ f̃
∂ z̄

(z)
(∫

(z− t)−1(dE(t)u,v)
)

L(dz) =
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(by Fubini’s theorem, using the fact that f̃ is compactly supported and that∫
dE(t) = IdH )

=
∫ (
− 1
π

∫∫

C

∂ f̃
∂ z̄

(z)(z− t)−1L(dz)
)
(dE(t)u,v) =

∫
f (t)(dE(t)u,v) = f (P),

which concludes the proof. ��
However, when P is a pseudodifferential operator and when dealing with the

pseudodifferential nature of f (P), as in the proof of Theorem 12.2.2, one does need
to consider almost-analytic extensions of a given f ∈C∞

0 (R). The next lemma grants
the existence of such almost-analytic extension. (This result also holds, by using a
locally-finite partition of unity of R, for functions belonging to C∞(R). See Treves
[70, Chapter X, Section 2], for more on this.)

Lemma A.1.4. Let f ∈C∞
0 (R). There exists f̃ ∈C∞

0 (C), called an almost-analytic
extension of f , such that

f̃
∣∣
R
= f , and ∀N ≥ 1 ∃CN > 0 such that

∣∣∣∂ f̃
∂ z̄

(z)
∣∣∣≤CN |Imz|N , ∀z ∈ C, (A.9)

supp f̃ ⊂ {z = x + iy ∈ C; x ∈ supp f , |y| ≤C},

where, recall, ∂/∂ z̄ = (∂/∂x + i∂/∂y)/2. In addition one has

f (t) =− 1
π

∫∫

C

∂ f̃
∂ z̄

(z)
(
z− t

)−1
L(dz), t ∈ R. (A.10)

Proof. Take χ ∈ C∞
0 (R) as in the proof of Lemma A.1.3. One can then choose a

monotone increasing sequence Rk ↗+∞ growing sufficiently fast so as to have that
the series

f̃ (x + iy) := ∑
k≥0

f (k)(x)
k!

(iy)kχ(Rky)

is uniformly convergent, along with the series of the derivatives to all orders. One
now computes

∂ f̃
∂x

(z) = ∑
k≥0

f (k+1)(x)
k!

(iy)kχ(Rky),

and

i
∂ f̃
∂y

(z) = ∑
k≥0

f (k+1)(x)
k!

ik+2ykχ(Rk+1y)+∑
k≥0

f (k)(x)
k!

(iy)kRkχ (1)(Rky),
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obtaining

∂ f̃
∂ z̄

(z) =
1
2 ∑k≥0

f (k+1)(x)
k!

(iy)k
(
χ(Rky)− χ(Rk+1y)

)

+
i
2 ∑k≥0

f (k)(x)
k!

(iy)kRkχ (1)(Rky).

Since
suppχ (1)(Rk·)⊂ {y; R−1

k ≤ |y| ≤ 2R−1
k },

and
supp(χ(Rk·)− χ(Rk+1·))⊂ {y; R−1

k+1 ≤ |y| ≤ R−1
k },

one sees that (A.9) holds.
Formula (A.10) follows as before from Lemma A.1.2. This completes the proof.

��



Main Notation

B.1 General Notation

• N = {1,2, . . .}, Z+ = {0,1,2, . . .}, R+ = (0,+∞), and R+ = [0,+∞).
• We denote by �A or by cardA the cardinality of the set A.

• As usual, given functions f and g, we write f ∼ g as x→ x0 when lim
x→x0

f (x)
g(x)

= 1.

• Let A,B > 0. We write A � B (or equivalently B � A) when there is a universal
constant C > 0 such that A≤CB. We therefore write A≈ B whenever A � B and
B � A.

• Given sequences {A j} j, {B j} j ⊂ R, we write

A j � B j, as j →+∞

(or equivalently B j � A j as j→+∞) if there are constants C > 0 and j0 ∈N such
that

A j ≤CB j, ∀ j ≥ j0.

We hence write
A j ≈ B j, as j→+∞,

when A j � B j and B j � A j as j→+∞.
• The N×N identity matrix is denoted by I, regardless N, or by IN , or by I

CN .
• The norm of a vector v belonging to R

N , resp. C
N , is denoted by |v|, resp. |v|

CN .
The inner product in R

N , resp. the Hermitian product in C
N , of vectors v, v′, is

denoted by 〈v,v′〉, resp. 〈v,v′〉
CN .

• The canonical inner product in L2 is denoted by (·, ·), the induced norm by || · ||0.
• The ring of N×N complex matrices is always denoted by MN .
• An excision function is a C∞ function χ with 0 ≤ χ ≤ 1, supported away from

the origin and ≡ 1 outside a large compact set. The standard one used in these
notes is such that χ ≡ 0 for |X | ≤ 1/2 and χ ≡ 1 for |X | ≥ 1.

• The duality between S and S ′ is denoted by 〈u|ϕ〉S ′,S , where u ∈ S ′ and
ϕ ∈S .
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246 Main Notation

• The set of linear continuous maps between Hilbert (or Banach, or Fréchet) spaces
H1 and H2 is denoted by L (H1,H2).

• We write Tr for the operator-trace, and Tr for the N×N matrix-trace.
• The symbol of the standard harmonic oscillator p0(x,ξ ) = (|ξ |2 + |x|2)/2, also

written p0(X) = |X |2/2, with X = (x,ξ ).
• The matrices J and K:

J =
[

0 −1
1 0

]
, K =

[
0 1
1 0

]
.

• We say that f (h) = O(hN0) for some N0 ∈ Z+ if there exists CN0 > 0 such that
| f (h)| ≤ CN0 hN0 . We say that f (h) = O(h∞) if for any given N0 ∈ Z+ one has
f (h) = O(hN0).

• The characteristic function of a set V is denoted by 1V .
• ↪→ ↪→ denotes compact embedding.

B.2 Symbol, Function and Operator Spaces

• The symbol space S(m,g) in the Weyl-Hörmander calculus, see Definition 3.1.6.
• The global weight-function m(X) = (1 + |X |2)1/2 and the global metric gX =
|dX |2/m(X)2, X ∈ R

2n, see (3.13).
• The symbol space Scl(mμ ,g), see Definition 3.2.3.
• The global polynomial differential (GPD) symbols, see Definition 3.2.6 and also

Definition 3.2.9.
• The smoothing symbol class S(m−∞,g), see Definition 3.2.14.
• The function space Bs, see Definition 3.2.25 and Proposition 3.2.26.
• The symbol space S(μ ,r), see Definition 6.1.1.
• The set OPScl(μ ,r) of pseudodifferential operators, see Definition 6.1.2.
• The semiclassical symbol space Sk

δ (m
μ ,g), see (9.1) of Definition 9.1.1.

• The semiclassical symbol space Sk
δ (m

μ), see (9.2) of Definition 9.1.1.
• The smoothing semiclassical symbol class S−∞(m−∞,g), see (9.7).
• The smoothing semiclassical symbol class S−∞(mμ), see (9.8).
• The class of classical semiclassical symbols Sk

cl(m
μ), see Point 1. of Definition

9.1.9.
• The class of classical semiclassical symbols Sk

0,cl(m
μ ,g), see Point 2. of

Definition 9.1.9.
• The class of semiclassical GPD symbols, see Definition 9.4.1.
• The isometry of L2, also automorphism of S ′ and S (E > 0)

UE : u(x) �−→ E−n/4u(x/
√

E),

see (9.4).
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B.3 The Spectral Counting Function and the Spectral
ζ -Function

• The spectral counting functions N(λ ) and N0(λ ), see (4.4).
• The spectral ζ -function ζA(λ ) associated with a positive operator A with a dis-

crete spectrum, see (4.10).

B.4 Dynamical Quantities and Assumptions

• Hypotheses (H1)-(H3), see Assumption 11.1.1.
• Hypotheses (H4) and (H5), see Theorem 12.2.4.
• Hypothesis (H5′), see Proposition 12.2.17 (and just a few lines above it).
• Hypothesis (H6), see Theorem 12.2.16.
• The functions Jp(E) and Tp(E) associated with a periodic Hamiltonian trajectory

of a symbol p at energy E , see Lemma 11.1.2.
• The averaged action-integral Ap(E), see Definition 11.1.5.
• The Leray-Liouville measure Lf ,λ (dX) associated with the hypersurface f−1(λ ),

see Definition 12.2.11, Proposition 12.2.14 and Corollary 12.2.15.

B.5 Classes of Systems

• Non-commutative harmonic oscillator (for short NCHO), see Definition 3.2.11.
• The class Q2, see Definition 12.1.1.
• The class Qs

2, see Definition 12.1.2.
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[36] K. Kimoto and M. Wakayama. Apéry-like numbers arising from special values of spec-
tral zeta functions for non-commutative harmonic oscillators. Kyushu J. Math. 60 (2006),
383–404.

[37] K. Kimoto and M. Wakayama. Elliptic curves arising from the spectral zeta function for
non-commutative harmonic oscillators and Γ0(4)-modular forms. In “The Conference on
L-Functions”, 201–218, World Sci. Publ., Hackensack, NJ, 2007.

[38] K. Kimoto and Y. Yamasaki. A partial alternating multiple zeta value. Proc. Amer. Math.
Soc. 137 (2009), 2503–2515.

[39] W. Lay and S. Slavyanov. Special functions. A unified theory based on singularities, Oxford
Mathematical Monographs. Oxford Science Publications. Oxford University Press, Oxford,
2000.

[40] A. Martinez. An introduction to semiclassical and microlocal analysis. Universitext.
Springer-Verlag, New York, 2002.

[41] J. E. Marsden and A. Weinstein. Review to the books: Geometric asymptotics and Symplectic
geometry and Fourier analysis. Bull. Amer. Math. Soc. (N.S.) 1 (1979), 545–553.

[42] V. P. Maslov. Théorie des perturbations et méthodes asymptotiques. Dudnod, Paris, 1972.
[43] D. McDuff, D. Salamon. Introduction to symplectic topology. Second edition. Oxford Math-

ematical Monographs. The Clarendon Press, Oxford University Press, New York, 1998.
[44] A. S. Mishchenko, V. E. Shatalov, and B. Yu. Sternin. Lagrangian manifolds and the Maslov

operator. Springer Series in Soviet Mathematics. Springer-Verlag, Berlin, 1990.
[45] K. Nagatou, M. T. Nakao and M. Wakayama. Verified numerical computations for eigen-

values of non-commutative harmonic oscillators. Numer. Funct. Anal. Optim. 23 (2002),
633–650.



References 251

[46] H. Ochiai. Non-commutative harmonic oscillators and Fuchsian ordinary differential
operators. Comm. Math. Phys. 217 (2001), 357–373.

[47] H. Ochiai. Non-commutative harmonic oscillators and the connection problem for the Heun
differential equation. Lett. Math. Phys. 70 (2004), 133–139.

[48] H. Ochiai. A special value of the spectral zeta function of the non-commutative harmonic
oscillators. Ramanujan J. 15 (2008), 31–36.

[49] C. Parenti and A. Parmeggiani. Lower bounds for systems with double characteristics. J.
Anal. Math. 86 (2002), 49–91.

[50] C. Parenti and A. Parmeggiani. A Lyapunov Lemma for elliptic systems. Ann. Glob. Anal.
Geom. 25 (2004), 27–41.

[51] A. Parmeggiani. On the spectrum and the lowest eigenvalue of certain non-commutative har-
monic oscillators. Kyushu J. Math. 58 (2004), 277–322.

[52] A. Parmeggiani. On the spectrum of certain noncommutative harmonic oscillators. Proceed-
ings of the conference “Around Hyperbolic Problems - in memory of Stefano”; Ann. Univ.
Ferrara Sez. VII Sci. Mat. 52, (2006), 431–456.

[53] A. Parmeggiani. On the Fefferman-Phong inequality for systems of PDEs. In “Phase Space
Analysis of Partial Differential Equations”. Birkhäuser Verlag, Progress in Nonlinear Differ-
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