
Appendix A

Coxeter and Artin–Like Presentations

This appendix is written after the work which can be found in various
successive papers : [BrMaRo], [BeMi], [Bes3], [MaMi].

A.1 Meaning of the Diagrams

A.1.1 Diagrams for the Reflection Groups

Here are some definitions, notation, conventions, which will allow the reader
to understand the diagrams.

The groups have presentations given by diagrams D such that

• the nodes correspond to pseudo-reflections in G, the order of which is given
inside the circle representing the node,

• two distinct nodes which do not commute are related by “homogeneous”
relations with the same “support” (of cardinality 2 or 3), which are rep-
resented by links between two or three nodes, or circles between three
nodes, weighted with a number representing the degree of the relation (as
in Coxeter diagrams, 3 is omitted, 4 is represented by a double line, 6 is
represented by a triple line). These homogeneous relations are called the
braid relations of D.

More details are provided below.
This paragraph provides a list of examples which illustrate the way in

which diagrams provide presentations for the attached groups.
• The diagram ©

s
d

e ©
t
d corresponds to the presentation

sd = td = 1 and ststs · · ·︸ ︷︷ ︸
e factors

= tstst · · ·︸ ︷︷ ︸
e factors

• The diagram ©
s
5 ©

t
3 corresponds to the presentation

s5 = t3 = 1 and stst = tsts.

119



120 A Coxeter and Artin–Like Presentations

• The diagram s©a �e ©b t

©c u

corresponds to the presentation

sa = tb = uc = 1 and stustu · · ·︸ ︷︷ ︸
e factors

= tustus · · ·︸ ︷︷ ︸
e factors

= ustust · · ·︸ ︷︷ ︸
e factors

.

• The diagram ©
v
2
�
©
s
2

©
t
2

�
©
w
2

©
u
2
�

corresponds to the presentation

s2 = t2 = u2 = v2 = w2 = 1 ,
uv = vu , sw = ws , vw = wv ,

sut = uts = tsu ,

svs = vsv , tvt = vtv , twt = wtw ,wuw = uwu .

• The diagram s©d
e+1

�

�
©2 t′2
�

©2 t2
�
©
t3

2 corresponds to the presentation

sd = t′2
2 = t22 = t23 = 1 , st3 = t3s ,

st′2t2 = t′2t2s ,
t′2t3t

′
2 = t3t

′
2t3 , t2t3t2 = t3t2t3 , t3t

′
2t2t3t

′
2t2 = t′2t2t3t

′
2t2t3 ,

t2st
′
2t2t

′
2t2t

′
2 · · ·︸ ︷︷ ︸

e + 1 factors

= st′2t2t
′
2t2t

′
2t2 · · ·︸ ︷︷ ︸

e + 1 factors

.

• The diagram e
t′2©2�
t2©2�

©
t3

2 corresponds to the presentation

t′2
2 = t22 = t23 = 1 ,

t′2t3t
′
2 = t3t

′
2t3 , t2t3t2 = t3t2t3 , t3t

′
2t2t3t

′
2t2 = t′2t2t3t

′
2t2t3 ,

t2t
′
2t2t

′
2t2t

′
2 · · ·︸ ︷︷ ︸

e factors

= t′2t2t
′
2t2t

′
2t2 · · ·︸ ︷︷ ︸

e factors

.

• The diagram s©2
5

�

�
©2 t

©3 u

corresponds to the presentation

s2 = t2 = u3 = 1 , stu = tus , ustut = stutu .
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• The diagram ©
s
©
t

�
©u

�
corresponds to the presentation

s2 = t2 = u2 = 1, stst = tsts, tutu = utuu, sus = usu, tu(stu)2s = utu(stu)2.

• The diagram ©
s
©
t

�
©u

�
corresponds to the presentation

s2 = t2 = u2 =, stst = tsts, tut− = utu, sus =, tu(stu)3t = utu(stu)3 .

• The diagram ©
s
2 ©

t
2
←− ©

u
2

�
©2 v

�
corresponds to the presentation

s2 = t2 = u2 = v2 = 1, sv = vs , su = us ,

sts = tst, vtv = tvt, uvu = vuv, tutu = utut, vtuvtu = tuvtuv .

• The diagram �s ©2 �©2 t

©2 u
5 4 corresponds to the presentation

s2 = t2 = u2 = 1 , ustus = stust , tust = ustu .

• The diagram ©
s
2 ©

t
2

6←−©
u
2

�
©2 w

�
©
v
2 corresponds to the presentation

s2 = t2 = u2 = v2 = w2 = 1 , vt = tv , uv = vu , tu = ut , wu = uw ,

sts = tst , tut = utu , uvu = vuv , twt = wtw , uwu = wuw ,

utwutw = twutwu = wutwut .

In the following tables, we denote by H�K a group which is a non-trivial
split extension of K by H . We denote by H · K a group which is a non-
split extension of K by H . We denote by pn an elementary abelian group of
order pn.

A.1.2 Braid Diagrams

A diagram where the orders of the nodes are “forgotten” and where only the
braid relations are kept is called a braid diagram for the corresponding group.

All braid diagrams define presentation by braid reflections of the corre-
sponding braid groups.
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The groups have been ordered by their diagrams, by collecting groups with
the same braid diagram. Thus, for example,

• G15 has the same braid diagram as the groups G(4d, 4, 2) for all d ≥ 2,
• G4, G8, G16, G25, G32 all have the same braid diagrams as groups S3, S4

and S5,
• G5, G10, G18 have the same braid diagram as the groups G(d, 1, 2) for all
d ≥ 2,

• G7, G11, G19 have the same braid diagram as the groups G(2d, 2, 2) for all
d ≥ 2,

• G26 has the same braid diagram as G(d, 1, 3) for d ≥ 2.

The element β (generator of Z(G)) is given in the last column of our tables.
Notice that the knowledge of degrees and codegrees allows then to find the
order of Z(G), which is not explicitly provided in the tables.

The tables provide diagrams and data for all irreducible reflection groups.

• Tables 1 and 2 collect groups corresponding to infinite families of braid
diagrams,

• Table 3 collects groups corresponding to exceptional braid diagrams but
G24, G27, G29, G33, G34.

• The last table (table 4) provides diagrams for the remaining cases (G24,
G27, G29, G33, G34).

Degrees and Codegrees of a Braid Diagram

The following property has been first noticed on the tables. It generalizes
a property already noticed by Orlik and Solomon for the case of Coxeter–
Shephard groups (see [OrSo3], (3.7)).

It has been proven by Couwenberg–Heckman–Looijenga [CoHeLo] who
also proved that, given any braid diagram, there is a complex reflection group
generated by reflections of order 2 with that braid diagram.

Proposition A.1. Let D be a braid diagram of rank r. There exist two
families

(d1,d2, . . . ,dr) and (d∨
1 ,d

∨
2 , . . . ,d

∨
r )

of r integers, depending only on D, and called respectively the degrees and the
codegrees of D, with the following property: whenever G is a complex reflection
group with D as a braid diagram, its degrees and codegrees are given by the
formulae

dj = |Z(G)|dj and d∨j = |Z(G)|d∨
j (j = 1, 2, . . . , r) .
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The Zeta Function of a Braid Diagram

In [DeLo], Denef and Loeser compute the zeta function of local monodromy
of the discriminant of a complex reflection group G, which is the element of
Q[q] defined by the formula

Z(q,G) :=
∏
j

det(1− qμ,Hj(F0,C))(−1)j+1
,

where F0 denotes the Milnor fiber of the discriminant at 0 and μ denotes the
monodromy automorphism (see [DeLo]).

Putting together the tables of loc.cit. and our braid diagrams, one may
notice the following fact.

Proposition A.2. The zeta function of local monodromy of the discriminant
of a complex reflection group G depends only on the braid diagram of G.

Remark A.3. Two different braid diagrams may be associated to isomorphic
braid groups. For example, this is the case for the following rank 2 diagrams
(where the sign “∼” means that the corresponding groups are isomorphic) :

For e even, s©
e+1

�

�
© t

© u

∼ s© �e ©t

©u

,

for e odd, s©
e+1

�

�
© t

© u

∼ ©
s

©
t
,

and �s © �© t

© u
5 4 ∼ ©

s
©
t
.

It should be noticed, however, that the above pairs of diagrams do not have
the same degrees and codegrees, nor do they have the same zeta function.
Thus, degrees, codegrees and zeta functions are indeed attached to the braid
diagrams, not to the braid groups.
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Vol. 1836: C. Nǎstǎsescu, F. Van Oystaeyen, Methods of
Graded Rings. XIII, 304 p, 2004.
Vol. 1837: S. Tavaré, O. Zeitouni, Lectures on Probabil-
ity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXI-2001. Editor: J. Picard (2004)
Vol. 1838: A.J. Ganesh, N.W. O’Connell, D.J. Wischik,
Big Queues. XII, 254 p, 2004.
Vol. 1839: R. Gohm, Noncommutative Stationary Pro-
cesses. VIII, 170 p, 2004.
Vol. 1840: B. Tsirelson, W. Werner, Lectures on Probabil-
ity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXII-2002. Editor: J. Picard (2004)
Vol. 1841: W. Reichel, Uniqueness Theorems for Vari-
ational Problems by the Method of Transformation
Groups (2004)
Vol. 1842: T. Johnsen, A. L. Knutsen, K3 Projective Mod-
els in Scrolls (2004)
Vol. 1843: B. Jefferies, Spectral Properties of Noncom-
muting Operators (2004)
Vol. 1844: K.F. Siburg, The Principle of Least Action in
Geometry and Dynamics (2004)
Vol. 1845: Min Ho Lee, Mixed Automorphic Forms,
Torus Bundles, and Jacobi Forms (2004)



Vol. 1846: H. Ammari, H. Kang, Reconstruction of Small
Inhomogeneities from Boundary Measurements (2004)
Vol. 1847: T.R. Bielecki, T. Björk, M. Jeanblanc, M.
Rutkowski, J.A. Scheinkman, W. Xiong, Paris-Princeton
Lectures on Mathematical Finance 2003 (2004)
Vol. 1848: M. Abate, J. E. Fornaess, X. Huang, J. P.
Rosay, A. Tumanov, Real Methods in Complex and CR
Geometry, Martina Franca, Italy 2002. Editors: D. Zait-
sev, G. Zampieri (2004)
Vol. 1849: Martin L. Brown, Heegner Modules and Ellip-
tic Curves (2004)
Vol. 1850: V. D. Milman, G. Schechtman (Eds.), Geomet-
ric Aspects of Functional Analysis. Israel Seminar 2002-
2003 (2004)
Vol. 1851: O. Catoni, Statistical Learning Theory and
Stochastic Optimization (2004)
Vol. 1852: A.S. Kechris, B.D. Miller, Topics in Orbit
Equivalence (2004)
Vol. 1853: Ch. Favre, M. Jonsson, The Valuative Tree
(2004)
Vol. 1854: O. Saeki, Topology of Singular Fibers of Dif-
ferential Maps (2004)
Vol. 1855: G. Da Prato, P.C. Kunstmann, I. Lasiecka,
A. Lunardi, R. Schnaubelt, L. Weis, Functional Analytic
Methods for Evolution Equations. Editors: M. Iannelli,
R. Nagel, S. Piazzera (2004)
Vol. 1856: K. Back, T.R. Bielecki, C. Hipp, S. Peng,
W. Schachermayer, Stochastic Methods in Finance, Bres-
sanone/Brixen, Italy, 2003. Editors: M. Fritelli, W. Rung-
galdier (2004)
Vol. 1857: M. Émery, M. Ledoux, M. Yor (Eds.), Sémi-
naire de Probabilités XXXVIII (2005)
Vol. 1858: A.S. Cherny, H.-J. Engelbert, Singular
Stochastic Differential Equations (2005)
Vol. 1859: E. Letellier, Fourier Transforms of Invariant
Functions on Finite Reductive Lie Algebras (2005)
Vol. 1860: A. Borisyuk, G.B. Ermentrout, A. Friedman,
D. Terman, Tutorials in Mathematical Biosciences I.
Mathematical Neurosciences (2005)
Vol. 1861: G. Benettin, J. Henrard, S. Kuksin, Hamilto-
nian Dynamics – Theory and Applications, Cetraro, Italy,
1999. Editor: A. Giorgilli (2005)
Vol. 1862: B. Helffer, F. Nier, Hypoelliptic Estimates and
Spectral Theory for Fokker-Planck Operators and Witten
Laplacians (2005)
Vol. 1863: H. Führ, Abstract Harmonic Analysis of Con-
tinuous Wavelet Transforms (2005)
Vol. 1864: K. Efstathiou, Metamorphoses of Hamiltonian
Systems with Symmetries (2005)
Vol. 1865: D. Applebaum, B.V. R. Bhat, J. Kustermans,
J. M. Lindsay, Quantum Independent Increment Pro-
cesses I. From Classical Probability to Quantum Stochas-
tic Calculus. Editors: M. Schürmann, U. Franz (2005)
Vol. 1866: O.E. Barndorff-Nielsen, U. Franz, R. Gohm,
B. Kümmerer, S. Thorbjønsen, Quantum Independent
Increment Processes II. Structure of Quantum Lévy
Processes, Classical Probability, and Physics. Editors: M.
Schürmann, U. Franz, (2005)
Vol. 1867: J. Sneyd (Ed.), Tutorials in Mathematical Bio-
sciences II. Mathematical Modeling of Calcium Dynam-
ics and Signal Transduction. (2005)
Vol. 1868: J. Jorgenson, S. Lang, Posn(R) and Eisenstein
Series. (2005)
Vol. 1869: A. Dembo, T. Funaki, Lectures on Probabil-
ity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXIII-2003. Editor: J. Picard (2005)

Vol. 1870: V.I. Gurariy, W. Lusky, Geometry of Müntz
Spaces and Related Questions. (2005)
Vol. 1871: P. Constantin, G. Gallavotti, A.V. Kazhikhov,
Y. Meyer, S. Ukai, Mathematical Foundation of Turbu-
lent Viscous Flows, Martina Franca, Italy, 2003. Editors:
M. Cannone, T. Miyakawa (2006)
Vol. 1872: A. Friedman (Ed.), Tutorials in Mathemati-
cal Biosciences III. Cell Cycle, Proliferation, and Cancer
(2006)
Vol. 1873: R. Mansuy, M. Yor, Random Times and En-
largements of Filtrations in a Brownian Setting (2006)
Vol. 1874: M. Yor, M. Émery (Eds.), In Memoriam Paul-
André Meyer - Séminaire de Probabilités XXXIX (2006)
Vol. 1875: J. Pitman, Combinatorial Stochastic Processes.
Ecole d’Eté de Probabilités de Saint-Flour XXXII-2002.
Editor: J. Picard (2006)
Vol. 1876: H. Herrlich, Axiom of Choice (2006)
Vol. 1877: J. Steuding, Value Distributions of L-Functions
(2007)
Vol. 1878: R. Cerf, The Wulff Crystal in Ising and Percol-
ation Models, Ecole d’Eté de Probabilités de Saint-Flour
XXXIV-2004. Editor: Jean Picard (2006)
Vol. 1879: G. Slade, The Lace Expansion and its Applica-
tions, Ecole d’Eté de Probabilités de Saint-Flour XXXIV-
2004. Editor: Jean Picard (2006)
Vol. 1880: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems I, The Hamiltonian Approach (2006)
Vol. 1881: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems II, The Markovian Approach (2006)
Vol. 1882: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems III, Recent Developments (2006)
Vol. 1883: W. Van Assche, F. Marcellàn (Eds.), Orthogo-
nal Polynomials and Special Functions, Computation and
Application (2006)
Vol. 1884: N. Hayashi, E.I. Kaikina, P.I. Naumkin,
I.A. Shishmarev, Asymptotics for Dissipative Nonlinear
Equations (2006)
Vol. 1885: A. Telcs, The Art of Random Walks (2006)
Vol. 1886: S. Takamura, Splitting Deformations of Dege-
nerations of Complex Curves (2006)
Vol. 1887: K. Habermann, L. Habermann, Introduction to
Symplectic Dirac Operators (2006)
Vol. 1888: J. van der Hoeven, Transseries and Real Dif-
ferential Algebra (2006)
Vol. 1889: G. Osipenko, Dynamical Systems, Graphs, and
Algorithms (2006)
Vol. 1890: M. Bunge, J. Funk, Singular Coverings of
Toposes (2006)
Vol. 1891: J.B. Friedlander, D.R. Heath-Brown,
H. Iwaniec, J. Kaczorowski, Analytic Number Theory,
Cetraro, Italy, 2002. Editors: A. Perelli, C. Viola (2006)
Vol. 1892: A. Baddeley, I. Bárány, R. Schneider, W. Weil,
Stochastic Geometry, Martina Franca, Italy, 2004. Editor:
W. Weil (2007)
Vol. 1893: H. Hanßmann, Local and Semi-Local Bifur-
cations in Hamiltonian Dynamical Systems, Results and
Examples (2007)
Vol. 1894: C.W. Groetsch, Stable Approximate Evalua-
tion of Unbounded Operators (2007)
Vol. 1895: L. Molnár, Selected Preserver Problems on
Algebraic Structures of Linear Operators and on Function
Spaces (2007)
Vol. 1896: P. Massart, Concentration Inequalities and
Model Selection, Ecole d’Été de Probabilités de Saint-
Flour XXXIII-2003. Editor: J. Picard (2007)



Vol. 1897: R. Doney, Fluctuation Theory for Lévy
Processes, Ecole d’Été de Probabilités de Saint-Flour
XXXV-2005. Editor: J. Picard (2007)
Vol. 1898: H.R. Beyer, Beyond Partial Differential Equa-
tions, On linear and Quasi-Linear Abstract Hyperbolic
Evolution Equations (2007)
Vol. 1899: Séminaire de Probabilités XL. Editors:
C. Donati-Martin, M. Émery, A. Rouault, C. Stricker
(2007)
Vol. 1900: E. Bolthausen, A. Bovier (Eds.), Spin Glasses
(2007)
Vol. 1901: O. Wittenberg, Intersections de deux
quadriques et pinceaux de courbes de genre 1, Intersec-
tions of Two Quadrics and Pencils of Curves of Genus 1
(2007)
Vol. 1902: A. Isaev, Lectures on the Automorphism
Groups of Kobayashi-Hyperbolic Manifolds (2007)
Vol. 1903: G. Kresin, V. Maz’ya, Sharp Real-Part Theo-
rems (2007)
Vol. 1904: P. Giesl, Construction of Global Lyapunov
Functions Using Radial Basis Functions (2007)
Vol. 1905: C. Prévôt, M. Röckner, A Concise Course on
Stochastic Partial Differential Equations (2007)
Vol. 1906: T. Schuster, The Method of Approximate
Inverse: Theory and Applications (2007)
Vol. 1907: M. Rasmussen, Attractivity and Bifurcation
for Nonautonomous Dynamical Systems (2007)
Vol. 1908: T.J. Lyons, M. Caruana, T. Lévy, Differential
Equations Driven by Rough Paths, Ecole d’Été de Proba-
bilités de Saint-Flour XXXIV-2004 (2007)
Vol. 1909: H. Akiyoshi, M. Sakuma, M. Wada,
Y. Yamashita, Punctured Torus Groups and 2-Bridge
Knot Groups (I) (2007)
Vol. 1910: V.D. Milman, G. Schechtman (Eds.), Geo-
metric Aspects of Functional Analysis. Israel Seminar
2004-2005 (2007)
Vol. 1911: A. Bressan, D. Serre, M. Williams,
K. Zumbrun, Hyperbolic Systems of Balance Laws.
Cetraro, Italy 2003. Editor: P. Marcati (2007)
Vol. 1912: V. Berinde, Iterative Approximation of Fixed
Points (2007)
Vol. 1913: J.E. Marsden, G. Misiołek, J.-P. Ortega,
M. Perlmutter, T.S. Ratiu, Hamiltonian Reduction by
Stages (2007)
Vol. 1914: G. Kutyniok, Affine Density in Wavelet
Analysis (2007)
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Vol. 1917: I. Veselić, Existence and Regularity Prop-
erties of the Integrated Density of States of Random
Schrödinger (2008)
Vol. 1918: B. Roberts, R. Schmidt, Local Newforms for
GSp(4) (2007)
Vol. 1919: R.A. Carmona, I. Ekeland, A. Kohatsu-
Higa, J.-M. Lasry, P.-L. Lions, H. Pham, E. Taflin,
Paris-Princeton Lectures on Mathematical Finance 2004.
Editors: R.A. Carmona, E. Çinlar, I. Ekeland, E. Jouini,
J.A. Scheinkman, N. Touzi (2007)
Vol. 1920: S.N. Evans, Probability and Real Trees. Ecole
d’Été de Probabilités de Saint-Flour XXXV-2005 (2008)
Vol. 1921: J.P. Tian, Evolution Algebras and their Appli-
cations (2008)

Vol. 1922: A. Friedman (Ed.), Tutorials in Mathematical
BioSciences IV. Evolution and Ecology (2008)
Vol. 1923: J.P.N. Bishwal, Parameter Estimation in
Stochastic Differential Equations (2008)
Vol. 1924: M. Wilson, Littlewood-Paley Theory and
Exponential-Square Integrability (2008)
Vol. 1925: M. du Sautoy, L. Woodward, Zeta Functions
of Groups and Rings (2008)
Vol. 1926: L. Barreira, V. Claudia, Stability of Nonauto-
nomous Differential Equations (2008)
Vol. 1927: L. Ambrosio, L. Caffarelli, M.G. Crandall,
L.C. Evans, N. Fusco, Calculus of Variations and Non-
Linear Partial Differential Equations. Cetraro, Italy 2005.
Editors: B. Dacorogna, P. Marcellini (2008)
Vol. 1928: J. Jonsson, Simplicial Complexes of Graphs
(2008)
Vol. 1929: Y. Mishura, Stochastic Calculus for Fractional
Brownian Motion and Related Processes (2008)
Vol. 1930: J.M. Urbano, The Method of Intrinsic Scaling.
A Systematic Approach to Regularity for Degenerate and
Singular PDEs (2008)
Vol. 1931: M. Cowling, E. Frenkel, M. Kashiwara,
A. Valette, D.A. Vogan, Jr., N.R. Wallach, Representation
Theory and Complex Analysis. Venice, Italy 2004.
Editors: E.C. Tarabusi, A. D’Agnolo, M. Picardello
(2008)
Vol. 1932: A.A. Agrachev, A.S. Morse, E.D. Sontag,
H.J. Sussmann, V.I. Utkin, Nonlinear and Optimal
Control Theory. Cetraro, Italy 2004. Editors: P. Nistri,
G. Stefani (2008)
Vol. 1933: M. Petkovic, Point Estimation of Root Finding
Methods (2008)
Vol. 1934: C. Donati-Martin, M. Émery, A. Rouault,
C. Stricker (Eds.), Séminaire de Probabilités XLI (2008)
Vol. 1935: A. Unterberger, Alternative Pseudodifferential
Analysis (2008)
Vol. 1936: P. Magal, S. Ruan (Eds.), Structured Popula-
tion Models in Biology and Epidemiology (2008)
Vol. 1937: G. Capriz, P. Giovine, P.M. Mariano (Eds.),
Mathematical Models of Granular Matter (2008)
Vol. 1938: D. Auroux, F. Catanese, M. Manetti, P. Seidel,
B. Siebert, I. Smith, G. Tian, Symplectic 4-Manifolds
and Algebraic Surfaces. Cetraro, Italy 2003. Editors:
F. Catanese, G. Tian (2008)
Vol. 1939: D. Boffi, F. Brezzi, L. Demkowicz, R.G.
Durán, R.S. Falk, M. Fortin, Mixed Finite Elements,
Compatibility Conditions, and Applications. Cetraro,
Italy 2006. Editors: D. Boffi, L. Gastaldi (2008)
Vol. 1940: J. Banasiak, V. Capasso, M.A.J. Chap-
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