
Appendix A

Clifford Theory and Schur Elements
for Generic Hecke Algebras

Let W be a complex reflection group and let us denote by H(W ) its generic
Hecke algebra. Suppose that the assumptions 4.2.3 are satisfied. Let W ′ be
another complex reflection group such that, for some specialization of the
parameters, H(W ) becomes the twisted symmetric algebra of a finite cyclic
group G over the symmetric subalgebra H(W ′). Then, if we know the Schur
elements and the blocks of H(W ), we can use Propositions 2.3.15 and 2.3.18
in order to calculate the Schur elements and the blocks of H(W ′).

In particular, in all the cases of exceptional irreducible complex reflec-
tion groups that will be studied below, if we denote by χ′ the (irreducible)
restriction to H(W ′) of an irreducible character χ ∈ Irr(H(W )), then the
corresponding Schur elements verify

sχ = |W : W ′|sχ′ .

Throughout the Appendix, we denote by Φn the nth Q-cyclotomic poly-
nomial, i.e., the minimal polynomial of ζn over Q. The notation for the ir-
reducible characters of the exceptional irreducible complex reflection groups is
the one used by the GAP package CHEVIE and is explained in
Subsection 5.2.3.

A.1 The Groups G4, G5, G6, G7

The following table gives the specializations of the parameters of the generic
Hecke algebra H(G7), (x0, x1; y0, y1, y2; z0, z1, z2), which give the generic
Hecke algebras of the groups G4, G5 and G6 ([49], Table 4.6).
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134 A Clifford Theory and Schur Elements for Generic Hecke Algebras

Group Index S T U
G7 1 x0, x1 y0, y1, y2 z0, z1, z2

G5 2 1,−1 y0, y1, y2 z0, z1, z2

G6 3 x0, x1 1, ζ3, ζ
2
3 z0, z1, z2

G4 6 1,−1 1, ζ3, ζ
2
3 z0, z1, z2

Specializations of the parameters for H(G7).

Lemma A.1.1.

(1) The algebra H(G7) specialized via

(x0, x1; y0, y1, y2; z0, z1, z2) �→ (1,−1; y0, y1, y2; z0, z1, z2)

is the twisted symmetric algebra of the cyclic group C2 over the symmetric
subalgebra H(G5) with parameters (y0, y1, y2; z0, z1, z2).

(2) The algebra H(G7) specialized via

(x0, x1; y0, y1, y2; z0, z1, z2) �→ (x0, x1; 1, ζ3, ζ
2
3 ; z0, z1, z2)

is the twisted symmetric algebra of the cyclic group C3 over the symmetric
subalgebra H(G6) with parameters (x0, x1; z0, z1, z2).

(3) The algebra H(G6) specialized via

(x0, x1; z0, z1, z2) �→ (1,−1; z0, z1, z2)

is the twisted symmetric algebra of the cyclic group C2 over the symmetric
subalgebra H(G4) with parameters (z0, z1, z2).

Proof. We have

H(G7) =

〈

S, T, U

∣
∣
∣
∣
∣
∣
∣
∣

STU = TUS = UST,

(S − x0)(S − x1) = 0,
(T − y0)(T − y1)(T − y2) = 0,
(U − z0)(U − z1)(U − z2) = 0

〉

.

(1) Let

A :=

〈

S, T, U

∣
∣
∣
∣
∣
∣

STU = TUS = UST, S2 = 1,

(T − y0)(T − y1)(T − y2) = 0,
(U − z0)(U − z1)(U − z2) = 0

〉

and
Ā := 〈T,U 〉 .

Then
A = Ā ⊕ SĀ = Ā ⊕ ĀS and Ā ∼= H(G5).
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(2) Let

A :=

〈

S, T, U

∣
∣
∣
∣
∣
∣

STU = TUS = UST, T 3 = 1,

(S − x0)(S − x1) = 0,
(U − z0)(U − z1)(U − z2) = 0

〉

and
Ā := 〈S,U 〉 .

Then

A =
2⊕

i=0

T iĀ =
2⊕

i=0

ĀT i and Ā ∼= H(G6).

(3) Let

A :=
〈

S,U

∣
∣
∣
∣
SUSUSU = USUSUS, S2 = 1,

(U − z0)(U − z1)(U − z2) = 0

〉

and
Ā := 〈U, SUS 〉 .

Then
A = Ā ⊕ SĀ = Ā ⊕ ĀS and Ā ∼= H(G4). �

The Schur elements of all irreducible characters of H(G7) are calculated
in [49]. They are obtained via Galois transformations (permutation of inde-
terminates, permutation of roots of unity or combination of the two) from
the following ones:

sφ1,0 = Φ1(x0/x1) · Φ1(x0y2
0z2

0/x1y1y2z1z2) · Φ1(y0/y1) · Φ1(y0/y2) · Φ1(z0/z1)

· Φ1(z0/z2) · Φ1(x0y0z0/x1y1z1) · Φ1(x0y0z0/x1y1z2) · Φ1(x0y0z0/x1y2z1)

· Φ1(x0y0z0/x1y2z2),

sφ2,9′ = 2y2/y0Φ1(y0/y1) · Φ1(y2/y0) · Φ1(z1/z0) · Φ1(z2/z0) · Φ1(r/x0y0z0)

· Φ1 (r/x0y2z1) · Φ1(r/x0y2z2) · Φ1(r/x1y0z0) · Φ1(r/x1y2z1) · Φ1(r/x1y2z2)

where r = 2
√

x0x1y1y2z1z2,

sφ3,6 = 3Φ1(x1/x0) · Φ1(x0y0z0/r) · Φ1(x0y0z1/r) · Φ1(x0y0z2/r) · Φ1(x0y1z0/r)

· Φ1(x0y1z1/r) · Φ1(x0y1z2/r) · Φ1(x0y2z0/r) · Φ1(x0y2z1/r) · Φ1(x0y2z2/r)

where r = 3
√

x2
0x1y0y1y2z0z1z2.

Following Theorem 4.2.4 and [51], Table 8.1, if we set

X12
i := (ζ2)−ixi (i = 0, 1),

Y 12
j := (ζ3)−jyj (j = 0, 1, 2),

Z12
k := (ζ3)−kzk (k = 0, 1, 2),
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then Q(ζ12)(X0,X1, Y0, Y1, Y2, Z0, Z1, Z2) is a splitting field for H(G7). Hence,
the factorization of the Schur elements over that field is as described by
Theorem 4.2.5.

A.2 The Groups G8, G9, G10, G11, G12, G13, G14, G15

The following table gives the specializations of the parameters of the generic
Hecke algebra H(G11), (x0, x1; y0, y1, y2; z0, z1, z2, z3), which give the generic
Hecke algebras of the groups G8, . . . , G15 ([49], Table 4.9).

Group Index S T U
G11 1 x0, x1 y0, y1, y2 z0, z1, z2, z3

G10 2 1,−1 y0, y1, y2 z1, z1, z2, z3

G15 2 x0, x1 y0, y1, y2
√

u0,
√

u1,−
√

u0,−
√

u1

G9 3 x0, x1 1, ζ3, ζ
2
3 z0, z1, z2, z3

G14 4 x0, x1 y0, y1, y2 1, i,−1,−i

G8 6 1,−1 1, ζ3, ζ
2
3 z0, z1, z2, z3

G13 6 x0, x1 1, ζ3, ζ
2
3

√
u0,

√
u1,−

√
u0,−

√
u1

G12 12 x0, x1 1, ζ3, ζ
2
3 1, i,−1,−i

Specializations of the parameters for H(G11).

Lemma A.2.1.

(1) The algebra H(G11) specialized via

(x0, x1; y0, y1, y2; z0, z1, z2, z3) �→ (1,−1; y0, y1, y2; z0, z1, z2, z3)

is the twisted symmetric algebra of the cyclic group C2 over the symmetric
subalgebra H(G10) with parameters (y0, y1, y2; z0, z1, z2, z3).

(2) The algebra H(G11) specialized via

(x0, x1; y0, y1, y2; z0, z1, z2, z3) �→ (x0, x1; 1, ζ3, ζ
2
3 ; z0, z1, z2, z3)

is the twisted symmetric algebra of the cyclic group C3 over the symmetric
subalgebra H(G9) with parameters (x0, x1; z0, z1, z2, z3).

(3) The algebra H(G9) specialized via

(x0, x1; z0, z1, z2, z3) �→ (1,−1; z0, z1, z2, z3)

is the twisted symmetric algebra of the cyclic group C2 over the symmetric
subalgebra H(G8) with parameters (z0, z1, z2, z3).
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(4) The algebra H(G11) specialized via

(x0, x1; y0, y1, y2; z0, z1, z2, z3) �→ (x0, x1; y0, y1, y2; 1, i,−1,−i)

is the twisted symmetric algebra of the cyclic group C4 over the symmetric
subalgebra H(G14) with parameters (x0, x1; y0, y1, y2).

(5) The algebra H(G14) specialized via

(x0, x1; y0, y1, y2) �→ (x0, x1; 1, ζ3, ζ
2
3 )

is the twisted symmetric algebra of the cyclic group C3 over the symmetric
subalgebra H(G12) with parameters (x0, x1).

(6) The algebra H(G11) specialized via

(x0, x1; y0, y1, y2; z0, z1, z2, z3) �→ (x0, x1; y0, y1, y2;
√

u0,
√

u1,−
√

u0,−
√

u1)

is the twisted symmetric algebra of the cyclic group C2 over the sym-
metric subalgebra H(G15) with parameters (x0, x1; y0, y1, y2;u0, u1).

(7) The algebra H(G15) specialized via

(x0, x1; y0, y1, y2;u0, u1) �→ (x0, x1; 1, ζ3, ζ
2
3 ;u0, u1)

is the twisted symmetric algebra of the cyclic group C3 over the symmetric
subalgebra H(G13) with parameters (x0, x1;u0, u1).

Proof. We have

H(G11) =

〈

S, T, U

∣
∣
∣
∣
∣
∣
∣
∣

STU = TUS = UST,

(S − x0)(S − x1) = 0,
(T − y0)(T − y1)(T − y2) = 0,
(U − z0)(U − z1)(U − z2)(U − z3) = 0

〉

.

(1) Let

A :=

〈

S, T, U

∣
∣
∣
∣
∣
∣

STU = TUS = UST, S2 = 1,

(T − y0)(T − y1)(T − y2) = 0,
(U − z0)(U − z1)(U − z2)(U − z3) = 0

〉

and
Ā := 〈T,U 〉 .

Then
A = Ā ⊕ SĀ = Ā ⊕ ĀS and Ā ∼= H(G10).



138 A Clifford Theory and Schur Elements for Generic Hecke Algebras

(2) Let

A :=

〈

S, T, U

∣
∣
∣
∣
∣
∣

STU = TUS = UST, T 3 = 1,

(S − x0)(S − x1) = 0,
(U − z0)(U − z1)(U − z2)(U − z3) = 0

〉

and
Ā := 〈S,U 〉 .

Then

A =
2⊕

i=0

T iĀ =
2⊕

i=0

ĀT i and Ā ∼= H(G9).

(3) Let

A :=
〈

S,U

∣
∣
∣
∣
SUSUSU = USUSUS, S2 = 1,

(U − z0)(U − z1)(U − z2)(U − z3) = 0

〉

and
Ā := 〈U, SUS 〉 .

Then
A = Ā ⊕ SĀ = Ā ⊕ ĀS and Ā ∼= H(G8).

(4) Let

A :=

〈

S, T, U

∣
∣
∣
∣
∣
∣

STU = TUS = UST, U4 = 1,

(S − x0)(S − x1) = 0,
(T − y0)(T − y1)(T − y2) = 0

〉

and
Ā := 〈S, T 〉 .

Then

A =
3⊕

i=0

U iĀ =
3⊕

i=0

ĀU i and Ā ∼= H(G14).

(5) Let

A :=
〈

S, T

∣
∣
∣
∣
STSTSTST = TSTSTSTS, T 3 = 1,

(S − x0)(S − x1) = 0

〉

and
Ā :=

〈
S, TST 2, T 2ST

〉
.

Then

A =
2⊕

i=0

T iĀ =
2⊕

i=0

ĀT i and Ā ∼= H(G12).
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(6) Let

A :=

〈

S, T, U

∣
∣
∣
∣
∣
∣
∣
∣

STU = TUS = UST,

(S − x0)(S − x1) = 0,
(T − y0)(T − y1)(T − y2) = 0,
(U2 − u0)(U2 − u1) = 0

〉

and
Ā :=

〈
S, T, U2

〉
.

Then
A = Ā ⊕ UĀ = Ā ⊕ ĀU and Ā ∼= H(G15).

(7) Let

A :=

〈

U2, S, T

∣
∣
∣
∣
∣
∣

STU2 = U2ST, U2STST = TU2STS, T 3 = 1,

(S − x0)(S − x1) = 0,
(U2 − u0)(U2 − u1) = 0

〉

and
Ā :=

〈
U2, S, T 2ST

〉
.

Then

A =
2⊕

i=0

T iĀ =
2⊕

i=0

ĀT i and Ā ∼= H(G13). �

The Schur elements of all irreducible characters of H(G11) are calculated
in [49]. They are obtained via Galois transformations from the following ones:

sφ1,0 = Φ1(x0/x1) · Φ1(y0/y1) · Φ1(y0/y2) · Φ1(z0/z1) · Φ1(z0/z2) · Φ1(z0/z3) ·
Φ1(x0y0z0/x1y1z1) · Φ1(x0y0z0/x1y1z2) · Φ1(x0y0z0/x1y1z3) · Φ1(x0y0z0/x1y2z1)

· Φ1(x0y0z0/x1y2z2) · Φ1(x0y0z0/x1y2z3) · Φ1(x0y2
0z2

0/x1y1y2z1z2)

· Φ1(x0y2
0z2

0/x1y1y2z1z3) · Φ1(x0y2
0z2

0/x1y1y2z2z3) · Φ1(x2
0y2

0z3
0/x2

1y1y2z1z2z3),

sφ2,1 = −2z1/z0Φ1(y0/y2) · Φ1(y1/y2) · Φ1(z0/z2) · Φ1(z0/z3) · Φ1(z1/z2) · Φ1(z1/z3)

·Φ1(y0z0z1/y2z2z3) ·Φ1(y1z0z1/y2z2z3) ·Φ1(r/x0y2z2) ·Φ1(r/x0y2z3) ·Φ1(r/x1y2z2)

· Φ1(r/x1y2z3) · Φ1(r/x0y0z1) · Φ1(r/x0y1z1) · Φ1(r/x1y0z1) · Φ1(r/x1y1z1)

where r = 2
√

x0x1y0y1z0z1,

sφ3,2 = 3Φ1(x1/x0) ·Φ1(z1/z3) ·Φ1(z2/z3) ·Φ1(z0/z3) ·Φ1(r/x1y0z3) ·Φ1(r/x1y1z3) ·
Φ1(r/x1y2z3)·Φ1(x0y0z0/r)·Φ1(x0y0z1/r)·Φ1(x0y0z2/r)·Φ1(x0y1z0/r)·Φ1(x0y1z1/r)

· Φ1(x0y1z2/r) · Φ1(x0y2z0/r) · Φ1(x0y2z1/r) · Φ1(x0y2z2/r)

where r = 3
√

x2
0x1y0y1y2z0z1z2,

sφ4,21 = −4Φ1(y0/y1) · Φ1(y0/y2) · Φ1(r/x0y0z0) · Φ1(r/x1y0z0) · Φ1(x0y0z1/r)

· Φ1(x0y0z2/r) · Φ1(x0y0z3/r) · Φ1(x1y0z1/r) · Φ1(x1y0z2/r) · Φ1(x1y0z3/r)
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· Φ1(x0x1y0y1z0z1/r2) · Φ1(x0x1y0y1z0z2/r2) · Φ1(x0x1y0y1z0z3/r2)

· Φ1(x0x1y0y2z0z1/r2) · Φ1(x0x1y0y2z0z2/r2) · Φ1(x0x1y0y2z0z3/r2)

where r = 4
√

x2
0x2

1y2
0y1y2z0z1z2z3.

Following Theorem 4.2.4 and [51], Table 8.1, if we set

X24
i := (ζ2)−ixi (i = 0, 1),

Y 24
j := (ζ3)−jyj (j = 0, 1, 2),

Z24
k := (ζ4)−kzk (k = 0, 1, 2, 3),

then Q(ζ24)(X0,X1, Y0, Y1, Y2, Z0, Z1, Z2, Z3) is a splitting field for H(G11).
Hence, the factorization of the Schur elements over that field is as described
by Theorem 4.2.5.

A.3 The Groups G16, G17, G18, G19, G20, G21, G22

The following table gives the specializations of the parameters of the generic
Hecke algebra H(G19), (x0, x1; y0, y1, y2; z0, z1, z2, z3, z4), which give the
generic Hecke algebras of the groups G16, . . . , G22 ([49], Table 4.12).

Group Index S T U
G19 1 x0, x1 y0, y1, y2 z0, z1, z2, z3, z4

G18 2 1,−1 y0, y1, y2 z0, z1, z2, z3, z4

G17 3 x0, x1 1, ζ3, ζ
2
3 z0, z1, z2, z3, z4

G21 5 x0, x1 y0, y1, y2 1, ζ5, ζ
2
5 , ζ3

5 , ζ4
5

G16 6 1,−1 1, ζ3, ζ
2
3 z0, z1, z2, z3, z4

G20 10 1,−1 y0, y1, y2 1, ζ5, ζ
2
5 , ζ3

5 , ζ4
5

G22 15 x0, x1 1, ζ3, ζ
2
3 1, ζ5, ζ

2
5 , ζ3

5 , ζ4
5

Specializations of the parameters for H(G19).

Lemma A.3.1.

(1) The algebra H(G19) specialized via

(x0, x1; y0, y1, y2; z0, z1, z2, z3, z4) �→ (1,−1; y0, y1, y2; z0, z1, z2, z3, z4)

is the twisted symmetric algebra of the cyclic group C2 over the symmetric
subalgebra H(G18) with parameters (y0, y1, y2; z0, z1, z2, z3, z4).

(2) The algebra H(G19) specialized via

(x0, x1; y0, y1, y2; z0, z1, z2, z3, z4) �→ (x0, x1; 1, ζ3, ζ
2
3 ; z0, z1, z2, z3, z4)
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is the twisted symmetric algebra of the cyclic group C3 over the symmetric
subalgebra H(G17) with parameters (x0, x1; z0, z1, z2, z3, z4).

(3) The algebra H(G17) specialized via

(x0, x1; z0, z1, z2, z3, z4) �→ (1,−1; z0, z1, z2, z3, z4)

is the twisted symmetric algebra of the cyclic group C2 over the symmetric
subalgebra H(G16) with parameters (z0, z1, z2, z3, z4).

(4) The algebra H(G19) specialized via

(x0, x1; y0, y1, y2; z0, z1, z2, z3, z4) �→ (x0, x1; y0, y1, y2; 1, ζ5, ζ
2
5 , ζ3

5 , ζ4
5 )

is the twisted symmetric algebra of the cyclic group C5 over the symmetric
subalgebra H(G21) with parameters (x0, x1; y0, y1, y2).

(5) The algebra H(G21) specialized via

(x0, x1; y0, y1, y2) �→ (1,−1; y0, y1, y2)

is the twisted symmetric algebra of the cyclic group C2 over the symmetric
subalgebra H(G20) with parameters (y0, y1, y2).

(6) The algebra H(G21) specialized via

(x0, x1; y0, y1, y2) �→ (x0, x1; 1, ζ3, ζ
2
3 )

is the twisted symmetric algebra of the cyclic group C3 over the symmetric
subalgebra H(G22) with parameters (x0, x1).

Proof. We have

H(G19) =

〈

S, T, U

∣
∣
∣
∣
∣
∣
∣
∣

STU = TUS = UST,

(S − x0)(S − x1) = 0,
(T − y0)(T − y1)(T − y2) = 0,
(U − z0)(U − z1)(U − z2)(U − z3)(U − z4) = 0

〉

.

(1) Let

A :=

〈

S, T, U

∣
∣
∣
∣
∣
∣

STU = TUS = UST, S2 = 1,

(T − y0)(T − y1)(T − y2) = 0,
(U − z0)(U − z1)(U − z2)(U − z3)(U − z4) = 0

〉

and
Ā := 〈T,U 〉 .

Then
A = Ā ⊕ SĀ = Ā ⊕ ĀS and Ā ∼= H(G18).
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(2) Let

A :=

〈

S, T, U

∣
∣
∣
∣
∣
∣

STU = TUS = UST, T 3 = 1,

(S − x0)(S − x1) = 0,
(U − z0)(U − z1)(U − z2)(U − z3)(U − z4) = 0

〉

and
Ā := 〈S,U 〉 .

Then

A =
2⊕

i=0

T iĀ =
2⊕

i=0

ĀT i and Ā ∼= H(G17).

(3) Let

A :=
〈

S, T, U

∣
∣
∣
∣
SUSUSU = USUSUS, S2 = 1,

(U − z0)(U − z1)(U − z2)(U − z3)(U − z4) = 0

〉

and
Ā := 〈U, SUS 〉 .

Then
A = Ā ⊕ SĀ = Ā ⊕ ĀS and Ā ∼= H(G16).

(4) Let

A :=

〈

S, T, U

∣
∣
∣
∣
∣
∣

STU = TUS = UST, U5 = 1,

(S − x0)(S − x1) = 0,
(T − y0)(T − y1)(T − y2) = 0

〉

and
Ā := 〈S, T 〉 .

Then

A =
4⊕

i=0

U iĀ =
4⊕

i=0

ĀU i and Ā ∼= H(G21).

(5) Let

A :=
〈

S, T

∣
∣
∣
∣
STSTSTSTST = TSTSTSTSTS, S2 = 1,

(T − y0)(T − y1)(T − y2) = 0

〉

and
Ā := 〈T, STS 〉 .

Then
A = Ā ⊕ SĀ = Ā ⊕ ĀS and Ā ∼= H(G20).
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(6) Let

A :=
〈

S, T

∣
∣
∣
∣
STSTSTSTST = TSTSTSTSTS, T 3 = 1,

(S − x0)(S − x1) = 0

〉

and
Ā :=

〈
S, TST 2, T 2ST

〉
.

Then

A =
2⊕

i=0

T iĀ =
2⊕

i=0

ĀT i and Ā ∼= H(G22). �

The Schur elements of all irreducible characters of H(G19) are calculated
in [49]. They are obtained via Galois transformations from the following ones:

sφ1,0 = Φ1(x0/x1)·Φ1(y0/y1)·Φ1(y0/y2)·Φ1(z0/z1)·Φ1(z0/z2)·Φ1(z0/z3)·Φ1(z0/z4)

· Φ1(x0y0z0/x1y1z1) · Φ1(x0y0z0/x1y1z2) · Φ1(x0y0z0/x1y1z3) · Φ1(x0y0z0/x1y1z4)

· Φ1(x0y0z0/x1y2z1) · Φ1(x0y0z0/x1y2z2) · Φ1(x0y0z0/x1y2z3) · Φ1(x0y0z0/x1y2z4)

· Φ1(x0y2
0z2

0/x1y1y2z1z2) · Φ1(x0y2
0z2

0/x1y1y2z1z3) · Φ1(x0y2
0z2

0/x1y1y2z1z4)

· Φ1(x0y2
0z2

0/x1y1y2z2z3) · Φ1(x0y2
0z2

0/x1y1y2z2z4) · Φ1(x0y2
0z2

0/x1y1y2z3z4)

·Φ1(x2
0y2

0z3
0/x2

1y1y2z1z2z3) ·Φ1(x2
0y2

0z3
0/x2

1y1y2z1z2z4) ·Φ1(x2
0y2

0z3
0/x2

1y1y2z1z3z4) ·
Φ1(x2

0y2
0z3

0/x2
1y1y2z2z3z4)·Φ1(x2

0y3
0z4

0/x2
1y2

1y2z1z2z3z4)·Φ1(x2
0y3

0z4
0/x2

1y1y2
2z1z2z3z4)

· Φ1(x3
0y4

0z4
0/x3

1y2
1y2

2z1z2z3z4),

sφ2,31′ = −2Φ1(y0/y2) · Φ1(y1/y2) · Φ1(z0/z2) · Φ1(z0/z3) · Φ1(z0/z4) · Φ1(z1/z2)

·Φ1(z1/z3) ·Φ1(z1/z4) ·Φ1(y0z0z1/y2z2z3) ·Φ1(y0z0z1/y2z2z4) ·Φ1(y0z0z1/y2z3z4)

·Φ1(y1z0z1/y2z2z3)·Φ1(y1z0z1/y2z2z4)·Φ1(y1z0z1/y2z3z4)·Φ1(y0y1z0z2
1/y2

2z2z3z4)

·Φ1(y0y1z2
0z1/y2

2z2z3z4) ·Φ1(r/x0y0z0) ·Φ1(x0y0z1/r) ·Φ1(x1y0z0/r) ·Φ1(r/x1y0z1) ·
Φ1(r/x1y2z2)·Φ1(r/x1y2z3)·Φ1(r/x1y2z4)·Φ1(r/x0y2z2)·Φ1(r/x0y2z3)·Φ1(r/x0y2z4)

· Φ1(rz0z1/x0y2z2z3z4) · Φ1(rz0z1/x1y2z2z3z4)

where r = 2
√

x0x1y0y1z0z1,

sφ3,22′ = 3Φ1(x1/x0) · Φ1(z0/z3) · Φ1(z0/z4) · Φ1(z1/z3) · Φ1(z1/z4) · Φ1(z2/z3) ·
Φ1(z2/z4)·Φ1(x0z0z1/x1z3z4)·Φ1(x0z0z2/x1z3z4)·Φ1(x0z1z2/x1z3z4)·Φ1(r/x1y0z3)

· Φ1(r/x1y0z4) · Φ1(r/x1y1z3) · Φ1(r/x1y1z4) · Φ1(r/x1y2z3) · Φ1(r/x1y2z4)

· Φ1(x0y0z0/r) · Φ1(x0y0z1/r) · Φ1(x0y0z2/r) · Φ1(x0y1z0/r) · Φ1(x0y1z1/r)

· Φ1(x0y1z2/r) · Φ1(x0y2z0/r) · Φ1(x0y2z1/r) · Φ1(x0y2z2/r) · Φ1(r2/x0x1y0y1z3z4)

· Φ1(r2/x0x1y0y2z3z4) · Φ1(r2/x0x1y1y2z3z4)

where r = 3
√

x2
0x1y0y 1y2z0z1z2,

sφ4,18 = −4Φ1(y1/y0) · Φ1(y0/y2) · Φ1(z0/z4) · Φ1(z1/z4) · Φ1(z2/z4) · Φ1(z3/z4) ·
Φ1(x0y0z0/r)·Φ1(x0y0z1/r)·Φ1(x0y0z2/r)·Φ1(x0y0z3/r)·Φ1(x1y0z0/r)·Φ1(x1y0z1/r)

·Φ1(x1y0z2/r)·Φ1(x1y0z3/r)·Φ1(r/x0y1z4)·Φ1(r/x1y1z4)·Φ1(r/x0y2z4)·Φ1(r/x1y2z4)
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· Φ1(r2/x0x1y0y1z0z1) · Φ1(r2/x0x1y0y1z0z2) · Φ1(x0x1y0y1z0z3/r2)

· Φ1(x0x1y0y1z1z2/r2) · Φ1(r2/x0x1y0y1z1z3) · Φ1(r2/x0x1y0y1z2z3)

· Φ1(r2/x0x1y1y2z0z4) · Φ1(r2/x0x1y1y2z1z4) · Φ1(r2/x0x1y1y2z2z4)

· Φ1(r2/x0x1y1y2z3z4)

where r = 4
√

x2
0x2

1y2
0y1y2z0z1z2z3,

sφ5,16 = 5Φ1(x0/x1)·Φ1(y2/y0)·Φ1(y2/y1)·Φ1(x0y0z0/r)·Φ1(x0y0z1/r)·Φ1(x0y0z2/r)

·Φ1(x0y0z3/r)·Φ1(x0y0z4/r)· Φ1(x0y1z0/r)·Φ1(x0y1z1/r)·Φ1(x0y1z2/r)·Φ1(x0y1z3/r)

·Φ1(x0y1z4/r)·Φ1(r/x1y2z0)·Φ1(r/x1y2z1)·Φ1(r/x1y2z2)·Φ1(r/x1y2z3)·Φ1(r/x1y2z4)

· Φ1(x0x1y0y1z0z1/r2) · Φ1(x0x1y0y1z0z2/r2) · Φ1(x0x1y0y1z0z3/r2)

· Φ1(x0x1y0y1z0z4/r2) · Φ1(x0x1y0y1z1z2/r2) · Φ1(x0x1y0y1z1z3/r2)

· Φ1(x0x1y0y1z1z4/r2) · Φ1(x0x1y0y1z2z3/r2) · Φ1(x0x1y0y1z2z4/r2)

· Φ1(x0x1y0y1z3z4/r2)

where r = 5
√

x3
0x2

1y2
0y2

1y2z0z1z2z3z4,

sφ6,15 = −6Φ1(z0/z1) ·Φ1(z0/z2) ·Φ1(z0/z3) ·Φ1(z0/z4) ·Φ1(r/x0y0z0) ·Φ1(r/x0y1z0)

· Φ1(r/x0y2z0) · Φ1(x1y0z0/r) · Φ1(x1y1z0/r) · Φ1(x1y2z0/r) · Φ1(x0x1y0y1z0z1/r2)

· Φ1(x0x1y0y1z0z2/r2) · Φ1(x0x1y0y1z0z3/r2) · Φ1(x0x1y0y1z0z4/r2)

· Φ1(x0x1y0y2z0z1/r2) · Φ1(x0x1y0y2z0z2/r2) · Φ1(x0x1y0y2z0z3/r2)

· Φ1(x0x1y0y2z0z4/r2) · Φ1(x0x1y1y2z0z1/r2) · Φ1(x0x1y1y2z0z2/r2)

· Φ1(x0x1y1y2z0z3/r2) · Φ1(x0x1y1y2z0z4/r2) · Φ1(x2
0x1y0y1y2z0z1z2/r3)

· Φ1(x2
0x1y0y1y2z0z1z3/r3) · Φ1(x2

0x1y0y1y2z0z1z4/r3) · Φ1(x2
0x1y0y1y2z0z2z3/r3)

· Φ1(x2
0x1y0y1y2z0z2z4/r3) · Φ1(x2

0x1y0y1y2z0z3z4/r3)

where r = 6
√

x3
0x3

1y2
0y2

1y2
2z2

0z1z2z3z4.

Following Theorem 4.2.4 and [51], Table 8.1, if we set

X60
i := (ζ2)−ixi (i = 0, 1),

Y 60
j := (ζ3)−jyj (j = 0, 1, 2),

Z60
k := (ζ5)−kzk (k = 0, 1, 2, 3, 4),

then Q(ζ60)(X0,X1,Y0, Y1, Y2, Z0, Z1, Z2, Z3, Z4) is a splitting field for H(G19).
Hence, the factorization of the Schur elements over that field is as described
by Theorem 4.2.5.

A.4 The Groups G25, G26

The following table gives the specialization of the parameters of the generic
Hecke algebra H(G26), (x0, x1; y0, y1, y2), which gives the generic Hecke alge-
bra of the group G25 ([50], Theorem 6.3).
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Group Index S T
G26 1 x0, x1 y0, y1, y2

G25 2 1,−1 y0, y1, y2

Specializations of the parameters for H(G26).

Lemma A.4.1. The algebra H(G26) specialized via

(x0, x1; y0, y1, y2) �→ (1,−1; y0, y1, y2)

is the twisted symmetric algebra of the cyclic group C2 over the symmetric
subalgebra H(G25) with parameters (y0, y1, y2).

Proof. We have

H(G26) =

〈

S, T, U

∣
∣
∣
∣
∣
∣
∣
∣
∣

STST = TSTS, UTU = TUT, SU = US,

(S − x0)(S − x1) = 0,
(T − y0)(T − y1)(T − y2) = 0,
(U − y0)(U − y1)(U − y2) = 0

〉

.

Let

A :=

〈

S, T, U

∣
∣
∣
∣
∣
∣
∣

STST = TSTS, UTU = TUT, SU = US, S2 = 1,

(T − y0)(T − y1)(T − y2) = 0,
(U − y0)(U − y1)(U − y2) = 0

〉

and
Ā := 〈SUS, T, U 〉 .

Then
A = Ā ⊕ SĀ = Ā ⊕ ĀS and Ā ∼= H(G25). �

The Schur elements of all irreducible characters of H(G26) are calculated
in [50]. They are obtained via Galois transformations from the following ones:

sφ1,0 = −Φ1(x0/x1) · Φ1(y0/y1) · Φ1(y0/y2) · Φ2(x0y0/x1y1) · Φ2(x0y0/x1y2)

· Φ1(x0y2
0/x1y2

1) · Φ1(x0y2
0/x1y2

2) · Φ2(x0y3
0/x1y2

1y2) · Φ2(x0y3
0/x1y1y2

2)

· Φ6(x0y2
0/x1y1y2) · Φ2(y2

0/y1y2) · Φ6(y0/y1) · Φ6(y0/y2),

sφ2,3 = y1/y0Φ1(x0/x1) · Φ1(y0/y2) · Φ1(y1/y2) · Φ1(x0y0/x1y2) · Φ1(x0y1/x1y2)

·Φ2(x0y0/x1y2) ·Φ2(x0y1/x1y2) ·Φ2(x0y0/x1y1) ·Φ2(x0y1/x1y0) ·Φ6(x0y0y1/x1y2
2)

· Φ2(y0y1/y2
2) · Φ6(y0/y1),

sφ3,6 = −Φ1(x0/x1) · Φ3(x0/x1) · Φ2(x0y0/x1y1) · Φ2(x0y0/x1y2) · Φ2(x0y1/x1y0) ·
Φ2(x0y1/x1y2)·Φ2(x0y2/x1y0)·Φ2(x0y2/x1y1)·Φ2(y0y1/y2

2)·Φ2(y0y2/y2
1)·Φ2(y1y2/y2

0),
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sφ3,1 = −Φ1(x1/x0) · Φ1(y0/y1) · Φ1(y0/y2) · Φ2(y0/y2) · Φ1(y1/y2) · Φ2(y0y1/y2
2)

· Φ2(y2
0/y1y2) · Φ6(y0/y2) · Φ2(x0y0/x1y2) · Φ2(x0y1/x1y0) · Φ1(x0y2

0/x1y2
1)

· Φ2(x0y2
0y1/x1y3

2),

sφ6,2 = Φ1(x0/x1) · Φ1(y1/y0) · Φ1(y0/y2) · Φ1(y1/y2) · Φ2(y2/y0) · Φ6(y0/y2)

· Φ2(y0y2/y2
1) · Φ1(x0y1/x1y2) · Φ2(x1y0/x0y2) · Φ2(x0y1/x1y2) · Φ2(x0y3

0/x1y2
1y2),

sφ8,3 = 2Φ1(y0/y1) · Φ1(y0/y2) · Φ2(x1y2/x0y1) · Φ2(x1y1/x0y2) · Φ2(ry0/x1y2
2)

·Φ2(ry0/x1y2
1) ·Φ1(ry2/x1y0y1) ·Φ1(ry1/x1y0y2) ·Φ3(ry0/x1y1y2) ·Φ3(ry0/x0y1y2)

where r = 2
√−x0x1y1y2,

sφ9,7 = Φ1(ζ2
3 ) · Φ6(y0/y1) · Φ6(y2/y0) · Φ6(y1/y2) · Φ2(ζ3x0y1y2/x1y2

0)

· Φ2(ζ3x0y0y2/x1y2
1) · Φ2(ζ3x0y0y1/x1y2

2) · Φ1(x1/x0) · Φ1(ζ3x0/x1).

Following Theorem 4.2.4 and [51], Table 8.2, if we set

X6
i := (ζ2)−ixi (i = 0, 1),

Y 6
j := (ζ3)−jyj (j = 0, 1, 2),

then Q(ζ3)(X1,X2, Y1, Y2, Y2) is a splitting field for H(G26). Hence, the
factorization of the Schur elements over that field is as described by
Theorem 4.2.5.

A.5 The Group G28 (“F4”)

Let H(G28) be the generic Hecke algebra of the real reflection group G28 over
the ring Z[x±1

0 , x±1
1 , y±1

0 , y±1
1 ]. We have

H(G28) =

〈

S1, S2, T1, T2

∣
∣
∣
∣
∣
∣
∣
∣

S1S2S1 = S2S1S2, T1T2T1 = T2T1T2,

S1T1 = T1S1, S1T2 = T2S1, S2T2 = T2S2,

S2T1S2T1 = T1S2T1S2,

(Si − x0)(Si − x1) = (Ti − y0)(Ti − y1) = 0

〉

.

The Schur elements of all irreducible characters of H(G28) have been calcu-
lated in [47]. They are obtained via Galois transformations from the following
ones:

sφ1,0 = Φ1(y0/y1) ·Φ6(y0/y1) ·Φ1(x0/x1) ·Φ6(x0/x1) ·Φ1(x0y2
0/x1y2

1) ·Φ6(x0y0/x1y1)

· Φ1(x2
0y0/x2

1y1) · Φ4(x0y0/x1y1) · Φ2(x0y0/x1y1) · Φ2(x0y0/x1y1),

sφ2,4′′ = −y1/y0Φ6(y0/y1) · Φ3(x0/x1) · Φ6(x0/x1) · Φ1(x0/x1) · Φ1(x0/x1)

· Φ1(x2
0y0/x2

1y1) · Φ2(x0y0/x1y1) · Φ2(x0y1/x1y0) · Φ1(x2
0y1/x2

1y0),



A.6 The Group G32 147

sφ4,8 = 2Φ6(y0/y1) · Φ6(x1/x0) · Φ2(x0y1/x1y0) · Φ2(x0y1/x1y0) · Φ2(x1y1/x0y0)

· Φ2(x0y0/x1y1),

sφ4,1 = Φ1(y0/y1) ·Φ6(y0/y1) ·Φ1(x1/x0) ·Φ6(x0/x1) ·Φ2(x0y1/x1y0) ·Φ6(x0y0/x1y1)

· Φ2(x0y0/x1y1) · Φ2(x0y0/x1y1),

sφ6,6′′ = 3Φ1(y1/y0)·Φ1(y1/y0)·Φ1(x1/x0)·Φ1(x1/x0)·Φ6(x0y0/x1y1)·Φ2(x0y1/x1y0)

· Φ2(x1y0/x0y1),

sφ8,3′′ = −y1/y0Φ6(y0/y1) · Φ6(x0/x1) · Φ1(x0/x1) · Φ1(x1/x0) · Φ3(x0/x1)

· Φ1(x0y2
1/x1y2

0) · Φ1(x0y2
0/x1y2

1),

sφ9,2 = Φ1(y0/y1) · Φ1(x0/x1) · Φ1(x0y2
1/x1y2

0) · Φ4(x0y0/x1y1) · Φ1(x2
1y0/x2

0y1)

· Φ2(x0y0/x1y1) · Φ2(x0y0/x1y1),

sφ12,4 = 6Φ3(y0/y1) · Φ3(x1/x0) · Φ2(x0y1/x1y0) · Φ2(x0y1/x1y0) · Φ2(x0y0/x1y1)

· Φ2(x1y1/x0y0),

sφ16,5 = 2x1y1/x0y0Φ6(y0/y1) · Φ6(x1/x0) · Φ4(x0y1/x1y0) · Φ4(x0y0/x1y1).

Following Theorem 4.2.4, if we set

X2
i := (ζ2)−ixi (i = 0, 1),

Y 2
j := (ζ2)−jyj (j = 0, 1),

then Q(X0,X1, Y0, Y1) is a splitting field for H(G28). Hence, the factorization
of the Schur elements over that field is as described by Theorem 4.2.5.

A.6 The Group G32

Let H(G32) be the generic Hecke algebra of the complex reflection group G32

over the ring Z[x±1
0 , x±1

1 , x±1
2 ]. We have

H(G32) =

〈

S1, S2, S3, S4

∣
∣
∣
∣
∣
∣

SiSi+1Si = Si+1SiSi+1,

SiSj = SjSi when |i − j| > 1,

(Si − x0)(Si − x1)(Si − x2) = 0

〉

.

The Schur elements of all irreducible characters of H(G32) have been calcu-
lated in [50]. They are obtained via Galois transformations from the following
ones:

sφ1,0 = Φ1(x0/x2) · Φ1(x0/x2) · Φ1(x0/x1) · Φ1(x0/x1) · Φ1(x3
0/x1x2

2) · Φ1(x3
0/x2

1x2)

·Φ1(x5
0/x3

1x2
2) ·Φ1(x5

0/x2
1x3

2) ·Φ2(x4
0/x1x3

2) ·Φ2(x4
0/x3

1x2) ·Φ2(x2
0/x1x2) ·Φ2(x2

0/x1x2)
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· Φ6(x0/x2) · Φ6(x0/x1) · Φ6(x3
0/x1x2

2) · Φ6(x3
0/x2

1x2) · Φ6(x2
0/x1x2) · Φ4(x2

0/x1x2)

· Φ4(x0/x2) · Φ4(x0/x1) · Φ3(x2
0/x1x2) · Φ10(x0/x2) · Φ10(x0/x1) · Φ5(x2

0/x1x2),

sφ4,1 = Φ1(x4
0/x1x3

2)·Φ1(x3
0/x1x2

2)·Φ1(x3
0/x2

1x2)·Φ1(x2
0x1/x3

2)·Φ1(x1/x0)·Φ1(x1/x2)

· Φ1(x0/x2) · Φ1(x0/x2) · Φ2(x5
0/x1x4

2) · Φ2(x3
0x1/x4

2) · Φ2(x3
0/x1x2

2) · Φ2(x2
0/x1x2)

·Φ2(x0/x2)·Φ2(x0x1/x2
2)·Φ6(x0/x2)·Φ6(x0/x1)·Φ4(x0/x2)·Φ3(x2

0/x1x2)·Φ10(x0/x1)

· Φ15(x0/x2),

sφ5,4 = Φ1(x3
0x2

1/x5
2) · Φ1(x2

0x1/x3
2) · Φ1(x0/x2) · Φ1(x0/x2) · Φ1(x1/x0) · Φ1(x1/x0)

· Φ1(x1/x2) · Φ1(x1/x2) · Φ2(x3
0/x1x2

2) · Φ2(x0x2
1/x3

2) · Φ2(x1/x2) · Φ2(x2
0/x1x2) ·

Φ2(x0x1/x2
2)·Φ2(x4

0x1/x5
2)·Φ2(x0/x2)·Φ2(x0/x2)·Φ6(x0/x2)·Φ6(x0/x2)·Φ6(x0/x1)

· Φ4(x0/x1) · Φ3(x0x1/x2
2) · Φ12(x0/x2),

sφ6,8 = x2
1/x2

0Φ1(x0/x1) · Φ1(x1/x0) · Φ1(x0/x2) · Φ1(x1/x2) · Φ1(x0/x2) · Φ1(x1/x2)

·Φ1(x0x2
1/x3

2) ·Φ1(x2
0x1/x3

2) ·Φ2(x0x2
1/x3

2) ·Φ2(x2
0x1/x3

2) ·Φ2(x2
0/x1x2) ·Φ2(x2

1/x0x2)

·
Φ2(x0x1/x2

2) · Φ2(x0x1/x2
2) · Φ2(x1/x2) · Φ2(x0/x2) · Φ6(x0x1/x2

2) · Φ6(x0/x2) ·
Φ6(x1/x2) · Φ10(x0/x1) · Φ5(x0x1/x2

2),

sφ10,2 = Φ1(x2
0x1/x3

2) · Φ1(x3
0/x1x2

2) · Φ1(x1/x2) · Φ1(x1/x2) · Φ1(x1/x0) · Φ1(x2/x0)

· Φ1(x0/x2) · Φ1(x0/x2) · Φ2(x4
0/x3

1x2) · Φ2(x3
0/x1x2

2) · Φ2(x0x1/x2
2) · Φ2(x0x2/x2

1)

·Φ2(x0/x2)·Φ2(x0/x2)·Φ2(x1/x2)·Φ2(x2
0/x1x2)·Φ6(x2

0x1/x3
2)·Φ6(x0/x2)·Φ6(x0/x1)

· Φ4(x0/x2) · Φ3(x2
0/x1x2),

sφ15,6 = Φ1(x3
0/x1x2

2) · Φ1(x3
0/x2

1x2) · Φ1(x0/x1) · Φ1(x0/x1) · Φ1(x2/x1) · Φ1(x2/x1)

· Φ1(x2/x0) · Φ1(x0/x2) · Φ2(x3
0x2/x4

1) · Φ2(x3
0x1/x4

2) · Φ2(x2
1/x0x2) · Φ2(x0x1/x2

2)

· Φ2(x0/x2) · Φ2(x0/x1) · Φ2(x2
0/x1x2) · Φ2(x2

0/x1x2) · Φ6(x2
0/x1x2) · Φ6(x0/x1)

· Φ6(x0/x2) · Φ4(x2
0/x1x2),

sφ15,8 = Φ1(x2
1x2/x3

0) · Φ1(x2
0x2/x3

1) · Φ1(x0/x2) · Φ1(x0/x2) · Φ1(x1/x2) · Φ1(x1/x2)

· Φ1(x1/x0) · Φ1(x0/x1) · Φ2(x1x2/x2
0) · Φ2(x0x2/x2

1) · Φ2(x0x1/x2
2) · Φ2(x0x1/x2

2)

·Φ2(x1/x2) ·Φ2(x1/x2) ·Φ2(x0/x2) ·Φ2(x0/x2) ·Φ6(x0/x2) ·Φ6(x1/x2) ·Φ4(x0x1/x2
2),

sφ20,3 = Φ1(x2
0x2/x3

1) · Φ1(x0/x1) · Φ1(x0/x1) · Φ1(x2/x0) · Φ1(x0/x2) · Φ1(x4
0/x1x3

2)

· Φ1(x3
0/x1x2

2) · Φ1(x1/x2) · Φ2(x0x2
1/x3

2) · Φ2(x2
1/x0x2) · Φ2(x2

0/x1x2) · Φ2(x0x1/x2
2)

· Φ2(x0/x2) · Φ2(x2/x0) · Φ6(x3
0/x2

1x2) · Φ6(x0/x2) · Φ4(x0/x2) · Φ3(x0x1/x2
2),

sφ20,5 = −Φ1(x3
1/x2

0x2) · Φ1(x3
0/x2

1x2) · Φ1(x0x2
1/x3

2) · Φ1(x2
0x1/x3

2) · Φ1(x2/x1)

· Φ1(x2/x1) · Φ1(x0/x2) · Φ1(x0/x2) · Φ2(x3
1/x0x2

2) · Φ2(x3
0/x1x2

2) · Φ2(x0x1/x2
2) ·

Φ2(x0x1/x2
2) · Φ6(x0x1/x2

2) · Φ6(x1/x0) · Φ6(x1/x2) · Φ6(x0/x2) · Φ3(x0x1/x2
2),

sφ20,7 = Φ1(x3
0x1/x4

2) ·Φ1(x0x2
1/x3

2) ·Φ1(x1/x0) ·Φ1(x1/x0) ·Φ1(x2/x0) ·Φ1(x0/x2) ·
Φ1(x1/x2)·Φ1(x1/x2)·Φ2(x0/x2)·Φ2(x2/x0)·Φ2(x3

0x2/x4
1)·Φ2(x0x2

1/x3
2)·Φ2(x0x1/x2

2)

· Φ2(x2
1/x0x2) · Φ6(x0/x2) · Φ6(x0/x2) · Φ6(x1/x2) · Φ3(x2

0/x1x2),
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sφ20,12 = 2Φ1(x2/x1) · Φ1(x1/x2) · Φ1(x2/x0) · Φ1(x1/x0) · Φ1(x2/x0) · Φ1(x1/x0)

· Φ1(x0/x2) · Φ1(x0/x1) · Φ2(x0x2
1/x3

2) · Φ2(x0x2
2/x3

1) · Φ2(x2
0/x1x2) · Φ2(x1x2/x2

0)

·Φ2(x0/x1) ·Φ2(x0/x2) ·Φ2(x0/x1) ·Φ2(x0/x2) ·Φ6(x2/x1) ·Φ6(x1/x2) ·Φ3(x2
0/x1x2),

sφ24,6 = Φ1(x3
1/x2

0x2) ·Φ1(x3
2/x2

0x1) ·Φ1(x0/x1) ·Φ1(x0/x2) ·Φ1(x0/x1) · Φ1(x0/x2)

·Φ1(x2/x1)·Φ1(x1/x2)·Φ2(x0/x1)· Φ2(x0/x2)·Φ2(x0x2/x2
1)·Φ2(x0x1/x2

2)·Φ6(x0/x1)

· Φ6(x0/x2) · Φ4(x0/x1) · Φ4(x0/x2) · Φ5(x2
0/x1x2),

sφ30,4 = Φ1(x5
0/x3

1x2
2) · Φ1(x0/x2) · Φ1(x1/x0) · Φ1(x1/x0) · Φ1(x1/x2) · Φ1(x1/x2)

·Φ1(x0/x2)·Φ1(x0/x2)·Φ2(x1/x0)·Φ2(x1/x2)·Φ2(x2/x0)·Φ2(x5
0/x1x4

2)·Φ2(x0x2
2/x3

1)

·Φ2(x0/x2)·Φ2(x0x2/x2
1)·Φ2(x2

0/x1x2)·Φ6(x0/x1)·Φ6(x1/x2)·Φ6(x0/x2)·Φ4(x0/x2),

sφ30,12′ = Φ1(x5
1/x3

0x2
2) · Φ1(x1/x2) · Φ1(x0/x1) · Φ1(x0/x1) · Φ1(x0/x2) · Φ1(x0/x2)

·Φ1(x1/x2)·Φ1(x1/x2)·Φ2(x0/x1)·Φ2(x0/x2)·Φ2(x2/x1)·Φ2(x5
1/x0x4

2)·Φ2(x1x2
2/x3

0)

·Φ2(x1/x2)·Φ2(x1x2/x2
0)·Φ2(x2

1/x0x2)·Φ6(x1/x0)·Φ6(x0/x2)·Φ6(x1/x2)·Φ4(x1/x2),

sφ36,5 = Φ1(1/ζ3) · Φ1(x0/x2) · Φ1(x1/x0) · Φ1(ζ3x2
0/x1x2) · Φ1(ζ2

3x0x2/x2
1)

· Φ1(x2
2/ζ2

3x0x1) · Φ2(x1x2/x2
0) · Φ2(x2

0x2/ζ3x3
1) · Φ2(ζ2

3x2
0x1/x3

2) · Φ6(x2
0/x1x2) ·

Φ6(x0/x1) · Φ6(x0/x2) · Φ6(x1/x2) · Φ5(ζ3x0/x2) · Φ5(ζ3x0/x1),

sφ40,8 = Φ1(x3
0x2

1/x5
2) · Φ1(x1/x0) · Φ1(x0/x1) · Φ1(x0/x2) · Φ1(x2/x0) · Φ1(x0/x2)

· Φ1(x2
1x2/x3

0) · Φ1(x2/x1) · Φ2(x0/x1) · Φ2(x0x1/x2
2) · Φ2(x2

0/x1x2) · Φ2(x0/x2)

· Φ6(x0/x1) · Φ6(x1/x2) · Φ4(x0/x1) · Φ4(x0/x2) · Φ3(x0x2/x2
1),

sφ45,6 = Φ1(ζ3) · Φ1(ζ2
3x2

0/x1x2) · Φ1(ζ3x0x2/x2
1) · Φ1(ζ3x0x1/x2

2) · Φ1(x2/x0) ·
Φ1(x1/x2)·Φ2(ζ2

3x2
0x2/x3

1)·Φ2(ζ2
3x2

1x2/x3
0)·Φ2(x0/ζ2

3x2)·Φ2(ζ3x1/x2)·Φ2(x0x1/x2
2)

· Φ6(x1/x0) · Φ6(x1/x2) · Φ6(x0/x2) · Φ6(x0x1/x2
2) · Φ4(ζ3x0/x2) · Φ4(ζ3x1/x2),

sφ60,7 = Φ1(x0x2
1/x3

2) · Φ1(x0/x1) · Φ1(x0/x1) · Φ1(x1/x2) · Φ1(x1/x2) · Φ1(x0/x2)

· Φ1(x0/x2) · Φ1(x1x2
2/x3

0) · Φ2(x0/x1) · Φ2(x4
0x1/x5

2) · Φ2(x2
1/x0x2) · Φ2(x1x2/x2

0)

· Φ2(x1/x2) · Φ2(x1/x2) · Φ6(x0/x1) · Φ6(x2/x1) · Φ4(x0/x1),

sφ60,11′′ = Φ1(x1x3
2/x4

0) · Φ1(x0/x1) · Φ1(x0/x1) · Φ1(x1/x2) · Φ1(x1/x2) · Φ1(x2/x0)

· Φ1(x2/x0) · Φ1(x0x3
2/x4

1) · Φ2(x2
1/x0x2) · Φ2(x0x1/x2

2) · Φ2(x0x1/x2
2) · Φ2(x2

0/x1x2)

· Φ2(x0/x1) · Φ2(x0/x1) · Φ6(x0x1/x2
2) · Φ6(x1/x0),

sφ60,12 = 2Φ1(x0x2
2/x3

1) ·Φ1(x0x2
1/x3

2) ·Φ1(x1/x0) ·Φ1(x1/x0) ·Φ1(x1/x0) ·Φ1(x2/x0) ·
Φ1(x2/x0)·Φ1(x2/x0)·Φ2(x2/x1)·Φ2(x1/x2)·Φ2(x2

0/x1x2)·Φ2(x2
0/x1x2)·Φ6(x2

0/x1x2)

· Φ6(x1/x2) · Φ6(x2/x1) · Φ4(x0/x1) · Φ4(x0/x2),

sφ64,8 = 2Φ1(rx1/x2
2) · Φ1(x2

2/rx0) · Φ1(x0/x2) · Φ1(x2/x1) · Φ1(x0/x1) · Φ1(x1/x0)

·Φ1(x3
0/x1x2

2) ·Φ1(x0x2
2/x3

1) ·Φ2(rx2
0/x2

1x2) ·Φ2(rx2
1/x2

0x2) ·Φ3(x0x1/x2
2) ·Φ10(r/x2)

· Φ15(r/x0)

where r = 2
√

x0x1,
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sφ80,9 = 2Φ1(x0x2
2/x3

1) ·Φ1(x0x2
1/x3

2) ·Φ1(x0/x1) ·Φ1(x0/x1) ·Φ1(x2/x0) ·Φ1(x2/x0)

·Φ1(x2/x1) ·Φ1(x2/x1) ·Φ2(x0/x2) ·Φ2(x0/x1) ·Φ4(x1x2/x2
0) ·Φ4(x0/x1) ·Φ4(x0/x2)

· Φ3(x2
0/x1x2) · Φ12(x1/x2),

sφ81,10 = 3Φ2(rx2/x2
0)·Φ2(rx2/x2

1)·Φ2(rx0/x2
2)·Φ2(rx0/x2

1)·Φ2(rx1/x2
0)·Φ2(rx1/x2

2)

·Φ2(x0x1/x2
2)·Φ2(x0x2/x2

1)·Φ2(x1x2/x2
0)·Φ2(r/x2)·Φ2(r/x0)·Φ2(r/x1)·Φ4(r2/x0x1)

· Φ4(r2/x0x2) · Φ4(r2/x1x2) · Φ5(r/x0) · Φ5(r/x2) · Φ5(r/x1)

where r = 3
√

x0x1x2.

Following Theorem 4.2.4 and [51], Table 8.2, if we set

X6
i := (ζ3)−ixi (i = 0, 1, 2),

then Q(ζ3)(X0,X1,X2) is a splitting field for H(G32). Hence, the factorization
of the Schur elements over that field is as described by Theorem 4.2.5.

A.7 The Groups G(de, e, r)

The generic Hecke algebras of the groups G(de, e, r) are presented in
Chapter 5. Here we will only give some applications of Clifford theory and a
description of their Schur elements.

A.7.1 The Groups G(de, e, r), r > 2

Proposition 1.6 of [2] yields the specialization of the parameters of the
generic Hecke algebra H(G(de, 1, r)), (x0, x1;u0, u1, . . . , ude−1), which gives
the generic Hecke algebra of the group G(de, e, r).

Lemma A.7.1. The algebra H(G(de, 1, r)) specialized via

{
xi �→ xi (0 ≤ i ≤ 1),
uk �→ ζ

[k/d]
e v

1/e
k mod d (0 ≤ k ≤ de − 1)

is the twisted symmetric algebra of the cyclic group Ce over the symmetric
subalgebra H(G(de, e, r)) with parameters (x0, x1; v0, v1, . . . , vd−1).

Proof. The algebra H(G(de,1,r)) is generated by the elements s,t1,t2, . . . ,tr−1

satisfying the relations:

• st1st1 = t1st1s, stj = tjs, for j �= 1,
• tjtj+1tj = tj+1tjtj+1, titj = tjti, for |i − j| > 1,
• (s − u0)(s − u1) · · · (s − ude−1) = (tj − x0)(tj − x1) = 0.
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Let A be the algebra obtained from H(G(de, 1, r)) via the given specialization,
i.e., the algebra generated by the elements s, t1, t2, . . . , tr−1 satisfying the
same braid relations as above, as well as:

(se − v0)(se − v1) · · · (se − vd−1) = (tj − x0)(tj − x1) = 0.

If Ā :=
〈
se, t̃1 := s−1t1s, t1, t2, . . . , tr−1

〉
, then

A =
e−1⊕

i=0

siĀ =
e−1⊕

i=0

Āsi and Ā ∼= H(G(de, e, r)).
�

For x1 = −1, the algebra H(G(de, 1, r)) becomes the generic Ariki-Koike
algebra Hde,r associated to G(de, 1, r). Set n := de and x := x0. The following
result, which has been obtained independently by Geck, Iancu and Malle
[36] and by Mathas [54], gives a description of the Schur elements of Hn,r.
Recall that the irreducible characters of G(n, 1, r) are parametrized by the
n-partitions of r.

Theorem A.7.2. Let λ be an n-partition of r with ordinary standard sym-
bol Bλ = (B(0)

λ , B
(1)
λ , . . . , B

(n−1)
λ ). Fix L ≥ hλ, where hλ is the height

of λ. We set Bλ,L := (B(0)
λ [L − hλ], B(1)

λ [L − hλ], . . . , B(n−1)
λ [L − hλ]) =

(B(0)
λ,L, B

(1)
λ,L, . . . , B

(n−1)
λ,L ) and B

(s)
λ,L = (b(s)

1 , b
(s)
2 , . . . , b

(s)
L ). Let aL := r(n − 1)

+
(
n
2

)(
L
2

)
and bL := nL(L − 1)(2nL − n − 3)/12. Then the Schur ele-

ment of the irreducible character χλ is given by the formulae sλ = (−1)aL

xbL(x − 1)−r(u0u1 . . . un−1)−rνλ/δλ, where

νλ =
∏

0≤s<t<n

(us − ut)L
∏

0≤s,t<n

∏

bs∈B
(s)
λ,L

∏

1≤k≤bs

(xkus − ut)

and

δλ =
∏

0≤s<t<n

∏

(bs,bt)∈B
(s)
λ,L×B

(t)
λ,L

(xbsus−xbtut)
∏

0≤s<n

∏

1≤i<j≤L

(xb
(s)
i us−xb

(s)
j us).

Following [17], Table 1, the field of definition of G(n, 1, r) is K := Q(ζn). By
Theorem 4.2.4, if we set

X |μ(K)| := x,

U
|μ(K)|
k := (ζn)−kuk (k = 0, 1, . . . , n − 1),

then the algebra K(X,U0, U1, . . . , Un−1)Hn,r is split semisimple. We easily
deduce that the factorization of the Schur elements of this algebra is as de-
scribed by Theorem 4.2.5.
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A.7.2 The Groups G(de, e, 2), e Odd

Lemma A.7.1 holds when r = 2 and e is odd.

A.7.3 The Groups G(de, e, 2), e Even

Suppose that e = 2f for some f ≥ 1. Proposition 1.6 of [2] yields the spe-
cialization of the parameters of the generic Hecke algebra H(G(2fd, 2, 2)),
(x0, x1; y0, y1; z0, z1, . . . , zfd−1), which gives the generic Hecke algebra of the
group G(2fd, 2f, 2).

Lemma A.7.3. The algebra H(G(2fd, 2, 2)) specialized via

⎧
⎪⎨

⎪⎩

xi �→ xi (0 ≤ i ≤ 1),
yj �→ yj (0 ≤ j ≤ 1),
zk �→ ζ

[k/d]
f u

1/f
k mod d (0 ≤ k ≤ fd − 1)

is the twisted symmetric algebra of the cyclic group Cf over the symmetric
subalgebra H(G(2fd, 2f, 2)) with parameters (x0, x1; y0, y1;u0, u1, . . . , ud−1).

Proof. We have

H(G(2fd, 2, 2)) =

〈

S, T, U

∣
∣
∣
∣
∣
∣
∣
∣

STU = TUS = UST,

(S − x0)(S − x1) = 0,
(T − y0)(T − y1) = 0,
(U − z0)(U − z1) · · · (U − zfd−1) = 0

〉

.

Let

A :=

〈

S, T, U

∣
∣
∣
∣
∣
∣
∣
∣

STU = TUS = UST,

(S − x0)(S − x1) = 0,
(T − y0)(T − y1) = 0,
(Uf − u0)(Uf − u1) · · · (Uf − ud−1) = 0

〉

and
Ā :=

〈
S, T, Uf

〉
.

Then

A =
f−1⊕

i=0

U iĀ =
f−1⊕

i=0

ĀU i and Ā ∼= H(G(2fd, 2f, 2)).
�

Set n := fd = de/2. The group G(2n, 2, 2) has 4n irreducible characters
of degree 1,
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χijk (0 ≤ i, j ≤ 1) (0 ≤ k < n),

and n2 − n irreducible characters of degree 2,

χ1
kl, χ2

kl (0 ≤ k < l < n).

Following [49], Theorem 3.11, the Schur elements of the irreducible char-
acters of H(G(2n, 2, 2)) are:

sχijk
= Φ1(xix

−1
1−i) ·Φ1(yjy−1

1−j) ·
∏n−1

l=0, l �=k

(
Φ1(zkz−1

l ) · Φ1(xix
−1
1−iyjy−1

1−jzkz−1
l )
)
,

sχ1,2
kl

=−2
∏n−1

m=0, m �=k,l

(
Φ1(zkz−1

m ) · Φ1(zlz−1
m )
)
·
∏1

i=0

(
Φ1(XiX

−1
1−iYiY

−1
1−iZkZ−1

l )

· Φ1(XiX
−1
1−iY1−iY

−1
i ZlZ

−1
k )

)

where X2
i := xi, Y 2

j := yj , Z2
k := zk.

Following [17], Table 1, the field of definition of G(2n, 2, 2) is K := Q(ζ2n).
By Theorem 4.2.4, if we set

X |μ(K)|
i := (ζ2)−ixi (i = 0, 1),

Y |μ(K)|
j := (ζ2)−jyj (j = 0, 1),

Z |μ(K)|
k := (ζn)−kzk (k = 0, 1, . . . , n − 1),

then the algebra K(X0,X1,Y0,Y1,Z0,Z1, . . . ,Zn−1)H(G(2n, 2, 2)) is split
semisimple. Hence, the factorization of the Schur elements of this algebra
is as described by Theorem 4.2.5.
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10. C. Bonnafé, M. Geck, L. Iancu, T. Lam, On domino insertion and Kazhdan-

Lusztig cells in type Bn to appear in: Representation theory of algebraic groups
and quantum groups (Nagoya, 2006; eds. A. Gyoja et al.), Progress in Math.,
Birkhäuser.
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20. M. Broué, G. Malle, J. Michel, Generic blocks of finite reductive groups,
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C. Stricker (Eds.), Śeminaire de Probablitiés XLII (2009)
Vol. 1980: P. Graczyk, A. Stos (Eds.), Potential Analysis
of Stable Processes and its Extensions (2009)
Vol. 1981: M. Chlouveraki, Blocks and Families for
Cyclotomic Hecke Algebras (2009)

Recent Reprints and New Editions
Vol. 1702: J. Ma, J. Yong, Forward-Backward Stochas-
tic Differential Equations and their Applications. 1999 –
Corr. 3rd printing (2007)
Vol. 830: J.A. Green, Polynomial Representations of
GLn, with an Appendix on Schensted Correspondence
and Littelmann Paths by K. Erdmann, J.A. Green and
M. Schoker 1980 – 2nd corr. and augmented edition
(2007)
Vol. 1693: S. Simons, From Hahn-Banach to Monotonic-
ity (Minimax and Monotonicity 1998) – 2nd exp. edition
(2008)
Vol. 470: R.E. Bowen, Equilibrium States and the Ergodic
Theory of Anosov Diffeomorphisms. With a preface by
D. Ruelle. Edited by J.-R. Chazottes. 1975 – 2nd rev.
edition (2008)
Vol. 523: S.A. Albeverio, R.J. Høegh-Krohn, S. Maz-
zucchi, Mathematical Theory of Feynman Path Integral.
1976 – 2nd corr. and enlarged edition (2008)
Vol. 1764: A. Cannas da Silva, Lectures on Symplectic
Geometry 2001 – Corr. 2nd printing (2008)



LECTURE NOTES IN MATHEMATICS

Edited by J.-M. Morel, F. Takens, B. Teissier, P.K. Maini

Editorial Policy (for the publication of monographs)

1. Lecture Notes aim to report new developments in all areas of mathematics and their
applications - quickly, informally and at a high level. Mathematical texts analysing new
developments in modelling and numerical simulation are welcome.

Monograph manuscripts should be reasonably self-contained and rounded off. Thus
they may, and often will, present not only results of the author but also related work
by other people. They may be based on specialised lecture courses. Furthermore, the
manuscripts should provide sufficient motivation, examples and applications. This clearly
distinguishes Lecture Notes from journal articles or technical reports which normally are
very concise. Articles intended for a journal but too long to be accepted by most journals,
usually do not have this “lecture notes” character. For similar reasons it is unusual for
doctoral theses to be accepted for the Lecture Notes series, though habilitation theses may
be appropriate.

2. Manuscripts should be submitted either online at www.editorialmanager.com/lnm to
Springer’s mathematics editorial in Heidelberg, or to one of the series editors. In general,
manuscripts will be sent out to 2 external referees for evaluation. If a decision cannot yet
be reached on the basis of the first 2 reports, further referees may be contacted: The author
will be informed of this. A final decision to publish can be made only on the basis of the
complete manuscript, however a refereeing process leading to a preliminary decision can
be based on a pre-final or incomplete manuscript. The strict minimum amount of material
that will be considered should include a detailed outline describing the planned contents
of each chapter, a bibliography and several sample chapters.

Authors should be aware that incomplete or insufficiently close to final manuscripts
almost always result in longer refereeing times and nevertheless unclear referees’ recom-
mendations, making further refereeing of a final draft necessary.

Authors should also be aware that parallel submission of their manuscript to another
publisher while under consideration for LNM will in general lead to immediate rejection.

3. Manuscripts should in general be submitted in English. Final manuscripts should contain
at least 100 pages of mathematical text and should always include

– a table of contents;
– an informative introduction, with adequate motivation and perhaps some historical re-

marks: it should be accessible to a reader not intimately familiar with the topic treated;
– a subject index: as a rule this is genuinely helpful for the reader.

For evaluation purposes, manuscripts may be submitted in print or electronic form (print
form is still preferred by most referees), in the latter case preferably as pdf- or zipped
ps-files. Lecture Notes volumes are, as a rule, printed digitally from the authors’ files.
To ensure best results, authors are asked to use the LaTeX2e style files available from
Springer’s web-server at:

ftp://ftp.springer.de/pub/tex/latex/svmonot1/ (for monographs) and
ftp://ftp.springer.de/pub/tex/latex/svmultt1/ (for summer schools/tutorials).

123



Additional technical instructions, if necessary, are available on request from:
lnm@springer.com.

4. Careful preparation of the manuscripts will help keep production time short besides en-
suring satisfactory appearance of the finished book in print and online. After acceptance
of the manuscript authors will be asked to prepare the final LaTeX source files and also
the corresponding dvi-, pdf- or zipped ps-file. The LaTeX source files are essential for
producing the full-text online version of the book (see
http://www.springerlink.com/openurl.asp?genre=journal&issn=0075-8434 for the exist-
ing online volumes of LNM).

The actual production of a Lecture Notes volume takes approximately 12 weeks.

5. Authors receive a total of 50 free copies of their volume, but no royalties. They are entitled
to a discount of 33.3% on the price of Springer books purchased for their personal use, if
ordering directly from Springer.

6. Commitment to publish is made by letter of intent rather than by signing a formal contract.
Springer-Verlag secures the copyright for each volume. Authors are free to reuse material
contained in their LNM volumes in later publications: a brief written (or e-mail) request
for formal permission is sufficient.

Addresses:
Professor J.-M. Morel, CMLA,
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