Appendix A
Examples of Calabi-Yau 3-manifolds
with complex multiplication

Introduction

The previous examples of Calabi-Yau manifolds with C'M occur as fibers of a
family over a Shimura variety, which has a dense set of complex multiplication
fibers. Here we give some examples, which are not necessarily fibers of a non-
trivial family with a dense set of complex multiplication fibers.

The first two sections give two different classes of examples by using invo-
lutions on K3 surfaces. In each of the both Sections we will use a modified
version of the construction of Viehweg and Zuo to obtain K3 surfaces, which
are suitable for the construction of a Borcea-Voisin tower.

In the third section we will prove that a K3 surface with a degree 3 au-
tomorphism has complex multiplication. By using methods, which has been
introduced in Section 9.1 and Section 9.2, we will use this automorphism and
the Fermat curve of degree 3 for the construction of a Calabi-Yau 3-manifold
with complex multiplication.

A.1 Construction by degree 2 coverings
of a ruled surface

We start by finding curves with complex multiplication. The following propo-
sition yields some examples:

Proposition A.1.1. Let 0 < dy,d < m, and & denote a primitive k-th. root
of unity for all k € N. Then the curve C, which is locally given by

n—2

y" =t [ - &)

i=1

209
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is covered by the Fermat curve F(,_oy, locally given by
y(n72)m + x(n72)m +1=0

and has complex multiplication.
Proof. (see Theorem 2.4.4) O
Example A.1.2. By the preceding proposition, the curves locally given by

t =21 (af + 2)zo

yt=af +ag, y' = o] +ag), y
have complex multiplication. These curves are degree 4 covers of the projec-
tive line and have the genus 9 as one can easily calculate by the Hurwitz
formula.

The curves of the preceding example have a natural interpretation as cyclic
covers of P! of degree 4. One can identify these covers with the set of their 8
branch points in P'. Thus let Pg denote the configuration space of 8 different
points in P!. We use a modified version of the construction in [58], Section 5
to construct K3 surfaces with complex multiplication by Example A.1.2 in a
first step. This method is nearly the same method as in Section 8.2.

For our application, it is sufficient to work with P'-bundles over P! resp.,
with rational ruled surfaces. Let 7, : P, — P! denote the rational ruled
surface given by P(Op1 @ Op:(n)) and o denote a non-trivial global section of
Op1(8), which has the 8 different zero points represented by a point ¢ € Ps.
The sections E,, Fy and E of P(O @ O(8)) are induced by

ideec:0—-0a008), da0:0—0d0(8)
and 0®id: O(8) — O ® O()

resp., by the corresponding surjections onto the cokernels of these embeddings
as described in [26], II. Proposition 7.12.

Remark A.1.3. The divisors FE, and Ej intersect each other transversally
over the 8 zero points of o. Recall that Pic(IPg) has a basis given by a fiber and
an arbitrary section. Hence by the fact that F, and Fy do not intersect E,
one concludes that they are linearly equivalent with self-intersection num-
ber 8. Since E, is a section, it intersects each fiber transversally. Thus one
has that Fo, ~ Eg — (Eo.Ep)F, where F' denotes a fiber. Therefore one
concludes

Es.Eso = Eso.(Eo — (Eo.Eo)F) = —(Ey.Eq) = —8.
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Next we establish a morphism p : Py — Pg over PL. By [26], IT. Proposition
7.12., this is the same as to give a surjection 75(O @ O(8)) — L, where L is
an invertible sheaf on Po. By the composition

(0B 0(8)) = m5(0) &3 0(8) — (P 7 0(2i) = Sym* (73 (0B O(8))) — O, (4),

where the last morphism is induced by the natural surjection 75(O®0(2)) —
Op, (1) (see [26], II. Proposition 7.11), we obtain a morphism u* of sheaves.
This morphism p* is not a surjection onto Op,(4), but onto its image
L C Op,(4). Over A! C P! all rational ruled surfaces are locally given by
Proj(Clz])[y1,y2], where = has the weight 0. Hence we have locally that
75(0 @ O(8)) = Oey @ Oeq. Over Al the morphism p* is given by

4 4
€1 = Y1,€2 — Yo

such that the sheaf £ = im(u*) C Op,(4) is invertible. Thus the morphism
12 Py — Pg corresponding to p* is locally given by the ring homomorphism

(ClzD)[y1,y2] — (Clz)[y1,y2] via y1 — y? and ys — y§~

Construction A.1.4. One has a commutative diagram

T’ #/

)’ P, P! x P!
5 52 ds
~ 7 ~ f ~
Yy Py Py
P P2 P8

T H
Y——P ———> Py
of By 4/ B I8 F
\/3'</"'*E0)red \/ Eo
T T2 T8
]P’l id Pl id ]P’l

of morphisms between normal varieties with:

(a) 0, 02, s, p, p2 and pg are birational.
(b) 7 is a family of curves, 7y and 7g are P'-bundles.

Proof. One must only explain ds and ps. Recall that E, is a section of P(O @
O(8)), which intersects Fy transversally in exactly 8 points. The morphism
ps is the blowing up of the 8 intersection points of EyN E,. The preimage of
the 8 points given by q € Pg with respect to 7g o pg consists of the exceptional
divisor D; and the proper transform Do of the preimage of these 8 points
with respect to ps given by 8 rational curves with self-intersection number
—1. The morphism dg is obtained by blowing down Ds. a
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Remark A.1.5. The section ¢ has the zero divisor given by some ¢ € Ps.
Hence one obtains p*(E,) = C, where C' — P! is a cyclic cover of degree 4
as in Example A.1.2 ramified over the 8 points given by o. The surface ) is
a cyclic degree 2 cover of Py ramified over C. Thus it has an involution. It is
given by the invertible sheaf

L= wp, !

and the divisor

B = pu*(E,), where O(B) = L?
with the notation of [6] I. Section 17. Thus [6] I. Lemma 17.1 implies that Y
is a K3 surface.

By Lemma 10.4.1, there is only one elliptic curve with a cyclic degree 4
cover onto P!. Let E denote this curve, which is locally given by

yt =a(x —1)%

One can easily see that E has the j invariant 1728. Thus E has complex
multiplication.

We fix some notation. Let n € N; let £ be a fixed primitive n-th. root of
unity and let C; and C5 be curves locally given by

y" = fi(z) and y" = fo(x),

where f1, fo € C[z]. By (z,y) — (,£y), one can define an automorphism -;
on C; for i = 1,2. The surface Cy x C2/((1,1)) is the quotient of C} x Cs by

((11,72))-
Proposition A.1.6. The surface Y is birationally equivalent to C X

E/((1,1)).!

Proof. Let E, denote the proper transform of the section E, with respect to
pg. Then fi is the Kummer covering given by

JEx+8-F
Ey+ Dy’
where D; denotes the exceptional divisor of pg. Thus the morphism ' is the
Kummer covering

4 (58)* ~°O+8(58)*F o Pl % {OO}+8(PX]P’1)
(58)*E0 + (58)*D1 B P! x {0} + A xPL ’

! Similarly to [58], Construction 5.2, we show that )’ is birationally equivalent to C' x

E/((1,1)).
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where A is the divisor of the 8 different points in P' given by ¢ € Ps and
P < P! is the point with the fiber F. Since Ey + E, is a normal crossing
divisor, E, neither meets E nor [)2, where Ds is the proper transform of
75 (A). Therefore (dg).E, neither meets

(8s)eBo = P* x {0} nor (Jg).Eae = P! x {o0}).

Hence one can choose coordinates in P! such that (0g).E, = P! x {1}.
By the definition of 7, we obtain that 7 is given by

</p;mEq) _ \2/;2*(19”)
psi*(Eo) fr*(Eo)’

[ (B x {1})
W (B {0))

By the fact that the last function is the root of the pullback of a function
on P! x P! with respect to p, it is possible to reverse the order of the field
extensions corresponding to 7" and p’ such that the resulting varieties ob-
tained by Kummer coverings are birationally equivalent. Hence we have the
composition of 3: P! x PL — P! x P! given by

and 7’ is given by

o[ P x {1}
Pl x {0}
with
485 (PE x {oo}) + 8- (P x P1)
pr(Pr > {0}) + (A x P1) 7
which yields the covering variety isomorphic to E x C'/((1,1)). O

As in Section 8.2 we conclude:

Corollary A.1.7. If the curve C' has complex multiplication, the K3-surface
Y has complex multiplication, too.

By the the preceding corollary, our Example A.1.2 yields 3 different K3
surfaces with complex multiplication locally given by

s +uital +ah, vi i el ), v+l + ol +af)zo.

Proposition A.1.8. Fori=1,2 assume that C; is a Calabi- Yau i-manifold
with complex multiplication endowed with the involution t; such that v; acts
by —1 on T'(we,). By blowing up the singular locus of C1 x Ca/{(11,t2)), one
obtains a Calabi- Yau 3-manifold with complex multiplication.
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Proof. Tt is well-known that an involution on a Calabi-Yau 2-manifold resp.,
a K3 surface, which acts by —1 on I'(w), has a smooth divisor of fixed points
or it has not any fixed point. Thus the proof follows from the same methods
as in Section 7.2. O

Now we need some elliptic curves with complex multiplication:

Example A.1.9. Elliptic curves with C M has been well studied by number
theorists. Some examples of elliptic curves with complex multiplication are
given by the following list:

equation 7 invariant
viro = of —a 0
y%wo =xz1(z1 — z0)(x1 — 220) 1728
y2wo = 1 (w1 — x0) (21 — (14 V2)220) 8000
y2wo = z1(21 — w0) (w1 — 2(3+iVT7)2x0)  —3375
y?xo = o — 152123 + 222 54000
y2wg = 23 — 59521202 + 558623 16581375

Note that the equations allow an explicit definition of an involution on these
elliptic curves. (see Section 7.4)

A.1.10. By combining our 3 examples of K3 surfaces and the 6 elliptic
curves and using Proposition A.1.8, we have 18 examples of Calabi-Yau
3-manifolds with complex multiplication. By [60], one has equations to deter-
mine the Hodge numbers of these examples. Let Cs be a K3 surface satisfying
the assumptions of Proposition A.1.8, let N be the number of curves in the
ramification locus of the quotient map Co — Cy/19 and let N’ be given by

N =g +...+gn,

where g; denotes the genus of the i-th. curve in the ramification locus. Then
one has for the Calabi-Yau 3-manifold, which results by Proposition A.1.8:

At =1145N — N’

h*' =11+5N' — N

In our case the ramification locus of Cy — Cy/iy is given by one genus 9
curve. Thus in our case the Hodge numbers are given by

Rt =7 and R*! =55.

A.2 Construction by degree 2 coverings of P2

Example A.2.1. By Proposition A.1.1, the projective curves given by
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6 6 6 6 5 5 6 4 4
y =21+, ¥y =xi(z] +ap), ¥ =2(21 + 2p)To
have complex multiplication. These curves have the genus 10 as one can easily
calculate by the Hurwitz formula.

Let Ps denote the configuration space of 6 different points in P'. Again
we use a modified version of the construction in [58], Section 5. Let o denote
a non-trivial global section of Op:1(6), which has the 6 different zero points
represented by a point ¢ € Pg.

Here the sections E,, Ey and E of P(O @ O(6)) are induced by

id®o:0—-0a0(6), ide0: 00— 0a0(6)
and 0®id: O(6) - O @ O(6)
resp., by the corresponding surjections onto the cokernels of these embeddings

as described in [26], II. Proposition 7.12.
One concludes similarly to the preceding section that

Eoo.Eoe = Eno.(Eg — (Eo.Eo)F) = —(Ey.Ep) = —6.

By the composition
6
T (0®0(6)) = 71 (0) &7 O(6) — @D 71 O) = Sym® (71 (0 @ O(6))) — O, (6),
=0

where the last morphism is induced by the natural surjection 75 (O®O(1)) —
Op, (1) (see [26], II. Proposition 7.11), we obtain a morphism p* of sheaves
as in the preceding section. The morphism p : P; — Pg corresponding to p*
is locally given by the ring homomorphism

(ClaD)ly1,y2] — (ClaDy1.y2] via y1 —y;i and y2 — y3.
Construction A.2.2. One has a commutative diagram

’
T’ I

/
Y P} P! x P!
§ o1 6
. # R I3 .
Y Py Pg
P P1 P6
T H
Yy—P —— P
2 p*Eg 6/ BEoo +6-F
\/3'(”*E0)7‘ed Eo
™ T e
]P)l id Pl id ]Pl
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of morphisms between normal varieties with:

(a) ¢, d1, 01, p, p1 and pg are birational.
(b) 7 is a family of curves, 7; and 7 are P!-bundles.

Proof. One must only explain dg and pg. These morphisms are given by blow-
ing up morphisms similar to the preceding section. ad

Remark A.2.3. The section o has the zero divisor given by some ¢ € Pg.
Hence one obtains p*(E,) = C, where C' — P! is a cyclic cover of degree 6
as in Example A.2.1 ramified over the 6 points given by o. The surface ) is a
cyclic degree 2 cover of P; ramified over C. Thus it is birationally equivalent
to the K3 surface given the degree 2 cover of P? ramified over C.

Let C’ denote the projective smooth curve locally given by

y® =z —1).

By Proposition A.1.1, it has complex multiplication.
Proposition A.2.4. The surface Y is birationally equivalent to C X

C'/((1,1)).

Proof. Let E, denote the proper transform of the section E, with respect to
pe- Then fi is the Kummer covering given by

o/ Eso +6-F
Eo+Dy
where D; denotes the exceptional divisor of pg. Thus the morphism p’ is the
Kummer covering

o/ (06)sEoe + 6 (36) F [P x {oo} +6- (P x P1)
(06)sEo + (66)x D1 Pl x {0} +Ax Pl 7

where A is the divisor of the 6 different points in P! given by ¢ € Pg and
P € P! is the point with the fiber F. Since Ey + E, is a normal crossing
divisor, E, neither meets Eq nor Ds, where D, is the proper transform of
75 (A). Therefore (8g).E, neither meets
(86)«Eo = P! x {0} nor (8)«Fo = P x {o0}.

Hence one can choose coordinates in P! such that (0g).E, = P! x {1}.
By the definition of 7, we obtain that 7 is given by

\z/piu*(Ea) _ \2//1*(1:70—)
pin*(Eo) fr*(Eo)’
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and 7’ is given by
o (Pt x {1})
(P x {0})°

By the fact that the last function is the root of the pullback of a function
on P! x P! with respect to p, it is possible to reverse the order of the field
extensions corresponding to 7/ and p’ such that the resulting varieties ob-
tained by Kummer coverings are birationally equivalent. Hence we have the
composition of 3 : P! x P! — P! x P! given by

o[ P x {1}
P! x {0}
with
of B*(P1 x {oo}) +6- (P x P1)
pr(P > {0}) + (A x P1) -
which yields the covering variety isomorphic to C’ x C/{(1,1)). O

Hence )Y is birationally equivalent to C’ x C'/((1,1)). As in Section 8.2 we
conclude:

Corollary A.2.5. If the curve C has complex multiplication, the K 3-surface
Y has complex multiplication, too.

A.2.6. By the preceding corollary, our Example A.2.1 yields 3 different K3
surfaces with complex multiplication as degree 2 covers of P?, which are
locally given by

Y3 +yr = af +af, yi +yf = a1(a} +a3), y3 +of = aa(a] + ag)wo.
By an elliptic curve with complex multiplication, these K3 surfaces yield
Calabi-Yau 3-manifolds with complex multiplication. We obtain 18 Calabi-
Yau 3-manifolds with complex multiplication by using Example A.1.9. By the
same methods as in A.1.10, one calculates easily that the resulting Calabi-Yau

3-manifolds have the Hodge numbers

Rt =6 and h*' = 60.

A.3 Construction by a degree 3 quotient

Consider the K3 surface

S=V((y3 —ydys + (2§ — af)zo) C P
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By using the partial derivatives of the defining equation, one can easily verify
that S is smooth. First we prove that this surface has complex multiplica-
tion. In a second step we consider an automorphism of degree 3 on this
surface, which allows the construction of a Calabi-Yau 3-manifold with com-
plex multiplication.

Proposition A.3.1. The K3 surface S has complex multiplication.

Proof. Consider the isomorphic curves
Cr = V(21 = (43 — yi)y1) C P,
Co =V (zy — (23 — xd)zo) C P
Since the elliptic curve with j invariant 0 given by
V(y2x0 + xif + :rg) cP?

has complex multiplication, one concludes as in Remark 7.4.2 that C; and
C5 have complex multiplication, too. The K3 surface S is birationally equiv-
alent to

T = Cl X C2/<(17 1)>
This follows from the rational map Cy x Cy — S given by

z z
((z1 192 :y1), (22 : 21 1)) — (—2y2 : —2y1 cwy cxg).
Z1 z1

There exists a suitable sequence of blowing ups turning C7 x Cs into Cy x Cs
such that R o
T = Cl X 02/<(1, 1)>

is smooth. Since we only blow up points, C; x Cy has CM, too (see Corollary
7.1.6). Thus the quotient has C'M. Since T is birationally equivalent to S,
there exists a sequence of blowing ups of smooth points and blowing downs
to smooth points, which turns 7" into S. By Corollary 7.1.6, the fact that T
has CM implies that S has CM. O

27

A.3.2. Let £ denote e 3 . The K3 surface S has an automorphism ~ of degree
3 given by

(yo 1 y1 21 :20) — (Eya sy : Ex1 2 x0)-
On {zp = 1} we have the 4 fixed points given by

(0:v/—=1:0:1).

21n [9], Section 5 one finds a similar rational map.
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Now assume xy = 0. By the equation of S, this yields

(5 —yi)yr = 0.

Thus in addition the line given by y; = xg = 0 is fixed.
Proposition A.3.3. The automorphism «y acts via pullback by £ on T'(wg).

Proof. By the multiplication of ¢ with z; and 2o, one defines an action of the
group of the 4-th. roots of unity on the curves C; and C5 given by

V2t — (3 —yi)n) CP? and Cp = V(23 — (2} — x)z0) C P2

The —1 eigenspace in I'(w¢, ) and T'(we, ) with respect to the action of i comes
from the cohomology of the elliptic curve Ey given by

ysz(] = .’ﬂi’ — .’Eg
(see Section 4.2). Note that the action of ((1,1)) on we,xc, fixes exactly
the tensor product of the —1 eigenspaces in I'(we, ) and I'(we, ). Thus one
concludes that I'(wg) is given by the tensor product of the —1 eigenspaces in
INwe,) and TNwe,).

The automorphism g, : Ey — Ey given by x1 — &x; is the generator of
the Galois group of the degree 3 cover, which allows an identification of Ej
with the Fermat curve Fs of degree 3. It acts via pullback by & on I'(wp,).
Thus the corresponding automorphisms ¢¢, : C1 — C7 and @¢, : Co — Co
act by & on the —1 eigenspace with respect to H%(we,) and H(we, ). Note
that (¢c,, pc,) yields an automorphism of Cy x C5/((1, 1)). By the birational
map to S, this automorphism corresponds to v and one verifies easily that
acts via pullback by &2 on I'(wg). O

A.3.4. Consider the blowing up P? of P? with respect to {ys = 21 = 0}. Let
S denote the proper transform of the blowing up of S with respect to the
latter blowing up, which has the exceptional divisor E consisting of four —1
curves over the 4 points given by (0: v/—1:0: 1). Consider the projection

p:S\{y2 = 21 = 0} — P*\{yo = 21 = 0} — P" given by (y2: 41 : &1 :20) — (y2: x1).
Over {zg = 1} one has an embedding of an open subset of P* into P! x A%,
which yields an open embedding e of an open subset U of S into P' x A3,

Note that P x A2 is endowed with a natural projection pri : Pt x A% — P!
Over U \ {y2 = #1 = 0} one has

p=prioe.

Thus by gluing, p extends to a morphism S — P!, which is a family of
projective curves of degree 4. This family has a section D = {y; = xo = 0}.
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One checks easily the singular loci of the fibers do not meet D (since yo # 0
or x1 # 0). By S x F5 — P!, we have a family of surfaces. Let denote the
generator of the Galois group of F3 — P!, which acts via pullback by & on wy, .
The quotient map onto S x F3/{(~, s )) yields three quotient singularities of
type As 2 with the notation of [6], III. Section 5. As in Section 9.2 described
one must blow up the three corresponding sections obtained from D and in
a second step one blows up the fixed locus of the exceptional divisor over D.
Now we blow down the image of the proper transform of the exceptional
divisor over D and obtain the orbifold X;. Note that the exceptional divisor
E of the blowing up S — S and the 3 points on Fj fixed by Yry yield a
singular locus consisting of 12 curves.

On S x F3 we blow up the 12 points given by the product of {(0: v/—1 :
0: 1)} with the three points fixed by ~g,. Since (v, vr,) acts by £ on all local
parameters of each of these points, the exceptional divisor over these points
is contained in the ramification locus of the quotient map onto

Xo =8 x F3/<(’777F3)>

Xy is a orbifold with three Aj o singularities obtained from D. By gluing
the complements of the singular loci of X; and X5, one obtains a Calabi-
Yau 3-manifold X. By the same arguments as in Section 9.2, the Calabi-Yau
manifold X has obviously complex multiplication.

Thus the Calabi-Yau manifold X is obtained by the method of S. Cynk
and K. Hulek [13], which we have written down in Proposition 10.4.3.

A.3.5. For the computation of the Hodge numbers we use the same methods
as in Section 10.3. During Section 10.3 these methods are explained in-depth.
The automorphism ~ of S acts on S, too. The quotient map ponto M = S /v
is ramified over F and D = {y; = x¢ = 0}. Since D is a rational curve on a
K3 surface, the adjunction formula implies that D.D = —2. By the Hurwitz
formula, one has

(P*K]W ~ —2D — FE.

Since
3-K3 = (9" Kn)?,

one concludes that

Thus the Noether formula
1
X(On) = = (c1(M)? + ca(M)) and ca(M) — 2 = by(M)
tell us that bo(M) = 14. Since we have blown up 4 points, one obtains

hy' (S) = 10. Thus
ht(S) = hy' (S) = 5.
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By the fact that one has an exceptional divisor consisting of 12 copies of
P2 and 6 rational ruled surfaces and by (S) = 0, one obtains as in Section 10.3:

AU (X) = hg®(F3) - hy ' (S) + ho*(S) - hy ' (F3) + 18 = 10 4+ 1 + 18 = 29

W X) = hy " (Fs) - by (S) =5
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