
Appendix A
Schrödinger Operators with Substitutive
Potential

The Schrödinger equation on Rn : (−Δ + V (x))ψ(x) = Eψ(x), where Δ is the
Laplace operator, appears, in many problems related to Quantum Mechanics, as
the eigenvalue equation for a one-electron energy operator H, Hψ =−Δψ +V ·ψ ,
when V describes the potential energy of the electron.

The discovery of Quasicrystals, in 1984, has motivated a great interest in models
provided by discrete Schrödinger operators acting on �2(Zν ). The one-dimensional
case with potentials taking finitely many values on the infinite chain Z, or on the
semi-infinite chain N, has attracted particular attention and has been considerably
studied. It is, of course, impossible to cite all the contributions and progresses. We
would just like to explain the role plaid by substitutions in this area.

A.1 Classical Facts on 1D Discrete Schrödinger Operators

A.1.1 Preliminaries

We consider L , the space of bilateral complex sequences, and H, the discrete
Schrödinger operator defined on ϕ = (ϕ(n))n∈Z ∈L by

(Hϕ)(n) = ϕ(n + 1)+ϕ(n−1)+ v(n)ϕ(n), n ∈ Z, (A.1)

where the potential v = (v(n))n∈Z is a bounded and real sequence. It is easily
checked that H restricted to �2(Z) is a self-adjoint bounded operator.

We are interested in the description of the spectral invariants of H ∈B(�2(Z))
according to the properties of the sequence v, more precisely, we wish to have a
good knowledge of

1. sp(H) = {λ ∈ R, H−λ I non-invertible};

2. σ , maximal spectral type of H.
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294 A Schrödinger Operators with Substitutive Potential

Recall that the spectral measure σ f ,g of f ,g ∈ �2(Z) is defined by

∫
R

xk dσ f ,g(x) = 〈Hk f ,g〉�2(Z), k ≥ 0

(σ f , f is denoted by σ f ) and the maximal spectral type σ is a bounded positive mea-
sure on R, defined up to equivalence, such that

σ f ,g � σ for every f ,g ∈ �2(Z).

As in the unitary case, sp(H) is the topological support of σ and the possible eigen-
values of H are the discrete point masses of σ .

First Observations

1. If v≡ 0, then H = Δ and σ is equivalent to the Lebesgue measure on [−2,2].
To prove this claim, we observe that H is conjugate to Mω , the multiplication
operator by ω : t �→ 2cost on L2(T), through the canonical isometric isomor-
phism ϕ ∈ �2(Z) �→ Φ ∈ L2(T) with Φ(t) = ∑n∈Zϕ(n)eint . It is clear that
sp(Mω) = [−2,2] and so is sp(H) by conjugation. The maximal spectral type
σ of H is generated by the spectral measures σek with ek(n) = δnk for n,k ∈ Z;
but, for every k ∈ Z, σek is the pull-back under ω of the Lebesgue measure on T.
In particular,

〈Hne0,e0〉 = 1
2π
∫ 2π

0 (2cost)ndt

=
∫ 2
−2

xn

π
√

4−x2
dx,

and σe0 is absolutely continuous with respect to the Lebesgue measure on [−2,2]
with 1/π

√
4− x2 as its density.

2. On the opposite, the operatorϕ �→ (v(n)ϕ(n))n∈Z has a pure point spectrum since
the ek,k ∈ Z, form a complete family of eigenvectors.
Thus, in the general case, H is a perturbation of Δ by this operator and all is
possible!

3. General case. For n,m ∈ Z, we denote by σn,m the spectral measure σen,em and
we put σn = σn,n.

Proposition A.1. The maximal spectral type (up to equivalence) is

σ = σ0 +σ−1.

This is an easy consequence of the following lemma.

Lemma A.1. For every n ∈ Z, en = pn(H)e0 + qn(H)e−1 where pn and qn are
polynomials in R[X ].

Proof of the Lemma. This can be established by induction on n, starting with

{
p−1(t) = 0, q−1(t) = 1
p0(t) = 1, q0(t) = 0
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Then,
Hen(k) = en(k + 1)+ en(k−1)+ v(k)en(k)

= en−1(k)+ en+1(k)+ v(k)en(k)

so that, en+1 = Hen−v(n)en−en−1 = pn+1(H)e0 +qn+1(H)e−1 by induction on
n≥ 0, with {

pn+1(t) = (t− v(n))pn(t)− pn−1(t)
qn+1(t) = (t− v(n))qn(t)−qn−1(t)

(A.2)

Writing en−1 = Hen−v(n)en−en+1 when n≤ 0 and proceeding in the same way,
we see that pn and qn have degree n if n≥ 0 and −n−1 if n≤−1. ��

Proof of the Proposition. If we put S =
(

σ0 σ0,−1

σ−1,0 σ−1

)
, we deduce from the

above lemma that

σn,m = (pn,qn) S
(

pm

qm

)
;

in particular, we have σn,m � σ0 + σ−1 for every n,m ∈ Z, which gives the
proposition. ��

Remark A.1. A system with absolutely continuous spectrum behaves like a conduc-
tor while a system with pure point spectrum behaves like an insulator. We shall see
that periodic potentials lead to absolutely continuous spectrum; on the opposite, ran-
dom potentials give rise (almost surely) to pure point spectrum and, for potentials
intermediate between those two extreme cases, one may expect the presence of a
singular continuous component.

A.1.2 Schrödinger Equation

We begin by investigating the possible eigenvalues of H. A good reference for this
section is [22].

Definition A.1. E ∈ R is an eigenvalue of H if there exists ϕ ∈ �2(Z), called an
eigenvector of H, such that Hϕ = Eϕ ; in other words ϕ is a solution of the (tight-
binding) Schrödinger equation

ψ(n + 1)+ψ(n−1)+ v(n)ψ(n)= Eψ(n), n ∈ Z. (A.3)

Equation (A.3) is nothing but an order-two linear recurrence equation that in-
volves matrices in SL(2,R) and the solutions form a two-dimensional vector space
of L . Actually, equation (A.3) for ψ means,

(
ψ(n + 1)
ψ(n)

)
= gn

(
ψ(n)

ψ(n−1)

)
for every n ∈ Z, (A.4)
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with gn =
(

E− v(n) −1
1 0

)
∈ SL(2,R). By iterating (A.4), we get

(
ψ(n + 1)
ψ(n)

)
= Sn

(
ψ(0)
ψ(−1)

)
if n≥ 0 with Sn = gngn−1 · · ·g0

and

(
ψ(n)

ψ(n−1)

)
= Sn

(
ψ(0)
ψ(−1)

)
if n≤−1 with Sn = g−1

n g−1
n−1 · · ·g−1

−1.

Note that, by (A.2),

Sn := Sn(E) =
(

pn+1(E) qn+1(E)
pn(E) qn(E)

)
if n≥ 0

=
(

pn(E) qn(E)
pn−1(E) qn−1(E)

)
if n≤−1.

Definition A.2. The matrices (gn) are called the transfer matrices.

Proposition A.2. The eigenvalues of H are simple : for every E ∈R, there exists at
most one solution ϕ ∈ �2(Z) satisfying (A.3) (up to a multiplicative constant).

Proof. Indeed, for every E ∈C, equation (A.3) admits two solutions in L , and if ϕ
and ψ are two such solutions, the wronskian

Wn(ϕ ,ψ) = ϕ(n)ψ(n−1)−ϕ(n−1)ψ(n) if n≥ 0

= det

(
ϕ(n) ψ(n)

ϕ(n−1) ψ(n−1)

)
= det Sn−1 ·det

(
ϕ(0) ψ(0)
ϕ(−1) ψ(−1)

)

= W0(ϕ ,ψ)

and the analogue for n≤−1. This proves that the wronskian must be constant and, if
ϕ and ψ are in �2(Z), this constant must be zero. The eigenvectors are proportional.

��
We recall some classical facts on the spectrum of a self-adjoint operator H on a

Hilbert space H . If E ∈ sp(H) is an isolated point of σ(H) then E is an eigenvalue.
On the other hand, a theorem due to H. Weyl states that a point of σ(H) which is
not an eigenvalue is an approximate eigenvalue in the following sense :

Definition A.3. E is an approximate eigenvalue of H if there exists a sequence (xk)
of elements in H such that ||xk||= 1 and
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lim
k→∞

||Hxk−Exk||= 0.

Let us get back to the Schrödinger operator.

Definition A.4. A solution ϕ ∈L of (A.3) is said to be polynomially bounded if
there exists k ≥ 1 such that ϕ(n) = O(1 + |n|2)k as n→±∞.

One can prove the following by constructing an approximate sequence with help of
a truncation.

Proposition A.3. Let E ∈ R. If the equation (A.3) has a polynomially bounded so-
lution ϕ , then E belongs to sp(H) .

If ϕ ∈L is such a solution, E is called a generalized eigenvalue and ϕ a generalized
eigenvector of H.

This provides a first description of the spectrum of H that we admit [22].

Corollary A.1. sp(H) is the closure of the set

{E ∈ R, for which (A.3) has a polynomially bounded solution}

To decide whether E is an eigenvalue of H or not, we are thus led to study the
behaviour of the sequence (Sn(E)) as n→±∞.

Before continuing, we need some notations and properties of SL(2,R) or
SL(2,C), that we summarize below.

1. If g ∈SL(2,R), we note ||g|| the operator norm of g, i.e. ||g|| = sup||x||2=1 ||gx||2
where || · ||2 is the euclidian norm on R2. If r(g) denotes the spectral radius of g,
r(g) = limn→∞ ||gn||1/n.

2. If g =
(

a b
c d

)
∈ SL(2,C), ||g|| can be computed in terms of the coefficients :

||g||2 =
1
2

(
K2 +

√
K2−4

)
where K2 = |a|2 + |b|2 + |c|2 + |d|2,

and ||g||= ||g−1||.
3. We shall be needing the Cayley-Hamilton identity

g2 = Tr(g) ·g− I (A.5)

which infers
Tr(g2) = Tr2(g)−2 (A.6)

and Tr(g) = Tr(g−1). By (A.5) indeed, g−1 = Tr(g) · I − g and Tr(g−1) =
2Tr(g)−Tr(g) = Tr(g).

4. Another consequence of the Cayley-Hamilton identity is the following
inequality : If x ∈ R2,

‖x‖ ≤ 2sup{|Tr(g)| · ‖gx‖,‖g2x‖} (A.7)
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5. Fricke Formula : We shall also need the following generalization of (A.6).

Let g, h ∈ SL(2,C); then we have (A.8)

Tr2(g)+ Tr2(h)+ Tr2(gh) = Tr(ghg−1h−1)+ 2 + Tr(g)+ Tr(h)+ Tr(gh).

6. Lyapunov exponents. If Sn = T1 · · ·Tn is a product of elements of SL(2,C),
(||Sn||)n≥1 is a sequence of numbers≥ 1 by item 2. and we put

γn =
1
n

log ||Sn||.

If the limit γ of (γn) exists as n→ ∞ (for instance, in the ergodic case as we shall
see), then γ is called the Lyapunov exponent of this product of matrices.

Theorem A.1 (Oseledeč). Let (gn)n∈N∗ be a sequence of matrices in SL(2,C)
satisfying.

a) lim
n→+∞

1
n

log ‖gn gn−1 . . .g1‖= γ

b) lim
n→+∞

1
n

log ‖gn‖= 0.

Then, there exists a nonzero vector x such that

lim
n→∞

1
n

log‖gn . . .g1 x‖ =−γ

and, for any w independent of x,

lim
n→∞

1
n

log‖gn . . .g1 w‖= γ.

Consider now the sequence (Sn)n∈Z where Sn = Sn(E). If ϕ and ψ are two fun-
damental solutions of (A.3), then, for every n ∈ Z,

||Sn||2 = |ϕ(n)|2 + |ϕ(n + 1)|2 + |ψ(n)|2 + |ψ(n + 1)|2,

since

(
ϕ(0) ψ(0)
ϕ(−1) ψ(−1)

)
= I, and the asymptotic behaviour of the solutions fol-

lows from the asymptotic behaviour of ||Sn||. Suppose, for instance, that the positive
γn := γn(E) admit a limit γ := γ(E) > 0 as n → +∞. By the previous Oseledeč
theorem, one of the two vectors (ϕ(n + 1),ϕ(n)) and (ψ(n + 1),ψ(n)) goes to in-
finity while the other goes to zero, with exponential rate.
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A.1.3 Periodic Potential

The Floquet theory for periodic differential equations can be transposed in this con-
text of difference equation and thus leads to a complete spectral description of H
in this case. Those systems with periodic potential will be useful later, when we aim
to study substitutive Schrödinger operators by means of periodic approximations.

Suppose v to be a periodic sequence with period-length p : vn+p = vn for every
n ∈ Z. With our notations,

gn+p = gn for every n ∈ Z where gn := gn(E,v).

The block Sp = gpgp−1 . . .g1 will play a specific role and we put t(E) = Tr(Sp(E)).
Note that t is a polynomial function of E , of degree p, with leading coefficient equal
to one. By the Cayley-Hamilton identity, Sp is a solution of the equation

X2− t(E)X + 1 = 0, X ∈ SL(2,R).

Proposition A.4. E ∈ sp(H) if and only if |t(E)| ≤ 2.

Proof. � let E be such that |t(E)| ≤ 2. Then Sp has two complex conjugate eigen-
values and it is easily checked that |Tr(Sk

p)| ≤ 2 for all k ∈ Z.
Assume now that E is not in sp(H). For every k ∈ Z, one can find ϕ ∈ �2(Z),

ϕ �= 0, such that (H −EI)ϕ = ek. In particular, choosing k = 0, there must exist
ϕ ∈ �2(Z) such that

ϕ(n + 1)+ϕ(n−1)+(v(n)−E)ϕ(n) =

⎧⎨
⎩

0 if n �= 0

1 if n = 0.

This implies that one of the two vectors (ϕ(1),ϕ(0)) or (ϕ(0),ϕ(−1)) is
nonzero. Suppose, for instance, that this is the first one, denoted by x. Since

Sk
p x =

(
ϕ(kp + 1)
ϕ(kp)

)
for every k ≥ 0, we get, by applying inequality (A.7) with

g = Sk
p, that

sup
{

2(|ϕ(kp + 1)|2 + |ϕ(kp)|2), |ϕ(2kp + 1)|2 + |ϕ(2kp)|2
}
≥ ‖x‖

which is incompatible with ϕ ∈ �2(Z). (If we need to consider the second vector,
we would get a contradiction by looking at the negative k).

� We now assume that |t(E)|> 2 ; the eigenvalues of Sp are the real numbers λ

and 1/λ , where, say, |λ |> 1. There exists w �= 0 with ‖Snpw‖= ‖Sn
pw‖= O

( 1
|λ |n

)

and ‖Sn
px‖= O(|λ |n) for any x non-proportional to w. It follows that every solution
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of the Schrödinger equation must increase with exponential rate in one direction at
least; E cannot be in sp(H) in view of corollary A.1. ��
Using the spectral radius formula, one easily sees that the Lyapunov exponent exists
and is equal to :

γ(E) =
1
p

logr(Sp(E)).

The following alternative to the proposition is clear.

Proposition A.5. E ∈ sp(H) if and only if γ(E) = 0.

Remark A.2. We can precise the previous proposition in the following way : E is in
sp(H) if and only if there exists ϕ ∈ �∞(Z) and θ in R such that

Hϕ = Eϕ , Tr(Sp(E)) = 2cosθ and τ p(ϕ) = eiθϕ

where τ is the backward shift on �∞(Z). This is the discrete version of the Floquet
theorem.

Corollary A.2. The spectrum of the periodic Schrödinger operator H is the union
of p closed intervals with disjoint interiors :

sp(H) = t−1([−2,2]) =:
p⋃

m=1

Jm.

Proof. Hϕ = Eϕ formally means :

⎛
⎜⎜⎜⎜⎜⎝

· · · · · ·
· · · 1 E− v(−1) 1 · · ·
· · · · 1 E− v(0) 1 · · ·
· · · · · 1 E− v(1) 1 · · ·
· · · · · ·

⎞
⎟⎟⎟⎟⎟⎠
ϕ = 0

where the matrix is of the Jacobi type. Now, previous Floquet’s theorem says that
E ∈ sp(H) if and only if det(E−V(θ )) = 0 for some real θ , where

V (θ ) =

⎛
⎜⎜⎜⎜⎜⎝

v(1) 1 · · · e−iθ

1 v(2) 1 · · ·
0 1 · · · ·
· · · · · 1

eiθ · · · 1 v(p)

⎞
⎟⎟⎟⎟⎟⎠

But V (θ ) is symmetric, and det(E −V (θ )) = t(E)− 2cosθ . It follows that, for
every t ∈ [−2,2], the equation t(E) = t admits p real roots, whence the description
of t−1([−2,2]). ��
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The following theorem gives a final answer to the spectral problem in the peri-
odic case.

Theorem A.2. Let H be the Schrödinger operator with a periodic potential v. Then
H has an absolutely continuous spectrum.

Proof. � Following the same scheme, we see that H admits no eigenvalues : a non-
trivial solution ϕ of (H−EI)ϕ = 0 cannot belong to �2(Z).

� In order to describe the maximal spectral type σ of H, we interpret H as an
operator acting on L2(T,Cp). Consider indeed the canonical isomorphism between
�2(Z) and L2(T), ϕ �→ Φ , with Φ(t) = ∑n∈Z ϕ(n)eint . By the Fourier inversion
formula, the periodic potential v may be written under the form

v(n) =
p

∑
j=1

a j e2π in j/p = ν̂(n)

where ν is the discrete measure ∑p
j=1 a j δ 2π j

p
. Therefore, H is conjugate to the op-

erator Ĥ acting on L2(T) in this way :

(ĤΦ)(t) = 2costΦ(t)+∑n∈Z∑
p
j=1 a je2π in j/pϕ(n)eint

= 2costΦ(t)+∑p
j=1 a jΦ

(
t + 2π j

p

)
·

Putting more generally Fj(t) = F
(

t +
2π j

p

)
and denoting by F the vector-valued

function with components (Fj),1 ≤ j ≤ p, Ĥ extends to a multiplication operator
on L2(T,Cp) by the following formula :

F(t) �→M(t) ·F(t), where M(t) = D(t)+ G,

D being the diagonal matrix (d j j)1≤ j≤p with d j j(t) = 2cos
(

t +
2π j

p

)
and G the

circulant matrix

⎛
⎜⎜⎜⎜⎜⎝

0 a1 0 · · 0
0 0 a2 · · 0
· ·
· ap−1

ap 0 0 · · 0

⎞
⎟⎟⎟⎟⎟⎠

.

In particular, Ĥ has an absolutely continuous spectrum and the same holds for H.
��

Example A.1. Consider v(n) = (−1)n. Then t = E2−3 and

sp(H) = {E, −2≤ E2−3≤ 2}= [−
√

5,−1]∪ [1,
√

5].
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In addition, following the proof of the theorem, if we consider

F(t) = (F(t),F(t +π)),

then ĤF(t) = M(t) ·F(t) with

M(t) =
(

2cost 1
1 −2cost

)

The spectrum sp(H) can be rediscovered as the union of the images of the continu-
ous version of the eigenvalues :

sp(H) =
2⋃

i=1

λi(T),

λ1(t), λ2(t) being, for each t, the eigenvalues of M(t); in particular, in our example,

λ1(t) =
√

1 + 4cos2 t
λ2(t) =−√1 + 4cos2 t

and sp(H) = [−√5,−1]∪ [1,
√

5] again.

Remark A.3. 1. Note that the action of Ĥ may be expressed by :

Ĥ(F) = 2cost ·F + F ∗ν,

and clearly, Ĥ extends to an operator on M(T) by the same formula : Ĥ(ρ) =
2cost ·ρ +ρ ∗ν , if ρ ∈M(T), as soon as v(n) = ν̂(n), for some ν ∈M(T).

2. In [108], a different point of view is developed, centered on the dynamical system
induced by t.

A.2 Ergodic Family of Schrödinger Operators

Henceforth, one will be interested in a potential v = (v(n))n∈Z ∈L generating an
ergodic subshift (Ω ,T,μ), and in some cases, a strictly ergodic one, that is a com-
pact, uniquely ergodic and minimal dynamical system under the shift’s action. To
each ω ∈ Ω , we associate the Schrödinger operator Hω with potential ω = (ω(n))
and we put H := Hv. Before obtaining general results for the specific operators Hv,
μ-almost sure results on the family (Hω ), ω ∈Ω , will be deduced from the ergodic
theory. Complements can be found in [22].
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A.2.1 General Properties

We can already make these preliminary simple observations :
1. In all cases, we readily have :

Proposition A.6. If (Ω ,T,μ) is a subshift, then

HTω = U∗HωU

where U := Uτ is the unitary operator associated with τ , the shift on �2(Z).

Thus sp(Hω) = sp(HTω). If σω is the maximal spectral type of Hω and, for n ∈ Z,
if σω,n denotes the spectral measure of en, relative to Hω , then σTω,n = σω,n+1 for
every n ∈ Z,ω ∈Ω .

We denote by Σ the spectrum of H and G = {ω ∈Ω , sp(Hω ) = Σ}. G is a non-
empty and T -invariant subset of Ω by the previous proposition A.6. If (Ω ,T,μ) is
ergodic, μ(G) = 0 or 1 and, finally,

sp(Hω ) = Σ for μ−a.e. ω

since μ(G) > 0.
2. Suppose now the system (Ω ,T ) to be minimal. We have :

Proposition A.7. If (Ω ,T,μ) is a minimal subshift, then sp(Hω ) = sp(Hω ′) for all
ω ,ω ′ ∈Ω i.e. the spectrum of Hω does not depend on ω .

This will be a consequence of the following, interesting in itself, lemma.

Lemma A.2. Let Hn, H be self-adjoint operators on the Hilbert space H , such that
Hn tends to H in the strong operator topology. Then

sp(H)⊂ lim sup top(sp(Hn)) :=
⋂
n

⋃
m≥n

sp(Hm).

Proof of the lemma. Let E /∈⋃m≥n sp(Hm) for some fixed n. Then, the distance dn :=
dist(E,

⋃
m≥n

sp(Hm)) must be positive. As (Hm−E I)−1, in turn, is self-adjoint,

‖(Hm−E I)−1‖= sup
μ∈sp(Hm)

∣∣∣ 1
μ−E

∣∣∣≤ 1
dn

(m≥ n).

by applying the spectral image theorem. Thus, ‖Hm f −E f‖ ≥ dn‖ f‖ for every
f ∈H . Taking the strong limit on m, we obtain that

‖H f −E f‖ ≥ dn‖ f‖;

(H−E I) being itself self-adjoint, we conclude that E /∈ sp(H). ��
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Proof of the proposition. As usual, Ω is endowed with the metric d(ω ,ω ′) =

∑
Z

1

2|n|
|ω(n)−ω ′(n)|. If d(ω ,ω ′)≤ ε , there exists N such that ω[−N,N] = ω ′[−N,N],

and for every f ∈H ,

‖Hω f −Hω ′ f‖2 ≤C ∑
|n|>N

| f (n)|2.

This proves that, for any fixed f ∈H , the map ω �→ ‖Hω f‖ is continuous on Ω .
But, by definition of Ω , ω ∈ Ω if ω = limi→∞ T niv for some sequence (ni), so
that, HT ni v converges strongly to Hω . The lemma, combined with proposition A.6,
implies that

sp(Hω)⊂ lim sup
i→∞

top(sp(HT ni v))⊂ Σ .

Since the system is assumed to be minimal, Ω is the closed orbit of any of its points,
and for every ω ∈Ω , v = lim j→∞ T mjω for a suitable sequence (m j). Finally,

Σ ⊂ spHω for every ω ∈Ω

and the proposition is proved. ��
3. We do not know whether the spectral measure σω depends on ω , and if it does,
how. But one can prove the following.

Proposition A.8. Assume that the system (Ω ,T,μ) is ergodic and fix E ∈ R. Then

μ{ω ∈ Ω , σω{E}> 0}= 0. As a consequence, κ =
∫
Ω
σω dμ(ω) is a continuous

measure.

Proof. Put ΩE = {ω ∈Ω , σω{E}> 0}. The complement set Ω c
E is clearly invariant

since σTω{E}= σTω,0{E}+σTω,−1{E}= σω,1{E}+σω,0{E} by proposition A.1;
hence σω{E} = 0 implies σTω{E} = 0 in turn. It follows that μ(ΩE) = 0 or 1 by
ergodicity of the system. We claim that μ(ΩE) = 0.
Consider, indeed, Pω,E the projection of rank≤ 1 onto the eigenspace corresponding
to the eigenvalue E . We have

∑
n
σn,ω{E}=∑

n
〈Pω,Een,en〉= Tr(Pω,E) = 1 if ω ∈ΩE

= 0 otherwise.

Thus
μ(ΩE) =

∫
Ω

Tr(Pω,E)dμ(ω) =∑
n

∫
Ω
σn,ω{E}dμ(ω).

But
∫
Ω
σn,ω{E}dμ(ω) =

∫
Ω
σn,Tω{E}dμ(ω) =

∫
Ω
σn+1,ω{E}dμ(ω);
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hence the sequence (
∫
ΩE

σn,ω{E}dμ(ω))n must be constant, thus identically zero.
This implies that ΩE is negligible, and the claim follows. ��
Remark A.4. The periodic case may appear as a particular case of the ergodic one.
Since the involved measure μ has a finite support, the almost-sure results are thus
replaced by deterministic ones.

A.2.2 Lyapunov Exponents

In this section, the system (Ω ,T,μ) is supposed to be ergodic. The following sub-
additive ergodic theorem will be useful [142, 148].

Theorem A.3 (Kingman). Let (X ,T,μ) be an ergodic dynamical system and let
( fn) be a subadditive cocycle in L1(X ,μ), i.e. be such that

fn+m(x)≤ fn(x)+ fm(T nx), μ−a.e., for n,m≥ 0.

Then, fn(x)/n converges, for μ-almost all x and in L1(X ,μ), to the constant
infn

1
n

∫
X fn dμ .

We introduced the Lyapunov exponent as a measuring intrument, when existing, of
the asymptotic behaviour of the solutions to the Schrödinger equation. Since we are
now dealing with an ergodic family of Schrödinger equations, the involved product
of matrices

gn gn−1 . . .g0 = Sn := Sn(E,ω) (n≥ 0)

and the anologous for n ≤ 0, also depend on ω . We are thus led to distinguish two
kinds of exponents.

Notation : We consider, for n ∈ Z and E ∈ R (or C) , the two quantities :

γn(E,ω) = log‖Sn(E,ω)‖,

and
γn(E) =

∫
Ω

log‖Sn(E,ω)‖ dμ(ω).

Observe that γn(E) ≥ 0 since detSn = 1 and ‖Sn‖ ≥ 1. From the multiplicative co-
cycle equation in SL(2,R) satisfied by (Sn(E,ω)) :

Sn(E,T mω) ·Sm(E,ω) = Sn+m(E,ω),

it follows that ‖Sn+m(E,ω)‖ ≤ ‖Sn(E,T mω)‖ · ‖Sm(E,ω)‖ for every n,m ≥ 0.
Therefore, (γn(E)) is a subadditive ergodic sequence for n ≥ 0. In addition, note
that ‖S−n(E,T nω)‖= ‖Sn−1(E,ω)‖ if n≥ 1 and

γ−n(E) = γn−1(E) for n≥ 1.
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We easily deduce that

γ(E) = lim
|n|→∞

1
|n| γn(E) = inf

n≥1

1
n
γn(E)

exists and is nonnegative for every E ∈R or C.

Definition A.5. We call mean Lyapunov exponent the nonnegative number

γ(E) = lim
|n|→∞

1
|n|
∫
Ω

log‖Sn(E,ω)‖dμ(ω)

which is defined for every E ∈R or C.

It has been remarked that the function E ∈ C �→ γ(E) is subharmonic, that is
uppersemicontinuous and submean; indeed, Sn(E) is an holomorphic matrix in E ,
therefore log‖Sn(E,ω)‖ is subharmonic as well as

∫
Ω log‖Sn(E,ω)‖dμ(ω); fi-

nally, γ(E) is subharmonic as the limit of such ones.
Now, since we have, for every n,m≥ 0 and fixed E ,

log‖Sn+m(E,ω)‖ ≤ log‖Sm(E,ω)‖+ log‖Sn(E,T mω)‖

we may apply the subadditive ergodic theorem to ω �→ log‖Sn(E,ω)‖ and get the
following.

Proposition A.9. Let E be a fixed real or complex number. Then, for μ-almost ω ,
the sequence 1

|n| log‖Sn(E,ω)‖ converges to γ(E) as |n| → ∞.

Definition A.6. We could speak of the individual Lyapunov exponent for

lim
|n|→∞

1
|n| Log‖Sn(E,ω)‖= γ(E,ω)

when the limit exists.

Remark A.5. 1. This proposition is already contained in the following well-known
multiplicative ergodic theorem, due to Furstenberg and Kesten [95], which is a
noncommutative generalization of Birkhoff’s theorem and can also be obtained
as a corollary of the posterior Kingman theorem.

Theorem A.4 (Furstenberg & Kesten). Let (X ,T,μ) be an ergodic dynamical
system and let A : X →GLd(R) be a measurable function, with both log‖A‖ and
log‖A−1‖ in L1(X ,μ). Then, the sequence 1

n log‖A(T n−1x) · · ·A(x)‖ converges
to a constant Λ(A), for μ-almost all x and in L1(X ,μ).

2. When the system is uniquely ergodic, one can ask about the uniform convergence
in both Kingman and Furstenberg-Kesten theorems. In this direction we have :
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Theorem A.5 (Furman). Let (X ,T,μ) be a uniquely ergodic system and let A :
X →GLd(R) be a continuous function; then, for every x ∈ X and uniformly on X

limsup
n→∞

1
n

log‖A(T n−1x) · · ·A(x)‖ ≤Λ(A)

where Λ(A) is the almost-sure constant limit in the previous theorem.

The following will be used [19].

Theorem A.6 (Avron-Simon). When the involved system is uniquely ergodic,∫
R
|γn(E,ω)− γ(E)|2 dE −→

|n|→∞
0 uniformly in ω ∈Ω .

A.2.3 Results from Pastur, Kotani, Last and Simon

The set N = {E ∈ R, γ(E) exists and is zero} is particularly meaningful. The re-
lation between the positivity of γ and the nature of the spectrum of H has been first
pointed out by Pastur. The following theorem is proved in [22].

Theorem A.7 (Pastur). If m(N ) = 0, then, for μ-almost all ω , Hω has no abso-
lutely continuous part in its spectrum. Also, if there exists a positive measure ν on R
such that ν(N ) = 0 then σω⊥ν for μ-almost all ω .

Note the following improvement due to Kotani [149].

Theorem A.8 (Kotani). For μ-almost all ω , the topological support of (σω )ac is
the essential closure of N .

This theorem admits an important consequence in view to the next section, where
substitutive potentials and, more generally, uniformly recurrent ones are involved.

Theorem A.9 (Kotani). Let v be a non-periodic sequence taking finitely many val-
ues. If (Ω ,T,μ) is an ergodic dynamical system, then, for μ-almost all ω , Hω has
no absolutely continuous part in its spectrum.

Proof. We just sketch the proof. Suppose on the contrary that m(N ) > 0 ; one can
show, using first Kotani’s theorem, that every point ω in the topological support of
μ is entirely determined by the knowledge of (ω(n))n≤0 or (ω(n))n≥0 and that the
map (ω(n))n≥0 �→ (ω(n))n≤−1 (resp. n≤−1 �→ n≥ 0) is continuous on the support
of μ . In particular, one can find an index K such that the equalities : ω(n) = ω ′(n)
for n =−1,−2, . . . ,−K imply ω(0) =ω ′(0), so that, by T -invariance of the support
of μ , ω(n) = ω ′(n) for every n ≥ 0. It follows that the support of μ is finite, with
Card Supp(μ) ≤ Ks if v is supposed to take s distinct values. This exactly means
that v is a periodic sequence, whence the theorem. ��
We shall invoke later the following consequence of those two fundamental results
A.7 and A.9.
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Corollary A.3. Let v be a sequence taking finitely many values such that (Ω ,T,μ)
is a strictly ergodic dynamical system. If the individual Lyapunov exponent γ(E,v)
exists and is zero for every E ∈ sp(H), then m(sp(H)) = 0.

Proof. Applying theorem A.6, we know that
∫

R
|γn(E,v)− γ(E)|2dE → 0 as |n| →

+∞, thus, for a subsequence (n j), γn j(E,v) tends to γ(E) for almost all E . Since
γn j (E,v) tends to zero for every E ∈ sp(H), γ(E) = 0 for E ∈ sp(H)\N where
m(N) = 0. Suppose now that m(sp(H)) > 0; m(sp(H)\N) is still positive and
γ(E) = 0 on a set of positive measure. It follows from Pastur’s theorem that, for
μ-almost all ω , σω must have an absolutely continuous part. But, the aperiodic se-
quence v taking finitely many values, Kotani’s theorem applies : for μ-almost all ω ,
Hω has no absolutely continuous part in its spectrum. This contradiction proves that
m(sp(H)) = 0. ��

Thus, if the aperiodic potential takes finitely many values, an absolutely continu-
ous spectrum is excluded for μ-almost all ω and if, moreover, the system (Ω ,T,μ)
is minimal, the spectrum sp(Hω) is independent of ω .

The problem to know whether the absolutely continuous spectrum itself does not
depend on ω for strictly ergodic systems has been definitively solved by Last and
Simon in [157], after many partial results (see also [115]).

Theorem A.10 (Last & Simon). Let v be a sequence taking finitely many values
such that (Ω ,T,μ) is a strictly ergodic dynamical system. Then, the essential sup-
port of the absolutely continuous part of the spectrum is independent of ω .

In case of an aperiodic potential v, it follows from theorems A.9 and A.10 that
the absolutely continuous spectrum of Hω is empty for every ω ∈Ω .

A.3 Substitutive Schrödinger Operators

We restrict our attention to potentials v with v(n) = V · u(n) where u is a fixed
point of a primitive substitution ζ defined on the alphabet A, and where V is some
real constant. Recall that bilateral substitution subshifts can be constructed so as to
obtain a strictly ergodic dynamical system.

Proposition A.10. Let ζ be a primitive substitution on A. If α and β are letters in
A such that

β is the last letter of ζ (β ) and α is the first letter of ζ (α),

then there exists a unique fixed point x of ζ such that x−1 = β and x0 =α . Moreover,
the system (X ,T ), with T the bilateral shift and X the closed orbit of x under T in
AZ, is strictly ergodic.
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Definition A.7. Such a fixed point will be called admissible.

Note that x is admissible if and only if x−1x0 ∈Lσ .

Basic Examples.

1. Let u = (un)n≥1 be the Fibonacci fixed point u = ζ∞(a) where ζ is defined on
{a,b} by :

ζ (a) = ab
ζ (b) = a

.

The two-word aa is an element of Lζ , and a is the last letter of η(a) where
η = ζ 2. We thus extend u to the left by lim

n→∞
ηn(a), and u becomes a fixed point

of η which generates the same dynamical system. Note that u−n = un−1 for n≥ 2.
Finally we put a = 0, b = 1 to get the potential v. By construction, the central
terms of the sequence u are

· · · 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 · · ·
· · · u−1 u0 u1 · · ·

2. Let u = (un)n≥1 be the Toeplitz fixed point u = ζ∞(a) where ζ is defined on
{a,b} by

ζ (a) = ab , ζ (b) = aa;

We extend u to the left by lim
n→∞

ηn(a) with η = ζ 2 again; thus u−n = un for n≥ 1

and we put a = 1, b =−1 to get v.
3. Let u = (un)n∈Z be the bilateral Thue-Morse fixed point, that means : the right

part of u is ζ∞(a) where ζ is defined on {a,b} by

ζ (a) = ab , ζ (b) = ba,

and u is extended to the left by η∞(a) with the same η ; finally we put a = 1,
b =−1 to get a ±1-valued potential.

Remark A.6. 1. The choice of the extension of u to the negative indices has no im-
pact on the set sp(H) (proposition A.9), but does have one on the spectral invariants.

2. The first two substitutions admit a pure point spectrum while the third one
has a purely continuous singular reduced spectrum. But the Schrödinger operator
associated with each of those three sequences has the same characteristics. The link
between the spectral properties of the potential system and the spectral properties of
the Schrödinger operator is not so sharp.

The substitution sequences being intermediate between periodic ones and ran-
dom ones, the maximal spectral type of H is expected to be intermediate between
absolutely continuous one and pure point one, that is to be continuous singular. In
order to prove such a result, according to the observation at the end of the previous
section, it remains to exclude eigenvalues.
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Among the considerable amount of results, two types of them will be retained,
giving sufficient conditions on the potential to ensure the absence of eigenvalues to-
gether with a purely singular spectrum. Although they largely exceed the framework
of substitutions, they are not exhausting the question for those sequences.

A.3.1 The Trace Map Method

Historically, it seems that the Fibonacci potential has been first introduced and
the interesting trace map first used, to work out the spectral problem. Actually, the
three quoted examples (and a class of other ones) can be analyzed exactly in the
same way : We begin with a description of sp(H) with help of the trace map, then
we check that eigenvalues cannot exist and finally, we conclude that m(sp(H)) = 0
by estimating the individual Lyapunov exponent. As we said, this scheme of proof
can be shortened by using the Last-Simon theorem. But the description of the spec-
trum by means of the trace map remains interesting as we shall see.

The key point of the proof is an approximation argument by periodic Schrödinger
operators whose spectrum is well-known.

Lemma A.3. Let v be a sequence taking finitely many values and H, the
Schrödinger operator corresponding to v. For every m we denote by vm the periodic
sequence coinciding with v on the segment [am,bm] and by Hm the corresponding
operator. If bm →+∞, am →−∞, then sp(H)⊂ limsuptop(sp(Hm)).

Proof. Since ‖(H − Hm)ϕ‖2 ≤ C∑|n|≥inf(bm,|am|) |ϕ(n)|2, the lemma is a conse-
quence of lemma A.2. ��

We choose to give the details for the founder Fibonacci case [231].

Theorem A.11 (A. Süto). Let v = V · u be a Fibonacci potential, where u is the
bilateral Fibonacci 0− 1-sequence and V ∈ R. Then the maximal spectral type of
H := Hv is continuous singular.

Recall the inductive property shared by the elementary words of u :

ζ n(0) = ζ n−1(0)ζ n−1(1) = ζ n−1(0)ζ n−2(0) (A.9)

and thus |ζ n(0)|= Fn where Fn+1 = Fn + Fn−1, F0 = 1, F1 = 2.
This relation directly transposes to the transfer matrices gn. Let us put

Tn = gFn gFn−1 . . .g1 if n≥ 1

and

Ln = (g1g2 . . .gFn)
−1 = g−1

−Fn−1 . . .g−1
−2
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by the symmetry of u. Then, if Φn =
(
ϕ(n + 1)
ϕ(n)

)
,

ΦFn = TnΦ0 and Φ−Fn−2 = LnΦ−2 for n≥ 1.

Finally, put, for n≥ 1,
xn = Tr(Tn), yn = Tr(Ln).

From a relation between the matrices Tn, Ln, we shall deduce a relation on their
traces.

Lemma A.4 (Trace Map). The sequence (xn) satisfies the equation :

xn+2 = xn xn+1− xn−1 for n≥ 0, (A.10)

if we set x0 = Tr(g2) and x−1 = 2. Moreover, yn = xn for n≥ 1.

Proof. On the transfer matrices, relation (A.9) can be read as follows.

Tn+2 = TnTn+1 if n≥ 1
= Tn ·Tn−1Tn if n≥ 2

and
xn+2 = Tr(Tn+2) = Tr(T 2

n Tn−1) = Tr((xnTn− I)Tn−1)
= xnTr(Tn−1Tn)− xn−1

= xnxn+1− xn−1 if n≥ 2.

For n = 0,1 this remains true provided that x0 = E −V = Tr(g2) and x−1 = 2.
Analogously, Ln+2 = LnLn+1 and yn+3 = yn+2yn+1− yn if n ≥ 1. By induction on n
it is easily checked that yn = xn for every n≥ 1. ��

We shall establish the following description of the spectrum.

Theorem A.12. sp(H) = B∞ := {E ∈ R, (xn) is bounded }.
Proof of theorem A.12. First, xn being a continuous function of E for any n ∈ Z,
observe that B∞ must be closed in R.

We successively prove both inclusions.
� B∞ ⊂ sp(H). We shall need the identities to be proved

v(Fn + j) = v( j) if 1≤ j ≤ Fn and n≥ 3 (A.11)

v(−F2n + j) = v( j) if 1≤ j ≤ F2n+1 and n≥ 1 (A.12)

Starting with ζ n+2(0) = ζ n+1(0)ζ n(0) = ζ n(0)ζ n−1(0) ·ζ n(0), we find for n≥ 3,

ζ n+2(0) = ζ n(0)ζ n−1(0) ·ζ n−2(0)ζ n−3(0)ζ n−2(0)
= ζ n(0)ζ n(0)ζ n−3(0)ζ n−2(0)
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whence (A.11); now (A.12) can be obtained in the same way by using η = ζ 2. It
follows that

S2Fn = g2Fng2Fn−1 . . .g1 = gFn . . .g1 ·gFn . . .g1 = T 2
n

and S2Fn = xn Tn− I.
Let now E ∈ B∞ and suppose that E /∈ sp(H). As in the periodic case, we prove

that one of the two vectors Φ0 or Φ−2 is non zero, if the sequence (Φn) derives from
a non-trivial solution ϕ of (H−E I)ϕ = e0.

If Φ0 = w �= 0, then Φ2Fn = T 2
n w, and, according to inequality (A.7), 0 < ‖w‖2 ≤

sup{2c‖ΦFn‖,‖Φ2Fn‖} if |xn| ≤ c, so that ϕ /∈ �2.
If now Φ−2 = w �= 0, 0 < ‖w‖2 ≤ sup{2c‖Φ−Fn−2‖,‖Φ−2Fn−2‖} and ϕ /∈ �2

again.
In both cases, we get a contradiction. Note that the same argument may be used

to prove that no point of B∞ can be an eigenvalue of H.
� sp(H)⊂ B∞. We approximate H by the periodic Schrödinger operators Hm :=

Hvm , where vm is Fm-periodic with period

ζm(0)←−−−− ζm(0)−−−−→ if m is even

and

ζm−1(0)←−−−−− ζm−2(0)−−−−−→ if m is odd

By lemma A.2, sp(H) ⊂ limsuptop Σm where Σm = sp(Hm) = {E, |xm| ≤ 2} ac-
cording to the characterization established in the periodic case (proposition A.4).
The proof of theorem A.12 will be complete if we prove the following :

Lemma A.5. The sequence of subsets (Σm ∪Σm+1)m is non-increasing and is con-
tained in B∞.

Indeed, admitting lemma A.5, we deduce that

Σm∪Σm+1 ⊃
∞⋃

k=m

Σk for every m

and B∞ ⊃
( ∞⋃

k=m

Σk

)
since B∞ is closed. Hence, B∞ ⊃

⋂
m

( ∞⋃
k=m

Σk

)
⊃ sp(H).

Thus both inclusions are established and theorem A.12 is proved. ��
We turn back to lemma A.5 which happens to be a consequence of the trace map.

Lemma A.6. Consider (xn)n≥0 with x−1 = 2, a solution of (A.10). Then, (xn) is
unbounded if and only if there exists a unique N such that

|xN−1| ≤ 2, |xN |> 2 and |xN+1|> 2 (A.13)
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In this case, |xn|> 2 for every n≥ N and one can find C > 1 such that

|xn|> 2 CFn−N for n≥ N.

Otherwise,
|xn| ≤ 2 + |x−1− x0|= 2 + |V |.

Proof. � Suppose that (A.13) holds; then, from (A.10), we have

|xN+2| ≥ |xN+1| |xN |− |xN−1|

≥ 1
2 |xN+1| |xN |+

(
1
2 |xN+1| |xN |− |xN−1|

)

≥ 1
2 |xN+1| |xN |> 2.

It follows that log
1
2
|xn+2| ≥ log

1
2
|xn+1|+ log

1
2
|xn| for n≥N, and log

1
2
|xn| grows

faster than the Fibonacci sequence initiated at N.
� Suppose now that (A.13) is not satisfied : if |xn|> 2, then |xn−1| and |xn+1|must

be≤ 2. But the nontrivial invariant given by the Fricke formula (A.8) and expressed
with g = Sn, h = Sn−1, leads to

x2
n+1 + x2

n + x2
n−1− xn+1 xn xn−1 = V 2 + 4 n≥ 0

that we write

V 2 + 4 = x2
n+1 + x2

n−1 +
(

xn− 1
2

xn+1 xn−1

)2− 1
4

x2
n+1 x2

n−1.

Hence,
(

xn− 1
2 xn+1 xn−1

)2
= V 2 +

(
2− x2

n+1
2

)(
2− x2

n−1
2

)
and

|xn| ≤ 1
2
|xn+1 xn−1|+

(
V 2 +

(
2− x2

n+1

2

)(
2− x2

n−1

2

))1/2
.

If |xn−1| and |xn+1| are ≤ 2, the maximum of |xn| is reached as |xn−1| = |xn+1| = 2
so that |xn| ≤ 2 + |V |= 2 + |x0− x−1|.

We end this part by the proof of lemma A.5. From the above estimates, it is clear
that

Bc
∞ ⊂

⋃
m≥0

(Σ c
m∩Σ c

m+1)

and that
Σ c

m∩Σ c
m+1 ⊂ Σ c

m+1∩Σ c
m+2.

Finally, the remaining lemma A.5 is proved. ��
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Proof of theorem A.11. We already observed that H has no eigenvalue. Thus, Süto’s
theorem will be deduced for H, from the computation of the individual Lyapunov
exponent, by a now standard process, as pointed out in section A.2.3.

Theorem A.13. The individual Lyapunov exponent γ(E,v) exists and is equal to
zero for every E ∈ sp(H).

Proof. Since the potential satisfies the symmetry relation v−n = vn−1, we only con-
sider the behaviour of 1

n γn(E,v) := 1
n log ||Sn(E,v)|| as n → +∞. We first study

(ommitting the dependence on E and v)

tn =
1
Fn

log ‖Tn‖ where Tn = gFn gFn−1 . . .g1.

From the relation
Tn+1 = Tn−1 Tn = T−1

n−2 T 2
n

= xn T−1
n−2 Tn−T−1

n−2
= xn Tn−1−T−1

n−2

we obtain that

1≤ ‖Tn+1‖ ≤ |xn|‖Tn−1‖+‖Tn−2‖.
If E ∈ B∞, say, |xn| ≤C0 for every n, then 1 ≤ ‖Tn‖ < Cn for some constant C. We
already have the fact that

tn ≤ 1
Fn

n · log C −→
n→+∞

0 if E ∈ sp(H). (A.14)

Now, consider more generally Sn = gn gn−1 . . .g1g0 . In order to exploit the previous
step, we decompose n in the Fibonacci base :

n = Fnk + Fnk−1 + · · ·+ Fn0 (actually with nk−nk−1 ≥ 2)

and, reminding identity (A.11)

v(Fn + j) = v( j) if 1≤ j ≤ Fn (n≥ 3)

we get,
Sn = S� Tnk where n−Fnk =: � < Fnk−1

= Tn0 Tn1 . . .Tnk (where Tn0 ,Tn1 may be distinct)

Finally, by (A.14),

0≤ log‖Sn‖ ≤
k

∑
j=0

log‖Tn j‖=:
k

∑
j=0

Fn j tn j
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≤
( k

∑
0

n j

)
log C if E ∈ B∞

≤ C′(log n)2

and γ(E,v) = 0. ��
Remark A.7. 1. This method has been worked out by Bovier and Ghez in [39]

where they obtain sufficient combinatorial conditions on the involved sequence v
to ensure singular continuous spectrum; this condition, in terms of powers of
words, is rather technical.

2. Finally, the result holds for a dense Gδ set of ω : by minimality, the set of ω for
which Hω has no eigenvalues is dense since it contains the orbit O(v) and it is a
countable intersection of open sets [229]. So, by using the Last-Simon theorem,
we get a purely continuous spectrum for a dense Gδ set of ω’s.

A.3.2 The Palindromic Density Method

In [116], the authors exhibit a new combinatorial condition on the strictly ergodic
orbit X := O(v) to exclude eigenvalues in the spectrum of H := Hv (and, conse-
quently, in the spectrum of Hω for a dense Gδ set of ω’s). Recall that a palindrome
in the infinite word v on the alphabet A is a symmetric word. Following the authors,
we say that :

Definition A.8. The infinite word v ∈ AZ is palindromic if v contains arbitrarily
long palindromes.

Theorem A.14 (Hof, Knill & Simon). Let v∈ AZ be an aperiodic and palindromic
sequence generating a strictly ergodic system (X ,T ). Then, the Schrödinger opera-
tor Hω has a purely singular continuous spectrum for a dense Gδ set of values of ω .

Proof. According to a previous remark, it is sufficient to exclude eigenvalues in the
spectrum of one operator, for instance, H := Hv. The proof rests on the following
combinatorial improvement that we admit.

Lemma A.7. Under the assumptions of the theorem, one can find, for every con-
stant C > 1, infinitely many palindromes wi of length Li, centered on mi, such that :
|mi| → ∞ and Cmi/Li → 0.

Let E be an eigenvalue of H and Hϕ = Eϕ where ϕ ∈ �2(Z), ||ϕ ||= 1.
� Suppose first that the palindromes wi := v[mi−�i, mi+�i] have odd length Li :=

2�i + 1 and are centered on mi. To each wi, we associate the element ϕi ∈ �2(Z)
defined by ϕi(n) = ϕ(2mi− n), the reflecting word at mi. Finally, we put Φ(n) =(
ϕ(n + 1)
ϕ(n)

)
and Φi(n) =

(
ϕi(n + 1)
ϕi(n)

)
for n ∈ Z. Without loss of generality, we

may assume that the mi are nonnegative indices.
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The symmetry of the word wi results into the following on the transfer matrices
(gn) :

gmi−k = gmi+k for 0≤ k≤ �i;

thus,

Ai := g−1
1 · · ·g−1

mi
= g−1

2mi−1 · · ·g−1
mi

and since Φi(mi) =
(
ϕ(mi−1)
ϕ(mi)

)
, we get

AiΦ(mi) = Φ(0) and AiΦi(mi) = Φi(0). (A.15)

Moreover, because of the symmetry of wi again, we check that

ϕi(n + 1)+ϕi(n−1) = (E− v(n))ϕi(n)

for every n ∈ [mi− �i, mi + �i], so that the wronskian W := W (ϕ ,ϕi) is constant on
the interval [mi− �i, mi + �i]. From that property, we deduce an estimate of W (mi) :
since ||ϕ ||= ||ϕi||= 1, we derive

|W (mi)|Li ≤ ∑
n∈Z
|W (n)| ≤ 2

from the Cauchy-Schwarz inequality. But W (mi) = ϕ(mi)(ϕ(mi + 1)−ϕ(mi−1)),
thus |ϕ(mi)| and |ϕ(mi + 1)− ϕ(mi − 1)| cannot be simultaneously greater than
(2/Li)1/2. Whence the discussion :

If |ϕ(mi + 1)−ϕ(mi−1)| ≤ (2/Li)1/2, then

||(Φ−Φi)(mi)||= |ϕ(mi + 1)−ϕ(mi−1)| ≤ (2/Li)1/2;

If |ϕ(mi)| ≤ (2/Li)1/2, then, in turn,

||(Φ +Φi)(mi)|| ≤ K(Li)−1/2

since (Φ +Φi)(mi) = ϕ(mi)
(

E− v(mi)
2

)
. In both cases, we deduce from (A.15)

that
||Φ(0)||− ||Φ(2mi)|| ≤ K||Ai||(Li)−1/2

≤ Cmi/L1/2
i

where ||gn||< C for all n and E . If C, mi and Li are such that Cmi/L1/2
i tends to zero,

then
lim

i
(||Φ(0)||− ||Φ(2mi)||) = ||Φ(0)||= 0
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since ϕ ∈ �2(Z) and mi tends to infinity. But ϕ must then be zero, which leads to a
contradiction.

� Suppose now that the palindromes wi have even length Li := 2�i and are cen-
tered on mi + 1/2. Then

g2mi−n+1 = gn for mi− �i ≤ n≤ mi + �i + 1,

and we consider ϕi(n) = ϕ(2mi−n+1). The previous proof can be arranged in such
a way to get the same contradiction. ��
Examples and Problem : This last result covers many examples of potentials aris-
ing from primitive substitutions such as : Thue-Morse, Fibonacci, Period doubling,
binary and ternary non-Pisot as well as sequences defined by circle maps, of the
form vn = 1[0,β [(nα +θ ), with α irrational and suitable θ .

The Rudin-Shapiro sequence seems to escape those processes : Actually
J.P. Allouche proved that neither the Rudin-Shapiro sequence, nor generalized
ones in sense of [184], are palindromic [9]; also numerical experiments indicate
that there might be eigenvalues in the spectrum of the associated Schrödinger oper-
ator [116]. Thus, the nature of the spectrum of H for the Rudin-Shapiro potential is
an open question.



Appendix B
Substitutive Continued Fractions

Some algebraic properties of real numbers can be read on a suitable expansion,
adic-expansion, continued fraction expansion or other one. In this chapter, we focus
on the continued fractions viewed as sequences taking integer values, and, more
specifically, on such sequences taking finitely many values, then we ask for alge-
braic properties of the underlain real numbers. In this framework too, the initial
study of substitutive sequences has led to a more general interest in combinatorics
of words and the parallel with the previous appendix is powerful. We just aim to
gain a glimpse into this subject and we address the reader to [4, 11, 14] for more
information, also on the adic-expansions [3, 86].

B.1 Overview on Continued Fraction Expansions

Let a1,a2, . . . be a sequence taking values in a finite alphabet A = {1,2, . . . ,s} which
may be viewed as the continued fraction expansion of some positive real number;
which algebraic properties does it enjoy? We already know that the rational numbers
are real numbers with finite continued fraction expansion and that the numbers with
eventually periodic continued fraction expansion are exactly the quadratic irrational
ones by Lagrange’s theorem. What else ? In particular, what can we say about irra-
tional numbers whose continued fraction expansion is an automatic sequence on a
finite alphabet ? We begin with usual definitions and general facts on the continued
fractions.

It is well-known that every real number x is the limit of the sequence of rational
numbers, called convergents,

pn(x)
qn(x)

= a0(x)+
1

a1(x)+
1

a2(x)+ · · ·+ 1
an(x)

=: [a0(x);a1(x), . . . ,an(x)],

319
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where a0(x) = [x]; the integers an(x) are called the partial quotients of x. Rational
numbers have a terminating continued fraction and we usually write for an irrational
x ∈ [0,1] :

x =
1

a1(x)+
1

a2(x)+ · · ·
=: [0;a1(x),a2(x), . . .].

This expansion involves linear recurrences of order two and by the way, matrices in
SL(2,Z) : if we put

Ak(x) =
(

ak(x) 1
1 0

)
and Mn(x) = An(x)... A1(x),

then we get, by induction on n≥ 1,

Mn(x) =
(

qn(x) pn(x)
qn−1(x) pn−1(x)

)
, with q0(x) = 1, p0(x) = 0 if x ∈ (0,1]. (B.1)

The following identities can easily be obtained from (B.1).

1. By taking the determinant of Mn(x),

qn(x)pn−1(x)− pn(x)qn−1(x) = (−1)n.

2. By using the symmetry of the Ak(x),

qn−1(x)
qn(x)

= [0;an(x), . . . ,a1(x)]. (B.2)

3. Now, palindromes have a nice expression : if [0;a1, . . . ,an] = pn/qn, then

[0;a1, . . . ,an,an, . . . ,a1] =
p2

n + p2
n−1

pnqn + pn−1qn−1
(B.3)

and

[0;a1, . . . ,an,c,an, . . . ,a1] =
pn(cpn + 2pn−1)

cpnqn + pnqn−1 + pn−1qn
. (B.4)

4. From above, one can deduce the striking identity [235]

[0;a1, . . . ,an−1,an + 1,an−1,an−1, . . . ,a1] =
pn

qn
+

(−1)n

q2
n

(B.5)
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B.1.1 The Gauss Dynamical System

We consider X = [0,1]\Q and the Gauss map T defined by

T x =
1
x

mod 1 for x ∈X .

Then, a1(x) = [ 1
x ] and an+1(x) = a1(T nx) for every n≥ 1, so that x can be expressed

in the form

x =
1

a1(x)+
1

a2(x)+ · · ·+ 1
an(x)+ T nx

=: [0;a1(x), . . . ,an(x)+ T nx], (B.6)

with
T nx = [0;an+1(x),an+2(x), . . .] for every n≥ 0.

We recall that T on X preserves the so-called Gauss measure μ , which is ab-
solutely continuous with respect to the Lebesgue measure on [0,1], with density

1
log2

1
1+x . This probability measure is T -ergodic, even mixing [29] and it is the

unique absolutely continuous T -invariant one; in fact, 1
log2

1
1+x is the fixed point

of the Perron-Frobenius operator on L1([0,1]) associated with T [46].

Definition B.1. The ergodic dynamical system (X ,μ ,T ) is the Gauss dynamical
system. This system is conjugate to the backward shift on NN.

From identity (B.6), we derive that

x =
pn(x)+ T nx pn−1(x)
qn(x)+ T nx qn−1(x)

, (B.7)

and

xqn−1(x)− pn−1(x) = qn−1(x)
pn(x)+ T nx pn−1(x)
qn(x)+ T nx qn−1(x)

− pn−1(x),

=
(−1)n

qn(x)+ Tnx qn−1(x)
.

We deduce from above the important following bounds :

1
2

< qn(x)|xqn−1(x)− pn−1(x)|< 1. (B.8)

On the other hand, from (B.7) again, we see that

T nx =− xqn(x)− pn(x)
xqn−1(x)− pn−1(x)

.
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so that, for n≥ 1,

xT x · · ·T nx = (−1)n(xqn(x)− pn(x)) = |xqn(x)− pn(x)|. (B.9)

Combining (B.8) and (B.9), we get that

lim
n→∞

1
n

logqn(x)+
1
n
(logx + · · ·+ logT n−1x) = 0.

But now, according to the pointwise ergodic theorem, for almost all x ∈ [0,1],

lim
n→∞

1
n
(logx + · · ·+ logT n−1x) =

∫ 1

0
logx dμ(x) =− π2

12 log2
,

and we have proved the Paul Lévy’s statistical estimate on the denominators qn(x) :

Theorem B.1 (P. Lévy). : For almost all x ∈ [0,1],

lim
n→∞

1
n

logqn(x) =
π2

12 log2
, (B.10)

where (qn(x))n is the sequence of denominators of the convergents of x.

Definition B.2. We call a Lévy number, any x ∈ [0,1] for which the limit in (B.10)
exists and β (x) := limn→∞ logqn(x)/n is then called the Lévy constant of x.

Note that the irrational quadratic numbers are Lévy numbers [82].
The behaviour of the sequence (an(x)) itself is less rigid but, as a consequence

of Fatou’s lemma, the following can be proved.

Proposition B.1. For almost all x ∈ [0,1], limn→∞(a1(x)+ · · ·+ an(x))/n = +∞.

B.1.2 Diophantine Approximation and BAD

From now on, we omit to mention the dependence on x in the continuous fraction
expansion. The behaviour of the denominators (qn)n is relevant for rational approx-
imation and, consequently, for transcendence, as we briefly summarize. Recall the
classical result of Dirichlet :

Theorem B.2 (Dirichlet). For any x ∈ [0,1], there exist infinitely many q ∈ N such
that ||qx|| ≤ 1/q, where || · || denotes the distance to the nearest integer.

From (B.8), we see that

1
an+1 + 2

≤ qn||qnx|| ≤ 1
an+1

(B.11)
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and the convergents provide explicit rational approximates satisfying Dirichlet’s
theorem. Moreover, they are the best ones in sense that ||qx|| ≥ ||qnx|| for any
q < qn+1.

The inequality in Dirichlet’s result is best possible (up to a multiplicative
constant), more precisely, there exist real numbers x for which the inequality
||qx|| ≤ c/q has at most a finite number of solutions for any given c < 1/

√
5. If we

denote by BAD the set of badly approximable numbers that is

BAD := {x ∈ [0,1], ||qx||> cq−1 for some constant c := c(x)},

the following can be deduced from (B.11) :

Proposition B.2. The real number x∈ BAD if and only if the sequence of its partial
quotients is bounded.

All quadratic irrationals are in BAD since they have an ultimately periodic expan-
sion. The problem whether an algebraic non-quadratic number could belong to BAD
remains open, but in fact, the converse assertion is conjectured.

Note that BAD is uncountable with zero Lebesgue measure by proposition B.1.
Whence, transcendental numbers do exist in BAD. Many explicit examples of
such numbers have been constructed (see [6]) and we just mention a historical
example [235].

Theorem B.3. Let u be an integer ≥ 2. The number g =
∞

∑
k=0

1

u2k is transcendental,

with partial quotients bounded by u + 2 if u≥ 3, and by 6 if u = 2.

Proof. The transcendence of those numbers has been established by Mahler and we
refer to [14] for a proof. It remains to show that they belong to BAD.

We fix u≥ 2 and we put gn =∑n
k=0 u−2k

. The computation of the first terms gives

g0 = u−1,

g1 = u−1 + u−2 = [0;u−1,u + 1],
g2 = [0;u−1,u + 2,u,u−1].

Writing gn = Pn/Qn = [0;a1, . . . ,aN ] with Pn/Qn irreducible, then Qn = u2n
so that

gn+1 = gn + u−2n+1
. Now we remark by induction on n≥ 1 that N = 2n and

Pn+1

Qn+1
=

Pn

Qn
+

1
Q2

n
= [0;a1, . . . ,aN−1︸ ︷︷ ︸,aN + 1,aN−1,aN−1, . . . ,a1︸ ︷︷ ︸],

using (B.5) for the last equality. Then the bounds on the partial quotients arise by
induction on n again. ��
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B.2 Morphic Numbers

Aperiodic substitutive words constitute a class of sequences very close to periodic
ones, and one may think reasonably that the arithmetical study of real numbers
with such expansions could be carried out. Of course, according to the conjecture,
the expected conclusion is the transcendence of those numbers, but, beyond this
conclusion, growth estimates of the denominators qn could be useful in view to
Koksma’s and Mahler’s classifications (see [51]).

B.2.1 Schmidt’s Theorem on Non-Quadratic Numbers

We shall consider numbers whose continued fraction expansion is the fixed point
of some aperiodic primitive substitution, and call them morphic numbers. For such
non-quadratic numbers, approximation by quadratic irrational numbers instead of
rational ones proves to be more effective. The idea for getting transcendence goes
as follows : suppose that the real number of [0,1]

x = [0;a1,a2, . . .]

has bounded partial quotients. Besides suppose that the sequence (an)n≥1 presents
properties of “repetition”. More precisely this sequence begins by arbitrarily long
prefixes which are “almost-squares”:

a1a2 . . . = VnV ′n . . .

where the length |Vn| goes to infinity, and where V ′n is a “big” prefix of Vn. Ap-
proach the sequence (an)n≥1 by the periodic one : VnVnVn . . ., and let ξn be the real
(quadratic) number whose partial quotients are given by the letters of the periodic
sequence VnVnVn . . .. Then, using the same notation for the sequence and the so-
associated real number, the coincidence between x and ξn is apparently reduced to

x = Vn︸︷︷︸ | . . .
ξn = Vn︸︷︷︸ | Vn︸︷︷︸ Vn︸︷︷︸ . . .

though in fact it is better (don’t forget that V ′n is a prefix of Vn)

x = Vn︸︷︷︸ V ′n |︸︷︷︸ . . .

ξn = Vn︸︷︷︸ V ′n |︸︷︷︸ . . .

The approximation of x by quadratic numbers is good enough to say something on
x by using a powerful Schmidt’s theorem just below.

Recall the following notation.
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Definition B.3. Let ξ be is a root of the minimal equation aξ 2 + bξ + c = 0, with
a,b,c ∈ Z, and gcd(|a|, |b|, |c|) = 1. The height of ξ , denoted by H(ξ ), is defined
by H(ξ ) = max(|a|, |b|, |c|).
Theorem B.4 (W.M. Schmidt). Let x be a real number in [0,1]. We suppose that x
is neither rational, nor quadratic irrational. If there exist a real number B > 3, and
infinitely many quadratic irrational numbers ξk such that

|x− ξk|< H(ξk)−B

then x is transcendental.

We shall need the following classical lemmas on continued fraction expansions.

Lemma B.1. Let ξ ∈ [0,1] be a number with purely periodic continued fraction
expansion

ξ = [0,a1,a2, . . . ,ak,a1,a2, . . . ,ak, . . .].

Then the (quadratic irrational) number ξ satisfies H(ξ )≤ qk.

Lemma B.2. If x,y ∈ [0,1] have the same first k partial quotients a1a2 · · ·ak, then

|x− y| ≤ 1

q2
k

.

Proof. : 1. By assumption, ξ = [0,a1,a2, . . . ,ak,
1
ξ ] that is ξ =

pk + ξ pk−1

qk + ξqk−1
and

qk−1ξ 2 + ξ (qk− pk−1)− pk = 0.

It follows that

H(ξ )≤max(qk−1, |qk− pk−1|, pk)≤ qk,

since pn ≤ qn for all n≥ 1.
2. Since pk/qk = [0,a1,a2, . . . ,ak], we have simultaneously |x− pk/qk| ≤ 1/q2

k
and |y− pk/qk| ≤ 1/q2

k by (B.11). Moreover, x− pk/qk et y− pk/qk having same

sign depending on k only, we may write : |x−y|=
∣∣∣|x− pk/qk|−|y− pk/qk|

∣∣∣≤ 1/q2
k.
��

Now, we refer to section 5.3 for definitions and notations related to the substitu-
tions. If M := M(ζ ) is the matrix of the primitive substitution ζ on A, and if θ is
the Perron-Frobenius eigenvalue of M, recall that d = (dα)α∈A denotes the posi-
tive associated eigenvector corresponding to θ and normalized by ∑α∈A dα = 1; d
is thus the vector of frequencies of letters. Also, g denotes the corresponding left
eigenvector uniquely defined by ∑α∈A gαdα = 1.
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Definition B.4. If W = w1 . . .w� ∈L (ζ ), the weighted norm of W is,

||W || := ∑
1≤i≤�

gwi = lim
n→∞

|ζ n(W )|
θ n .

The equivalence between both writings results from corollary 5.1. Indeed, for ev-

ery α,β ∈ A, it is proved that dα · gβ = limn→∞m(n)
αβ/θ n where m(n)

αβ := (Mn)αβ is

nothing but the occurrence number of α in the word ζ n(β ). It follows that

gβ = lim
n→∞ ∑α∈A

m(n)
αβ

θ n = lim
n→∞

|ζ n(β )|
θ n

whence the second form of the weighted norm.
The following theorem states one of the first results in this direction. We identify

x with its expansion.

Theorem B.5. Let x ∈ [0,1] be a non-quadratic number whose continued fraction
expansion is the fixed point of some primitive substitution ζ . If there exists a prefix
of x, U := W1W2W1 where the words W1 and W2 satisfy ||W1|| > ||W2||, then x is a
transcendental number.

Proof. : From our assumption and because x = ζ n(x) for each n ≥ 1, x begins for
every n with the word V ′n = ζ n(W1W2) whose length is denoted by �n. If ξn is the
purely periodic sequence with period V ′n, ξn is a reduced quadratic irrational and, by
lemma B.1, we have H(ξn)≤ q�n .

Now, since W1W2W1 is a prefix of x, x begins with Vn = ζ n(W1W2W1) for every n,
so that x and ξn have the same Ln = |Vn| first partial quotients. It follows from lemma
B.2, that

|x− ξn| ≤ 1

q2
Ln

.

If there exists some number θ > 3 such that qθ�n
< q2

Ln
for infinitely many n, then

|x− ξn| ≤ 1

q2
Ln

< q−θ�n
≤ H(ξn)−θ ,

and the theorem is a direct consequence of W.M. Schmidt’s theorem.
We are left with estimates of both q�n and qLn .
First of all, observe that, by primitivity, β := limn→∞

1
n logqn exists. More gener-

ally we have the following.

Lemma B.3. Let (Ω ,S,ν) be the uniquely ergodic substitution system, associated
with ζ , and, for every ω ∈ Ω , denote by xω ∈ [0,1] the number whose continued
fraction expansion is [0;ω1,ω2, . . .]; then,

lim
n→∞

1
n

logqn(ω) exists for every ω ∈Ω .
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Moreover, all the numbers of the closed orbit are Lévy numbers with the same Lévy
constant.

Put now ρ = limn→∞ |ζ n(W2)|/|ζ n(W1)|; under our assumption on the words Wi, we
have ρ < 1 and

lim
n→∞

Ln

�n
= lim

n→∞

2 +
|ζ n(W2)|
|ζ n(W1)|

1 +
|ζ n(W2)|
|ζ n(W1)|

=
2 +ρ
1 +ρ

>
3
2
.

Combining these remarks, we obtain that

lim
n→∞

logq�n

logqLn

= lim
n→∞

�n

Ln
<

2
3

which ends the proof.

Proof of the lemma. Actually, we can see more precisely that, for every ω ∈ Ω ,
β (xω) exists and is equal to

β =− lim
n→∞ ∑

α1...αn∈Ωn

log[0;α1, . . . ,αn] ν([α1 . . .αn]), (B.12)

where Ωn is the set of n-factors of elements in Ω . If ϕ is the natural map ω ∈
Ω �→ xω = [0;ω1,ω2, . . .] ∈ [0,1], ϕ is continuous by lemma B.2 and ϕ(Ω) is a
compact subset of [0,1] avoiding 0. Hence the function logϕ is continuous on Ω
and obviously, ϕ ◦ S = T ◦ϕ . As a consequence of Oxtoby’s ergodic theorem,

lim
N→∞

1
N ∑

n<N
logϕ(Snω) = lim

N→∞

1
N ∑

n<N
logT nϕ(ω)

exists for every ω ∈Ω and is equal to
∫
Ω logϕ(ω) dν(ω). It follows that every xω

admits a Lévy constant

β (xω) = lim
n→∞

1
n

logqn(ω) =−
∫
Ω

logϕ(ω) dν(ω).

By using the following remark : | logy− log(pn(y)/qn(y))| ≤ 1
2n−2 for n ≥ 1 and

y ∈X [29], and invoking the uniform convergence, we get

∫
Ω

logϕ(ω) dν(ω) = lim
n→∞

∫
Ω

log
pn(ω)
qn(ω)

dν(w)

= lim
n→∞

∫
Ω

log[0;ω1, . . . ,ωn] dν(ω).

The lemma is proved. ��
The proof of the theorem is complete. ��
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The statement can be simplified when the continued fraction expansion of x is an
automatic sequence.

Corollary B.1. : Let x ∈]0,1[ be a non-quadratic number whose continued fraction
expansion is the fixed point of some primitive substitution of constant length. If there
exists a prefix of x, U = W1W2W1 where the words Wi satisfy |W1|> |W2|, then x is a
transcendental number.

Proof. In case of a constant-length substitution, gα = 1 for every α , so that the
weight norm of the word W = w1 . . .wl reduces to |W |. ��
Example B.1. Most of the classical examples of substitutive sequences satisfy this
criterion and provide transcendental numbers. However, once again, the Rudin-
Shapiro automaton seems to escape this procedure and the algebraic nature of the
Rudin-Shapiro continued fractions will be deduced from a next result.

Remark B.1. The method developed above involves properties of prefixes of the
fixed point ζ∞(a), and, consequently, cannot be used to establish the transcendence
of any limit point in the closed orbit x in [0,1], although all these numbers are Lévy
numbers.

As a generalization of this method, the next theorem establishes the transcen-
dence for a broader class of sequences enjoying suitable combinatorial properties
([11] and see also [14]).

Theorem B.6. Let x∈ [0,1] be an irrational number with continued fraction expan-
sion : x = [0;a1,a2, . . .] and denominators (qn)n≥0. We suppose that the sequence
(an)n≥1 contains infinitely many prefixes of the form UkVk such that
(i) limk→∞ |Uk|= +∞,
(ii) Vk itself is a prefix of Uk.

We put γ = liminfk→∞(|Uk|+ |Vk|)/|Uk| ≥ 1, M = limsupk→∞ q1/|Uk|
|Uk| and m =

liminfk→∞ q1/|UkVk|
|UkVk| . Then, if γ > 3logM/2logm, the number x is transcendental.

Example B.2. One can check that sturmian sequences, in turn, provide transcenden-
tal numbers since they meet the conditions of theorem B.6.

B.2.2 The Thue-Morse Continued Fraction

We consider the specific number whose continued fraction expansion is the Thue-
Morse sequence on the alphabet {a,b}, where a,b are integers ≥ 2. We already
observed that this number must be transcendental and a quick proof of this fact will
be given in the next section. But, because of the rigidity and of the symmetry of
this sequence, we are able to get rather precise growth estimates of the associated
denominators [204].
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We denote by A and B the matrices

(
a 1
1 0

)
and

(
b 1
1 0

)
respectively. If ||.||

is the operator norm on matrices, recall that, for symmetric matrices, ||X ||= ρ(X),
where ρ(X) is the spectral radius of X , that is ρ(X) = sup{|λ |,λ eigenvalue of X}
for the symmetric matrix X ; in particular ρ(A) = a+

√
a2+4

2 .
The first lemma below already appears in [67]. We always identify the number x

and the sequence of its partial quotients.

Lemma B.4. If the letters a and b occur in x with frequency α and β respectively,
then

limsupq
1
n
n ≤ ‖A‖α‖B‖β .

Proof. For n≥ 1, let un be the vector

(
qn

qn−1

)
, with u0 =

(
1
0

)
, so that

un =
(

an 1
1 0

)(
an−1 1

1 0

)
. . .

(
a1 1
1 0

)
u0 =: Wnu0,

where Wn := Wn(A,B) is the product of matrices. It follows that

‖un‖ ≤ ‖Wn‖ ≤ ‖A‖m‖B‖n−m

if m is the occurrence number of A in Wn. Thus ‖un‖ 1
n ≤ ‖A‖m

n ‖B‖1−m
n and

limsup‖un‖ 1
n ≤ ‖A‖α‖B‖β .

Since qn < ‖un‖<
√

2 qn, we get

1√
2
‖un‖< qn < ‖un‖, (B.13)

whence the lemma. ��
We deduce the first estimate for the Thue-Morse number .

Proposition B.3. If (qn)n is the sequence of denominators of the Thue-Morse se-
quence on {a,b}, then

limsup
n→∞

q1/n
n ≤

√
‖AB‖.

Proof. Since the Thue-Morse sequence on {a,b} is a fixed point of ζ on the alphabet
{ab,ba} as well, the proposition follows from the previous lemma applied with W2n

and W2n+1. ��
For the lower bound, we shall make use of the trace map equation (see

appendix A). Let us denote by ζ n(A) = An the product of the matrices corre-
sponding to the word ζ n(a) and by ζ n(B) = Bn the analogue for ζ n(b). Then,
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A0 = A, B0 = B, and we obviously have An+1 = BnAn and Bn+1 = AnBn for n ≥ 0.
It is easily checked by induction on n that An and Bn are symmetric if n is even, and
that Bn = A∗n otherwise, X∗ denoting the transpose of X .

Lemma B.5. For every n≥ 1, we have ρ(An)≥
(
ρ(AB)

)2n−1
.

Proof. The lemma follows from some properties of the spectral radius of square
matrices. For any such X and Y , then ρ(XY ) = ρ(YX) and ρ(XX∗) = ‖XX∗‖ =
‖X‖2 ≥ ρ(X)2.

Suppose first that n = 2k + 2. Thus,

ρ(A2k+2) = ρ(B2k+1A2k+1) = ρ(A∗2k+1A2k+1)≥ ρ(A2k+1)2.

Suppose now n = 2k + 1. Then

ρ(A2k+1) = ρ(B2kA2k) = ρ(B2k−1A2k−1A2k−1B2k−1)
= ρ(B2

2k−1A2
2k−1) = ρ((A∗2k−1)

2A2
2k−1)

= ρ((A2
2k−1)

∗A2
2k−1)≥ ρ(A2

2k−1)
2 = ρ(A2k−1)4.

A combination of those inequalities gives the result since : ρ(A2k+1)≥ ρ(A2k−1)4 ≥
ρ(A1)22k

= ρ(A1)2n−1
if n = 2k + 1, and ρ(A2k+2) ≥ ρ(A2k+1)2 ≥ ρ(A1)22k+1

=
ρ(A1)2n−1

if n = 2k + 2. ��
We deduce the following lower estimate.

Proposition B.4. If (qn)n is the sequence of denominators of the Thue-Morse se-

quence on {a,b}, and ck = 5.2k, then liminfk→∞ q1/ck
ck ≥√ρ(AB).

Proof. We start with the obvious inequality : qn > Tr(Wn)/2. Indeed, remember that(
qn pn

qn−1 pn−1

)
= Wn

(
1 0
0 1

)
since p0 = 0 and p−1 = 1, so that 2qn > qn +qn−1≥

qn + pn−1 = Tr(Wn), whence the claim.
But the trace of a product of matrices in SL(2,Z) is computable by iteration

of the Cayley-Hamilton identity, as we already did in appendix A. Denote by αk

and βk the trace of Ak and Bk respectively; then, α0 = a,β0 = b, and αk = βk for
k ≥ 1. If X ∈ SL(2,R+) is such that ρ(X) > 1, then Tr(X) ≥ ρ(X); this shows that
limk→∞αk = +∞. Now, put Zk = BkAkBkBkAk, associated with the word ζ k(abbab)
of length ck, so that, with our notations, Zk = Wck . Then we readily obtain with help
of (A.5)

Tr(Zk) = Tr(Ak+1BkAk+1) = Tr(A2
k+1Bk)

= αk+1Tr(Ak+1Bk)−Tr(Bk)
= αk+1Tr(AkB2

k)−Tr(Bk)
= αk+1αkTr(AkBk)−αk−αk+1αk,
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finally

Tr(Zk) = α2
k+1αk−αk+1αk−αk. (B.14)

Since αk tends to infinity with k, we deduce from (B.14) that Tr(Zk)∼ α2
k+1αk as k

goes to +∞. Keeping in mind that qck ≥ 1
2 Tr(Zk), we may write

liminfq
1
ck
ck ≥ liminfTr(Zk)

1
ck ≥ liminf

(
ρ(Ak+1)2ρ(Ak)

) 1
ck

≥ liminfρ(AB)
5.22k−1

ck =
√
ρ(AB),

since, by lemma B.5,

ρ(Ak+1)2ρ(Ak)≥ ρ(A1)22k+1+22k−1
= ρ(A1)5.22k−1

.

��
Corollary B.2. The Lévy constant β of the Thue-Morse number satisfies

log
√
ρ(AB)≤ β ≤ log

√
‖AB‖

When a = 1, and b = 2 for example, those estimates lead to 0.658≤ β ≤ 0.676. By
applying the formula (B.12) with n = 5, we get the approximation β � 0.669.

B.3 Schmidt Subspace Theorem

B. Adamczewski and Y. Bugeaud have obtained in [4] significant improvements of
theorem B.6 by using a more powerful theorem of W. Schmidt, usually called the
Schmidt subspace theorem [222].

Theorem B.7 (W.M. Schmidt). Let m ≥ 2 be an integer and ε > 0. Let L j,1 ≤ j
≤ m, be m linear forms on Rm, with algebraic coefficients and linearly independent
on Q. Then, the solutions x = (x1, . . . ,xm) in Zm to the inequality

|L1(x) · · ·Lm(x)| ≤max{|x1|, . . . , |xm|}−ε

lie in finitely many proper subspaces of Qm.

The benefit of the Schmidt subspace theorem, as explained by the authors of [4],
rests in the arbitrary number of concerned linear forms. Actually, taking m = 2 in
this statement leads to the famous Roth theorem on algebraic numbers. Indeed, let
α be an irrational algebraic number and suppose that there exist infinitely many
distinct solutions (pn/qn) to the inequality 0 < |α − p

q | < 1
q2+ε ; this condition can
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be expressed in the form qn|qnα − pn| < q−εn , and for n large enough, modifying ε
if necessary,

qn|qnα− pn|< max{|pn|,qn}−ε

since |pn| ≤ qn(|α|+1) as soon as |α− pn/qn|< 1. We can write this inequality as

|L1(pn,qn)||L2(pn,qn)|< max{|pn|,qn}−ε ,

where L1(x,y) = x−αy, L2(x,y) = y are linear forms on Rm, with algebraic coef-
ficients and linearly independent on Q(α). By applying the previous theorem, we
deduce that infinitely many pn/qn lie in a same vector line of Q2 : one can find two
integers x,y, (x,y) �= (0,0) such that xpn + yqn = 0 for those n; but there is only a
finite number of such rational numbers whence a contradiction. We have thus got
the following famous result :

Theorem B.8 (Roth). If α is such that, for every ε > 0, the inequality

0 < |α− p
q
|< 1

q2+ε

holds for infinitely many rational numbers, then α is transcendental.

But Roth’s theorem is of no use for the transcendence of irrational numbers in BAD.
We select below a few of the results in [3, 4] related to our purpose.

B.3.1 Transcendence and Repetitions

If V is a word on the alphabet A and α ≥ 1, we denote by Vα a partial repetition of
V : Vα = VV ′ where V ′ is a prefix of V with |VV ′|/|V |= α . A square corresponds
to α = 2. The first improvement is the next theorem that we admit [4].

Theorem B.9 (Adamczewski & Bugeaud). Let x be the real number identified
with its continued fraction expansion x = [0;a1,a2, . . .] and suppose that x is nei-
ther quadratic nor rational. Then x is transcendental in both cases :

(i) x begins with arbitrary large squares.

(ii) The sequence (q1/n
n )n≥0 is bounded and there exists a rational number

ω > 1 such that x begins with arbitrary large words Vω
n .

Remark B.2. 1. The condition on the sequence of denominators in (ii) is satisfied
for almost all x by Lévy’s theorem for instance. In addition, it is trivially true for
numbers in BAD since the sequence then is lacunary.

2. In this version, the repetitions, once more, must appear at the very beginning
of the infinite word and this constraint has to be released if one is interested in
points of the closed orbit for instance. The authors obtained a second version
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where a controlled shift of the repetitions is allowed; in counterpart, the numbers
are supposed to be Lévy’s numbers and the constraint on the growth of the
denominators must be increased.

We deduce from theorem B.9 (ii) the following result which solves the question
of morphic numbers in the constant-length case.

Theorem B.10 (Adamczewski & Bugeaud). The continued fraction expansion of
an algebraic number of degree at least three cannot be a recurrent fixed point of
some constant-length substitution.

Proof. Let ζ be a constant-length substitution on the alphabet A and suppose that
a = (a j) j≥1 is a fixed point of ζ ; necessarily, a1 is the first letter of ζ (a1) and by
definition of a recurrent sequence, a1 occurs in a at least twice; in particular, there
exists W ∈ La such that the factor a1Wa1 appears as a prefix of a. Clearly, the
assumptions of theorem B.9 (ii) are satisfied by taking Vn = ζ n(a1W ). Note that this
result admits an extension to automatic sequences, i.e. the image letter-by-letter of
such fixed points. ��
Example B.3. The image of the Rudin-Shapiro sequence by some map {±1} �→
{a,b}, where a,b are distinct integers ≥ 2, cannot be the continued fraction expan-
sion of an algebraic number.

B.3.2 Transcendence and Palindromes

In 1840, Liouville has shown that e is not a quadratic irrational number by exhibit-
ing “good” simultaneous rational approximations of e and e−1. In the prolongation
of Liouville’s result, one can prove the following by using the Schmidt subspace
theorem.

Theorem B.11 (W.M. Schmidt). Let ξ be an irrational number. Suppose that ξ
and ξ 2 admit good simultaneous rational approximations in sense that there exist
infinitely many distinct rational numbers (pn/qn), (p′n/qn) such that

|qnξ − pn|< 1
qσn

and |qnξ 2− p′n|<
1
qτn

,

where σ + τ > 1; then ξ is either quadratic or transcendental.

Proof. Suppose ξ to be an algebraic number of degree ≥ 3. We manage to make
use of the Schmidt subspace theorem, so we consider the three linear forms on Q

⎧⎨
⎩

L1(X1,X2,X3) = X1,

L2(X1,X2,X3) = ξX1−X2,

L3(X1,X2,X3) = ξ 2X1−X3.
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From our assumption, those forms have algebraic coefficients and are linearly
independent on Q. If the sequences (pn/qn), (p′n/qn) satisfy

|qξ − p|< 1
qσ

, |qξ 2− p′|< 1
qτ

with σ + τ > 1 as assumed in the statement, we get,

∏
1≤ j≤3

|Lj(qn, pn, p′n)|<
1

qσ+τ−1
n

.

Now, applying Schmidt’s theorem, we conclude that infinitely many (qn, pn, p′n) lie
in a same vector plane of Q3 : one can thus find an infinite sequence (nk) and three
integers x1,x2,x3 with (x1,x2,x3) �= (0,0,0) such that, for every n ∈ (nk), x1qn +
x2 pn + x3 p′n = 0, or, equivalently,

x1 + x2
pn

qn
+ x3

p′n
qn

= 0.

Taking the limit as k→ ∞ we get x1 + x2ξ + x3ξ 2 = 0, whence a contradiction. ��
As a corollary, following [5], we shall establish a property of palindromic con-

tinuous fractions.
Recall that a palindrome is a symmetric word :

W := a1a2...an−1an = anan−1...a2a1 =: W .

If W is a palindrome and pn/qn = [0;a1a2...an−1an], then we have pn/qn = qn−1/qn

from (B.2) so that pn = qn−1. If now x begins with W , this remark can be used to
provide an excellent simultaneous approximation to the number x and its square.
Indeed, since |x− pn/qn|< 1/q2

n, then

|x2− pn−1

qn
| = |x2− pn−1

qn−1

pn

qn
|

≤ |x− pn

qn
||x +

pn−1

qn−1
|+ 1

qnqn−1
≤ an + 3

q2
n

=
a1 + 3

q2
n

.

It follows that the infinite sequences (pn/qn) and (pn−1/qn) satisfy theorem B.11
and x must be either quadratic or transcendental. This proves the next statement.

Theorem B.12 (Adamczewski & Bugeaud). The continued fraction expansion of
an algebraic number of degree at least three never begins with arbitrarily large
palindromes.

Example B.4. This theorem provides a very short proof of the transcendence of the
Thue-Morse continued fractions.
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1992.

25. A. BERTRAND-MATHIS, Ensembles intersectifs et récurrence de Poincaré, Israel J. Math.
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d’opérateurs de transfert et applications, Astérisque 238 (1996), 1–109.
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106. M. GUENAIS, Singularité des produits de Anzai associés aux fonctions caractéristiques d’un
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135. T. KAMAE, Spectral properties of automaton-generating sequences, unpublished.
136. T. KAMAE, Cyclic extensions of odometer transformations and spectral disjointness, Israel

J. Math. 59 (1987), 41–63.
137. T. KAMAE, Number-theoretic problems involving two independent bases. Number the-

ory and cryptography (Sydney, 1989), 196–203, London Math. Soc. Lecture Note Ser. 154,
Cambridge Univ. Press, Cambridge, 1990.

138. T. KAMAE and M. MENDÈS FRANCE, Van der Corput’s difference theorem, Israel J. Math.
31 (1978), 335–342.

139. A.B. KATOK and B. HASSELBLATT, Introduction to the modern theory of dynamical sys-
tems, Cambridge University Press, 1995.

140. A.B. KATOK and A.M. STEPIN, Approximations in ergodic theory, Russian Math. Survey
22 (1967), 77–102.

141. Y. KATZNELSON, An introduction to harmonic analysis, Cambridge University Press, third
edition, 2004.

142. Y. KATZNELSON and B. WEISS, The construction of quasi-invariant measures, Israel
J. Math. 12 (1972), 1–4.

143. M. KEANE, Generalized Morse sequences, Zeit. Wahr. Verw. Gebiete 10 (1968), 335–353.
144. M. KEANE, Strongly mixing g-measures, Inv. Math. 16 (1972), 309–324.
145. M. KEANE, Ergodic theory and subshifts of finite type, in Ergodic theory, symbolic dynam-

ics, and hyperbolic spaces (1989), 35–70, Oxford Sci. Publ., Oxford Univ. Press, New York,
1991.

146. H. KESTEN, On a conjecture of Erdös and Szüsz related to uniform distribution mod1, Acta
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Glossary

LC(B) occurrence number of C in B, 130
A∗ = ∪k≥0Ak all words on the alphabet A, 97

C(ζ ) = (Cγδ
αβ ) coincidence matrix, 244

H(μ) translation group of μ , 58
H(ξ ) height of the algebraic number ξ , 324
M(T) algebra of the regular Borel complex measures on

T, 1
M(ζ ) composition matrix of ζ , 131
M0(T) Rajchman measures, 3
Mc(T) convolution-ideal of continuous measures on T, 2
Md(T) sub-algebra of discrete measures in M(T), 2
O(u) orbit of u, 98
Rθ irrational rotation, 29
SL(2,R) group of 2× 2-real matrices with ±1 determinant,

295
Sq q-shift, 52
UT operator f → f ◦T on L2, 21

Z = (σγδ
αβ ) bi-correlation matrix, 256

[U, f ] cyclic subspace spanned by f ∈ H, 22
[α0α1 · · ·αk] cylinder set, 85
[μ ] type of the measure μ , 31
[σmax] maximal spectral type, 34
Δ Gelfand spectrum of the Banach algebra M(T), 6
Σ = (σαβ )α ,β∈A correlation matrix, 197
χ = (χμ)μ∈M(T) generalized character, 7
δt Dirac measure at t, 2
�2(Z) space of square summable bi-infinite sequences, 293
�∞(Z) space of bounded bi-infinite sequences, 300
μ̂(n) nth Fourier coefficient of the measure μ , 2
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T R\2πZ, 1
μ ∗ν convolution of μ and ν , 1
μ � ν μ is absolutely continuous with respect to ν , 2
μ ⊥ ν μ and ν are mutually singular, 3
μ ∼ ν μ and ν are equivalent, 2
Γ closure of Γ in Δ , 9
ρ(μ ,ν) affinity between μ and ν , 3
σ0 reduced maximal spectral type, 49
σ f spectral measure of f ∈H, 21
σ f ,g spectral measure of f ,g ∈H, 22
h(ζ ) height of ζ , 162
hd discrete idempotent in Δ , 15
m(U) spectral multiplicity of U , 37
sp(A) spectrum of the operator A, 21
u[m,n] factor umum+1 · · ·un,m≤ n, 98
1⊥ orthogonal of the constants, 49
L (X) langage of X , 98
L (u) langage of u, 98
Lζ language of the substitution ζ , 125
S Wiener space, 104
Z2 2-adic integers, 85
Zq q-adic integers, 226

BAD badly approximable numbers, 323
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abelianization, 131
absolutely continuous measure, 2
admissible substitution, 156
affinity, 3, 104
almost-periodic function, 16
Anzai theorem, 52
aperiodic substitution, 151
approximate eigenvalue, 56
automatic

– semi-group, 281
– sequence, 127, 282
– sum, 220

automaton, 127
– bijective, 225
– commutative, 216
– compact, 281
– instruction (of an), 127

automorphism, 49

badly approximable number, 323
balanced pair (of a substitution), 183
bilateral substitution subshift, 159
bilaterally recognizable substitution, 152
Birkhoff ergodic theorem, 55
Bochner theorem, 2
Brown and Moran purity law, 76

canonical splitting, 181
Chacon

– substitution, 176
– theorem, 38

character, 7
– constant, 9
– idempotent, 14

character of a representation, 236
coboundary, 45, 80

– of a substitution, 169

cocycle
– additive, 80
– equation, 80
– multiplicative, 305

coding of a dynamical system, 194
coincidence

– condition, 190
– matrix, 244
– of a substitution, 176

column number, 179, 229
complexity function, 146
component

– Lebesgue, 271, 272
– continuous, 42
– discrete, 42

composition matrix, 131
continued fraction expansion, 319
continuous

– component, 42
– eigenvalues, 161
– measure, 2

convergent, 319
correlation

– function, 103
– measure, 103, 233, 236

correlative set, 109
cutting bars, 150, 160
cyclic subspace, 22
cylinder set, 85, 98

D-ergodic, 75
D-quasi-invariant, 75
derivated sequence, 129
deterministic sequence, 148
Dirichlet

– measure, 19, 63
– set, 17
– subgroup, 57
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discrepancy, 286
discrete

– component, 42
– dynamical system, 69
– idempotent, 15, 72
– measure, 2
– spectrum, 42, 123
– substitution, 176

dissociate, 5
Dunkl-Ramirez inequality, 16
dynamical system, 49

– discrete, 69
– ergodic, 51
– finite rank, 194
– minimal, 87
– quasi-invariant, 57
– strictly ergodic, 93, 100
– strongly mixing, 59
– topological, 87
– uniquely ergodic, 75, 90, 100
– weakly mixing, 59

dynamical systems
– metric isomorphism (of), 50
– spectral isomorphism (of), 50

eigenvalue, 40, 295
– approximate, 296
– continuous, 89

eigenvalues
– continuous, 161

eigenvector, 40, 295
entropy (topological), 147
equivalent pair, 181
ergodic

– class, 245
– dynamical system, 51, 54
– measure, 51
– rotation, 51, 69
– sequence of integers, 46, 113
– totally, 61
– transformation, 51
– uniquely, 75

extension, 50, 227

factor
– Kronecker, 72
– of a system, 50
– of a word, 98

FC+ set, 111
Fibonacci

– sequence, 128
– substitution , 128

finite rank dynamical system, 194
Fourier coefficients, 2
Fourier-Bohr spectrum, 105
Fricke Formula, 298
full shift, 98
Furstenberg theorem on multiple mixing, 67

Gauss
– dynamical system, 321
– map, 321
– measure, 321

Gelfand spectrum, 7
generalized Morse sequence, 71, 225
generalized return word, 172
generalized Riesz product, 234
generic point, 92
good universal

– subsequence, 119
– weight, 118

Gottschalk and Hedlund theorem, 88
group extension, 52
group law conjecture, 83

height
– of a substitution, 162
– of an algebraic number, 325

hermitian matrix of measures, 199
Host eigenvalues theorem, 169

incidence matrix, 131
independent powers, 3
infinite word, 97
instruction of an automaton, 127, 281
intersective set, 114
invariant

– function, 50
– measure, 12
– set, 50

irrational rotation, 43
irreducible

– matrix, 131
– substitution, 130

Kakutani-Rokhlin partition, 158
Kronecker factor, 72
Krylov and Bogolioubov theorem, 90

L-ideal, 15
L-space, 14, 75
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Lévy constant, 322
language, 98, 126
Lebesgue space, 50
Lebesgue spectrum, 34
Lyapunov exponent, 298

matrix
– irreducible, 131
– primitive, 131

maximal spectral type, 34, 294
mean Lyapunov exponent, 306
mean-almost periodic sequence, 177
measure

– Dirichlet, 19
– Rajchman, 3
– absolutely continuous, 2
– continuous, 2
– discrete, 2
– ergodic, 51
– invariant, 12
– quasi-invariant, 57, 73
– singular, 3
– spectral, 22, 294
– type (of a), 31

measure-preserving transformation, 49
measures

– equivalent, 2
– mutually singular, 2

minimal
– dynamical system, 87
– transformation, 87

mixed spectrum, 42
mixing

– mild, 62
– multiple, 66
– strong, 59
– weak, 59

monothetic group, 51
morphic sequence, 126
morphism, 125

– uniform, 127
multiplicity

– function, 34
– global, 37
– spectral, 37

occurrence number, 131
odometer, 85, 226
Oxtoby theorem, 91

palindrome, 315
palindromic automaton, 277

palindromic infinite word, 315
partial quotient, 320
Perron number, 137
Perron-Frobenius

– eigenvalue, 135
– theorem, 132

Pisot Conjecture, 192
Pisot substitution, 137, 173, 187
Pisot-Vijayaraghavan (PV) number,

136
positive definite

– matrix of measures, 201
– sequence, 2

potential, 293
prefix, 97
primitive

– flow, 282
– matrix, 131
– substitution, 130

proper substitution, 190
pure

– substitution, 168
pure base, 180
pure substitution, 169
pure-point spectrum, 42
purity law, 73

q-adic integers, 226
q-invariant, 60, 196, 218
Q-mirror sequence, 215
q-shift, 52
q-strongly mixing, 60, 237
quasi-invariant

– dynamical system, 57
– measure, 57, 73
– transformation, 57

Rajchman measure, 3
recognizability, 227
recognizability index, 151
recognizable

– sequence of integers, 224
– substitution, 151

recurrence
– set, 113
– theorem of Khintchin, 53
– theorem of Poincaré, 53

recurrent infinite word, 98
relatively dense set, 45
representation of a group, 236
return time, 113, 120, 154, 172
return words, 129
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Riesz product, 5
– generalized, 10, 121
– matrix, 210

Rokhlin
– lemma, 56
– tower, 56

Roth theorem, 332
Rudin-Shapiro

– sequence, 102
– substitution, 213

saturated subgroup, 57
Schmidt subspace theorem, 331
Schrödinger

– equation, 295
– operator, 293

sequence
– Weyl-distributed, 94
– automatic, 127
– derivated, 129
– deterministic, 148
– dissociate, 5
– ergodic, 46, 113
– mean-almost periodic, 177
– morphic, 126
– positive definite, 2
– strongly q-multiplicative, 11, 121
– sturmian, 147
– substitutive, 126
– uniformly distributed, 93
– weakly ergodic, 46

set
– Dirichlet, 17
– Poincaré, 113
– correlative, 109
– intersective, 114
– invariant, 50
– recurrence, 113
– relatively dense, 45, 53
– syndetic, 45
– van der Corput, 109
– weak-Dirichlet, 17

shift
– bilateral, 98, 159
– one-sided, 98

shift-periodic infinite word, 126
singular

– measure, 3
– spectrum, 34

skew product, 53
spectral

– decomposition theorem, 31, 35
– family, 22

– invariant, 34
– measure, 22, 294
– multiplicity, 37
– projector, 27
– representation theorem, 26

spectrally equivalent operators, 31
spectrum

– Fourier-Bohr, 105
– Lebesgue, 34
– discrete, 42, 123
– mixed, 42
– of an operator, 21, 293
– pure-point, 42
– reduced, 50
– simple, 29
– simple Lebesgue, 30
– singular, 34

strictly ergodic dynamical system, 93
strongly q-multiplicative sequence, 11, 121
strongly mixing

– dynamical system, 59
– transformation, 59

strongly q-multiplicative, 234
sturmian sequence, 147
sub-additive ergodic theorem, 305
subshift, 98, 126
substitution, 125

– Pisot, 137
– admissible, 156
– aperiodic, 151
– bilaterally recognizable, 152
– discrete, 176
– irreducible, 130
– of constant length, 127
– primitive, 130
– proper, 190
– pure, 168, 169
– recognizable, 151
– weakly mixing, 175

substitutive sequence, 126
suffix, 97
syndetic set, 45, 99

theorem
– Anzai, 52
– Birkhoff, 55
– Bochner, 2
– Brown and Moran, 76
– Chacon, 38
– Cobham, 127
– Furstenberg, 67
– Gottschalk and Hedlund, 88
– Host, 169
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– Katok and Stepin, 83
– Khintchin, 53
– Krylov and Bogolioubov, 90
– Michel, 141
– Oxtoby, 91
– Perron-Frobenius, 132
– Poincaré, 53
– Weyl, 94
– Wiener and Wintner, 116
– spectral decomposition, 31, 35
– spectral representation, 26
– von Neumann, 44, 54, 69

Thue-Morse
– sequence, 102, 123, 128
– substitution, 128

topologically transitive
– transformation, 88

trace map equation, 311
transfer matrix, 296
transformation

– ergodic, 51
– measure-preserving, 49
– mildly mixing, 62
– minimal, 87
– q-adic, 51
– quasi-invariant, 57
– rigid, 62
– strongly mixing, 59
– topologically transitive, 88
– weakly mixing, 59

Tribonacci substitution, 184

type, 31
– maximal spectral, 34, 294

U-orthogonal, 29
uniformly distributed sequence, 93
uniformly recurrent infinite word, 99
uniquely ergodic

– dynamical system, 75

van der Corput
– lemma, 68, 108
– set, 109

von Neumann
– mean ergodic theorem, 44, 54
– theorem on discrete systems, 69

weakly ergodic sequence of integers, 46
weakly mixing

– dynamical system, 59
– substitution, 175
– transformation, 59

Weyl criterion, 94
Weyl-distributed, 94
Wiener

– lemma, 2
– space, 104

word, 97
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