A

The Maximum Principle

In this appendix, we formulate various maximum principles for second-
order, elliptic differential operators such as the weak maximum principle
(Theorem A.1) and the Hopf boundary point lemma (Lemma A.3) which
play an important role in Chapter 9.

Let D be a bounded domain of Euclidean space RY, with boundary 0D,
and let A be a second-order, elliptic differential operator with real coefficients
such that

N o2 N
A= Z a’ (x 856 . Z c(x).
i,j=1 ) =1 Li

Here:

(1) a¥ € C(D) and a¥(x) = a’*(z) for all z € D, 1 < i,5 < N, and there
exists a positive constant ag such that

N

> a¥(@)&g = aofél? for all (,€) € D x RY.

1,j=1

(2) e C(D) foralll < i < N.
(3) ce C(D) and ¢(z) <0 in D.

First, we have the following weak maximum principle:

Theorem A.1 (the weak maximum principle). Assume that a function
u € C(D) N C?(D) satisfies either the condition

Au(z) >0 and c(x) <0 in D

or the condition
Au(z) >0 and c(z) <0 in D.

Then the function u(x) may take its positive maximum only on the boundary
oD.
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As an application of the weak maximum principle, we can obtain a point-
wise estimate for solutions of the inhomogeneous equation Au = f in D:

Theorem A.2. Assume that
c(x) <0 onD=DUOID.
Then we have, for all w € C(D) N C?*(D),

maxu(x)gmax{< ! )Sup |Au(z)|, max u(x')|}.

weD min, ., (—c(x)) ) zeD @'€dD

Now we assume that D is a domain of class C2, that is, each point of the
boundary 9D has a neighborhood in which 9D is the graph of a C? function
of N — 1 of the variables x1, 22, ..., xy (see Figure A.1).

TN

0D ={rn = ((2")}

Fig. A.1.

We consider a function u € C'(D) N C?(D) which satisfies the condition
Au(x) >0 in D,

and study the interior normal derivative (Ou)/(0n) at a boundary point where
the function u(x) takes its non-negative maximum (see Figure A.2).
The Hopf boundary point lemma reads as follows:

Lemma A.3 (the Hopf boundary point lemma). Let D be a domain of
class C?. Assume that a function u € C(D) N C%(D) satisfies the condition

Au(x) >0 in D,
and that there exists a point xj; € 0D such that
u(zy) = maxu(z) > 0,

zeD
w(x) < u(zg) for all x € D.
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0D

Fig. A.2.

Then the interior normal derivative 5" (x}) at zf), if it exists, satisfies the

condition (see Figure A.3)
ou , ,

zy) < 0.
an( 0)
oD
D n
0
Fig. A.3.

For a proof of Theorems A.1, A.2 and Lemma A.3 and a general study
of maximum principles, the reader might refer to [PW, Chapter 2] and [Ta2,
Chapter 7] (see also [Ta5, Appendix C]).
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