Appendix A
Entropy Formula of Pesin Type
for One-sided Stationary Random Maps

In this appendix we consider random dynamical systems (abbreviated as RDS’s)
generated by compositions of one-sided stationary random endomorphisms of class
C? of a compact manifold following the line of [52]. We will first introduce the no-
tions of entropy and Lyapunov exponents for such RDS’s and then prove that the
entropy formula of Pesin type holds if the sample measures of an invariant measure
are absolutely continuous with respect to the Lebesgue measure on the manifold.
This result covers those obtained by Ledrappier and Young [44] and Liu [48] for
i.i.d. (independent and identically distributed) random diffeomorphisms or (nonin-
vertible) endomorphisms and that obtained by [48] for two-sided stationary random
endomorphisms. As far as the phase spaces are compact and finite dimensional man-
ifolds without boundary, this result may be considered as the almost final form of
Pesin entropy formula for RDS’s with absolutely continuous invariant or sample
measures.

A.1 Basic Notions

A.l1.1 Set-up

In this appendix M will always be a compact Riemannian manifold without
boundary. Let C"(M,M)(r > 1 integer) be the space of all C" endomorphisms
on M endowed with the C” topology and the Borel o-algebra. Put Q = C"(M, M )Z+
and let it have the product o-algebra «7. Assume that P is a probability on (€2, .</)
which is invariant under the left shift operator 8 on €2. For each w € Q2 we write
o = (fo(o),fi(®),---) and define

no__ id ifn=0
Jo= {fn—1(w)0---0fo(w) ifn>0. (A.D)
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246 A Entropy Formula of Pesin Type

We are concerned with the asymptotic behavior of these composed maps for P-a.e.
®. This set-up will be referred to as 2"+ (M,P) in the rest of this appendix and
it falls into the general framework of the theory of RDS’s, for which we refer the
reader to Kifer [35], Arnold [3] and Liu [49].

A.1.2 Invariant Measures and Sample Measures

Let 2" (M,P) be given. In what follows we will use Z(X) to denote the Borel
o-algebra of a topological space X.

Definition A.1.1 An invariant measure of 2" (M,P) is defined as a probability y
on (Q x M,/ x 8(M)) which has marginal P on £ and which is invariant under
the skew-product transformation

O:QxM—QxM, (0,x) — (B, fo(w)x)

associated with 2™+ (M, P).

Such invariant measures always exist (see Arnold [3]), and let now u be such an
invariant measure. Since C"(M, M) is a Polish space (see Hirsch [24]), (2 x M, i)
with the y-completion of o/ x #(M) constitutes a Lebesgue space. According to
Rokhlin [74], one can speak of the conditional measure U, of yt on {@} x M (iden-
tified with M) for P-a.e. ®. {llp } we is P-mod O uniquely defined and is called the
family of sample measures of . It is easy to see that, for any n > 1, the sample
measures have the invariance property

/ ol dP (@) = o, P—ae. o (A2)
0" {0)

which will play an important role in the treatment of this appendix, where

{Pg’f)}weg is a canonical system of conditional measures of P associated with
the partition {0 "{w} : ® € Q} of Q.

A.1.3 Entropy

Given an invariant measure (L, there are some quantities to describe the complex-
ity of the dynamical behavior of 2" (M,P) with respect to i. One is the entropy
hy (2 *(M,P)), among the others are the Lyapunov exponents A;(®,x), 1 <i <
r(®,x) which will be introduced in the next subsection. The entropy hy (2 (M,P))
is defined as follows and it describes the average (on w) information creation rate
of the time evolution of the system (2" (M,P), ).
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Proposition A.1.1 For any finite partition & of M the limit

(2 (M,P),€) ! tim | / Hug <\/< 5)*&) dP(w)  (A3)

exists.

pot Do 5= (124170

J Hy, (&4)dP(w). Then for all n,m € Z*

write &2 = \/1Z)(fk)~1€ and put a, =

Anim = /Huw 1M dP( )
< [ Huo(E)aP(@) + [ Huy(£3)7' &) ()
=t [ Hygu (Gt 4P(@)
n (n) ’
= o o 5, KU (CP) @)dP )
n (n) /
<a- [ C%k ( [, Uit )P (w)) dP(a)

(by the convexity of k(x) on [0, +c0))
—at [ Hyy (E5)dP(@) (by (A2)

= a,+ap.

The limit E)mm ian thus exists and equals inf,,>; ian.

Definition A.1.2 The number h, (21 (M, p)) & supé hu(Z T (M,P),&) is called

the entropy of (2 *(M,P),1), where the supremum is taken over the set of all
finite partitions & of M.

By the same argument as Bogenschiitz [9, Theorem 3.1] one has
hu(27(M.P)) = b/ (©), (A4)

where hﬁ (@) is the conditional entropy of © : (2 x M, 1) < with respect to % &t

{AxM:Ae o}

A.1.4 Lyapunov Exponents

Let 2"+ (M,P) be of class C I (i.e,, r = 1) and let u be an invariant measure of
2 (M,P). If [log | T fo(®)|du(w,x) < +oo, the Oseledec multiplicative ergodic
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theorem applied to © : (Q2 x M, 1) < yields that, for -a.e. (@,x) € Q x M, there
are measurable (in (@, x)) numbers

oo > A (@,%) > A2 (@,x) > -+ > Ay ) (@,X) > —oo
and an associated sequence of subspaces of T,M
VO(w,x)=TM>VD(w,x) > > V@) (@ x) = {0}

(all measurable in (®,x)) such that
.1 n
Jim - log|Tefy 8| = Ai(w,x)

for all & € V=D (w,x)\V® (w,x), 1 <i < r(w,x). The numbers A;(®,x), 1 <i<

r(w,x) are called the Lyapunov exponents of 2"+ (M,P) at (,x), and m;(®,x) &t

dimV =D (@,x) —dimV ) (w,x) is called the multiplicity of Ai(®,x).

A.2 Statement of the Main Result

A.2.1 Ruelle Inequality

Let 2" (M,P) be given and let u be an 2" (M,P)-invariant measure. Roughly
speaking, the entropy and the Lyapunov exponents provide two different ways
of measuring the complexity of the dynamical behavior of (2 *(M,P),u). The
entropy does it from the point-view of information, and the positive exponents
measure geometrically how fast nearby orbits diverge (via the corresponding unsta-
ble manifolds theory formulated on the inverse limit space of © : (Q x M, 1) <).
Concerning the relationship between these two kinds of quantities there is first the
following result.

Proposition A.2.1 (Ruelle Inequality) Assume 2 +(M,P) is of class C' (i.e.,

r=1) and log" |fo(®)|c1 € L'(Q,P), where |fl|c &f supeu | Tef| for f €
C'(M,M). Then for any 2 +(M,P)-invariant measure | one has

ha (27 (M,P)) < / . A(,x) mi(o.2)dp. (A.5)

This was first proved by Ruelle [77] (also by an unpublished work of Margulis) for
a single C' map and a similar result was proved by Bahnmiiller and Bogeuschiitz [4]
for RDS’s over ergodic and invertible measure-preserving “noise” systems (see that
paper for previous works by others). To prove the present result, let Q* = C" (M, M)
(with the product ¢-algebra <7*) and define
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O Q' XM— Q" xM, (0%x)— (00", fo(®")x)

where 07 is the left shift operator on Q* and (---, f_; (@), fo(®*), fi(®*),---) is
the sequence of maps corresponding to @*. It is easy to show that there is a unique
probability u* on (Q* x M, o7* x 28(M)) such that ©*u* = u* and ITu* = u, where
IM:Q*xM— QxM, (©0*,x) — ((fo(®*), fi(0*),---),x) is the natural projection.
By arguments similar to Liu [48, Prop.2.2] one has

i (©)=h. (0%) (A.6)

where #* = {A* x M : A* € &/*}. By [4],
n7 (0% < / Y (0", 2) mi(o" x)dp’

iflog™ |fo(®*)|c1 € L' (Q*,P*), where P* is the marginal of u* on Q* ((Q*,0*,P*)
is clearly the natural extension of (,0,P)) and {(Ai(@*,x),mi(®*,x)) : i =1,
-+, r(@*,x)} is the Lyapunov spectrum of @* : (Q* x M, u*) <« at u*-a.e. (0*,x).
This together with (A.6) proves Proposition A.2.1 since

/Z).i(a)*,x)+mi(a)*,x)du* _ /Z)Li(a),x)+mi(w,x)du.

A.2.2 Pesin (Entropy) Formula

Our main result of this appendix is the following theorem, where |f|2 is the Cc*-

norm of f € C2(M,M) (see [51] for the definition) and D(f) &t inla |det T, f|.

XE
Theorem A.2.2 (Pesin Formula) Let % *(M,P) be of class C*> and assume
log™ | fo(@)|c2 +1ogD(fo(w)) € L' (Q,P). Let u be an 2+ (M,P)-invariant mea-
sure. If e < Leb for P-a.e. , then there holds the equality

hy (2 (M,P)) = / > Ai(0.2) mi(w.x)dy. (A7)

The proof of this theorem will be given in Section 3.

Some results in this direction have been obtained previously and let us indicate
how they can be covered by Theorem A.2.2. The formula (A.7) was first proved
by Pesin [63] for a single diffeomorphism and later by Thieullen [90] for a single
noninvertible map (along a line different from Pesin’s), and these results corre-
spond to the situation of P being supported by a single point (f,f,---) € Q for
some f € CZ(M,M) (we remark that [63] and [90] made a weaker smoothness
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assumption, i.e., a C'** one on the map under consideration, and the map con-
sidered in [90] is allowed to have singularities; see Remark A.1 about the C l+a
assumption in the random case). Ledrappier and Young [44] considered the case
of 2 7(M,P) where f;(®),i=0,1,2,--- are assumed to be independent and iden-
tically distributed random diffeomorphisms (i.e., P = vZ" for some probability v
on Diff>(M)) and proved (A.7) for a probability p on M which is stationary for
the Markov process induced by 2" (M,P) on M (or equivalently [ fpdv(f) = p)
and which satisfies p < Leb, and this result was extended by Liu [48, Sect.2.2]
to i.i.d. random endomorphisms case. Since in these cases vZ x p constitutes
an invariant measure of 2 " (M,P), these results are covered by Theorem A.2.2.
Getting rid of the i.i.d. assumption, Liu [48, Sect.2.1] considered the two-sided
model 2" (M,P*) defined similarly to 2"+ (M,P) but over Q* = C>(M,M)” and
proved a result similar to Theorem A.2.2. This result can also be easily deduced
from Theorem A.2.2 (apart from some slight changes concerning integrability con-
ditions) by projecting (2" (M,P*),u*) (u* an 2" (M,P*)-invariant measure) to a
one-sided RDS (2" (M,P),u) with u = ITu*, since the projecting procedure pre-
serves the smoothness of the sample measures. Note however that extending a
one-sided RDS (2" (M,P),u) to a two-sided one (2 (M,P*), u*) will generally
destroy the smoothness of the sample measures (but can only guarantee the SRB
property of them, see Liu [49, Remark 2.9] and Corollary A.2.2.1 below), hence
Theorem A.2.2, especially the “i.i.d.” results in [44] and [48, Sect.2.2], can not be
covered by the “two-sided” result in [48, Sect.2.1].

Theorem A.2.2 together with the main result of Bahnmiiller and Liu [5] (see also
[44] for the i.i.d. case) yields the following corollary. See [5] for the definition of
SRB measures of RDS’s.

Corollary A.2.2.1 Assume 2+ (M,P) is given such that fy(w) € Diff>(M) for
P-a.e. w andlog” | fo(®)c2 +1og" |fo(@) Y2 € LY (Q,P). Let p be an 2 (M, P)-
invariant measure and let (Q* x M,0*,1u*) be the natural extension of (£ x
M,0,u). If Uy < Leb for P-a.e. @, then U* is an SRB measure.

Remark A.1. Since we need to work with Lebesgue spaces, we consider here C2
rather than C'*+%(0 < o < 1) endomorphisms for the reason that C?(M, M) is Polish
whereas C'T%*(M,M) is in general not separable (see [38]). It is not clear to the
authors if the C? assumption could be reduced to a C'** one by a suitable trick
for the purpose of this appendix (note however that a C' assumption is usually not
sufficient, see Pugh [68] for a counterexample concerning the absolute continuity
property of the stable manifolds).

Remark A.2. One may consider the following slightly more general frame-
work of RDS’s. Let W be a Polish space, P a probability on (W, %(W)) and
7: (W, %(W),P) < ameasure-preserving transformation (take the classical Winner
space as an example). Assume that

G W — C"(M,M)
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(r > 0 integer) is a measurable map and one considers for P-a.e. w the composed
maps

n def | id forn=0

v {g(‘c”lw) o---og(w) forn >0,

where g(w) ey (w). This defines an RDS and we will denote it still by the notation
¢ . Various notions defined for 2 *(M,P) can be adapted verbatim to the case of
% by considering the skew-product transformation G : W x M — W x M, (w,x)
(tw,g(w)x). Themap X : W — Q, w (g(w),g(tw),- ) projects P to a probability
P on 2 and this gives rise to an RDS 2" (M,P). Clearly any invariant measure fi
of ¢ can deduce an invariant measure i of 2"+ (M,P) via the map £ : W x M —
Q xM, (wx) — (Xw,x). By arguments similar to the proof of Proposition A.I.1
one can see that the entropy (%) of (¢, ft) is equal to hy (2" *(M,P)) and then
has

Theorem 2.2’ Let the RDS % be as introduced above and let it be of class C>.
Assume log™ |g(w)|c2 +logD(g(w)) € L'(W,P) and let [i be an invariant measure
of 4. If iy, < Leb for P-a.e. w, or more generally, if [s 1, fluydPy(w) < Leb where
Py, is the conditional measure of P on X' w, then

hy(4) = / 3 Ai(w,2) i x)d.

Using the natural extension of (W, 1, P), one can have a result similar to Corollary
A22.1.

A.2.3 Pesin Formula for Some Particular RDS’s

Expanding in average RDS’s. Let 2 "(M,P) be of class C" (r > 1 integer) and

assume that log|fo(®)|, € L'(€2,P), where [f|-, & infecpy¢- TfE] for f €
C"(M,M). If P-a.e.

lnfl
li 1 - _. 0
n_lﬂlwnga og|fi(®)|o =t a(w) >

(the limit exists for P-a.e. ® by Birkhoff theorem), 2" (M, P) is then said to be ex-
panding in average. The two-sided version of this model was introduced by Khanin
and Kifer [34] and thermodynamic formalism was developed there for this two-
sided version. Particularly, existence of invariant measures whose sample measures
are absolutely continuous with respect to Lebesgue is assured there under suitable
smoothness and integrability conditions on the random maps. Using the extension
technique in Subsection 2.1, this implies that for a C> expanding in average RDS
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2 (M,P) with log" |fy(®)|c2 € L' (L2, P) there is an (in fact unique) invariant
measure t which satisfies i, << Leb for P-a.e. @. By Theorem A.2.2, this u satisfies

hy (2 (M,P)) /ZA o, x)(0,x) m;(w,x)du
:/Z/l,-(w,x)m,-(a),x)du:/log\deﬂ}fo(wﬂdu.

This formula can also follow from the equilibrium state arguments in [34] together
with the extension technique in Subsection 2.1, but now we obtain it directly. This
can be regarded as a particular result of thermodynamic formalism of one-sided
expanding in average RDS’s, a fairly full study of which is still lacking (see Baladi
[6] for related results).

Markov RDS’s. Let Q = {fj,--- ,fN}Z+, where f1,---, fy are a finite number of
C"(r > 0) maps on M, and let P be a probability on Q. If the coordinate process
fa(@), n=0,1,--- on (,P) constitutes a time homogeneous stationary Markov
process, namely, it P(f; (0) = fi, |fo(®) = fiys+++ fo1 (©) = fir 1) = Py 1ips ¥ >
1, Yig, i1, -,ip € {1,---,N} and P(fp(®) = f;j) = m;,1 <i <N for some transi-
tion matrix (p;;) and some probability vector (7, ---,my) with 2?':1 mipij = T,
1 <j<N, Z7(M,P) is then called a finite-stated one-sided Markov RDS. Let
now 2 " (M,P) be such an RDS and assume 7; > 0 for all i. In this case there
is a special kind of 2" (M,P)-invariant measures { such that at P-a.e. @, Uy
depends only on fy(®), i.e., there are probabilities f;,---,ty on M such that
Uy = W; whenever fo(w) = f; for P almost all . In fact, for any p;,---,uy €
Prob(M) (Prob(X) is the space of all Borel probabilities on a topological space
X) there is clearly p € Prob(Q x M) with marginal P on € such that pe, = t;
whenever fy(®) = f;, and the 2 *(M,P)-invariance of u is equivalent to the
equations ; = ZN, ﬂﬂ?ﬁfjuj It is easy to see that the map L : Prob(M)N —
Prob(M)N, (uy, -+, un) — ( ﬂfp”f]u], . ,21]\] ”’p’Nf]u]) has fixed points.
This proves the existence of the spemal invariant measures (. By Theorem A.2.2,
to obtain Pesin formula for 2" (M,P) with such an invariant measure U, it is suffi-
cient to check p; < Leb for i = 1,--- N if f’s are C* and have no singularities.

A.3 Proof of Theorem A.2.2
By Proposition A.2.1, it remains to prove
hy (2 (M,P)) /2/1 o,x) mi(0,x)du. (A.8)

We will follow essentially the line of Ledrappier and Young [44] and especially that
of Liu [48]. We first introduce the stable manifolds of (2" (M,P), i) and the proof
of (A.8) consists in analysis along these manifolds.
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Let I' C 2 x M be a u-full set such that ©I" C I' and each point in I" is regular
in the sense of Oseledec as described in Subsection 1.4. Set

I={(o,x) eI : A(w,x) >0,1 <i<r(owx)}

and A =I"\I.Itis clear that @ C  and ©A C A.
For (,x) € A, put E*(®,x) = Uy, (0.1 <0 V() (@, x) and define the (global) stable
manifold of 2™ (M,P) at point (®,x) by

3 1
Wi (w,x) &f {y € M : limsup N logd(fipx, fipy) < 0}.

n—-+oo

Then for u-a.e. (w,x) € A there exists a sequence of C'! embedded dim E*(, x)-
dimensional discs {W,(®,x)}, %, such that f,(@)W,(@,x) C W,yi(@,x) for all

n>0and
+o0

W (o,x) = [J(/5)" ' Wa(@,x)
n=0
(see [51, Chapter III] for a proof). The integrability condition logD(fo(®)) €
L'(Q,P) implies that for P-a.e. @ the maps f? have no singularities for all n > 0
and hence W*(, x) is a C"! immersed submanifold of M for u-a.e. (w,x) € A. We
define W*(w,x) = {x} for any (®,x) € 1.
Since U, < Leb for P-a.e. @, there exists a measurable partition 1 of 2 x M
which has the following properties:

o n<no¥{{o}xM:0ecQ}<n;

ii) n is subordinate to W*-manifolds of (2" (M,P),u) , i.e., for p-ae. (®,x)
Ne(X) &t {y: (0,y) € n(w,x)} C W*(w,x) and it contains an open neigh-
borhood of x in W*(w,x), this neighborhood being taken in the submanifold
topology of W*(w, x);

iii) For every B € (£ x M) the function (®,x) — A(Sw_x) (Nw(x)NBe) is measur-
able and -a.e. finite, where By, = {y : (®,y) € B} and ),(Smx) is the Lebesgue
measure on W*(,x) induced by its inherited Riemannian structure as a sub-
manifold of M (A'(Sw,x) = Oy if W¥(w,x) = {x});

iv) (L)@ < ),(Sm‘x) for p-a.e. (@,x), where (Lg)1® is the conditional measure of
Mo 0N N (x).

A similar proof of the existence of such a partition 1) can be found in [51, IV.2]

and [48]. It is worth mentioning that Lemma IV.2.2. in [51] remains true in the

present case, i.e., ' C %° u-mod(0), where &' = {B € Bu(QxM): O 'p=

B} (#,(£L2,M) the completion of Z(£2 x M) with respect to p1) and #* = {B €

Bu (2 xM): B=U(pxepl®} x W (®,x)} (see [S] for a proof).

Let n be as given above. By a computation similar to [44, (4.8)] one has
lim,—+e. \Hy(n|©7"MV 0) < hy(2°+(M,P)) if

Hy(n®@"MVo) < 4o (A9)
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for all n > 1. Hence, in order to prove (A.8), it is sufficient to prove that for every
n > 1 there holds (A.9) and

Hy(n|0"nv o) > /ZAi(w,x)+mi(a),x)du. (A.10)

Now we fix n > 1 arbitrarily. By the definition of conditional entropies one has

Hu(n1© v o) =~ [lognl ! W“(umMMwm

— [ ] tog(ta) 1" (o) it (1)dP(@)

where {vz5 }zex denotes a canonical system of conditional measures of v associated
with a measurable partition & of a Lebesgue space (X, .27, V).
In what follows we write A = Leb. Since it < A x P we can define

du
= 4 xp)
which implies Qg (+) déf(p((u,) = d”“’( -) for P-a.e. @. Put A = {(®,x) : o(w,x) >
0}. By assumption, f§ : M — M has no singularities for P-a.e. @. From this together
with the assumption u, < A, P-a.e. o it follows easily that P-a.e. f7\ Uy < Ugng.

We now fix arbitrarily an @ with these above properties.

. o def
Choose a countable Borel partition {A?, ;}:™7 of M such that To.i = An

injective for each i, and define Borel Probabilities pg , and vV, on M such that for
any Borel set B C A¢ ;

Pon(B) = (follo)(fo,B): Von(B) = Uore (f6,B)-

We now state some preliminary facts 1)-4) as follows
1) For any Borel set B C Agny,,

ko) B) = ol (75)'B) = [ 002 ()

(L P) (%)
= L dA(x :/ @ dlgng(x),
[ (Zroowarts) = [ 75 gl
where %} is the Ruelle transfer operator of f € C!(M,M) defined by (Z1)(x) =
Zyef 1} | déi% 7l for measurable function / : M — R. Hence

n fn
dfa)llﬂ) x) _ ( fw(pw)(‘x) — len((l),x), Ugnp—a.e. X.

dlgng Pon o (%)
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Furthermore, for any Borel set B C M one has

/ / (L7, 9ar) ()P / / (Zy, 0ur) O)dA )P (@)
67" {w} 6~ {w} /B
— [ ew) dMy)dP&'?(m’)
o-"{w} /()18
= [ b () BP0
6w}
Lo }(f&')/uw/)(B)dPi?>(w’)
= Uo(B /(Pm )dA(y

Hence

/efn{m}(ffg,, 9 ) ()Pl () = 90 () (A.11)

holds for A-a.e. y and then holds for pig,-a.e. y.
2) For any Borel set B C (7)™ Agny, putting B; = B(A},; one has

(Zpm 0o
pw,n(B)=Zf3)uw(f3),i Z / - f”’(” )duenw

Do
gfw% fw (ffm%)(f" x)
_2/ Pl de_n—/B oo Vo
which yields
dpon \ _ (Zp390)(fox) _ \
de,n (X) N (penw(fg)_x) o an(a)’f(l)x) (A12)

for Vg p-a.e. x € (f1) " Agng.
3) For any Borel set B C (")~ ! Agng, one has

=3[ eoWai=3 [ ool MIaeth(sp) "0k

wzl

1
n—1
=3[, OO U LT T3 g, b

_2/ G"a) f” |dethfw\ 'dve
U)l

o(w,x) _
— B(poen(w’x)\detTXf& Ldve
which yields

diie (x) = o(w,x)

det T, 1_.
de7n (poen( ) ‘ f(D| (a) x)

for Vg u-a.e. x € (f1) " Agng.
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It is easy to see that [, is equivalent to Vg, on Ay(\(f%) 'Agy and
‘fj‘;‘:’a-)" = (Dn(lw.,x) for tp-a.e. x € Ay (")~ Agng. This together with (A.12) yields
dpon (x) _ W (o, fiyx)

duey q;n((mx) for Hw'a.e. X e ACO m(fg))_lAOV‘a)- Hence

f(r;) (Ao ﬂ(fgy)_lAG"ma.U-w) — (f(r;)Aw ﬂAG"m,f(rf).U-w)

has the Jacobian (. f10)
" (o, X
J(fa))(x) - (Dn((l),X)

(see Parry [61] or see [48, 3.1.1] for the definition). Thus, if £ is a measurable
partition of £ Ag () Agng, for Ugp-a.e. x € Ay ()~ Agng one has

ny—1 1
W50 = [y iy bl AT

for any Borel set B C ((fg’,)_lé)(x)ﬂAg)’i (see [48, Lemma 3.1]). Since

Uo (Ao N(f2)'Agne) = 1 and (") (f2AwNAgney) = 1 for any measur-
able partition & of M (A.13) holds for Ug-a.e. x € M and for any Borel set

B C ((f)'8)(x)NAG,-

4) One can define a Borel measure A* on 2 x M by
A*(B) = /A(Sw_’x)(nm(x) ﬂBw)du(a),x) for Borel set B C Q2 x M.

Recalling that t(B) = [(Ue) ® (N (x)NBe)du(m,x) and (Ue)y® < A(Sw_’x), we
have 4 < A*. Put g(@,x) = ;f* (w,x). We then have for -a.e. (@,x)
d(po)

glw,y) ="
OZQL((M>

(y), ),(Sw7x>—a.e. Y € Np(x) (A.14)

(see [51, Proposition IV.2.2]).
Put for p-a.e. (0,x) € Q xM

Wa(@,%) = ()™ 170 (1, (x)),
o(0,x) go0"(w,x)

Xn(,x) = poO"(w,x) g(w,x)

i

[detT: fi|ps|
Y(0,) :{ jaerpy H(@1) €4,
\det T f1| if(w,x) €1,

Zu(®@,x) = / ¥o(@,3)d (Horo) T2 (v).
nenw(fl'ﬂf)
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It is easy to see that W,,X,.Y,,Z, are all measurable and u-a.e. finite. We now
present several claims, whose proofs will be given a bit later.
Claim 1. W, = X"Y” u-a.e.on Q2 x M,
Claim 2.log¥, € L (QxM,u)and — [ ! log¥,du = [ 3, Ai(@,x) 'mi(w,x)du.
Claim 3.10gZ, € L' (2 x M, u) and [logZ,du > 0.
Claim 4.10gX, € L'(Q x M, i) and [logX,du = 0.

By these claims one can easily see that logW,, € L' (Q x M, ) and

1
— > . + . .
n/loandu_/Ei Ai(@,x) mi(w,x)du

This proves (A.9) and (A.10) and thus proves Theorem A.2.2. a
Proof of Claim 1. Clearly one has
(fa)"e 1
@ x}) = , u—a.e. (w,x (A.15)

where € is the partition of M into single points. Notice that if (,x) € I, then the left
side of (A.15) is Wy (,x) and Z,(®,x) = ¥y (®, fsx). Thus W, = %' holds p-a.c.
on I. Now we consider p-a.e. (@,x) € A. By fact 1), one has

d(fto) e ¥ (o,
Aot 20 (10

Then, for any Borel set B C 1 (x)

(.U-w)( fo)~ lﬂenw(B)
W, (o, x)

- (0, ) Z/n B J(f)o ) 1(y) (fw.uw)nenw(y) (by (A.13))

(uw)}“’ (B) =

RACE Z/f B (fa)o (f5) 710 )anZ, ; (o) 7" ()  (by (A16))

)

1 ¥, (o, . |
Wy (,3)Zy (®,) Z/" B I o(f _y))l(y)g(e ©.3)dAgn(0.0) (V)

1

)

%l ) Crll) n T n N
SRR 3 Moyt (S N E PN e
1

_ a)f” ) 0
Wa(@,x)Zy(@,x) / J(f! 00" (o, y)|det(wa|Ev (@,y) )|dﬂ, ( )-
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Since B is arbitrary, this together with (A.14) yields

1 (@, f5y)
Wa(@,x)Zy(@,x) J(f25)(y)

forl -a.e.y € Ng(x), and hence

g0 0"(w,y)|detT; fiy|ps(wy) | = 8(@,)

_ Xu(@,y)Y(0,y)

Wi(o,y) = for (Ue)l@-a.e.y € Ny (x)

Zy(®,)
since (Lg)1® < Al and Wu(o,y) = Wy(w,x) and Z,(o,y) = Z,(®,x) for any
Y € N (x). This shows that W,, = Y" holds for p-a.e. (w,x) on A. O

The proof of Claim 2 is almost the same as that of [48, Claim 4.2] and is omitted
here.

Proof of Claim 3 and Claim 4. For f € C'(M,M) with no singularities, denote
by deg(f) the number of elements of {y: f(y) = x} (it is finite and independent
of x € M). Since deg(fl) < A(M )|fw\dlmM (see [48]), from |f|o1 < |f|c2 and

log" | fo(@)|c2 € L'(Q,P) it follows that logdeg(fy(w)) € L'(Q,P) (recall that
Jo(®) has no singularities by assumption).
Then one has

oo > /Q logdeg( " )dP

= Hu(,J(e\(fz,)*s)dP

= [ [ toglua)B () dptodp
| togd(fa)x)du

_ n 90" (0,x)
- QXM(IOgLPn(a)vfa)x)+10g (P((D,X)

Noting that k(x) > e~ !loge™!, x € [0, +o0) (k(x) is as introduced in the proof of
Proposition A.1.1), hence

/Q /M log™ ¥, (@, f.x)d 1o (x)dP(0)
= [, [ oz a0 )d s p0()aP(@)
_//k 1 (0,7))dLtgre (v)dP(0)
> /Q /M e Moge ™ ditgne (v)dP(o)

1

+log|det T f|)du

=e¢ loge ' > —o

one has log™ ¥, (, fiix) is w-integrable.
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Since

+ (po@"(a), )

lo
£ oo

~log(Ha)V® ¢ ({x}) ~ log™ ¥i(@, fr) ~ log” |det T f3),

+<P9

we know that log is u-integrable. Then, by [41, Prop.2.2], log ‘po(p@ " is inte-

grable and [o, log #° "4 i = 0. On the other hand,

_ o0 w
log" (0. /3 < ~tog(u) ¥ 1o 07010 oy |aerr )

and hence log"™ ¥, (®, fx) is p-integrable. In what follows, given a probability
space (X, <7 ,m) and a sub-c-algebra 7 of o7, we use E,,(-|7) to denote the cor-

responding conditional expectation operator. By %, (, we will denote the c-algebra
generated by the partition Ngng of M. Then

/Q/Mlog+Z,,(a),x)d,ude
= o g B N
= [y o ([ (.1 o )P
Nong (¥
= || #h@yogt < ¥4(.2)d (70 )1"*)dHero(7)dP
Nong ()
= [ [ ¥ Vouty)duomo(s)ap
(where Voo (y) = /n Yl (o))
= | | By (#3(0.)|1.0) () dbiero ()P
< Eugn (6 (410,20 Z0.0) )0 0)P
= [ ] € (0.3 dpga)ap
= /Q /M log"™ ¥, (@,y)d f e (y)dP
=/Q/Mlogﬂf’n(w,fé’)X)duw(y)dP<°°-

This shows that log™Z, € L'( x M, u) which together with Claim 1 and Claim
2 yields log™ X, € L' (Q x M, i) since logW,, < 0. Hence [logX,du = 0 and then
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log~ Z, € L'(Q x M, u) since log~ Z, > log™ X, +log” ¥, u-a.e.. We have thus
proved Claim 4 and logZ, € L' (Q x M, M). Finally,

Jroezun= [ | KVou()dtoradP = k([ [ Vu(s)dugrodP)
k([ [ #i(@.y)duerodp)

B (L oo)y) m)
k([ [ /{m,:enm,zenw} e P )t (P ()

= k(| Horo (M)dP(0)) (by (4.11)

=0.0



Appendix B
Large Deviations in Axiom A Endomorphisms

Here we present some large deviation estimates for Axiom A endomorphisms by
applying a general large deviation theorem in Kifer [37] and Ruelle’s Smale space
technique in [78]. This is the work of Liu et al [53].

B.1 Introduction and Statement of Main Results

Consider a discrete time dynamical system generated by a measurable self-map f :
X « of some measurable space (X,%). Let P be a reference probability measure
on (X, %) and let y : X — R be an observable. If rll ZZ;(I) v o fX converges to some
constant y* P-a.e. as n — oo, then, for given € > 0,

n—1

0u(e) = freX: | T i) -yl > e}

k=0

satisfies P(Q,(€)) — 0 as n — +oo. Large deviation theory in this set-up deals with
estimates of the exponential speed of this last convergence to zero. More precisely
and more generally, large deviation questions concern estimates of the following
form:
li 'ogp x~1n_1 *x) €K} < —infI B.1
imswp, logPlxe X 3. y(7*) € K) <~ inf() B.1)

n——4o N
for any closed set K C R and
n—-+foo

1 lnfl
liminf ~ logP{x€ X : kx) € G} > —infI B.2
iminf log {xe ”IZE)W(fX)G > ZlélG (2) (B.2)

for any open set G C R, where I : R — [0, 4-0) is a lower semi-continuous function
and is called a rate function. Such questions have been well studied by Orey and
Pelikan [59] for Anosov diffeomorphisms and by Young [96], among other things,

261



262 B Large Deviations in Axiom A Endomorphisms

for Axiom A attractors. Developing ideas of [21, 89, 18, 1], Kifer [37] presents a
unified approach to large deviations of dynamical systems and stochastic processes
based on the existence of a pressure function and on the uniqueness of equilibrium
states for certain potentials, and this approach enables one to generalize results from
[59] and [96] and to recover the large deviation estimates in Donsker and Varadhan
[15]. In this appendix we apply Kifer’s results in [37], together with Ruelle’s Smale
space technique in [78], to give some large deviation estimates for Axiom A endo-
morphisms.

Our set-up and main results are as follows. Let M be a Riemannian manifold
without boundary, O an open subset of M with compact closure and f: 0 — M a
C"(r > 1) map. Let A = f(A) C O be a compact invariant set of f and let

Af = {f: (x,)fz X €A, f(x,-) =Xjy1,1 € Z}

be the orbit space of (A, f) with 6 : A/ — A/ denoting the left shift operator on
AJ. Write E = p*Ty M for the pull-back bundle of T4 M via the natural projection

p: Al S A , X+ xo, and write Ex = piT,,M ﬁpij T, M for the natural isomorphisms

D;
between the fibres E; and T,,M. A fibre-preserving map on E which covers 6 can
be defined by py.oTfop, : Ex— Egzforall ¥ € A/, and for simplicity of notation

we will denote it still by 7' f.

Definition B.1.1 A is called a hyperbolic set of f if there is a continuous splitting
E = E* ® E" together with constants C > 0 and 0 < A < 1 such that

TfE* CE’,  TfE'=E"

and foralln >0
|Tf"E| < CAME| for & € EX, |Tf'm| >C~'A7"n| for n € E".

Via a change of Riemannian metric we may—and will—assume that C = 1. Note
that there may be points in A at which 7 f is degenerate, and that the splitting Ez =
E & EY may depend on the past of £, i.e., it may happen that p,EY # p Ej while
p(%) = p(¥). In what follows we denote by C the set of points in O at which T f is
degenerate, and by m the Lebesgue measure on M.

A hyperbolic set A is said to be an Axiom A basic set if A is locally maximal (i.e.,
there exists a neighborhood U of A such that (/= _ f"U = A) and f is positively
topologically transitive on it (i.e., (f"xo),>0 is dense in A for some xyp € A). (It
can be shown that periodic points are dense in an Axiom A basic set.) If an Axiom
A basic set A has arbitrarily small open neighborhood U such that fU C U and

;:0 f"U = A, it is then called an Axiom A attractor, and U is called a basin of
attraction of A. Applying Ruelle’s Smale space technique, Qian and Zhang [72]
presents an ergodic theory of such an Axiom A basic set A. In particular, they proved
that (A, f) admits a unique equilibrium state 4 for each Holder continuous ¢ : A —
R and, in case of A being an attractor of f € C*>(0,M) with basin of attraction U
and m(Cy) =0, A supports a unique f-invariant measure p, called the SRB measure,
which is generic with respect to Lebesgue measure in the following sense: for m-a.e.
x € U one has
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1 n—1 B
lim Y () = / wdp forall y € C(0).
k=0 A

n—oo n

Our main results of this note are as follows, where Z(X) denotes the space of Borel
probability measures on a compact metric space X endowed with the topology of
weak convergence.

Theorem B.1.1. (1) Let A be an Axiom A basic set of f € C' (O, M), let ¢ : A — R
be Hélder continuous and let |1y be the unique equilibrium state. Then there hold

1 1 n—1
limsup logpgfxcA: D 8u €K} < —inf{J(v):veK} (B.3)
n——oo N nk:0

Sforany closed K C (A) and

n—1

L1 1 )
liminf log {xeA: . k;)éka €G} > —inf{J(v):veG} (B.4)
Sor any open G C P (A), where
P — [¢dv—h if ve (A
)= { e +‘;<(’f) loftherwise e (B.5)

P¢(A) is the set of f-invariant measures on A, P¢(§) is the pressure of f for ¢ and
hy(f) is the entropy of (f,V).

(2) Let A be an Axiom A attractor of f € CZ(O,M) and let p be the SRB measure
on A. Then (B.3) and (B.4) hold true with Uy being replaced by p and with J(-)
being defined by

J(v) _ { f%l,-(x)*m,-(x)dv—hv(f) l'fV S ,@f(/\) (B.6)
+oo  otherwise

where Ai(x),1 <i < r(x) are the Lyapunov exponents of f at x, m;(x) is the multi-
plicity of Ai(x) and a™ := max{a,0}.

(3) Assume the circumstances of (2). Let U be a sufficiently small basin of at-
traction of A and let i be the normalized Lebesgue measure on U. Then (B.3) and
(B.4) hold true with [y and A being replaced by m and U respectively and with J (-)
being given by (B.6).

The proof of this theorem will be given in Section 2. From
Theorem B.1.1 and the contraction principle there follows

Corollary B.1.1.1. Let v : O — R be a continuous function and let us in the
circumstances of Theorem B.1.1 (3). For J(+) given by (B.6) put

1(z) = inf{J(v) : / wdv = 7).
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Then (B.1) and (B.2) hold true with P and X being taken respectively as m and U.
In particular, for € > 0 there exists h > 0 such that

n—1

_ 1
freU:) 3 wifo - [ydpl =€) <

k=0

when n is sufficiently large.
Similar things hold true in the circumstances of Theorem B.1.1 (1) or (2).

B.2 Proof of Theorem B.1.1

B.2.1 A Large Deviation Theorem from Kifer [37]

Let (X,d) be a compact metric space, f : (X,d) < a continuous map, and, as before,
Z(X) the space of Borel probabilities on X endowed with the weak convergence
topology , and #;(X) the set of those elements in &?(X) which are f-invariant. Put
forxe X,e >0andn e N

By(x,e,n) = {ye X :d(fx, ffy) <e,0<k<n—1}.

The following theorem is a special case of the general large deviation results of [37],
and we will apply it to Axiom A endomorphisms in this appendix.

Theorem B.2.1. Suppose that u € P (X), the support of U is the whole X, and
there is ¢ € C(X) such that for any given small € > 0 and for alln > 1,x € X

Ag(n ) < U(By(x,€,n) exp( Z¢ fk > < Ae(n) (B.7)

where Ag(n) > 0 is a constant satlsfymg logAg(n) — 0 as n — +oo. Then for any
vy € C(X) there holds

nlgrgonlog/eXP(Z w(f*x) )du( )=Pr(d+vy)=Py,(0+y)  (BY)
where Ps(-) denotes the pressure of f and Y is the closure of Uve(@f(x) suppv.

Suppose further that the entropy hy(f) is upper semicontinuous at all v € Z¢(X)
and define

+o0 otherwise.



B.2  Proof of Theorem B.1.1 265

Then the above conclusion implies

1 n—1
limsup nlogu{x: D 8, €K} < —inf{J(v): v € K} (B.10)
k=0

n—-+oo

Sor any closed set K C P (X). If, moreover, there exist a countable number of
Sfunctions Y, yn,--- € C(X) such that their span I = {3, Biyi : Bi € R,n € N}
is dense in C(X) with respect to the supremum norm and that for each w € T" there
is a unique vy € P (X) satisfying

Pr(0-+v) = [ wdvy ~J(w). (B.11)

then one has for any open G C 2 (X)

n—1

1
liminf 1 : > —inf : . B.12
iminf ogu{x ]ZOkaxeG}_ inf{J(v):v € G} (B.12)

B.2.2 Smale Spaces

Here we recall the notion and some properties of Smale spaces from Ruelle [78].

Definition B.2.1 Suppose that (X,d) is a compact metric space and f : X — X a
homeomorphism. (X,d, f) is said to be a Smale space if for suitable € > 0,0 < §
< €,0< A <1 there exists a continuous map [-,-] : { (x,y) €X x X :d(x,y) <e} =X
with the following properties:

(1) [x,x] = x and [[x,y],2] = [x,2],[x,[y,2]] = [x,2] when the two sides of these
relations are well defined.

(2) flx,y] = [fx, fy] when both sides are well defined and

d(f"y,f"z) <A"d(y,z) fory,z€ V. (8),n>0,

d(f™"y,f"z) <A"d(y,z) fory,zeV,(8),n>0,
where V7 (8) = {u:u=[u,x],d(x,u) <8} and V; (8) ={v:v=[x,v],d(x,v) < &}.
Here are some properties of a Smale space (X,d, f). Define C/(X) to be the space

of functions ¢ € C(X) which satisfy the following conditions: There exist & > 0 and
K > 0 such that if d(f*x, f*y) < 8 fork=0,1,---,n then

n

> o(ffx)— D o(ffy)| <K (B.13)
k=0

k=0

(¢ € C/(X) if it is Holder continuous, see Ruelle [78, pp. 136]). If (X, f) is pos-
itively topologically transitive, then it has a unique equilibrium state g for each
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¢ € C/(X). (X,d,f) is expansive. In the case of (X,d,f) being topologically
mixing, it has the specification property, and hence there is the following propo-
sition which follows from Katok and Hasselblatt [32, Lemma 20.3.4 and Theorem
20.3.7]. For the transitive case, the proposition can be reduced to the mixing case
by the spectral decomposition of Smale spaces (see also [78]) and by considering
( fl,zﬁ;(l) ¢ o f) restricted to one of the basic sets, say Xo, in the spectral decom-

position, where [ is the number of the basic sets (note that Zf;(') pofiecs : (Xo) if
¢ € C/(X); when f is not Holderian, nor is Zg;é ¢ o f evenif ¢ is).

Proposition B.2.2 Assume that (X,d,f) is a positively topologically transitive
Smale space and ¢ € C/(X). Let Ly be the unique equilibrium state of (X,d, f)
for ¢. Then, for small € > O there exist Ag,Be > 0 such that for x € X and n € N one

has
n—1

Ae < li¢(Bf(x,ga”))eXP{*kZ,O‘P(ka) +nP(9)} <Be.

B.2.3 Smale Space Property of Locally Maximal Hyperbolic Sets

We first collect in the following proposition some properties of local stable and un-
stable manifolds of a hyperbolic set, for details see Qian and Zhang [72] which is
the first paper to apply the Smale space technique in the study of Axiom A endo-
morphisms.

Proposition B.2.3 Let A be a hyperbolic set of f € C"(O,M) (r > 1). Then
there exist in M a continuous family of C" embedded dimE*-dimensional discs
{Wi(x0) }xpea and a continuous family of C" embedded dimE"-dimensional discs
{Ws.(%) }senr with the following properties:

(1) For each % = (xi)icz € A s both Wlfyg(xo) and Wi (X) contain xo, and
FWie (o) C W (fx0), fWEL (%) Wi (6%).
(2) There is 0 < A < 1 such that, for any ¥ € AS

d(fy, fz) < Ad(y,z) if y,z € Wi (x0)

and for each yo € W (%) there is a unique y_; € W (07'%) with fy_i = yo,
and this y_ and similar z_; for zo € W4 (X) satisfy

d(y-1,z-1) < Ad(y0,20)-

(3) There is § > 0 such that, for any xo € A,y € A with d(xg,y0) < 6, Wi (x0)
intersects transversely with W (¥) at a unique point [xo, 3| which depends con-
tinuously on (xo,¥) € {(uo,7) € A x A : d(up,vo) < 8}, and, if furthermore
A is locally maximal, then there is a unique 7 € AT satisfying zo = [x0,¥] and
2 € Wige(879)-
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We remark that the local stable manifolds W, (xo),xo € A can be constructed by
the usual standard argument, but, since A may contain degenerate points, the local
unstable manifolds WIOC( %),% € A/ can not be constructed similarly. However, one
may construct Wi () in the following (standard as well) way: Let X = (x;)icz €
A/ For small r > 0 let hz : E¥(r) — Ei(r) be a Lipschitz map with h¢(0) = 0 and
Lip(hz) < 1, where E¢(r) = {§ € E¢ : |§] < r},a = u,s. Then one can show that
there is a similar map hg; : Ef;(r) — Ej;(r) such that

(exp;ll of oexp,,)Graph(hsz) O Graph(hgy) (B.14)
(see Liu [45, Proposition 2.6] for details). Starting from

hefn)? . Ez—ni(r) — ngn)?(r)
E0

via the relation (B.14) one ends by succession with a C” function h("> tE¥(r) —

Ei(r) with h)(zn)(O) 0 and Llp(h( )) < 1. It is easy to show that h( ), converges as
(=) .

n — oo uniformly to a similar function A;
W (%) under the exponential map.

Assume in what follows that A is locally maximal. Let 0 < A < 1 be as given in
Proposition B.2.3 and define a metric on A/ by

: E¢(r) — E3(r) whose graph gives

where N > 0 is an integer such that AV < %
For sufficiently small € > 0 define

[ ] {(5.9) € AV x AT 1 dp(7.5) <€} — AT (%.5) —~ 2

where Z is the unique point in A/ given in Proposition B.2.3 (3) corresponding to xg
and . It is then easy to have the following

Proposition B.2.4 (A/,dy,0) is a Smale space.

Clearly, when (A, f) is positively topologically transitive, so is (A/,8).

B.2.4 Proof of Theorem B.1.1

In what follows we will always endow A/ with the metric dg(-,-).
Proof of Theorem B.1.1 (1). Each Holder continuous ¢ : A — R gives a Holder
continuous ¢ = ¢ o p : A/ — R which hence belongs to C%(A/). By results in the
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last two subsections, there is a unique equilibrium state fig of 6 for ¢ and Mo =piig
gives the unique equilibrium state of f for ¢. Noting that there is a countable set
of Holder continuous functions which is dense in C(A/) and the entropy map of
(A7, ) is upper semicontinuous, by Theorem B.2.1 and Proposition B.2.2 one has
(B.3) and (B.4) for (A/, 0, /Jé) with rate function

_ 5) — [ddv — hs if v f
J(\_/) _ {P9(¢) fd)dv hv(e) ifve ,@9(/\ ) (B.15)
+oo  otherwise.
Since Py (¢) = Py(¢) and for any v € P;(A) there is a unique v € Py (A') such
that p v = v and this V satisfies hy(0) = hy(f), one has forany v € Z(A)
inf J(V)=J(v)

pv=v

where J(Vv) is given by (B.5). One obtains then Theorem B.1.1 (1) by the contraction
principle. 0O
Proof of Theorem B.1.1 (2). Define

9" (%) = —log|det(Ty, f|zx)|, % € A7 (B.16)

It is Holder continuous (see [72]) and the unique equilibrium state fig. of 6 for o
projects under p to the SRB measure p, and in this case

ISAH ) mix)dv —hy(f)  if v € P4(A)

pv=v +oo  otherwise

inf J*(V) = {

since Py(¢") = 0, where J*(V) is given by (B.15) corresponding to ¢*. This proves
Theorem B.1.1 (2). O
In order to prove Theorem B.1.1 (3), we need the following result.

Lemma B.2.5 Let A be a hyperbolic set of f € C*(0,M). Then each Hélder con-
tinuous ¢ : AV — R is homologous to some ¢ € C(A') which satisfies ¢ (%) = ¢ ()
whenever x; = y; for i <0, i.e., there is it € C(A') such that

=9 +ia—iob.

Proof. For each xg € A pick (ziyx,)icz € A7 with 20,x, = Xo. Define r : A — AS
by r(%) = &* = (x});cz where

. X; fori >0
l Zix, fori<O.
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Let i : AY — R be defined by

+oo
(@) = X [6(6°5) — $(67r(3))]

j=0
Then ¢ = ¢ +iio O — i satisfies the requirements (see Bowen [10, Lemma 1.6] for
a similar argument). O

Proof of Theorem B.1.1 (3). Let ¢" be given by (B.16).

Let now A be an Axiom A attractor of f € CZ(O,M). Lemma B.2.5 tells that ¢*
is homologous to ¢" o p for some ¢* € C(A). Extend ¢" to a continuous function
@“:V — R where V is a neighborhood of A. Take & > 0 such that Proposition
IV.IV.3.8 holds for € = &) and for all small 6 > 0. Let now U be a basin of attraction

of A such that
U c (J Wie(x0)[)B(xo,€0)]

X0EA

(this union contains an open neighborhood of A, see Chapter IV; see also [72]),
U C V and, moreover, U; D U D U D U, for two other basins of attraction Uy, U, of
A. Put B

an = sup{|@"(x) — @“(y)| : x,y € U,d(x,y) < €A"}.

From Proposition IV.IV.3.8 it follows that for any yo € U, small § > 0 and all n > 0
one has

n—1

Ags(n)~" <m(By(yo,8,n))exp ( D qjl‘(kaO)) <As(n)

k=0

where Ag(n) =Ag s exp(zz;(l) ay) which clearly satisfies rl; logAg(n) — 0asn— eo.
Then, by a minor modification of the proof of Kifer [37, Proposition 3.2], one can
prove that for any y € C(U)

) 1 n—1 _ "
Pruy (@ +w) < lim log [exp <k20 w(ka)> din(x) < Py, (0" + )

which implies

1 n—1
lim / exp (Z w(f"x)) dm(x) = Py, (0" + ),
k=0

n—-+eo

where /7 is the normalized Lebesgue measure on U and, when working on U}, one
may take continuous extensions of @ and y. Noting that for each Holder con-
tinuous W : U — R there is a unique equilibrium state of f|; for @ + y and the
entropy map of f|y is upper semicontinuous, one obtains Theorem B.1.1 (3) by
applying Theorem B.2.1 to X = U, u = /m and by

/ D dy — / > Ai(x) milx)dv(x) forall v € 24(0). 0
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