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9. J. Briançon, Description de HilbnC{x, y}, Invent. Math. 41 (1977), 45–89.

10. R. Brussee, The canonical class and the C∞ properties of Kähler surfaces. New York
J. Math. 2 (1996), 103–146.

11. J. Cheah, The Hodge numbers of the Hilbert scheme of points of a smooth projective surface,
J. Algebraic Geom. 5 (1996), 479–511.

12. B. Chen, A smooth compactification of the moduli space of instantons and its application,
math.GT/0204287.

13. I. Ciocan-Fontanine and M. Kapranov, Derived Quot schemes, Ann. Sci. École Norm. Sup.
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49. L. Göttsche, Hilbert schemes of zero-dimensional subschemes of smooth varieties. Lecture
Notes in Mathematics, 1572. Springer-Verlag, Berlin, 1994.
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Glossary

This is not a complete list of the symbols. In principle, we try to extract some of
them which are used in different sections.

Subsection 2.1.1

gY : the morphism T ×S Y −→ U ×S Y induced by g : T −→ U

pX : the projection X ×S U −→ U , forgetting the X-component

Subsection 2.1.2

Hom(V1, V2), N(V1, V2): For given vector bundles Vi (i = 1, 2), Hom(V1, V2)
denotes the sheaf of homomorphisms from V1 to V2, and N(V1, V2) denotes the cor-
responding vector bundle

F ∗, F ∨, P(F ∨), PF : Let F be a vector bundle on Y . The complement of the
image of the 0-section in F is denoted by F ∗, and the dual bundle of F is denoted
by F∨. The projectivization is denoted by P(F∨) or PF .

Subsection 2.1.3

U -coherent sheaf: a coherent sheaf over U × X , which is flat over U . We will
often omit to denote “U -”, if there are no risk of confusion.

U -torsion-free sheaf: a U -coherent sheaf E such that E|{u}×X is torsion-free for
each u ∈ U . We will often omit to denote “U -”, if there are no risk of confusion.

E(m): E ⊗ p∗UOX(m) on U × X for a given polarization OX(1)

347
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Subsection 2.1.4

ZG, Z/G: quotient stack of Z with an action of G

Subsection 2.1.5

Hom(C•, D•), C• ∨, Hom(C•, D•)∨: complexes induced by C• and D•

Subsection 2.1.6

C1(V ∗
1 , V ∗

2 ), C2(V ∗
1 , V ∗

2 ): complexes induced by filtered vector bundles V ∗
i

(i = 1, 2).

RHom′
1(E1∗, E2∗), RHom′

2(E1∗, E2∗): complexes (objects in the derived
category) induced by filtered sheaves Ei∗ (i = 1, 2)

Subsection 2.2.1

Y s(L), Y ss(L): set of (semi)stable points with respect to a G-polarization L

Y ss//G: categorical quotient

Subsection 2.2.2

μλ(P, L): weight of the action of λ on the fiber of L over limt→0 λ(t) · P
Gl(V ): Grassmann variety of l-dimensional subspaces of a vector space V

G′
l(V ): Grassmann variety of l-dimensional quotients of a vector space V

Subsection 2.3.1

LX/Y , Lf : cotangent complex of f : X −→ Y
o(h): obstruction class

ΩX/Y , Ωf : sheaf of Kahler differentials of f : X −→ Y

Subsection 2.3.2

ΘY/S: the relative tangent bundle of a smooth morphism Y −→ S

Y (W•): quotient stack N(W−1,W0)GL(W−1)×GL(W0)
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Subsection 2.3.3

k(E•, V•,•, φ): cone of Hom(OU1×X , V1•)∨ −→ Hom
(
OU1×X , V0•

)∨

r(E•, V•,•, φ): induced morphism k(E•, V•,•, φ) −→ LU0×X/U1×X

Ob(E•, V•,•, φ): pX∗
(
k(E•, V•,•, φ) ⊗ ωX

)

ob(E•, V•,•, φ): induced morphism Ob(E•, V•,•, φ) −→ LU0/U1

k(V, ϕ), r(V, ϕ): We set k(V, ϕ) := k(E•, V•,•, φ) and r(V, ϕ) := r(E•, V•,•, φ)
in the derived category.

Ob(F , ϕ), ob(F , ϕ): We set Ob(F , ϕ) := Ob(E•, V•,•, φ) and ob(F , ϕ) :=
ob(E•, V•,•, φ) in the derived category.

Second half of Subsection 2.3.3

k(E•, ϕ), r(E•, ϕ): We set k(E•, ϕ) := Hom(OU0×D, V•|U0×D)∨, and let
r(E•, ϕ) : k(E•, ϕ) −→ LU0×D/U1×D be the induced morphism.

Ob(F , ϕ), ob(F , ϕ): We set RpD ∗
(
k(F , ϕ) ⊗ ωD

)
, and let ob(F , ϕ) be the

induced morphism Ob(F , ϕ) −→ LU0/U1 .

Subsection 2.4.1

A∗(X ): Chow group of an algebraic stack X with rational coefficient

[X , φ], [X ]: virtual fundamental class associated to an obstruction theory φ. If
there are no risk of confusion, we use [X ] instead of [X , φ].

Subsection 2.4.2

g(f), Ob(f), ob(f): Let f : p∗UF −→ p∗UV on U × X . Then, g(f) :=
p∗UHom(V, F ) and Ob(f) := RpX∗

(
g(f)⊗ωX

)
. And, ob(f) denotes the induced

morphism Ob(f) −→ LU .

Subsection 2.4.3

g(F, f), Ob(F, f), ob(F, f): For a given f : F −→ p∗UV , we set g(F, f) :=(
Hom(p∗UV, F ) −→ Hom(F, F )

)
and Ob(F, f) := RpX∗

(
g(F, f) ⊗ ωX

)
. And

ob(F, f) denotes the induced morphism Ob(F, f) −→ LU .
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Subsection 2.4.4

g(V ∗), Ob(V ∗), ob(V ∗): Let V, F be vector bundles on D/S. Let g̃ : D ×S

T −→ D be a morphism induced by g : T −→ S. For a filtration

V = V (1) ⊃ V (2) ⊃ · · · ⊃ V (l) ⊃ V (l+1) ⊃ g̃∗F,

we set g(V ∗) := C2(V ∗, V ∗)∨[−1] and Ob(V ∗) := RpX∗
(
g(V ∗) ⊗ ωX

)
. And

ob(V ∗) denotes the induced morphism Ob(V ∗) −→ LT/S .

Subsections 2.6.1, 2.6.2

fj , y(j), x(i, j): vectors in U =
⊕N

i=1 Q · ei

y(2)(j), x1(j), x2(j): vectors in U =
⊕N(1)

i=1 Q · e(1)
i ⊕

⊕N(2)

i=1 Q · e(2)
i

Subsection 3.1.1

PicX : Picard variety

PoinX : Poincare bundle

detE: morphism U −→ PoinX induced by the determinant bundle of a U -
coherent sheaf E on U × X

Or(E): orientation bundle

Subsection 3.1.2

F∗(E): quasi-parabolic structure

Gri(E): Fi(E)/Fi+1(E)

Coki(E): E/Fi+1(E)

Subsection 3.1.3

[φ]: reduced L-section

L = (L1, L2): pair of line bundles

[φ] = ([φ1], [φ2]): pair of reduced L-sections
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Subsection 3.1.4

Hev(X): the even part of H∗(X)

T ype: set of types

T ype◦: set of types whose parabolic part is trivial

T yper: set of types whose ranks are r

T ype◦
r: T ype◦ ∩ T yper

type(E, F∗): type of (E,F∗)

depth(y): depth of y, max{i | yi 
= 0}
rank(y): the H0(X)-component of y

χ(y):
∫

X
Td(X) · y

M(y): moduli stack of quasi-parabolic sheaves of type y

M(ŷ): moduli stack of oriented quasi-parabolic sheaves of type y

M
(
y, L

)
: moduli stack of quasi-parabolic L-Bradlow pairs of type y whose L-

sections are non-trivial everywhere

M
(
ŷ, L

)
: moduli stack of oriented quasi-parabolic L-Bradlow pairs of type y

whose L-sections are non-trivial everywhere

M
(
y, [L]

)
: moduli stack of quasi-parabolic reduced L-Bradlow pairs of type y

M
(
ŷ, [L]

)
: moduli stack of oriented quasi-parabolic reduced L-Bradlow pairs of

type y

M
(
ŷ, [L]

)
: moduli stack of oriented quasi-parabolic reduced L-Bradlow pairs of

type y

M(m, y): substack of M(y) determined by the condition Om

M(m, ŷ): substack of M(ŷ) determined by the condition Om

M(m, ŷ): substack of M(ŷ) determined by the condition Om

M(m, y, L): substack of M(y, L) determined by the condition Om

M(m, ŷ, L) substack of M(ŷ, L) determined by the condition Om

M(m, y, [L]): substack of M(y, [L]) determined by the condition Om

M(m, ŷ, [L]): substack of M(y, [L]) determined by the condition Om

M(m, ŷ, [L]): substack of M(ŷ, [L]) determined by the condition Om

Êu: universal sheaf in the oriented case

Eu: universal sheaf in the unoriented case
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Subsection 3.1.5

Orel(1): relative tautological line bundle on M(ŷ, [L]). Pull backs are also de-
noted by the same notation.

Subsection 3.2.1

HE: Hilbert polynomial of E

PE: reduced Hilbert polynomial

h0(E) dimension of H0(X,E)

Subsection 3.2.2

εi: We set εi := αi+1 − αi for a given system of weights α∗.

HE∗ : Hilbert polynomial of a parabolic sheaf E∗

PE∗ : reduced Hilbert polynomial of E∗

par-deg(E∗): degree of E∗

μ(E∗): slope of E∗

h0(E∗): We set h0(E∗) := α1h
0
(
E(−D)

)
+
∑

εih
0
(
Fi+1(E)

)
.

Subsection 3.2.3

Pbr: set of polynomials δ with R-coefficients such that (i) deg(δ) ≤ dim X − 1,
(ii) δ(t) > 0 for any sufficiently large t.

δtop: For any δ ∈ Pbr, the coefficient of td−1 in δ is denoted by δtop, which may
be 0.

Hδ(E∗, φ): δ-Hilbert polynomial of (E∗, φ)

P δ
(E∗,φ): reduced δ-Hilbert polynomial of (E∗, φ)

μδ(E∗, φ): slope of (E∗, φ) with δ

Hδ
(E∗,φ): δ-Hilbert polynomial of (E∗,φ)

P δ
(E∗,φ): reduced δ-Hilbert polynomial of (E∗,φ)
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Subsection 3.2.4

Hy(t), Hy,i(t), Hy(t): polynomials associated to y.

Hα∗
y : Hilbert polynomial associated to (y, α∗)

P α∗
y : reduced Hilbert polynomial associated to (y, α∗)

deg(y, α∗): degree associated to (y, α∗)

μ(y, α∗): slope associated to (y, α∗)

deg(y): degree associated to y

μ(y): slope associated to y

Hα∗,δ
y : δ-Hilbert polynomial associated to (y, α∗)

P α∗,δ
y : reduced δ-Hilbert polynomial associated to (y, α∗)

Subsection 3.3.1

Ms(y, α∗): moduli stack of stable parabolic sheaves of type y with weight α∗

Ms(ŷ, α∗): moduli stack of stable oriented parabolic sheaves of type y with
weight α∗

Ms(y, L, α∗, δ): moduli stack of δ-stable L-Bradlow pairs of type y with weight
α∗, whose L-sections are non-trivial everywhere

Ms(ŷ, L, α∗, δ): moduli stack of δ-stable oriented L-Bradlow pairs of type y
with weight α∗, whose L-sections are non-trivial everywhere

Ms(y, [L], α∗, δ): moduli stack of δ-stable reduced L-Bradlow pairs of type y
with weight α∗

Ms(ŷ, [L], α∗, δ): moduli stack of δ-stable oriented reduced L-Bradlow pairs of
type y with weight α∗

Ms(ŷ, [L], α∗, δ): moduli stack of δ-stable oriented reduced L-Bradlow pairs
of type y with weight α∗

We replace the superscript “s” with “ss” to denote moduli stacks of semistable
objects.

M̃s
m(ŷ, α∗), M̃s(ŷ, α∗): full flag bundle over Ms(ŷ, α∗) associated to the

vector bundle pX∗
(
Êu(m)

)

M̃s
m(ŷ, [L], α∗, δ), M̃s(ŷ, [L], α∗, δ): full flag bundle on Ms(ŷ, [L], α∗, δ)

associated to pX∗
(
Êu(m)

)
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M̃s
m(ŷ, [L], α∗, δ), M̃s(ŷ, [L], α∗, δ): full flag bundle on Ms(ŷ, [L], α∗, δ)

associated to pX∗
(
Êu(m)

)

Subsection 3.3.3.

M̃ss
m

(
y, [L], α∗, (δ, �)

)
, M̃ss

(
y, [L], α∗, (δ, �)

)
: moduli stack of (δ, 
)-

semistable (E, [φ],F)

M̃ss
m

(
ŷ, [L], α∗, (δ, �)

)
, M̃ss

(
ŷ, [L], α∗, (δ, �)

)
: moduli stack of (δ, 
)-

semistable (E, ρ, [φ],F)

Subsection 3.4.1

μmax(E), μmin(E): We denote the slope of the first (resp. last) term of the
Harder-Narasimhan filtration by μmax(E) (resp. μmin(E)).

Subsection 3.4.2

SS(y, L, α∗, δ(0)): a family of parabolic L-Bradlow pairs with type y, weight
α∗, and non-vanishing L-section which are δ-μ-semistable for some δ ≤ δ(0) in Pbr

SS
(
y, L, α∗

)
:
⋃

δ∈Pbr SS
(
y, L, α∗, δ

)

SS(y, L, α∗, δ(0)): a family of parabolic L-Bradlow pairs with a similar property

Subsection 3.4.3

ỸOK(m, K, y, L, δ): See Definition 3.4.10

ỸOK(N, K, y, L, δ):
⋃

m≥N ỸOK(m,K,y, L, δ)

YOK(N, K, y, L, δ): Yokogawa family

Subsections 3.5.2–3.5.3

Cr(y, α∗, L): set of critical values for (y, α∗, L)

Cr(y, α∗, L): set of δ ∈ (Pbr)2 such that the 1-stability conditions do not hold
for

(
y, α∗,L, δ)

Cr(y, α∗, L, δ1): set of δ2 ∈ Pbr such that the 1-stability conditions do not hold
for

(
y, α∗,L, (δ1, δ2)

)
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Subsection 3.6.1

y(m): y(m) := y · ch
(
O(m)

)

det(y): the H2(X)-component of y

Subsection 3.6.2

Vm,X : vector bundle Vm ⊗OX

Q(m, y): moduli scheme of quotient sheaves of Vm,X with type y

Eu: universal quotient sheaf

Q◦(m, y): moduli of quotient sheaves of Vm,X with type y satisfying (TFV)-
condition

Q(m, ŷ): moduli of quotient oriented sheaves of Vm,X with type y

Q◦(m, ŷ): moduli of quotient oriented sheaves of Vm,X with type y satisfying
(TFV)-condition

Subsection 3.6.3

Q◦(m, y): moduli of quotient parabolic sheaves of Vm,X with type y satisfying
(TFV)-condition

Ẑm, Zm: See (3.12).

Zm: Gieseker space

Gm,i: Grassmann variety of Hy,i(m)-dimensional quotients of Vm

Subsections 3.6.4, 3.6.5, 3.6.6

Q◦(m, y, L): moduli of quotient quasi-parabolic L-Bradlow pairs of Vm,X with
type y satisfying (TFV)-condition

Q◦(m, y, [L]): moduli of quotient quasi-parabolic reduced L-Bradlow pairs of
Vm,X with type y satisfying (TFV)-condition

Q◦(m, y, [L]): moduli of quotient quasi-parabolic reduced L-Bradlow pairs

Subsection 3.6.7

Q◦(m, ŷ, [L]): moduli of quotient quasi-parabolic oriented reduced L-Bradlow
pairs of Vm,X with type y satisfying (TFV)-condition.
Weuse thesymbolsQ◦(m, ŷ),Q◦(m, ŷ, L),Q◦(m, ŷ, [L]), etc., in similarmeanings.
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Subsection 4.1.1

Am(y): Am(y) := Zm ×
∏

i Gm,i

Am(y, [L]): Am(y, [L]) := Am(y) × Pm

Am(y, [L]): Am(y, [L]) := Am(y) × P
(1)
m × P

(2)
m

Ly(A, B∗), Ly,L(A, B∗, C), Ly,L(A, B∗, C1, C2): We set

Ly(A,B∗) := OZm
(A) ⊗

l⊗

i=1

OGm,i
(Bi), on Am(y)

Ly,L(A,B∗, C) := Ly(A,B∗) ⊗OPm
(C) on Am(y, L),

Ly,L(A,B∗, C1, C2) := Ly(A,B∗) ⊗O
P
(1)
m

(C1) ⊗O
P
(2)
m

(C2) on Am(y,L).

Ass
m(y, A, B∗), Ass

m(y, L, A, B∗, C), Ass
m(y, L, A, B∗, C1, C2):

Let Ass
m(y, A,B∗) denote the set of semistable points of Am(y) with respect to

Ly(A,B∗).
We use the symbols Ass

m(y, L,A,B∗, C) and Ass
m(y,L, A,B∗, C1, C2) in similar

ways.

Qss(m, y, α∗), Qs(m, y, α∗): maximal open subset of Q◦(m,y) which con-
sists of the points (q, E , F∗) such that the parabolic sheaf (E(−m), F∗, α∗) is
(semi)stable

We use the following symbols in similar ways:
Qss(m,y, [L], α∗, δ), Qs(m,y, [L], α∗, δ),

Qss(m,y, [L], α∗, δ), Qs(m,y, [L], α∗, δ).

Subsection 4.1.2

V/W∗:
(
Vm/Wi | i = 1, . . . , l

)

Ψ
(
q, E∗, φ, W∗, [φ̃]

)
: See (4.1).

Subsection 4.2.1

V , Q, L, A: We set

V := Vm, Q := Qss(m,y, [L], α∗, δ)

L := Ly,L

(
P δ,α∗

y (m), ε∗, δ(m)
)
, A := Am(y, [L])
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Lγ: Take a sufficiently large k such that L⊗ k is an actual line bundle, and we set
Lγ := L⊗ k ⊗OPm

(γ). (Note that k is not the ground field.)

Flag(V, N): full flag variety of V

Q̃, Ã: We set Q̃ := Q × Flag(V,N) and Ã := A× Flag(V,N).

Ψ̃m: induced morphism Q̃ −→ Ã
L̃(γ, n∗): Lγ ⊗

⊗N
i=1 ρ∗iOGi(V )(ni).

Ãss(γ, n∗), Ãs(γ, n∗): set of (semi)stable points with respect to L̃(γ, n∗)

Subsections 4.2.2, 4.2.3

Qss
± : Qss

(
m,y, [L], α∗, δ±

)

Q̃ss(δ, �): maximal subset of Q̃, which consists of the points
(
q, E∗, [φ],F

)
such

that (E∗, [φ],F) is (δ, 
)-semistable

Subsection 4.3.1

L̃1, L̃2: Let k′ be a number such that k′ · (γ1 − γ2) = 1, and we set

L̃1 := L̃(γ1, n∗)⊗ k′
, L̃2 := L̃(γ2, n∗)⊗ k′

.

B̃, B̃1, B̃2: Let π1 : Ã −→ Pm denote the projection, and we set

B̃ := P
(
π∗

1OPm
(0) ⊕ π∗

1OPm
(1)
)
.

That is a P1-bundle over Ã. We set B̃1 := P
(
π∗

1OPm
(0)
)

and B̃2 := P
(
π∗

1OPm
(1)
)
.

OB̃(1), B̃ss, B̃s: We set OB̃(1) := OP(1)⊗ L̃1. Let B̃ss (resp. B̃s) denote the set
of the semistable (resp. stable) points with respect to OB̃(1).

TH, TH1, TH2, TH∗, THss: We put TH := B̃ ×Ã Q̃, THi := B̃i ×Ã Q̃ and
TH∗ := TH−

(
TH1 ∪TH2

)
. We also put THss := B̃ss ×Ã Q̃.

Subsection 4.4.1

ρ, ρ: naturally defined torus actions. (Please do not confuse with orientations.)

I = (y1, y2, I1, I2) decomposition data. See Definition 4.4.2.

Dec(m, y, α∗, δ): set of decomposition data for (m,y, α∗, δ)
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Subsection 4.4.2

Q(1), Q(2): Q(1) := Qss
(
m,y1, [L], α∗, δ

)
and Q(2) := Qss(m,y2, α∗)

Flag(V (i), Ii), Flag(i): For i = 1, 2, we set

Flag(i) =Flag(V (i), Ii) :=

{

F (i)
∗

∣
∣
∣
∣
∣

filtration indexed by N,

dim GrF
(i)

j = 1 (j ∈ Ii), or = 0 (j 
∈ Ii)

}

.

Q̃(i), Q̃split(I): We set Q̃(i) := Q(1) × Flag(i) and Q̃split(I) := Q̃(1) × Q̃(2).

THsplit(I), TH∗
split(I), THi,split(I): We set

THsplit(I) := TH×Q̃Q̃split(I), TH∗
split(I) := TH∗ ×Q̃Q̃split(I)

THi,split(I) := THi ×Q̃Q̃split(I).

Subsection 4.5.1

Q̂, ̂̃Q, T̂H, T̂H
∗

, T̂H
ss

: We set

Q̂ := Qss(ŷ, [L], α∗, δ),
̂̃
Q := Q̂ × Flag(V,N),

T̂H := TH×Q̃

̂̃
Q, T̂H

∗
:= TH∗ ×THT̂H, T̂H

ss
= THss ×THT̂H.

M̂ : We set M̂ := THss /GL(V ), that is the enhanced master space in the oriented
case.

(ÊM̂ , F M̂
∗ , [φM̂ ], ρM̂): universal object induced on M̂ × X

FM̂ : full flag bundles on M̂ associated to pX∗
(
ÊM̂ (m)

)

ρ: torus action on M̂

Subsection 4.5.2

T̂H
ss

i , M̂i: We set T̂H
ss

i := THi ×THT̂H
ss

and M̂i := T̂H
ss

i /GL(V ).

Subsection 4.5.3

M̂∗: M̂ −
(
M̂1 ∪ M̂2

)

Q̃(1)(δ, k): maximal open subset of Q̃(1) determined by the (δ, k)-semistability
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Q̃
(2)
+ : maximal open subset of Q̃(2) determined by the condition that the underly-

ing reduced O(−m)-Bradlow pair is ε-stable for any sufficiently small ε > 0.

̂̃
Qsplit(I): fiber product of Q̃(1)(δ, k) × Q̃

(2)
+ and ̂̃Q over Q̃

T̂H
ss

split(I): T̂H
∗
× ̂̃

Q

̂̃
Qsplit(I)

M̂Gm(I): quotient stack of T̂H
ss

split(I) by a natural GL(V (1))×GL(V (2))-action

ϕI: naturally defined morphism M̂Gm(I) −→ M̂

Subsection 4.5.5

̂̃B
ss

: Ẑm ×Zm
B̃ss

B′: quotient stack of ̂̃B
ss

by a natural GL(Vm)-action

B: Gm-equivariant open neighbourhood of M̂ in B′

Subsection 4.5.6

̂̃B
ss

i , Bi: We set ̂̃B
ss

i := B̃i ×B̃
̂̃B

ss

. The quotient stack ̂̃B
ss

i /GL(V ) is denoted by
Bi.

Q: decomposition type for Ã
̂̃A: Ã ×Zm

Ẑm

C1(Q): locally closed regular subvariety of ̂̃A associated to Q

C2(Q), C3(Q): We set

C2(Q) := B̃∗ ×Ã C1(Q), C3(Q) :=
(
C2(Q)/GL(V )

)
∩ B.

Subsection 4.5.7

B
Gm
0 :

⊔
I∈S(m,y) C3

(
Q(I)

)

ψ1: naturally defined morphism
⊔

I∈S(m,y) M̂Gm(I) −→ M̂ ×B B
Gm
0

Subsection 4.6.1

M̃ss
(
ŷ1, [L], α∗, (δ, k)

)
: moduli of (δ, k)-semistable (E(1)

∗ , [φ(1)], ρ(1),F (1))
with type y1
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(
Êu

1∗, φu
1 , ρu

1 , Fu
1

)
: universal object

M̃ss
(
y1, L, α∗, (δ, k)

)
: moduli of (δ, k)-stable (E(1)

∗ , φ(1),F (1)) with type y1

(Eu
1 ∗, φu

1 , Fu
1 ): universal object

M̃ss
(
ŷ2, α∗, +

)
: moduli of (E(2)

∗ , ρ(2),F (2)) such that the associated reduced
OX(−m)-Bradlow pair

(
E

(2)
∗ ,F (2)

min

)
is ε-stable for any sufficiently small ε > 0

(Êu
2 , ρu

2 , Fu
2 ): universal object

algebraic stack S and line bundle Orel(1/r2): See Proposition 4.6.1.

Subsection 4.7.1

Li: Take k′ such that k′ · (γ2 − γ1) = 1, and we put Li := Lk′

γi
.

B, Bi: We set B := P
(
OPm

(0) ⊕OPm
(1)
)
, which is a P1-bundle over A. We put

B1 = P
(
OPm

(0)
)

and B2 = P
(
OPm

(1)
)
, which are naturally regarded as closed

subschemes of B.

OB(1), Bss: We put OB(1) := OP(1) ⊗ L1, where OP(1) is the tautological line
bundle. Let Bss denote the set of the semistable points of B with respect to OB(1).

THss, T̂H
ss

, T̂H
ss

i : We set THss := Q ×A Bss and T̂H
ss

:= THss ×QQ̂. We
also put T̂H

ss

i := Bi ×A T̂H
ss

.

M̂ , M̂i, M̂∗: We put M̂ := T̂H
ss

/GL(V ), M̂i := T̂H
ss

i /GL(V ) and M̂∗ :=
M̂ −

(
M̂1 ∪ M̂2

)
.

I: decomposition type

S(y, α∗, δ): set of decomposition types for (y, α∗, δ)

M̂Gm(I): moduli of tuples
(
(E(1)

∗ , φ), E(2)
∗ , ρ

)
, where (i) (E(1)

∗ , φ) is δ-stable
L-Bradlow pair of type y1, (ii) E

(2)
∗ is stable of type y2, (iii) ρ is an orientation of

E(1) ⊕ E(2)

(ÊM̂ , [φM̂ ], ρM̂): universal object on M̂ × X

S, Orel(1/r2): See Proposition 4.7.4 for the case in which a 2-stability condition
is satisfied.

Subsection 4.7.2

A, L, Lγ: We set A := Am(y, [L]), L := Ly,L

(
Pα∗,δ

y (m), ε∗, δ(m)
)

and Lγ :=
L ⊗O

P
(1)
m (1)

(γ)
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Ass(Lγ): open subset of semistable points with respect to Lγ

Q, Qss
± : We set Q := Qss(m,y, [L], α∗, δ) and Qss

± := Qss(m,y, [L], α∗, δ±).

Q̂: Q(ŷ, [L], α∗, δ)

Li: line bundle L⊗k′

γi

B, Bi: We put B := P
(
O

P
(1)
m

(0) ⊕ O
P
(1)
m

(1)
)

which is a P1-bundle over A. We
put B1 = P

(
O

P
(1)
m

(0)
)

and B2 = P
(
O

P
(1)
m

(1)
)
, which are naturally regarded as the

closed subschemes of B.

OB(1), Bss: We put OB(1) := OP(1) ⊗ L1, where OP(1) is the tautological line
bundle. Let Bss denote the set of the semistable points of B with respect to OB(1).

THss, T̂H
ss

, T̂H
ss

i : We put THss := Q ×A Bss, T̂H
ss

:= THss ×QQ̂, and
T̂H

ss

i := Bi ×A T̂H
ss

.

M̂ , M̂i, M̂∗: We define M̂ := T̂H
ss

/GL(V ), M̂i := T̂H
ss

i /GL(V ) and M̂∗ :=
M̂ −

(
M̂1 ∪ M̂2

)
.

I: decomposition type

S(y, α∗, δ): set of decomposition types

M̂Gm(I): moduli stack of tuples
(
E

(1)
∗ , φ1, E

(2)
∗ , [φ2], ρ

)
such that (i) (E(1)

∗ , φ1)
is a δ1-semistable L1-Bradlow pair of type y1, (ii) (E(2)

∗ , [φ2]) is a δ2-semistable
reduced L2-Bradlow pair of type y2, (iii) ρ is an orientation of E(1) ⊕ E(2)

(ÊM̂
∗ , [φM̂

1 ], [φM̂
2 ], ρ) universal object on M̂ × X

O(i)
rel(1): the line bundles on M(m, ŷ, [L]) which are the pull back of the tauto-

logical line bundles on M(m, ŷ, [Li]) via the natural morphism M(m, ŷ, [L]) −→
M(m, ŷ, [Li])

S, Oi,rel(1), Oi,rel(1/r2): See Proposition 4.7.9 for the case of oriented reduced
L-Bradlow pairs.

Subsection 5.1.1

g(V•), Ob(V•), ob(V•): For V• on U ×X , we set g(V•) := Hom(V•, V•)∨[−1]
and Ob(V•) := RpX∗

(
g(V•) ⊗ ωX

)
. Let ob(V•) denote the naturally defined mor-

phism Ob(V•) −→ LU .

W•, GL(W•), Wi X : Let Wi (i = −1, 0) be vector spaces with dim Wi =
rankVi. We set GL(W•) := GL(W−1) × GL(W0) and Wi X := Wi ⊗OX .
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Y (W•), Φ(V•): Let Y (W•) denote the quotient stack of N(W−1 X ,W0 X) by a
natural action of GL(W•). The classifying map U × X −→ Y (W•) is denoted by
Φ(V•).

Φ(E), Ob(E), ob(E): If E is a vector bundle of rank R, the classifying map
U × X −→ XGL(R) is denoted by Φ(E). We set Ob(E) := RpX∗

(
Hom(E,E) ⊗

ωX

)
. The naturally induced morphism Ob(E) −→ LU is denoted by ob(E).

Subsection 5.1.2

w: naturally induced morphism Y (W•) −→ XGm

Φ(det(E)): classifying map U × X −→ XGm
of det(E)

i : O[−1] −→ g(V•), tr : g(V•) −→ O[−1]: naturally defined maps

g◦(V•): trace-free part Ker(tr)

gd(V•): diagonal part Im(i)

Ob◦(V•), Obd(V•): We set Ob◦(V•) := RpX∗
(
g◦(V•)⊗ωX

)
and Obd(V•) :=

RpX∗
(
gd(V•) ⊗ ωX

)
.

Subsection 5.1.3

A(W•), B(W•): We set A(W•) := XGL(W0) and B(W•) := Spec(k)GL(W0).

Γ , Ψ(V•): The natural morphism Y (W•) −→ A(W•) is denoted by Γ . We set
Ψ(V•) := Γ ◦ Φ(V•).

h(V•): Hom(V0, V•)∨[−1]

ObG(V•): RpX∗
(
h(V•) ⊗ ωX

)

Subsection 5.1.4

H: Hilbert polynomial Hy associated to a type y

Eu: universal sheaf on M(m, y) × X

V•: canonical resolution of Eu(m)

V ′: pX∗
(
V0

)

Ob(m, y), ob(m, y): Ob(m, y) := Ob(V•) and ob(m, y) := ob(V•)
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Subsection 5.1.5

g(Poin): Φ(Poin)∗LXGm /X

Ob(Poin): RpX∗
(
g(Poin) ⊗ ωX

)

Subsection 5.2.1

Obrel(V•, ρ): cone of the natural morphism Obd(V•) −→ det∗E LPic

obrel(V•, ρ): naturally defined morphism Obrel(V•, ρ) −→ LU1/U

Subsection 5.2.2

Obrel(V•, ρu), obrel(V•, ρu): Let π denote the projection Or(E)∗ −→ U .
A complex Obrel(V•, ρ

u) is induced by the universal orientation ρu of π∗E with
a morphism obrel(V•, ρ

u) : Obrel(V•, ρ
u) −→ LOr(E)∗/U .

Subsection 5.3.1

P• � L: a resolution by locally free sheaves

Y0(W•, P•): quotient stack of N(P−1,W0 X) by a natural action of GL(W•)

Y1(W•, P•): quotient stack of X by a natural action of GL(W•)

Y2(W•, P•): quotient stack of

N(W−1 X ,W0 X) ×X N(P0,W0 X) ×X N(P−1,W−1 X)

by a natural action of GL(W•)

grel(V•, φ̃•): Hom
(
p∗U2

P•, F
∗
2,XV•

)∨

γ(φ̃•): naturally defined morphism grel(V•, φ̃)[−1] −→ g(V•)

g(V•, φ̃•): cone of γ(φ̃•)

Φ(V•, φ̃•): induced morphism U2 × X −→ Y (W•, P•)

Φi(V•, φ̃•): induced morphism U2 × X −→ Yi(W•, P•)

Obrel

(
V•, φ̃•

)
: RpX∗

(
grel(V•, φ̃•) ⊗ ωX

)
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Subsection 5.3.3

A(W•, P•): quotient stack of N(OX ,W0 X) by a natural GL(W0)-action

B(W•, P•): quotient stack of W0 by a natural GL(W0)-action. We have a natural
isomorphism JL : B(W•, P•) � A(W•, P•).

ΓL: natural morphism Y (W•, P•) −→ A(W•, P•)

Ψ(V•, φ̃•): composite ΓL ◦ Φ(V•, φ̃•) : U2 × X −→ A(W•, P•)

Ξ(V•, φ): induced map U2 −→ B(W•, P•)

hrel(V•, φ̃•): Hom
(
p∗U2

OX , F ∗
2XV•

)∨

γ(φ): naturally induced morphism hrel(V•, φ̃•)[−1] −→ h(V•)

h(V•, φ̃•): cone of γ(φ)

ObG
rel(V•, φ̃•): RpX∗

(
hrel(V•, φ̃•) ⊗ ωX

)

Subsection 5.3.5

Z(V•, L): quotient stack of N(p∗UL, V0) by a natural action of N(p∗UL, V−1)

grel(V•, φ): Hom(L, V•)∨

Obrel(V•, φ), obrel(V•, φ): We set Obrel(V•, φ) := RpX∗
(
grel(V•, φ) ⊗ ωX

)
.

A naturally induced morphism Obrel(V•, φ) −→ LU2/U is denoted by obrel(V•, φ).

Subsection 5.4.1

gM : Let M be a line bundle on U3. Let ΦM : U3 −→ Spec(k)Gm
denote the

classifying map for M . A morphism g : U3 −→ T and ΦM induce the morphism
U3 −→ T × Spec(k)Gm

, which is denoted by gM .

Y (W•, [P•]): quotient stack Y (W•, P•) by Gm

Yi(W•, [P•]) (i = 0, 1, 2): quotient stack Yi(W•, P•) by Gm

g′
rel(V•, [φ̃•]): Hom

(
p∗U3

P• ⊗ p∗XM, F ∗
3XV•

)∨

Φ
(
V•, [φ̃•]

)
: induced morphism U3 × X −→ Y (W•, [P•])

(U × X)Gm
, Y (W•)Gm

, XGm
: quotient stacks by the trivial Gm-actions

γ([φ̃•]): naturally induced morphism g′rel(V•, [φ̃•])[−1] −→ g(V•)

g′(V•, [φ̃•]): cone of γ([φ̃•])

Ob′
rel

(
V•, [φ̃•]

)
: RpX∗

(
g′rel(V•, [φ̃•]) ⊗ ωX

)
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Obrel(V•, [φ̃•]), obrel(V•, [φ̃•]): We set

Obrel(V•, [φ̃•]) := Cone
(
Ob′

rel(V•, [φ̃•]) −→ F ∗
3,MLUGm/U [1]

)
[−1].

The induced morphism Obrel(V•, [φ̃•]) −→ LU3/U is denoted by obrel(V•, [φ̃•]).

Subsection 5.4.3

A(W•, [P•]): quotient stack of A(W•, P•) by a natural Gm-action

B(W•, [P•]): quotient stack of B(W•, P•) by a natural Gm-action. We have a
natural isomorphism J[L] : B(W•, [P•]) × X � A(W•, [P•]).

h′
rel(V•, [φ̃•]): Hom

(
p∗U3

OX ⊗ p∗XM, F ∗
3XV•

)∨

Ob′ G
rel(V•, [φ̃]): RpX∗

(
h′
rel(V•, [φ̃•]) ⊗ ωX

)

ObG
rel(V•, [φ̃]): cone of the induced morphism

Ob′G
rel (V•, [φ̃•]) −→ F ∗

3,MLUGm /U [1]

Γ[L]: natural morphism Y (W•, [P•]) −→ A(W•, [P•])

Ψ(V•, [φ̃•]) composite Γ[L] ◦ Φ(V•, [φ̃•]) : U3 × X −→ A(W•, [P•]).

Ξ(V•, [φ]): induced morphism U3 −→ B(W•, [P•])

Subsection 5.5.1

V ∗
D: filtered vector bundle V

(1)
D ⊃ V

(2)
D ⊃ · · · ⊃ V

(l+1)
D on U4 × D, induced by a

parabolic structure of F ∗
4XE

vector spaces W (h): We set W (1) := W0 and W (l+1) := W−1. We take vector
spaces W (h) (h = 2, . . . , l) such that dim W (h) = rankV

(h)
D .

Wi D, W
(h)
D : We set Wi D := Wi ⊗OD and W

(h)
D := W (h) ⊗OD.

YD(W•): quotient stack of N(W−1 D,W0,D) by a natural action of GL(W•)

YD(W•, W ∗): quotient stack of
∏l

h=1 N(W (h+1)
D ,W

(h)
D ) by a natural action of

∏l+1
h=1 GL(W (h))

ΦD(V•, F∗): induced morphism U4 × D −→ YD(W•,W
∗)

Φ(V•|D): induced morphism U4 × D −→ YD(W•)

gD(V•, F∗): C1(V ∗
D, V ∗

D)∨[−1]



366 Glossary

grel(V•, F∗): C2(V ∗
D, V ∗

D)∨[−1]

g(V•|D): Hom(V•|D, V•|D)∨[−1]

Obrel(V•, F∗), obrel(V•, F∗): We set Obrel(V•, F∗) := RpD∗
(
grel(V•, F∗) ⊗

ωD

)
. An induced morphism Obrel(V•, F∗) −→ LU4/U is denoted by obrel(V•, F∗).

Ob(V• | D), ob(V•|D): We set Ob(V• |D) := RpD∗
(
g(V•|D) ⊗ ωD

)
. The in-

duced morphism Ob(V• |D) −→ F ∗
4 LU is denoted by ob(V• |D).

Subsection 5.6.1

V•: canonical resolution of Eu(m) on M(m, y) × X

P•: canonical resolution of L(m) for a sufficiently large m

Obrel(m, y), obrel(m, y): From V•, we obtain

obrel(m,y) : Obrel(m,y) −→ LM(m,y)/M(m,y).

Obrel(m, y, L), obrel(m, y, L): From V• and P•, we obtain

obrel(m, y, L) : Obrel(m, y, L) −→ LM(m,y,L)/M(m,y).

Obrel(m, y, [L]), obrel(m, y, [L]): From V• and P•, we obtain

obrel(m, y, [L]) : Obrel(m, y, [L]) −→ LM(m,y,[L])/M(m,y).

Obrel(m, ŷ), obrel(m, ŷ): From V•, we obtain

obrel(m, ŷ) : Obrel(m, ŷ) −→ LM(m,ŷ)/M(m,y).

Subsection 5.6.2

Ob(m, ŷ, [L]), ob(m, ŷ, [L]): We obtain a morphism

ob(m, ŷ, [L]) : Ob(m, ŷ, [L]) −→ LM(m,ŷ,[L])

from ob(m, y), obrel(m,y), obrel(m, [L]) and obrel(m, ŷ). Similarly, we obtain

ob(m,y, L) : Ob(m,y, L) −→ LM(m,y,L)/k

ob(m, ŷ) : Ob(m, ŷ) −→ LM(m,ŷ)/k

ob(m, ŷ, [L]) : Ob(m, ŷ, [L]) −→ LM(m,ŷ,[L])/k
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Subsection 5.7.1

Pm: P(V ∨
m)

Z1: P
(
OPm

(0) ⊕OPm
(1)
)

that is a P1-bundle over Pm

Z2: Z1 × Flag(Vm, N)

Q̃: quotient stack of Z2 by a natural action of GL(Vm)

W0: We often discuss under the setting W0 = Vm.

B∗(W•, [P•]): (Pm)GL(Vm)

Ψ1: Ξ(V•, [φ])

ObG(V•, [φ̃•]): cone of ObG
rel(V•, [φ̃•])[−1] −→ ObG(V•)

N : M(m, ŷ, [L]) ×B∗(W•,[P•]) Q̃

Ψ2: induced morphism M −→ Q̃

p: projection M̂ −→ M(m, ŷ, [L])

Ob(M̂): cone of Ψ∗
2 LQ̃/B∗(W•,[P•])[−1] −→ p∗ Ob(m,y, [L])

ob(M̂): induced morphism Ob(M̂) −→ L
M̂

Subsection 5.7.2

Q̃∗: quotient stack of V ∗
m × Flag(Vm, N) by a natural GL(Vm)-action

B∗(W•, P•): quotient stack of V ∗
m by a natural GL(Vm)-action

ObG(V•, φ̃•): cone of ObG
rel(V•, φ̃•)[−1] −→ ObG(V•)

Ψ4: naturally induced morphism M̂∗ −→ Q̃∗

F : Flag(Vm, N)GL(Vm). We have a naturally defined morphism Γ1 : Q̃∗ −→ F .

Ob(M̂∗): cone of Ψ∗
4 LQ̃/B∗(W•,P•)[−1] −→ Ob(m, ŷ, L). It is isomorphic to

the cone of Ψ∗
4 Γ ∗

1 LF/B(W•)[−1] −→ p∗2 Ob(m, ŷ, L)

ob(M̂∗): naturally induced morphism Ob(M̂∗) −→ L
M̂∗

Subsection 5.7.3

M̃(m, ŷ, [L]): full flag bundle associated to pX∗Ê
u(m) over M(m, ŷ, [L]). We

have a naturally defined morphisms

Ψ11 : M̃(m, ŷ, [L]) −→ F , p1 : M̃(m, ŷ, [L]) −→ M(m, ŷ, [L])
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Õb(m, ŷ, [L]): cone of Ψ∗
11LF/B(W•)[−1] −→ p∗1 Ob(m, ŷ, [L])

õb(m, ŷ, [L]): induced morphism Õb(m, ŷ, [L]) −→ LM̃(m,ŷ,[L])

Q1: quotient stack of Pm × Flag(V,N) by a natural GL(Vm)-action. We have a
naturally defined morphism

Ψ13 : M̃(m, ŷ, [L]) −→ Q1.

Õb2(m, ŷ, [L]): cone of Ψ∗
13LQ1/B∗(W,[P ])[−1] −→ p∗1 Ob(m, ŷ, [L])

õb2(m, ŷ, [L]): naturally induced morphism Õb2(m, ŷ, [L]) −→ LM̃(m,ŷ,[L])

Subsection 5.7.4

M̃(m, y, L): full flag bundle associated to pX∗E
u(m) over M(m,y, L). We

have naturally defined morphisms

Ψ11 : M̃(m,y, L) −→ F , p1 : M̃(m,y, L) −→ M(m,y, L)

Õb(m, y, L): cone of Ψ∗
11LF/B(W•)[−1] −→ p∗1 Ob(m,y, L)

õb(m, y, L): induced morphism Õb(m,y, L) −→ LM̃(m,y,L)

Subsection 5.7.5

M̃(m, ŷ): full flag bundle associated to pX∗Ê
u(m) over M(m, ŷ). We have nat-

urally defined morphisms

p1 : M̃(m, ŷ) −→ M(m, ŷ), Ψ11 : M̃(m, ŷ) −→ F

Õb(m, ŷ): cone of Ψ∗
11LF/B(W•)[−1] −→ p∗1 Ob(m, ŷ)

õb(m, ŷ): naturally induced morphism Õb(m, ŷ) −→ LM̃(m,ŷ)

Subsection 5.7.6

Q: quotient stack of P
(
OPm

(0)⊕OPm
(1)
)

by a natural GL(Vm)-action. We have
a natural morphism Ψ1 : M̂ −→ Q.

Ob(M̂): cone of Ψ∗
1 LQ/B∗(W,[P ])[−1] −→ p∗ Ob(m, ŷ, [L])

ob(M̂): naturally induced morphism Ob(M̂) −→ L
M̂
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Ob(M̂∗), ob(M̂∗): We set Ob(M̂∗) := ob(m, ŷ, L). The naturally induced
morphism Ob(M̂∗) −→ L

M̂∗ is denoted by ob(M̂∗).

Subsection 5.7.7

Ob(M̂), ob(M̂): Let Ob(M̂) be the cone of

Ψ∗
1 LQ/B∗(W,[P ])[−1] −→ Ob(m, ŷ, [L]).

The naturally induced morphism Ob(M̂) −→ L
M̂

is denoted by ob(M̂).

Ob(M̂∗), ob(M̂∗): We set Ob(M̂∗) := Ob(m, ŷ, L1, [L2]). The naturally in-
duced morphism Ob(M̂∗) −→ L

M̂∗ is denoted by ob(M̂∗).

Subsection 5.8.1

M̃split: M̃ss(y1, L, α∗, (δ, k0)) × M̃ss(ŷ2, α∗,+)

Ob(M̂Gm(I)), ob(M̂Gm(I)): obstruction theory of M̂Gm(I). See
Proposition 5.8.1.

Õb(M̂Gm(I)), õb(M̂Gm(I)): obstruction theory of M̂Gm(I) × A1 over A1.
See Proposition 5.8.1.

Õba(M̂Gm(I)), õba(M̂Gm(I)): obstruction theory of M̂Gm(I). See
Proposition 5.8.1.

Subsection 5.8.2

Mi (i = 1, 2, 3) We set M1 := M(m,y1, L), M2 := M(m,y2) and M3 :=
M1 ×M2. They are equipped with the obstruction theories Ob(Mi).

M̂3: moduli of (E1, F1 ∗, φ, E2, F2 ∗, ρ) such that (i) (E1, F1 ∗, φ) ∈ M1, (ii)
(E2, F2 ∗) ∈ M2, (iii) ρ is an orientation of E1 ⊕ E2.

Eu
i , V(i)

• : Let Eu
i be universal sheaves on Mi × X (i = 1, 2). Let V(i) be the

canonical resolution of Eu
i .

Obrel(M̂3/M3), Ob(M̂3), ob(M̂3): complex and morphisms induced by
the universal orientation.
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Subsection 5.8.3

M0, M̂0: We set M0 := M(m,y, L) and M̂0 := M(m, ŷ, L). We have a
naturally defined morphism F : M3 −→ M0.

V(i)(j)
D : Ker

(
V(i)
|D −→ Cok(i)

j−1

)
.

W
(a)
b : We take decompositions W0 = W

(1)
0 ⊕ W

(2)
0 and W−1 = W

(1)
−1 ⊕ W

(2)
−1 ,

where dim W
(i)
0 = Hyi

(m) and dim W
(i)
−1 = Hyi

(m) − rank(yi).

Y (W (1)
• , W

(2)
• ): Y (W (1)

• ) × Y (W (2)
• ).

Y (W (1)
• , W

(2)
• , P•): Y (W (1)

• , P•) × Y (W (2)
• ).

W (i)(j): vector spaces such that dim W (i)(j) = rankV(i)(j)
D

YD(W•, W (1) ∗, W (2)): YD(W (1)
• ,W (1)∗) × YD(W (2)

• ,W (2)∗)

YD(W (1)
• , W

(2)
• ): YD(W (1)

• ) × YD(W (2)
• )

ObD(V, F u
∗ ): RpD ∗

(
gD(V•, F

u
∗ ) ⊗ ωD

)

ObD(V(i), F u(i)
∗ ): RpD ∗

(
gD(V(i)

• , F
u(i)
∗ ) ⊗ ωD

)

Subsection 5.8.4

B(W (1)
• , W

(2)
• ): Spec(k)GL(W0)×GL(W−1)

Φ(V ′(1)
0 , V ′(2)

0 ): induced morphism M3 −→ B(W (1)
• ,W

(2)
• )

Subsection 5.8.5

Ob(m, y2): Ob◦(m,y2) ⊕ τ≤−1 Obd(m,y2)

Ob1(M̂3): cone of the morphism of τ≤−1 Obd
(
V(1)
• ⊕V(2)

•
)

to Ob(m,y1, L)⊕
Ob(m,y2)

Õba(M̂3), Õb(M̂3): Let Õba(M̂3) be the cone of ϕa. The family version is
Õb(M̂3).

M̂2, S′, F1, G′
1: See Lemma 5.8.6.

Subsection 5.8.6

Fi, F i: Fi denotes the full flag of V
(i)
m , and F i denotes the quotient of Fi by a

natural GL(V (i)
m )-action.
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Ob(M̂Gm(I)): We have naturally defined morphisms:

g : M̂Gm(I) −→ F 1 × F 2, π1 : M̂Gm(I) −→ M̂3

Then, Ob(M̂Gm(I)) denotes the cone of the morphism

g∗L
F 1×F 2/B(W

(1)
• ,W

(2)
• )

[−1] −→ π∗
1 Ob(M̂3).

Flag(V (i)
m , Ii): full flag of V (i) indexed by Ii.

Subsections 5.8.7–5.8.8

Msplit, ob(M̂Gm), Ob(M̂Gm), õb(M̂Gm), Õb(M̂Gm):
See Subsection 5.8.7 for the case in which a 2-stability condition is satisfied, and
Subsection 5.8.8 for the case of oriented reduced L-Bradlow pairs.

Subsection 5.9.1

ι∗
i Ob(M̂)inv, ob1(M̂i): Gm-invariant of ι∗i Ob(M̂), where ιi : M̂i −→ M̂ .

We have the induced morphism ob1(M̂i) : ι∗i Ob(M̂)inv −→ L
M̂i

.

ι∗
i Ob(M̂)mov: moving part of ι∗i Ob(M̂)

ϕ∗
I
Ob(M̂)inv, ob1(M̂Gm(I)): Gm-invariant part of ϕ∗

I Ob(M̂), where ϕI :
M̂Gm(I) −→ M̂ . The induced morphism ϕ∗

I Ob(M̂)inv −→ L
M̂Gm (I)

is denoted

by ob1(M̂Gm(I)).

ϕ∗
I
Ob(M̂)mov: moving part of ϕ∗

I Ob(M̂)

N(M̂i): normal bundle of M̂i in M̂ , isomorphic to Orel

(
(−1)i−1

)
. The weight of

the induced Gm-action is (−1)i.

N(M̂Gm(I)): virtual normal bundle of M̂Gm(I) in M̂

N(EM̂
i , EM̂

j ): −
∑

l=0,1,2(−1)lRlpX∗RHom
(
EM̂

i , EM̂
j

)

N(L, EM̂
2 ):

∑
l=0,1,2(−1)lRlpX ∗Hom

(
L,EM̂

2

)

ND(EM̂
i ∗ , EM̂

j ∗): −
∑

l=0,1(−1)lRlpD ∗RHom′
2

(
EM̂

i|D ∗, EM̂
j|D ∗

)

N0: normal bundle of M̂Gm(I) ⊂ M̂ ×M̂0
M̂3

N(Êu
i , Êu

j ): −
∑

l=0,1,2(−1)lRlpX∗RHom(Êu
i , Êu

j )
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N(L, Êu
2 ):

∑
l=0,1,2(−1)lRlpX ∗Hom(L, Êu

2 )

ND(Êu
i ∗, Êu

j ∗): −
∑

l=0,1(−1)lRlpD ∗RHom′
2

(
Êu

i|D ∗, Ê
u
j|D ∗

)

Subsections 6.1.1, 6.1.2

[M], [M]vir: virtual fundamental class of the moduli stacks M
∫

M Φ: evaluation of a cohomology class Φ via the virtual fundamental class [M]

[M̂Gm(I)]: virtual fundamental class of M̂Gm(I)

Subsection 6.3.1

M(c, L): moduli of L-abelian pairs (E, φ) such that c1(E) = c

(Lu, φu): universal object on M(c, L) × X

M(ĉ, [L]): moduli space of oriented reduced L-abelian pairs (E, [φ], ρ) such that
c1(E) = c

(L̂u, [φu], ρu): universal object on M(ĉ, [L]) × X

L: line bundle such that c1(L) = c ∈ H2(X, Z). If H1(X,OX) = 0, it is deter-
mined uniquely up to isomorphisms.

d(c, L): dim H0(X,L−1 ⊗ L) − 1 = dim M(c, L)

χ(L−1 ⊗ L):
∑

l=0,1,2(−1)l dim H l(X,L−1 ⊗ L)

O(c, L), [M(c, L)]0: If H1(X,OX) = 0 and pg > 0, M(c, L) is smooth. The
actual dimension is denoted by O(c, L). The naive fundamental class is denoted by
[M(c, L)]0. We have [M(c, L)] = Eu

(
O(c, L)

)
∩ [M(c, L)]0.

pg , KX : We set pg := dimH2(X,OX). Let KX denote the canonical line bundle
of X .

SW(c, L), SW(c): Assume H1(X,OX) = 0 and pg > 0. If [M(c, L)] 
= 0, the
expected dimension of M(c, L) is 0. Hence, we can regard [M(c, L)] as a number,
which is denoted by SW(c, L). In the case L = OX , it is also denoted by SW(c).

Ob(ĉ), [M(ĉ, [L])]0: Assume H1(X,OX) = 0 and H2(X,L−1 ⊗ L) = 0.
Then, M(ĉ, [L]) is smooth and equipped with a perfect obstruction theory. The ob-
struction bundle is denoted by Ob(ĉ). The naive fundamental class is denoted by
[M(ĉ, [L])]0.

Subsection 6.3.2

S̃W(a): Seiberg-Witten invariant associated to a Spinc-structure ξ with det
(ξ) = a
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Subsection 6.3.3

X [y]: parabolic Hilbert scheme of ideals with type y

SGL(W•):
{
(g−1, g0) ∈ GL(W•),

∣
∣ det(g−1) det(g0) = 1

}

Y (W•): quotient stack N(W−1 X ,W0 X)SGL(W•)

Y D(W•): quotient stack N(W−1 D,W0 D)SGL(W•)

Y D(W•, W ∗): quotient stack of
∏l

i=1 N
(
W (i+1),W (i)

)
by a natural action of

∏l
i=2 GL(W (i)) × SGL(W•)

Ob◦
D(y): RpD ∗

(
g◦D(V•, F∗) ⊗ ωD

)

Ob◦
D(y): RpD ∗

(
g◦(V•|D) ⊗ ωD

)

Ob(y): cone of Ob◦
D(y) −→ Ob◦(y) ⊕ Ob◦

D(y)

ob(y): naturally induced morphism Ob(y) −→ LX[y]

Subsection 6.3.4

y(−c): For y ∈ T ype, we set y(−c) := y · exp(−c), where c is the H2(X)-
component of y.

Z(y(−c)): universal 0-scheme of X [y(−c)] × X

K: Lu
c ⊗ L−1 ⊗OZ(y(−c)) on M(c, L) × Xy(−c) × X

V: pX∗K
K̃, Ṽ: Assume H1(X,OX) = 0. Take L with c1(L) = c and we set K̃ :=
OZ(y(−c)) ⊗ L⊗ L−1 on X [y(−c)] × X , and Ṽ := pX∗K on X [y(−c)].

Subsection 6.3.5

φ′: L-section of det(E) induced by φ of E

detE,φ: morphism U2 −→ M(c, L) induced by (det(E), φ′)

Ob(V•, φ̃•): RpX∗
(
g(V•, φ̃•) ⊗ ωX

)

Ob(M(c, L)): obstruction theory of M(c, L)

grel, g(det(V•), φ′): We set grel := Hom
(
P•,det(V•)

)∨
. Let g(det(V•, φ

′))
denote the cone of the morphism grel[−1] −→ O[−1].

Ỹi(W•, P•): Let Ỹ0(W•, P•) be a quotient stack of

N(W−1 X ,W0 X) × N(P−1,W0 X)
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by a natural GL(W•)-action. We set Ỹ1(W•, P•) = Y (W•) and Ỹ2(W•, P•) :=
Y2(W•, P•).

Ỹ (W•): Fiber product of Ỹi(W•, P•) (i = 1, 2) over Ỹ0(W•, P•) is denoted by
Ỹ (W•, P•).

Zi(W•, P•): We set Z0(W•, P•) := N
(
P−1,det(W•,X)

)
Gm

, Z1(W•, P•) :=
XGm

and Z2(W•, P•) := N
(
P0,det(W•, X)

)
Gm

.

Z(W•, P•): Fiber product of Z1(W•, P•) (i = 1, 2) over Z0(W•, P•) is denoted
by Z(W•, P•).

Ob(M(c, [L])) obstruction theory of M(c, [L])

Ob(V•, [φ̃•]): cone of Obrel(V•, [φ̃•])[−1] −→ Ob(V•)

Ob(V•, ρ, [φ̃•]): cone of Obrel(V•, ρ)[−1] −→ Ob(V•, [φ̃•])

Ob(M(ĉ, [L])): obstruction theory of M(ĉ, [L])

Subsection 6.3.6

I(E): det(E)−1 ⊗ E

Ξ(E): morphism U −→ X [y(−c)] induced by I(E) with the induced parabolic
structure.

Ob(V•, F∗): cone of Obrel(V•, F∗)[−1] −→ Ob(V•).

Ob(X [y(−c)]): obstruction theory of X [y(−c)], that is the same as LX[y(−c)] =
ΩX[y(−c)]

Ob◦(V•, F∗): trace-free part of Ob(V•, F∗)

Subsection 6.3.7

Ob(V•, F∗, φ̃•): cone of Ob(V•) −→ Ob(V•, F∗) ⊕ Ob(V•, φ̃•)

Ob(V•, F∗, [φ̃•], ρ): cone of Ob(V•) −→ Ob(V•, [φ̃•], ρ) ⊕ Ob(V•, F∗)

Subsection 7.1.1

Mapf

(
Z2

≥ 0, H∗(X)
)
, Mapf

(
Z3

≥ 0, H∗(D)
)
: Let Mapf

(
Z2
≥ 0,H

∗(X)
)

de-
note the set of maps ϕ : Z2

≥ 0 −→ H∗(X) such that
{
(n1, n2)

∣
∣ϕ(n1, n2) 
= 0

}
is

finite. We use Mapf

(
Z2
≥ 0,H

∗(X)
)

in a similar meaning.

R′
l: Sym

(
Mapf

(
Z2l
≥ 0, H∗(X)

))
⊗ Sym

(
Mapf

(
Z3l
≥ 0, H∗(D)

))
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Rl, R: We set Rl := H∗(Pic) ⊗R′
l and R := R1.

ql: homomorphism of algebras Rl −→ R⊗ l

rl: homomorphism of algebras Rl −→ R

Subsection 7.1.2

R(E∗), R(E): When we are given E∗ = (E1∗, . . . , El∗), we set R(E∗) := Rl.
It is also denoted by R(E).

R(E∗), R(E): When we are given E∗, we set R(E∗) := R. It is also denoted
by R(E).

P (E ·et): image of P ∈ R(E) via the homomorphism R(E) −→ R(E)[t] given
in Subsection 7.1.2.

Subsection 7.1.3

A∗(Y): bivariant theory A∗(Y → Y)

R(E∗, Y): R(E∗) ⊗ A∗(Y)

deg
(
P (E∗) ∩ F ([Z])

)
: evaluation of P (E∗) · F ∈ R(E∗,Y) over [Z]

∫
Mss(ŷ,α∗)

P (Êu): If the 1-stability condition holds for (y, α∗), we define

∫

Mss(ŷ,α∗)

P (Êu) := deg
(
P (Êu) ∩ [Mss(ŷ, α∗)]

)
.

∫
Ms(ŷ,[L],α∗,δ)

P (Êu) · ωk: If the 1-stability condition holds for (y, L, α∗, δ),
we set

∫

Ms(ŷ,[L],α∗,δ)

P (Êu) · ωk := deg
(
P (Êu) · ωk ∩

[
Ms(ŷ, [L], α∗, δ)

])

Subsection 7.1.4

T : l-dimensional torus (Gm)l

R(T ): T -equivariant bivariant theory of a point

ew·ti: trivial line bundle with the T -action induced by the action of i-th Gm with
weight w

AT
∗ (Y): T -equivariant Chow group of Y

HT
∗ (Y): T -equivariant homology group of Y
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degT
(
P (E∗) ∩ [Z]

)
∈ R(T ): evaluation of P (E∗) over [Z] ∈ AT

∗ (Y)

RT (E∗, Y): R(E∗) ⊗ A∗
T (Y)

∫
M̂

Φ(ÊM̂
∗ ): degGm

(
Φ(ÊM̂

∗ ) ∩ [M̂ ]
)

Subsection 7.1.5

RCH: Sym
(
Mapf

(
Z2
≥ 0, A

∗(X)
))

⊗ Sym
(
Mapf

(
Z3
≥ 0, A

∗(D)
))

⊗ A∗(Pic)

RCH(E∗): When we are given E∗, we set RCH(E∗) := RCH.

Rl,CH, RCH(E∗): Similar

Q: natural homomorphism RCH(E∗) −→ A∗(Y)

Subsection 7.1.6

R[[t−1, t]: algebra of power series
∑

aj · tj such that
{
j > 0|aj 
= 0

}
are finite.

R(t): Q[[t−1, t]

R(t1, . . . , tk): R(t1, . . . , tk) := R(t2, . . . , tk)[[t−1
1 , t1]

Eu(Fa): equivariant Euler class of Fa

Subsection 7.1.7

eω: a line bundle L such that c1(L) = ω.

P (E ⊗ eω): image of P (E) ∈ R(E) via the naturally defined morphism
R(E) −→ R(E ⊗ eω,Y).

Subsection 7.2.1

S(y, α∗, δ): set of (y1,y2) ∈ (T ype)2 such that (i) y1 + y2 = y, (ii) Pα∗,δ
y1

=
Pα∗

y2
= Pα∗,δ

y

M(y1, ŷ2, L, α∗, δ): Mss(y1, L, α∗, δ) ×Mss(ŷ2, α∗)

Eu
1 : sheaf on M(y1, ŷ2, L, α∗, δ) × X obtained as the pull back of the universal

sheaf Mss(y1, L, α∗, δ) × X

Êu
2 : sheaf on M(y1, ŷ2, L, α∗, δ) × X obtained as the pull back of the universal

sheaf Mss(ŷ2, α∗) × X

ω1: c1

(
Or(Eu

1 )
)
/ ranky1

ew·t: trivial line bundle with the Gm-action of weight w
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Subsection 7.2.2

Θrel: relative tangent bundle of Ms(ŷ, [L], α∗, δ) −→ M(ŷ), if the 1-vanishing
condition is satisfied for (ŷ, [L], α∗, δ)

NL(y):
∫

X
Td(X) · y · ch(L−1)

Q(Ê1 · e−s/r1 , Ê2 · es/r2): equivariant Euler class of the virtual vector bundle
(7.16)

Subsection 7.2.3

Θ
(i)
rel: Let Θ

(1)
rel be the relative tangent bundle of the smooth morphism

Ms(ŷ, [L], α∗, δ±) −→ M(ŷ, [L2]).

We use the symbol Θ
(2)
rel in a similar meaning.

O(i)
rel(1): pull back of the tautological line bundle on M(ŷ, [Li]) via the morphism

Mss(ŷ, [L], α∗, δ) −→ M(ŷ, [Li]).

S(y, α∗, δ): set of (y1,y2) ∈ (T ype)2 such that

Pα∗
y1

= Pα∗
y2

, δ1/ rank y1 = δ2/ rank y2

M(ŷ1, ŷ2, [L], α∗, δ): Ms(ŷ1, [L1], α∗, δ1) ×Ms(ŷ2, [L2], α∗, δ2)

Oi,rel(1): Let O2,rel(1) denote the tautological line bundle on M(ŷ2, [L2]). The
pull back is also denoted by the same symbol. We use the symbol O1,rel(1) in a
similar meaning.

ωi, ew·ωi: We set ωi := c1(Oi,rel(1)) and ew·ωi := Oi,rel(w).

Subsection 7.3.1
∫

Mss(ŷ,α∗)
: a linear map R −→ Q. See Definition 7.3.2.

Subsection 7.4.1

y, a, b, n: For y ∈ T ype, we have the decomposition y = rank(y)+ a+ b, where
a ∈ H2(X) and b ∈ H4(X). The number n = a2/2− n corresponds to the second
Chern class.

NS(X): subgroup of H2(X, Z) generated by algebraic 1-cycles on X

X [l]: Hilbert scheme of l-points
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Subsection 7.4.2

MH(ŷ): moduli stack of torsion-free sheaves of type y which are semistable with
respect to H

C: ample cone in NS(X) ⊗ R

ξ: element of NS(X)

W ξ: wall determined by ξ

C±, H±: For a given ξ, let C± be chambers which are divided by the wall W ξ.
Let H± ∈ C±. We assume H− · ξ < 0 < H+ · ξ.

M(ŷ0, ŷ1): M(ŷ0) ×M(ŷ1)

Êi: pull back of the universal sheaf on M(ŷi) × X

Mss(ŷ, α): moduli stack of torsion-free sheaves with trivial quasi-parabolic
structure and a weight α

S(y, ξ): set of (y0, y1) ∈ (T ype)2 such that (i) y0 + y1 = y, (ii) a0 − a1 = mξ
for some m > 0

S: family of μ-semistable torsion-free sheaves of type y

S: family of torsion-free sheaves E′ of rank one such that (i) μ(E′) = μ(y), (ii)
there is a member E of S, such that E′ is a saturated subsheaf of E.
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1-stability condition, 84, 85, 88
1-vanishing condition, 242
2-stability condition, 84, 85, 88
2-vanishing condition, 242
Hev(X)-component, 68
L-Bradlow pair, 66
L-abelian pair, 224
L-section, 66
U -coherent sheaf, coherent sheaf, 26
U -torsion-free sheaf, torsion-free sheaf, 26
μ-semistable, δ-μ-semistable, 74
μ-stable, δ-μ-stable, 74
L-Bradlow pair, 68
(TFV)-condition, 89, 90

ample cone, 296

bivariant theory A∗(Y), 268

category D′
qcoh(X ), 33

Chow group A∗(X ), 45
Chow group A∗(Y), 267
classifying map Φ(V•|D), 171
classifying map Φ

(
V•, [φ̃•]

)
, 164

classifying map Φ(E), 148
classifying map Φ(V•), 146
classifying map ΦD(V•, F∗), 171
compatibility of obstruction theory, 45
compatible diagrams, 29
complex g′(V•, [φ̃•]), 164
complex g(V•|D), 171
complex gD(V•, F∗), 171
complex grel(V•, φ̃•), 157
complex grel(V•, F∗), 171
complex Ob(E•, V•,•, φ), 41
complex ObG(V•, [φ̃•]), 178

complex ObG
rel(V•, [φ̃•]), 169

complex ObG
rel(V•, φ̃•), 160

complex Obrel(M̂3/M3), 189
complex Obrel

(
V•, φ̃•

)
, 158

complex ϕ∗
I

Ob(M̂)inv, 202
complex ϕ∗

I
Ob(M̂)mov, 202

complex g′
rel(V•, [φ̃•]), 164

complex g(Poin), 153
complex g(f), 46
complex g(F, f), 48
complex g(V ∗), 52
complex g(V•), 146
complex gd(V•), 149
complex g◦(V•), 149
complex gd

D(V•, F∗), 173
complex g◦

D(V•, F∗), 173
complex h′

rel(V•, [φ̃•]), 168
complex h(V•), 150
complex h(V•, φ̃•), 160
complex hrel(V•, φ̃•), 160
complex k(F , ϕ), 43
complex k(V, ϕ), 41
complex k(E•, ϕ), 43
complex k(E•, V•,•, φ), 40
complex k(V u

• ), 152
complex V•, 151
complex Hom(C•, D•), 26
complex Hom(C•, D•)∨, 27
complex RHom′

1(E1∗, E2∗), 28
complex RHom′

2(E1∗, E2∗), 28
complex Ob(M̂), 179, 185, 187
complex Ob(M̂∗), 185, 187
complex Ob(M̂Gm(I)), 188, 199, 200
complex Ob(F , ϕ), 41, 43
complex Ob(M3), 189

379
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complex Ob(M̂3), 189
complex Ob(Poin), 153
complex Ob(E), 148
complex Ob(f), 47
complex Ob(F, f), 48
complex Ob(m, ŷ, [L]), 175
complex Ob(m, y), 153
complex Ob(V ∗), 52
complex Ob(V•|D), 172
complex Ob(V•), 146
complex Ob

(
m, ŷ, [L]

)
, 176

complex Ob
(
m, ŷ

)
, 176

complex Obd(V•), 149
complex ObG(V•, φ̃•), 180
complex ObG(V•), 150
complex Ob◦(V•), 149
complex Ob′ G

rel (V•, [φ̃•]), 168
complex ObG

rel(V•, [φ̃•]), 169
complex Ob′

rel

(
V•, [φ̃•]

)
, 165

complex Obrel(m, y), 174
complex Obrel(m, ŷ), 175
complex Obrel(m, y, [L]), 175
complex Obrel(m, y, L), 174
complex Obrel(V•, [φ̃•]), 165
complex Obrel(V•, ρ), 154
complex Obrel(V•, ρu), 155
complex Obrel(V•, F∗), 172
complex Õb(M̂Gm(I)), 188, 200, 201
complex Õb(m, y, L), 184
complex Õb(m, ŷ), 184
complex Õb(m, ŷ, [L]), 182
complex Õb2(m, ŷ, [L]), 182
complex Õba(M̂Gm(I)), 188, 200, 201
complex C•∨, 27
complex C1(V ∗

1 , V ∗
2 ), 28

complex C2(V ∗
1 V ∗

2 ), 28
condition Om, 66
Condition (C), 150
cotangent complex, LX/Y , Lf , 32
critical, 85, 88, 289, 297

decomposition type, 121
degree deg(y, α∗), 73
degree deg(y), 73
degree par-deg(E∗), 72
depth of y, depth(y), 68
depth of parabolic structure, 65

enhanced master space, 129
equivariant Chow group AT

∗ (Y), 271
equivariant Euler class, 274
equivariant Euler class Eu(Fa), 275

equivariant homology group HT
∗ (Y), 271

equivariant line bundle ew·ti , 271
equivariant line bundle ew·t, 277
equivariant representative, 56
equivariant virtual bundle N0(y1, y2), 277
Euler class Eu(Θrel), 269
expected dimension, 44

family SS(y, L, α∗, δ(0)), 79
family YOK(N, K, y, L, δ), 81
family ỸOK(N, K, y, L, δ), 81
family ỸOK(m, K, y, L, δ), 81
filtered bundle V ∗

D , 170
full flag variety Flag(V, N), 107

general linear group, GL(R), 35
Gieseker space Zm, 91
group GL(W•), 146
group NS(X), 293

Harder-Narasimhan filtration, 76
Hilbert polynomial, 71

integral
∫
[M]vir , 214

integral
∫
M, 214

invariant part ι∗i Ob(M̂)inv, 202

Jordan-Hölder filtration, 76

lift, 157, 164
line bundle I(2), 210
line bundle O(i)

rel (1), 283
line bundle O2,rel(1), 284
line bundle eω , 275
line bundle K, 293
linear map

∫
Mss(ŷ,α∗)

, 269, 288

map ql, 265
map rl, 266
master space M̂ , 129, 139, 141
moduli stack M(y, L), 69
moduli stack M(m, y), 69
moduli stack Ms(y, [L], α∗, δ), 75
moduli stack Ms(y, L, α∗δ), 75
moduli stack Ms(ŷ, [L], α∗, δ), 75
moduli stack Ms(ŷ, L, α∗, δ), 75
moduli stack Mss(y, α∗), 75
moduli stack Mss(y, L, α∗, δ), 75
moduli stack Ms(ŷ), 75
moduli stack M̃s(ŷ, [L], α∗, δ), 75
moduli stack M̃s

m(ŷ, [L], α∗, δ), 75
moduli stack M̃ss(y, [L], α∗, (δ, 
)), 77
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moduli stack M̃ss(ŷ, [L], α∗, (δ, 
)), 77
moduli stack M̃s(ŷ, α∗), 75
moduli stack M̃s

m(ŷ, α∗), 75
moduli stack M̃ss

m (y, [L], α∗, (δ, 
)), 77
moduli stack M(y), 69
moduli stack M(ŷ), 69
moduli stack M(ŷ, [L]), 69
moduli stack M(ŷ, [L]), 69
moduli stack M(ŷ, L), 69
moduli stack M(ŷ), 69
moduli stack M(m, y, [L]), 69
moduli stack M(m, y, L), 69
moduli stack M(m, ŷ), 69
moduli stack M(m, ŷ, [L]), 69
moduli stack M(m, ŷ, [L]), 69
moduli stack M(m, ŷ, L), 69
moduli stack M(m, ŷ), 69
moduli stack M(m, y), 69
moduli stack M(y), 69
moduli stack Ms(y, α∗), 75
moduli stack Ms(ŷ, α∗), 75
moduli stack Mss(ŷ, [L], α∗, δ), 75
moduli stack Mss(ŷ, α∗), 75
moduli stack Ms(ŷ, [L], δ), 75
moduli stack Ms(y, L, δ), 75
moduli stack MH(ŷ), 296, 309
moduli stack M̃(m, y, L), 184
moduli stack M̃(m, ŷ), 184
moduli stack M̃(m, ŷ, [L]), 181
moduli stack M̃ss

(
y, L, α∗, (δ, 
)

)
, 77

moduli stack M̃s(ŷ, [L], α∗, δ), 75
moduli stack M̃s

m(ŷ, [L], α∗, δ), 75
moduli stack M̃ss

m

(
y, L, α∗, (δ, 
)

)
, 77

moduli stacks M̃ss
m (ŷ, [L], α∗, (δ, 
)), 77

morphism degT
(
P (E∗ ∩ •)

)
, 272

morphism r(E•, ϕ), 43
morphism r(E•, V•,•, φ), 40
morphism ob(E•, V•,•, φ), 41
morphism degT , 272
morphism detE , det, 64
morphism d̃etE , 149
morphism Γ , 150
morphism γ([φ]), 168
morphism γ(φ), 160
morphism γD , 171
morphism ΓL, 160
morphism Γ[L], 168
morphism r(F , ϕ), 43
morphism r(V, ϕ), 41
morphism w, 149
morphism ob(M̂), 179, 185, 187
morphism ob(M̂∗), 185, 187

morphism ob(M̂Gm(I)), 188, 199, 200
morphism ob(F , ϕ), 43
morphism ob(M̂3), 189
morphism ob(V, ϕ), 41
morphism ob(E), 148
morphism ob(f), 47
morphism ob(m, ŷ, [L]), 175
morphism ob(m, y), 153
morphism ob(V ∗), 52
morphism ob(V•|D), 172
morphism ob(V•), 146
morphism ob

(
m, ŷ, [L]

)
, 176

morphism ob
(
m, ŷ

)
, 176

morphism ob1(M̂Gm(I)), 202
morphism ob1(M̂i), 202
morphism obrel(m, y), 174
morphism obrel(m, ŷ), 175
morphism obrel(m, y, [L]), 175
morphism obrel(m, y, L), 174
morphism obrel(V•, ρ), 154
morphism obrel(V•, ρu), 155
morphism obrel(V•, F∗), 172
morphism õb(M̂Gm(I)), 188, 200, 201
morphism õb(m, y, L), 184
morphism õb(m, ŷ), 184
morphism õb(m, ŷ, [L]), 182
morphism õb2(m, ŷ, [L]), 183
morphism õba(M̂Gm(I)), 188, 200, 201
morphism Φ(det(E)), 149
morphism Ψ(V•), 150
morphism Ψ(V•, [φ̃•]), 168
morphism Ψ(V•, φ̃•), 160
morphism Ψ1, 178
morphism Ψ2, 178
morphism tr, 149
morphism Ξ(V•, [φ]), 169
morphism gY , 25
moving part ι∗i Ob(M̂)mov, 202
Mumford-Hilbert criterion, 30

non-trivial everywhere, 66, 67
normal bundle N0, 202
number degT

(
P (E∗) ∩ [Z]

)
, 272

number χ(y), 69, 293
number χ(ai), 295
number deg

(
P (E∗ ∩ •)

)
, 268

number Φ(ŷ, [L], α∗, δ), 280
number SW(c), 227
number SW(c, L), 225
number h0(E), 71
number h0(E∗), 72
number NL(y), 279
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obstruction class, 33
obstruction theory, 44
orientation, 64
orientation bundle Or(E), 64
oriented L-Bradlow pair, 66
oriented U -coherent sheaf, 64
oriented coherent sheaf, 64
oriented parabolic reduced L-Bradlow pair, 68
oriented parabolic reduced L-Bradlow pair, 67
oriented reduced L-Bradlow pair, 68
oriented reduced L-Bradlow pair, 67

parabolic L-Bradlow pair, 68
parabolic part, 68
parabolic reduced L-Bradlow pair, 67
parabolic sheaf, 65
parabolic structure, 65
partial Jordan-Hölder filtration, 76
perfect obstruction theory, 44
Picard variety, PicX , 63
Poincaré bundle, PoinX , 63
polynomial Hδ

(E∗,φ), 72
polynomial P δ

(E∗,φ), 72
polynomial P δ

(E∗,φ), 72
polynomial Hδ

(E∗,φ), 72
polynomial HE , 71
polynomial HE∗ , 71
polynomial PE , 71
polynomial PK , 291
polynomial PE∗ , 71
polynomials Hα∗,δ

y , P α∗,δ
y , 73

polynomials Hα∗
y , P α∗

y , 73
polynomials Hy(t), Hy,i(t), Hy(t), 73
projection pX , 26

quasi-parabolic structure, 65
quotient object of parabolic sheaves, 65
quotient stack B(W•, [P•]), 169
quotient stack B∗(W•, [P•]), 178
quotient stack B∗(W•, P•), 179
quotient stack (U × X)Gm

, 164
quotient stack F , 181
quotient stack Q, 185
quotient stack Q̃, 178
quotient stack Q̃∗, 179
quotient stack Yquo(W•), 48
quotient stack A(W•), 150
quotient stack A(W•, [P•]), 168
quotient stack A(W•, P•), 160
quotient stack B(W•), 150
quotient stack B(W•, P•), 161
quotient stack kGL(R), 35
quotient stack XGm

, 164

quotient stack Y (W•), 38, 146
quotient stack Y (W•)Gm

, 164
quotient stack YD(W•), 171
quotient stack YD(W•, W∗), 171
quotient stack ZG, Z/G, 26
quotient stacks Yi(W•, P•), 156
quotient stacks Yi(W•, P•) (i = 0, 1, 2), 164

rank of y, rank(y), rank(y), 69
reduced L-abelian pair, 224
reduced L-Bradlow pair, 67
reduced L-section, 67
relative tangent bundle ΘY/S , 37
relative tautological line bundle Orel(1), 70
residue Res, 277
resolution V(i)

• , 189
resolution P•, 156
ring R, 264
ring R(E∗), R(E), 266
ring R(E∗,Y), 270
ring R(E∗), R(E), 266
ring R(E∗,Y), 268
ring Rl, 264
ring RT (E∗,Y), 272
ring RCH, 273
ring RCH(E∗), 274
ring RCH(E∗), 274
ring Rl,CH, 274
ring R(T ), 271
ring R[[t−1, t], 274
rings R(t), R(t1, . . . , tk), 274

scheme Qss(m, y, [L], α∗, δ), 99
scheme Qss(m, y, [L], α∗, δ), 99
scheme Qs(m, y, [L], α∗, δ), 99
scheme Qs(m, y, [L], α∗, δ), 99
scheme Q(m, ŷ), 90
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scheme Q◦(m, y), 89
scheme Qss(m, y, α∗), 99
scheme X[l], 293
Seiberg-Witten invariant S̃W(a), 227
semistability, (δ, 
)-semistability, 77
semistable point, 29
semistable, δ-semistable, 73



Index 383

set Mapf

(
Z

3
≥ 0, H∗(D)

)
, 264

set Mapf

(
Z

2
≥ 0, H∗(X)

)
, 264

set Cr(y, α∗, L), 85
set Dec(m, y, α∗, δ), 121
set Pbr, 72
set S(i0), 58
set T ype, 68
set T̃ ype, 68
set S(y, α∗, δ), 276
set S(y, α∗, δ), 283
sets T yper , T ype◦, T ype◦r , 69
sets Y s(L), Y ss(L), 29
sheaf Coki(E), 65
sheaf Êu
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