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Glossary

This is not a complete list of the symbols. In principle, we try to extract some of
them which are used in different sections.

Subsection 2.1.1

gy: themorphism T XgY — U xgY inducedby g: T — U

px: the projection X xg U — U, forgetting the X -component

Subsection 2.1.2

Hom(Vy, Va), N(V1, Va): For given vector bundles V; (i = 1,2), Hom(V1, Va)
denotes the sheaf of homomorphisms from V; to V5, and N (V1, V%) denotes the cor-
responding vector bundle

F*, FV,P(FV), Pp: Let F be a vector bundle on Y. The complement of the
image of the O-section in F' is denoted by F'*, and the dual bundle of F' is denoted
by F'V. The projectivization is denoted by P(FY) or Pp.

Subsection 2.1.3
U -coherent sheaf: a coherent sheaf over U x X, which is flat over U. We will
often omit to denote “U-", if there are no risk of confusion.

U -torsion-free sheaf: a U-coherent sheaf F such that F|(,) « x is torsion-free for
each u € U. We will often omit to denote “U-", if there are no risk of confusion.

E(m): E®p;Ox(m)onU x X for a given polarization Ox (1)

347
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Subsection 2.1.4

Zg, Z/G: quotient stack of Z with an action of G

Subsection 2.1.5

Hom(C®, D*®),C*V, Hom(C®, D®)V: complexes induced by C* and D*

Subsection 2.1.6

C1(Vy*, V), C2(Vy*, V¥): complexes induced by filtered vector bundles V;*
(i1=1,2).

’R’Hom’l(El*, E,.), ’R’Hom’z(El*, E,.): complexes (objects in the derived
category) induced by filtered sheaves ;. (i = 1,2)
Subsection 2.2.1

Y*(L),Y**(L): setof (semi)stable points with respect to a G-polarization L

Y *°//G: categorical quotient

Subsection 2.2.2

px(P, L): weight of the action of A on the fiber of L over lim;_,g A(¢) - P
G (V): Grassmann variety of [-dimensional subspaces of a vector space V'

G}(V): Grassmann variety of [-dimensional quotients of a vector space V'

Subsection 2.3.1

Lx,y, Ly: cotangent complex of f : X —
o(h): obstruction class

2xy, §25: sheaf of Kahler differentials of f : X — Y

Subsection 2.3.2

Oy s: the relative tangent bundle of a smooth morphism Y — §

Y (W,): quotient stack N(W_1, Wo)Grw_,)xGL(Wo)
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Subsection 2.3.3

€(Ea, Ve e, $): cone of Hom(Op, xx, Vie)¥ — Hom(Ou, xx, Vos)
t(Es, Ve,e, @): induced morphism &(E,, Ve o, ¢) — Ly, x x/U, x X
Ob(E,, Ve,es D) Px« (E(Eu Veror ) @ WX)

Ob(E,, V4,6, ¢): induced morphism Ob(FE,, Vs o, ¢) — Ly, /v,

E(V,0),t(V,0): Wesetb(V, ) :=E(Fa, Voo, ¢) andt(V, ¢) :=t(F,, Ve o, ¢)
in the derived category.

ODb(F, ¢), ob(F,p): We set Ob(F, ) := Ob(FE,, Vs, ¢) and ob(F, ) =
Ob(Fe, Ve o, ¢) in the derived category.

Second half of Subsection 2.3.3
E(E,, ©), t(Ee,p): We set €(E,, ) = Hom(Ou,xp, Vejuyxp)’» and let
t(Eo, ) : 8(Ee, ) — Ly, xp,u, x p be the induced morphism.

Ob(F, ), ob(F,p): We set Rpp . (E(F,¢) @ wp), and let ob(F,¢) be the
induced morphism Ob(F, ¢) — Ly, v, -

Subsection 2.4.1

A, (X): Chow group of an algebraic stack X" with rational coefficient

[X, @], [X]: virtual fundamental class associated to an obstruction theory ¢. If
there are no risk of confusion, we use [X] instead of [X, ¢].

Subsection 2.4.2

g(f), Ob(f), ob(f): Let f : pjFF — p;;V on U x X. Then, g(f) =
piyHom(V, F) and Ob(f) := Rpx.(g(f) ® wx ). And, ob( f) denotes the induced
morphism Ob(f) — Ly.

Subsection 2.4.3
g(F, f), Ob(F, f), ob(F, f): Foragiven f : FF — p};V, we set g(F, f) :=

(Hom(pj;V, F) — Hom(F, F)) and Ob(F, f) := Rpx.(a(F, ) ® wx). And
ob(F, f) denotes the induced morphism Ob(F, f) — Ly.
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Subsection 2.4.4

g(V*), Ob(V*), ob(V*): Let V, F be vector bundles on D/S. Letg : D xg
T — D be a morphism induced by g : 7" — S. For a filtration

V = V(l) D) V(2) e D V(l) ) V(H‘l) D) g*F,

we set g(V*) := Co(V*,V*)V[~1] and Ob(V*) := Rpx.(g(V*) ® wx). And
ob(V*) denotes the induced morphism Ob(V*) — Lyp/g.

Subsections 2.6.1, 2.6.2

fisy(4), x(i,75): vectorsinUf = @fil Qe

. . . . (1) (2)
y@ (5), 21(4), x2(4): vectorsinlf = @f\;l Q- egl) @ @fil Q- e§2)

Subsection 3.1.1

Picx: Picard variety
Poinx: Poincare bundle

detg: morphism U — Poinyx induced by the determinant bundle of a U-
coherent sheaf £ on U x X

Or(E): orientation bundle

Subsection 3.1.2

F,(E): quasi-parabolic structure
Gri(E): Fi(E)/Fit1(E)
COkz(E): E/FZ+1(E)

Subsection 3.1.3

[¢]: reduced L-section
L = (L1, Lz): pair of line bundles
[#] = ([¢1], [¢2]): pair of reduced L-sections
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Subsection 3.1.4

H*®V(X): the even part of H*(X)

T ype: setof types

Type®: setof types whose parabolic part is trivial

T ype,.: setof types whose ranks are r

Type,: Type® NType,

type(E, F.): type of (E, Fy)

depth(y): depth of y, max{i|y; # 0}

rank(y): the H%(X)-component of y

x(y): [x Td(X) -y

M(y): moduli stack of quasi-parabolic sheaves of type y
M (y): moduli stack of oriented quasi-parabolic sheaves of type y

M(y, L): moduli stack of quasi-parabolic L-Bradlow pairs of type y whose L-
sections are non-trivial everywhere

M@, L): moduli stack of oriented quasi-parabolic L-Bradlow pairs of type y
whose L-sections are non-trivial everywhere

My, [L]): moduli stack of quasi-parabolic reduced L-Bradlow pairs of type y

M (g, [L]): moduli stack of oriented quasi-parabolic reduced L-Bradlow pairs of
type y

M (3, [L]): moduli stack of oriented quasi-parabolic reduced L-Bradlow pairs of
type y

M(m,y): substack of M(y) determined by the condition O,,

M(m,y): substack of M(y) determined by the condition O,,

M(m,y): substack of M(y) determined by the condition O,,

M(m,y, L): substack of M(y, L) determined by the condition O,

M(m,y, L) substack of M(y, L) determined by the condition O,

M(m,y, [L]): substack of M(y,[L]) determined by the condition O,,

M(m, ¥y, [L]): substack of M(y,[L]) determined by the condition O,,,
M(m,y,[L]): substack of M(y, [L]) determined by the condition O,

E*: universal sheaf in the oriented case

E™: universal sheaf in the unoriented case
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Subsection 3.1.5

Ore1(1): relative tautological line bundle on M (y, [L]). Pull backs are also de-
noted by the same notation.

Subsection 3.2.1

Hpg: Hilbert polynomial of E
Pg: reduced Hilbert polynomial
hO(E) dimension of H(X, E)

Subsection 3.2.2

€;: Wesete; := a;41 — o for a given system of weights c,.
Hg,: Hilbert polynomial of a parabolic sheaf E,

Pg,: reduced Hilbert polynomial of E.,

par-deg(FE,): degree of F,

w(Ey): slope of E,

h°(E.): Weset h°(E,) := ayh® (E(—D)) + Y €h° (FZ+1(E))

Subsection 3.2.3
PPr: set of polynomials § with R-coefficients such that (i) deg(§) < dim X — 1,
(ii) 4(¢) > O for any sufficiently large t.

0top: Forany 6 € PP, the coefficient of =1 in § is denoted by Otop> Which may
be 0.

H?(E,, ¢): é-Hilbert polynomial of (E,, ¢)
P(‘SE*’ ) reduced d-Hilbert polynomial of (E., ¢)
ul(E,, ¢): slope of (E.,$) with §

H{p, )¢ O-Hilbert polynomial of (E., @)

P(‘sE*’ )" reduced §-Hilbert polynomial of (E,, ¢)
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Subsection 3.2.4

H,(t), H, ;(t), Hy,(t): polynomials associated to y.
H~: Hilbert polynomial associated to (y, c.)

P+ reduced Hilbert polynomial associated to (y, v, )
deg(y, a): degree associated to (y, a)

w(y, ay): slope associated to (y, a)

deg(y): degree associated to y

©(y): slope associated to y

H ;‘*’5: 0-Hilbert polynomial associated to (y, cv,)

P *9: reduced 6-Hilbert polynomial associated to (1, ..

Subsection 3.3.1

M3 (y, a,): moduli stack of stable parabolic sheaves of type y with weight a,

M?(y, a,): moduli stack of stable oriented parabolic sheaves of type y with
weight c,

M?(y, L, oy, §): moduli stack of §-stable L-Bradlow pairs of type y with weight
., whose L-sections are non-trivial everywhere

M?(y, L, ay, §): moduli stack of §-stable oriented L-Bradlow pairs of type y
with weight ., whose L-sections are non-trivial everywhere

M?(y, [L], ax, §): moduli stack of d-stable reduced L-Bradlow pairs of type y
with weight .,

M?(y, [L], as, 6): moduli stack of §-stable oriented reduced L-Bradlow pairs of
type y with weight «,

M?(y, [L], ax, §): moduli stack of §-stable oriented reduced L-Bradlow pairs
of type y with weight o,

We replace the superscript “s” with “ss” to denote moduli stacks of semistable

objects.

ﬂin(f/, a,), M*(G,a): full flag bundle over M*(, a,) associated to the
vector bundle px . (E“ (m))

./qfn(@, [L], o, 0), /\73(@, [L], s, 8): full flag bundle on M*(y, [L], ., 9)
associated to px« (E“(m))
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M3, (8, [L], o, 8), M*(5, [L], s, 8): full flag bundle on M* (g, [L], o, &)
associated to px. (E*(m))

Subsection 3.3.3.

M3 (y, [L]; cvas (8,6)), M2y, [L], s, (8, £)): moduli stack of (4,¢)-
semistable (E, [¢], F)

M2 (G, [L], s (6,£)), M*(§, [L], v, (8,€)): moduli stack of (5, )-
semistable (E, p, [¢], F)

Subsection 3.4.1

Umax(E)s pmin (E): We denote the slope of the first (resp. last) term of the
Harder-Narasimhan filtration by fimax(E) (rtesp. timin(E))-

Subsection 3.4.2

SS(y, L, cty, §(®): a family of parabolic L-Bradlow pairs with type ¥, weight
., and non-vanishing L-section which are d-p-semistable for some § < & (0) jp pbr

SS (y, L, a*): Usepor SS(y, L,a., 5)

SS(y, L, s, 6 ©) ): afamily of parabolic L-Bradlow pairs with a similar property

Subsection 3.4.3

3/(_(\)_1/{(m, K,y,L,d): See Definition 3.4.10
YOK(N,K,y,L,8): U,y YOK(m, K.y, L,0)
YOK(N,K,y,L,d): Yokogawa family

Subsections 3.5.2-3.5.3

Cr(y, a., L): setof critical values for (y, o, L)

Cr(y, a., L): setof § € (P"")? such that the 1-stability conditions do not hold
for (y, as, L, d)

Cr(y, ., L, 81): setof d; € PP such that the 1-stability conditions do not hold
for (y7 ey L7 (61a 62))
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Subsection 3.6.1

y(m): y(m) :=y-ch(O(m))
det(y): the H?(X)-component of y

Subsection 3.6.2

Vm,x: vector bundle V,,, ® Ox
Q(m, y): moduli scheme of quotient sheaves of V;,, x with type y
E™: universal quotient sheaf

Q°(m,y): moduli of quotient sheaves of V,,, x with type y satisfying (TFV)-
condition

Q(m, y): moduli of quotient oriented sheaves of V,,, x with type y

Q°(m,y): moduli of quotient oriented sheaves of V,,, x with type y satisfying
(TFV)-condition

Subsection 3.6.3

Q°(m,y): moduli of quotient parabolic sheaves of V;,, x with type y satisfying
(TFV)-condition

Zms Zim See (3.12).

Z.n: Gieseker space

G, Grassmann variety of Hy’i(m)-dimensional quotients of V,,

Subsections 3.6.4, 3.6.5, 3.6.6
Q°(m,y, L): moduli of quotient quasi-parabolic L-Bradlow pairs of V;,, x with
type y satisfying (TFV)-condition

Q°(m,y,[L]): moduli of quotient quasi-parabolic reduced L-Bradlow pairs of
Vin,x with type y satisfying (TFV)-condition

Q°(m,y,[L]): moduli of quotient quasi-parabolic reduced L-Bradlow pairs

Subsection 3.6.7

Q°(m,y,[L]): moduli of quotient quasi-parabolic oriented reduced L-Bradlow
pairs of V,,, x with type y satisfying (TFV)-condition.
We use the symbols Q°(m, y),Q°(m,y, L), Q°(m,y, [L]),etc., insimilar meanings.
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Subsection 4.1.1

A (y): An(y) = Zm X []; G

A (y, [L]): Am(y, [L]) == An(y) x P,

A (45 [L]): Ay, [L]) i= An(y) x Pl < P
Ly(A,B.), Ly (A, B, C), Ly (A, B,,Cy1,C2): Weset

l
£y(A,B.) = 0z,(4) © R Oc,,(B), onAu(y)
=1

Ly (A B, C):=Ly(A B,) ®0p, (C) onA,(y,L),
ﬁy,L(A, B,,Cy,C) := Ey(A, B,)® OM}L) (C1)® OM?L) (C3) onA,,(y,L).

Aﬁ(yv A, B.), Afri(ya L,A,B,,C), Af}:(ya L, A, B,,Cy,C2):

Let A%5(y, A, B,) denote the set of semistable points of .A,,(y) with respect to
Ly(A, B,).

We use the symbols A%S(y, L, A, B,,C) and A (y, L, A, B,,Cy,Cs) in similar
ways.

Q% (m,y, a.), Q°(m,y, a,): maximal open subset of Q°(m,y) which con-
sists of the points (g, &, Fy) such that the parabolic sheaf (£(—m), Fx, ) is
(semi)stable

We use the following symbols in similar ways:
Q**(m,y,[L], o, 0), Q*(m,y,[L],u,0),
Q*(m,y,[L],a.,6), Q°(m,y,[L], o, d).

Subsection 4.1.2
V/ Wi (Vio/W;li=1,...,1)
¥(q, B, ¢, Wa, [@]): See (4.1).

Subsection 4.2.1
V,Q, L, A: We set
V = Vma Q = st(m7ya [L]7 Oé*, 6)

L= Ly (Py°(m),e.,6(m)), A:=An(y,[L])
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L.: Take a sufficiently large k such that L®F is an actual line bundle, and we set
L, =L @ Op, (7). (Note that k is not the ground field.)

Flag(V, N): full flag variety of V'

@, A: We set @ := @ x Flag(V, N) and A= Ax Flag(V, N).
!im: induced morphism @ — A

L(vyma): £y QLy pOc,(v) (m0):

A% (v, 1), A%(7,m4): set of (semi)stable points with respect to £ (7, n..)

Subsections 4.2.2, 4.2.3

ths: QSS (ma Yy, [LL Qs 6i)

éss (0, £): maximal subset of @ which consists of the points (q, E,,[d], ]—") such
that (E., [¢], F) is (9, £)-semistable

Subsection 4.3.1

El, Lo: Let k' be a number such that &’ - (v1 —2) = 1, and we set

~ ,

Zl = ‘E(’Ylan*)(@k/a 22 = E(’man*)@k

ﬁ, gl, gzz Let 7y : A—s P, denote the projection, and we set

B :=P(nOp,, (0) ® 71 Op,,(1)).

That is a P'-bundle over A. We set B; := P(7Op,, (0)) and By := P(7; Op, (1)).

05z(1), B*s, B5: We set Oz(1) :==0p(1) ® L. Let B** (resp. B®) denote the set
of the semistable (resp. stable) points with respect to Oz (1).

TH, TH,, TH,, TH*, TH**: We put TH := B x ; Q, TH; := B; x ; Q and
TH" := TH —(TH; UTH,). We also put TH*® := B°* x ; Q.

Subsection 4.4.1

p, p: naturally defined torus actions. (Please do not confuse with orientations.)
J = (y1,Ya, 11, I2) decomposition data. See Definition 4.4.2.

Dec(m,y, o, 8): set of decomposition data for (m, y, a, 0)
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Subsection 4.4.2

Q(l)’ Q(2): Q(l) = Qs (m’yl’ (L], o, 5) and Q(Z) = Q% (M, Yo, )
Flag(V®, I;), Flag®: Fori=1,2, we set

Flag?) =Flag(V®, I,) := {]-',Ei)

filtration indexed by V.,
dimGrf"” =1 (j e L),or =0 (G & 1,) |

QW, éspm (3): Weset Q) := QM) x Flag' and @Spht(fj) = QW x Q.
THsplit (j), TH* (j), THi,Split(j): We set

split

THepiit (3) := TH x5 Quptie(3),  THZp5¢(3) := TH* % 5Quprie (3)

split

TH; sp1i¢(J) := TH; xé@split(3)~

Subsection 4.5.1

~
~ = — —

Q,Q, TH, TH*, TH: We set

~

Q= Q(¥.[L],a..0), Q:=Q x Flag(V,N),
Tﬁ :=TH Xéé, T-ﬁ* = TH* XTHTﬁ, Tﬁss = TH?*® XTHTﬁ.

M: Weset M := TH* / GL(V'), that is the enhanced master space in the oriented
case.

(EM, F*IVI, [qbﬁ], pﬁ): universal object induced on MxX
FM; full flag bundles on M associated to DX+ (EAA/[ (m))

p: torus action on M

Subsection 4.5.2

’fI\-I:S, ﬁz We set fﬁfs = TH; xTHﬁSS and ]\Z = fﬁfs/ GL(V).

Subsection 4.5.3
ﬁ*: ]/\4\— (7\4\1 UM\Q)

QW (8, k): maximal open subset of Q1) determined by the (8, k)-semistability
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éf): maximal open subset of @ (2) determined by the condition that the underly-
ing reduced O(—m)-Bradlow pair is e-stable for any sufficiently small ¢ > 0.

~

ésplit (3): fiber product of Q) (4, k) x @f) and Q over Q

——— 88 —% =
THsplit(j): TH Xé Qsplit(J)

MG (3): quotient stack of ﬁsp“t (3) by a natural GL(V ) x GL(V ?))-action

(3: naturally defined morphism MG (J) — M

Subsection 4.5.5

XSS ~ ~
. SS
B : Zy,xz, B
~ss

$B’: quotient stack of B by a natural GL(V},,)-action

B: G ,-equivariant open neighbourhood of M in %

Subsection 4.5.6

-~ 88 ~SS ~S8S8 ~SS

Ni ,B;: Weset B, :=B; x 5B . The quotient stack B; / GL(V') is denoted by
B;.

£: decomposition type for A

At ./2( X Zm 2m
€1(£9): locally closed regular subvariety of A associated to 9
¢2(9Q), €3(9Q): Weset

€ (Q) =B x 5 €1(Q), €5(Q) := (€2(Q)/GL(V)) NB.

Subsection 4.5.7

%(();m: |—|3€S(m,y) <3 (Q(j))

t1: naturally defined morphism | |5c gy, ) MGm (3) — M xg B

Subsection 4.6.1

Mss (@1, [L], ctx, (9, k)) moduli of (9, k)-semistable (E£1), [p(M], p1) | F))
with type y;
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(E'f*, ¥, p¥, Fi): universal object

Mo (Y15 Ly ax, (6, k)): moduli of (6, k)-stable (E,El)7 oW, FW) with type y,

(EY,, %, Fi*): universal object

Mo (Y2 ey +): moduli of (E®, p®, F2)) such that the associated reduced
Ox (—m)-Bradlow pair (Eg) 72 ) is e-stable for any sufficiently small € > 0

» Y min
(EY, py, F3'): universal object

algebraic stack S and line bundle O,;(1/72): See Proposition 4.6.1.

Subsection 4.7.1

L;: Take k' such that k' - (v — v1) = 1, and we put £; := Eﬁ,

B, B;: Weset B:=P(Op,, (0) ® Op,, (1)), which is a P!-bundle over A. We put
By = P(0p,,(0)) and By = P(Op,, (1)), which are naturally regarded as closed
subschemes of B.

Op(1), B*5: We put Op(1) := Op(1) ® L1, where Op(1) is the tautological line
bundle. Let B°° denote the set of the semistable points of B with respect to Op(1).

TH®, rj’i\ljsj, TH, : We set TH* := Q x4 B and TH := TH* x Q. We
alsoput TH, :=8; x4 TH .

M, M, M*: Weput M := TH  /GL(V), M; := TH, /GL(V) and M* :=
M — (M, U My).

J: decomposition type

S(y, s,y 8): set of decomposition types for (y, a, 0)

MG (3): moduli of tuples ((Eil)7 ?), Eg),p), where (i) (B, ¢) is 6-stable

L-Bradlow pair of type y, (ii) E,EQ) is stable of type y,, (iii) p is an orientation of
ED g 2

(EAA’I, [d)ﬁ], pﬁ): universal object on M x X

S, Ore1(1/r2): See Proposition 4.7.4 for the case in which a 2-stability condition
is satisfied.
Subsection 4.7.2

A, L, Ly Weset A:= A (y, [L]), £ := Ly 1 (Pg=?(m),e.,6(m)) and L, :=
L ® Opw(l)(’w
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A?®®(L,): open subset of semistable points with respect to £,

Q, Q%: Weset Q := Q**(m,y, L], ax,d) and QF := Q**(m,y, [L], ., 6+).
@: QL) a.,5)

L;: line bundle E%k/

B, B;: We put B := P(Olpﬁi) 0) & Oﬂmﬁ,{)(l)) which is a P*-bundle over A. We

put By = IP((’)IP,<1)( )) and By = P(Opm (1)), which are naturally regarded as the
closed subschemes of B. "

O5(1), B%%: We put Op(1) := Op(1) ® L1, where Op(1) is the tautological line
bundle. Let 5°¢ denote the set of the semistable points of 13 with respect to O(1).

TH, TH , ”fﬁs We put TH* := Q x4 B, TH = TH* xQ, and
TH, :=B; x4 TH

M, Mi, M*: We define M := TH / GL(V), M; := TH, /GL(V) and M* =
M — (M U My).

J: decomposition type

S(y, s, d): setof decomposition types

MGm (3): moduli stack of tuples (E,,El), ¢, B2, [¢2], p) such that (i) (Eil), o1)
is a 01-semistable L;-Bradlow pair of type y4, (ii) (E,,(f), [#2]) is a da-semistable
reduced Ly-Bradlow pair of type y,, (iii) p is an orientation of E(") @ E(2)

(L'A?M [(;511‘71], [qbé‘A/I], p) universal object on M x X

(’)5?1(1): the line bundles on M (m, y,[L]) which are the pull back of the tauto-
logical line bundles on M (m, y, [L;]) via the natural morphism M (m,y, [L]) —
S,0; re1(1), O; re1(1/72): See Proposition 4.7.9 for the case of oriented reduced
L-Bradlow pairs.

Subsection 5.1.1

9(Ve), Ob(V,), 0b(V,): For Vo onU x X, we set g(Vs) := Hom(Va, Vo)V [—1]
and Ob(Vs) := Rpx.(g(Ve) @ wx ). Let ob(Vs) denote the naturally defined mor-
phism Ob(V,) — Ly.

We, GL(W,), W, x: Let W; (i = —1,0) be vector spaces with dim W, =
rank V;. We set GL( ) = GL(W_l) X GL(WO) and W; x :=W,; ® Ox.
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Y (W,), ®(V,): Let Y(W,) denote the quotient stack of N(W_; x, Wy x) by a
natural action of GL(W,). The classifying map U x X — Y (W,) is denoted by
O(Vs).

$(E), Ob(E), ob(E): If E is a vector bundle of rank R, the classifying map
U x X — Xci,(r) is denoted by (E). We set Ob(E) := Rpx.(Hom(E,E) ®
wx ). The naturally induced morphism Ob(E) — Ly is denoted by ob(E).

Subsection 5.1.2

to: naturally induced morphism Y (W,) — X¢

P (det(F)): classifying map U x X — X¢,, of det(E)

i: O0[—1] — g(V,), tr : g(Vo) — O[—1]: naturally defined maps
g°(Ve): trace-free part Ker(tr)

g¢(V,): diagonal part Im(7)

Ob°(V4), Ob%(V,): We set Ob°(Va) := Rpx. (g°(Va) ® wx ) and Ob%(V3) :=
Rpx.(g?(Ve) ® wx).

Subsection 5.1.3

A(W.), B(W.): We set A(W.) = XGL(W@) and B(W.) = Spec(k)GL(Wo).

I, ¥(V,): The natural morphism Y (W,) — A(W,) is denoted by I". We set
U(Ve) =T od(Vs).

b(Ve): Hom(Vo, Ve)V[—1]
Ob%(Va): Rpx.(h(Ve) @ wx)

Subsection 5.1.4

H: Hilbert polynomial H, associated to a type ¥

E™: universal sheaf on M(m,y) x X

V,: canonical resolution of £%(m)

Vs px. (Vo)

Ob(m,y), ob(m,y): Ob(m,y) := Ob(V,) and ob(m,y) := ob(V,)
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Subsection 5.1.5

g(Poin): ¢(Poin)*Lx, /x
Ob(Poin): Rpx.(g(Poin) @ wx)

Subsection 5.2.1

ODbye1(Ve, p): cone of the natural morphism Obd(V.) — dety; Lpic
obyc1(Ve, p): naturally defined morphism Ob.1(Vs, p) — Ly, ju

Subsection 5.2.2

Ob,c1(Va, p*), 0bre1(Vae, p*): Let m denote the projection Or(E)* — U.
A complex Ob,e(Vs, p*) is induced by the universal orientation p* of 7*E with
a morphism obye(Vs, p*) : Obral(Vs, p*) — Lor(p)-/u-

Subsection 5.3.1

P, ~ L: aresolution by locally free sheaves
Yo (W, P,): quotient stack of N(P_1, Wy x) by a natural action of GL(W,)
Y1 (W,, P,): quotient stack of X by a natural action of GL(W,)
Y2 (W,, P,): quotient stack of

NW_1x,Wox) xx N(Po, Wox) xx N(P-1,W_1x)
by a natural action of GL(W,)
gret(Ve, do): Hom (v, Pay F5 xVa)
7(q~5.): naturally defined morphism gye) (Va, 5)[—1] — g(Va)
8(Ve, de): cone of y(6w)
Pb(V,, $.): induced morphism Us x X — Y (W,, P,)
D;(Ve, gg.): induced morphism Us x X — Y;(W,, P,)
Obye1(Ves o) Rpx(graa(Ve, 60) @ wix)
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Subsection 5.3.3

A(W,, P,): quotient stack of N(Ox, Wy x) by a natural GL(W})-action

B(W,, P,): quotient stack of Wy by a natural GL(T,)-action. We have a natural
isomorphism Jy, : B(W,, Py) ~ A(W,, P,).

I'y: natural morphism Y (W,, P,) — A(W,, P,)

@ (Va, de): composite T, 0 B(Ve, da) : Us x X — A(We, Pa)
E(Va, ¢): induced map Uy — B(W,, P,)

Bret(Ve, $): Hom(piy, Ox, Fix V)

~(®): naturally induced morphism .e1(Va, ¢o)[—1] — b(Va)
B(Ves da): cone of v(5)

ObS,(Va, da): Rpx: (Brea(Ve, de) © wi)

Subsection 5.3.5

Z(Ve, L): quotient stack of N (pj; L, Vo) by a natural action of N (p};L, V_1)
grel(Ve, @): Hom(L,V,)Y

Obrel(%? ¢)’ Obrel(Voa ¢): We set Obrcl(Vn ¢) = RPX* (grcl(vn ¢) & WX)~
A naturally induced morphism Ob,1(Vs, ¢) — Ly, /i is denoted by obyc1(Ve, ¢).

Subsection 5.4.1

gnr: Let M be a line bundle on Us. Let &y @ Us — Spec(k)q,, denote the
classifying map for M. A morphism g : Us — T and @,, induce the morphism
Us — T x Spec(k)g,,, which is denoted by ga;.

Y (W,, [P,]): quotient stack Y (W,, P,) by G,

Y;(W,, [P,]) (i = 0,1,2): quotient stack Y;(W,, P,) by G,

8t (Ves [@a]): Hom (s, Po @ p3c M, FixVa)”

®(Va, [e]): induced morphism Uz x X — Y (W, [P])

(U x X)a,., Y (We)a,..» Xa,,: quotient stacks by the trivial G,,-actions
7([5.]): naturally induced morphism g, (V, [55.])[-1] — g(Vs)

g’ (Ve, [$a]): cone of 7([¢4))

Ob, . (Ve, [Be]): Rpxs(ghea(Ve, [0e]) @ wix)
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Obyci(Ve, [Be]); 0brer(Vas [e]): We set
ODyer(Va, [Ba]) = Cone (Ol (Va, [8a]) — Fi ar L, wl1]) [-1]

The induced morphism Obye;(Va, [fs]) — Ly, v is denoted by obc1(Va, ()

Subsection 5.4.3

A(W,, [P,]): quotient stack of A(W,, P,) by a natural G,,-action

B(W,, [P,]): quotient stack of B(W,, P,) by a natural G,,-action. We have a
natural isomorphism Jiz; : B(W,, [P.]) x X ~ A(W,, [P.]).

Brei(Ves [%0]) Hom (p},Ox @ px M, FS*XV,)V
Ob.S (Va, [0]): Rpx.(W,(Va, [de)) ® wx)

Ob?el(V., [¢]): cone of the induced morphism

Ob,§ (Va, [8s]) — FsarLue,, jull]
Ig): natural morphism Y (W, [P]) — A(W,, [Ps])
W (Ve, [¢e]) composite I71) 0 B(Va, [de]) : Us x X — A(Ws, [PW)).

Z(Ve, [¢]): induced morphism Us — B(W,, [P.])

Subsection 5.5.1
Vy;: filtered vector bundle V" 5 V) 5 ... 5 V™ on U, x D, induced by a
parabolic structure of Iy I/

vector spaces W (M): We set W) := W, and WU+D = W_,. We take vector

spaces W) (h = 2,...,1) such that dim W) = rank V,\".

Wi b, W[(,h): Weset W; p := W; ® Op and Wj(Dh) =W ® Op.

Yp(We): quotient stack of N(W_1 p, Wy p) by a natural action of GL(W,)

Yp(We, W*): quotient stack of [T} _, N(WI(DhH), gl)) by a natural action of
ey GLOV ™)

®p(Ve, Fy): induced morphism Uy x D — Yp(W,, W*)

&(V, p): induced morphism Uy x D — Yp(W,)

ap(Ve, Fi): Ci(V5, V)Y [-1]
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grel(Voa F*): 02(V57 VD*)V[_l]
8(Veip): Hom(Vyip, Veip)¥[—1]

Obrel(“, F*)9 Obrel(Vo’ F*): We set Obrel(‘/oa F*) = Rpp. (grel(Vu F*) &
wD). An induced morphism Ob,ei(Vs, Fi.) — Ly, /v is denoted by obye1(Vs, F).

Ob(V, | p), ob(Vg p): We set Ob(V,|p) := Rpp«(g(Veip) ® wp). The in-
duced morphism Ob(V, | p) — Fj Ly is denoted by ob(V, | p).

Subsection 5.6.1

V,: canonical resolution of £“(m) on M(m,y) x X
P,: canonical resolution of L(m) for a sufficiently large m

Obye1(m, y), 0bye (M, y): From V,, we obtain
obrel (M, Y) : Obrel (M, Y) — Lpg(m,y)/ M(m,y)-
Obye1(m, y, L), obye(m,y, L): From V, and P,, we obtain
obrel(m,y, L) : Obrer(m, y, L) — Laq(m,y,L)/ M(m.y)-
Ob,ai(m,y, [L]), obrei(m,y, [L]): From V, and P,, we obtain
Obrel (m, y, [L]) : Obyei(m, y, [L]) — Lt(m.y.[L])/M(m.y)-
Obye1(m, Y), obye(m, y): From V,, we obtain

0brel (M, Y) : Obrel (M, §) — Lrt(m,g)/ M(m.y)-

Subsection 5.6.2
Ob(m,y, [L]), ob(m,y,[L]): We obtain a morphism
ob(m,y,[L]) : Ob(m, ¥y, [L]) — Lrom,g,10)
from ob(m, y), 0bye1 (M, Y), 0bre1(m, [L]) and obyei(m, 7). Similarly, we obtain
ob(m,y, L) : Ob(m,y, L) — Lt(m,y,)/k

ob(m,y) : Ob(m,Y) — Lat(m.g)/k
ob(m, ¥y, [L]) : Ob(m, Yy, [L]) — Lt(m.g.1L))/k
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Subsection 5.7.1

B(V,Y)

P(Op,,(0) ® Op,, (1)) that is a P'-bundle over PP,,,
Za: 7y x Flag(V,, N)
Q: quotient stack of Z5 by a natural action of GL(V},,)
Wy: We often discuss under the setting Wy = V,,,.
B*(We, [Pe]): (Prm)cr(vi.)
@y: Z(Ve, [9])

Ob® (Vs, [@s]): cone of ObT (Ve [0])[~1] — ObT(V)

N M(m. g, [L]) 5 wa.ie.)) ©
Wy: induced morphism M — é
p: projection M — M(m,y,[L])

Ob(ﬁ): cone of W3 L 1] — p* Ob(m, y, [L])

Q/B*(Wa,[Ps]) -

ob(ﬁ): induced morphism Ob(]/W\) — Ly

Subsection 5.7.2

Q*: quotient stack of V.: x Flag(Vy,, IN) by a natural GL(V/,,)-action
B*(W,, P,): quotient stack of V,* by a natural GL(V};,)-action

Ob%(Vs, da): cone of ObY,(Va, de)[—1] — ObT(Vs)

W, naturally induced morphism M — o

F: Flag(Vim, N)Gr(v,,)- We have a naturally defined morphism 77 : o — F.

Ob(M*): cone of YUiLls g (w..p.
the cone of U; I'y L g gy, [—1] — p3 Ob(m, 9, L)

)[—1] — Ob(m,y, L). It is isomorphic to
ob(]\/i *): naturally induced morphism Ob(]\/l\ *) — L.

Subsection 5.7.3

M(m, 7, [L]): full flag bundle associated to px. £*(m) over M(m,, [L]). We
have a naturally defined morphisms

@y M(m, g, L) — F, p1: M(m,g,[L])) — M(m, 3, [L])
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Ob(m, 3, [L]): cone of U}y L, gy, [—1] — p; Ob(m, 3, [L])
(;T)(m, Y, [L]): induced morphism a)(m, v, [L]) — L im.12])

Q1: quotient stack of P,,, x Flag(V, N) by a natural GL(V,,)-action. We have a
naturally defined morphism

W13 : M(Tnﬂ@a [LD - Ql'
Oby(m, §, [L]): cone of U3 Lo, /p-(w.(pp[—1] — pj Ob(m, 7, [L])

obs (m,y, [L]): naturally induced morphism &)Q(m, v, [L]) — L im 1)

Subsection 5.7.4

M(m,y, L): full flag bundle associated to px.E"(m) over M(m,y,L). We
have naturally defined morphisms

LDll :M(mvva) _)Fa P1: M/(mava) —)M(m7y7L)
66(7717 y, L): cone of WflLf/B(W.) [=1] — p1 Ob(m,y, L)

c%(m, y, L): induced morphism (A)E(m, y, L) — Lj\7t(m w.L)

Subsection 5.7.5

ﬂ(m, y): full flag bundle associated to pxEY (m) over M(m,y). We have nat-
urally defined morphisms

P1 M(ma@) %M(mvﬂx wll '//\/lv(mag) —)F
Ob(m, §): cone of ¥\ Ly yy,, [~1] — pf Ob(m, )

cf)f)(m, y): naturally induced morphism évl)(m, y) — L%t (ma)

Subsection 5.7.6

Q: quotient stack of P(Op,, (0) & Op,, (1)) by a natural GL(V},)-action. We have
a natural morphism ¥ : M — Q.

Ob(ﬁ): cone of WTLQ/B*(W,[P]) [_1] B p* Ob(m7 @a [L])

ob(ﬁ ): naturally induced morphism Ob(]\/Z ) — Lg;
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Ob(J\/Z*), ob(]/\j*): We set Ob(]\/J\*) := ob(m,y, L). The naturally induced

morphism Ob(]\/J\*) — Lg;. is denoted by ob(M\*).

Subsection 5.7.7
Ob(ﬁ), ob(J\/I): Let Ob(]\//f) be the cone of
U Lo p~w,p)[—1] — Ob(m,y, [L]).

The naturally induced morphism Ob(]/w\ ) — Ly; is denoted by ob(]/M\ ).

Ob(ﬁ*), ob(M\*)z We set Ob(]\//f*) := Ob(m, y, L1, [Ls]). The naturally in-

duced morphism Ob(M*) — Lg;. is denoted by ob(M™).

Subsection 5.8.1

Mepie: M (yy, L, o, (8, ko)) X M (G, va, +)

Ob(MSE=(3)), ob(MG=(3)): obstruction theory of MS(J). See
Proposition 5.8.1.

(f)\B(]\/iGm 3)), gf)(ﬁcm (3)): obstruction theory of MGm (3) x Al over AL,
See Proposition 5.8.1.

/(_)\Ba(]\/ij 3)), (%Q(M\Gm (3)): obstruction theory of MGm (3). See
Proposition 5.8.1.

Subsection 5.8.2

M,; (i =1,2,3) Weset My := M(m,y,,L), Ms := M(m,y,) and M3 :=
My x Mas. They are equipped with the obstruction theories Ob(M,).

Ms: moduli of (B, Fy., ¢, Es, Fy.,p) such that (i) (Ey, Fi.,¢) € M, (i)
(Eq, Fy.) € Mo, (iii) p is an orientation of Fy & Fs.

&, $D: Let £ be universal sheaves on M; x X (i = 1,2). Let V() be the
canonical resolution of £;*.

Obrel(M\3/M3), Ob(./(/l\;;), Ob(./\//l\g): complex and morphisms induced by
the universal orientation.
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Subsection 5.8.3

Mo, Moy: We set My = M(m,y, L) and My = M(m,y,L). We have a
naturally defined morphism § : M3 — M.

VD Ker(V — Cok?,).

Wb(a): We take decompositions Wy = Wél) &) Wém and W_, = Will) &) W£21),
where dim Wéi) = Hy (m) and dim Wﬁll) = Hy (m) — rank(y,).

Y (W, Wy y(wi) < v ().

YW, W, P): YW, Py x V(W)

WG vector spaces such that dim W) = rank V&)

Y (We, WD W) v, (WD, W) x Yy (W, W)

Yo (W, Wy vipwi) x vp(wi?)

Obp(V, F*): Rpp« (gD(V., FY)® wD)

ObD(V(i),F:‘(i)): RPD*(ED( .(i),Ff(i)) ®wD)

Subsection 5.8.4

BWM, w): Spec(k)arwo)xGLW_ 1)

@(Vé(l), V(',(z)): induced morphism M3 — B(W.(l), W.(Z))

Subsection 5.8.5

ﬁ(m, Ya): Ob°(m,yy) ®7< 1 Obd(m7 Ys)

Ob; (ﬂg): cone of the morphism of 7<_; Ob? (V.(l) ® VSQ)) to Ob(m,y,, L) @
Ob(m’ y2)

/Ovba(./\//l\,g), fOVb(ﬁg) Let &)Q(M\g) be the cone of ¢,. The family version is
Ob(M3).

./(/1\2, S8, F1, G} See Lemma 5.8.6.

Subsection 5.8.6

F;,, F;: F, denotes the full flag of Vn(f ), and F; denotes the quotient of F; by a
natural GL(VTEJ ) )-action.
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Ob(]\/j Gm(3)): We have naturally defined morphisms:

—

Gm(3) — Fy x Fa, m : MO (3) — Ms

<)

g:
Then, Ob(]/W\ Gm (7)) denotes the cone of the morphism

g*Lf1 ng/B(W.(l),W,(Z))[_” — ’RT Ob(Mg)

Flag(V,(), I,): full flag of V(¥ indexed by I;.

Subsections 5.8.7-5.8.8

Mpiie, ob(MEm), Ob(MSEm), ob(MCm), Ob(MGm):
See Subsection 5.8.7 for the case in which a 2-stability condition is satisfied, and
Subsection 5.8.8 for the case of oriented reduced L-Bradlow pairs.

Subsection 5.9.1

o~ —~

Ly Ob(ﬁ)i“", obl(]\/ji): G, -invariant of ¢} Ob(]\//.T), where ¢; : M; — M.
We have the induced morphism oby (M;) : ¢f Ob(M)™ — Ly .

Lt Ob(M\)mo": moving part of ¢} Ob(M)

734 Ob(M\)i“", obl(]\/ZGm (3)): G-invariant part of % Ob(]\//f), where @5 :
MY (3) — M. The induced morphism % Ob(M )™ — Ljco () 18 denoted
by oby (M%n (3)).

©3 Ob(ﬁ)mOV: moving part of % Ob(]/W\)

9(M;): normal bundle of M; in M, isomorphic to Oyl ((—1)"~!). The weight of
the induced G,-action is (—1)°.

‘JT(J/\/IG’" (3)): virtual normal bundle of MGm (J) in M
m(Esz EJM) - 21207172(—1)1Rle*R’Hom(EiM, EJM)
N(L, EM): 1 o(—1)'Rlpx .Hom(L, E}T)

Np (B, E}Y): — 301 (=1)'R'pp RHomy (B}, ., Ejp.)

%
Np: normal bundle of 1/C (3) c M X5, Ms

‘J’I(E’.L, E;L) - 25:0,1,2(*1)lRIPX*RHOW(EZLaE}L)

K2
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N(L, E;‘) 21:0,1,2(_1>IRZPX «Hom(L, E3)

Np (Bl BY): ~ Yoo (-1 Rlpn RHons (i Eijp.)

7 x)

Subsections 6.1.1, 6.1.2

[M], [M]VI: virtual fundamental class of the moduli stacks M

/  P: evaluation of a cohomology class & via the virtual fundamental class [M]

[M\ Gm ()]s virtual fundamental class of MGm @)

Subsection 6.3.1

M (e, L): moduli of L-abelian pairs (E, ¢) such that ¢1 (E) = ¢

(L™, ¢*): universal object on M (c, L) x X

M (e, [L]): moduli space of oriented reduced L-abelian pairs (E, [¢], p) such that
a(E)=c

(L™, [¢"], p*): universal object on M (¢, [L]) x X

L: line bundle such that ¢1(£) = ¢ € H*(X,Z). If H}(X,0x) = 0, it is deter-
mined uniquely up to isomorphisms.

d(c,L): dim H°(X,L7'® L) — 1 =dim M(c, L)

X(LTP® L) 3oy, 0(-1) dim HY(X,L™' ® L)

O(c, L), [M(c, L)]o: If H'(X,0x) = 0 and p, > 0, M(c, L) is smooth. The

actual dimension is denoted by O(¢, L). The naive fundamental class is denoted by
[M(c, L)]o. We have [M(c, L)] = Eu(O(c, L)) N [M(c, L)]o.

Pgs Kx: Wesetp, :=dim H 2(X,0x). Let Kx denote the canonical line bundle
of X.

SW(c, L), SW(c): Assume H'(X,0x) = 0andp, > 0.If [M(c, L)] # 0, the
expected dimension of M (¢, L) is 0. Hence, we can regard [M (¢, L)] as a number,
which is denoted by SW (¢, L). In the case L = Oy, it is also denoted by SW (c).

Ob(c), [M(c, [L])]o: Assume H'(X,0x) = 0 and H*(X, L' ® L) = 0.
Then, M (¢, [L]) is smooth and equipped with a perfect obstruction theory. The ob-

struction bundle is denoted by Ob(¢). The naive fundamental class is denoted by
(M (c, [L])]o-

Subsection 6.3.2

SW(a): Seiberg-Witten invariant associated to a Spin®-structure ¢ with det

(&) =a
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Subsection 6.3.3

XWl: parabolic Hilbert scheme of ideals with type y

SGL(W,): {(g,l,go) € GL(W,), ’ det(g_1) det(go) = 1}

Y (W,): quotient stack N (W_1 x, Wy x)scL(w.)

Y p(W,): quotient stack N(W_; p, Wy D)SGL(W.)

Y p(We, W*): quotient stack of [T\, N (WD W ®) by a natural action of
[1._, GL(W®) x SGL(W,)

Ob%,(y): Rpp.(gp(Ve, Fi) ® wp)

Ob%,(y): Rpp«(9°(Veip) @ wp)

Ob(y): cone of Ob},(y) — Ob°(y) @ Oby(y)

ob(y): naturally induced morphism Ob(y) — Lxw

Subsection 6.3.4

y(—c): Fory € Type, we set y(—c) := y - exp(—c), where ¢ is the H*(X)-
component of y.

Z(y(—c)): universal 0-scheme of X [¥(~°)l x X

IC: LY@ L7 ®@ Ozy(—c)) on M(c, L) x X¥(=9) x X

B: px.K

KK, : Assume H'(X,Ox) = 0. Take £ with ¢1(£) = ¢ and we set K :=
Oz(y(—e) ®L® L1 on X9l x X, and U := px, K on X9,

Subsection 6.3.5

¢': L-section of det(F) induced by ¢ of £

detg,g: morphism Uy — M(c, L) induced by (det(E), ¢')
Ob(V., &;o): RpX* (Q(V., (go) ® wX)

Ob(M/(c, L)): obstruction theory of M(c, L)

gre1> 9(det(Vs), ¢'): We set grat := Hom(Pa,det(V.)) . Let g(det(Va, ¢))
denote the cone of the morphism gye)[—1] — O[—1].

Y;(W,, P.): Let Yo(W,, P,) be a quotient stack of

NW_1x,Wox) x N(P_1,Wy x)
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by a natural GL(W, )-action. We set Y1 (W,, P.) = Y (W,) and Ya(W,, P.) =
Y2 (W, P,).

Y (W,): Fiber product of Y;(W,, P,) (i = 1,2) over Yo(W,, P,) is denoted by
Y(W., Py).

Z;(We, Py): We set Zo(W,, P,) := N(P_l,det(W.x))G , Z1(We, Ps) =
Xa,, and Zy(W,, P,) := N (Py,det(W, x)), -
Z (W, Py): Fiber product of Z1(W,, P,) (i = 1,2) over Zy(W,, P,) is denoted
by Z(Ws,, P,).

Ob(M/(c,[L])) obstruction theory of M (e, [L])

Ob(Va, [e]): cone of Obyei(Va, [de])[—1] — Ob(Va)
Ob(Va, p, [de]): cone of Ob,i(Va, p)[~1] — Ob(Va, [¢4])
Ob(M (¢, [L])): obstruction theory of M (¢, [L])

Subsection 6.3.6

I(E): det(E) ‘o F

Z(E): morphism U — X9l induced by I(E) with the induced parabolic
structure.

Ob(V,, F.): cone of Ob,q(Vs, Fi)[—1] — Ob(V4).

Ob(X[y(_c)]): obstruction theory of X¥(=9)]  that is the same as Lyy-on =
xty-en

Ob°(V,, F,): trace-free part of Ob(V,, F,)

Subsection 6.3.7

Ob(V,, F., e): cone of Ob(V,) — Ob(V4, F,) & Ob(Va, ¢4)
Ob(Va, F, [¢e], p): cone of Ob(V,) — Ob(Va, [da], p) & Ob(Va, F.)

Subsection 7.1.1

Map (22 o, H*(X)), Map;(Z3 o, H*(D)): Let Map,(Z2 ;, H*(X)) de-
note the set of maps ¢ : Z2 ; — H*(X) such that {(n1,n2) | ¢(n1,n2) # 0} is
finite. We use Map ;(Z2 ,, H*(X)) in a similar meaning.

Rj: Sym(Map, (22, H*(X))) @ Sym(Map, (Z2,, H*(D)))
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Ri, R: Weset R, := H*(Pic) ® Rjand R := R;.
q;: homomorphism of algebras R; — R®!

r;: homomorphism of algebras R; — R

Subsection 7.1.2
R(E.), R(E): When we are given E,. = (E1,, ..., Ej.), weset R(E.) := R;.
It is also denoted by R(E).

R(E.), R(E): When we are given E,, we set R(E,) := R. It is also denoted
by R(E).

P(E-e?): image of P € R(E) via the homomorphism R(E) — R(E)[t] given
in Subsection 7.1.2.

Subsection 7.1.3

A*(Y): bivariant theory A*(Y — )
R(E.,¥): R(E.)© A*(Y)
deg(P(E.) N F([Z])): evaluation of P(E,) - F € R(E,,Y) over [Z]

sts@’a*) P(E™): If the 1-stability condition holds for (3, a,), we define

[ B = deg(PEY) 0 (M0,
M35 (G 00 )

st@’[L],a*’é) P(I*A?“) - wk: If the 1-stability condition holds for (y, L, a, §),

we set

/ P(B*) - o = deg(P(E") - & 1 [M*(3 L], 0. 5)])
MS(@?[L]’(X*76)

Subsection 7.1.4

T: I-dimensional torus (G, )"
R(T): T-equivariant bivariant theory of a point

e¥ti: trivial line bundle with the T-action induced by the action of i-th G,,, with
weight w

AT (Y): T-equivariant Chow group of )
HT(Y): T-equivariant homology group of Y
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deg” (P(E.) N [Z]) € R(T): evaluation of P(E,) over 2] € AT(Y)
Rr(E.,Y): R(E)® AL(Y)

Sz PEM): deg® (#(EM) 0 [M])

Subsection 7.1.5

Rcu: Sym (Mapf (7%, A (X))) ® Sym (Mapf (2%, A (D))) ® A*(Pic)
Rcu(E.): When we are given E,, we set Reu(Fx) := Rcn.

Ri,cus Rcu(E.): Similar

£: natural homomorphism Reg(E.) — A*(Y)

Subsection 7.1.6

R[t~1,t]: algebra of power series Y a; - t/ such that {j > Ola; # 0} are finite.
R(t): Qlt'.1
iR(tl, ceey tk): fR(tl, e ,tk> = m(tg, e ,fk)[[tfl,tl]

Eu(F,): equivariant Euler class of F,

Subsection 7.1.7

e“: aline bundle £ such that ¢; (£) = w.

P(E ® e¥): image of P(E) € R(FE) via the naturally defined morphism
R(E) — R(E®e”,Y).

Subsection 7.2.1
S(y, s, 8): setof (y;,ys) € (Type)? such that (i) y, + y, = v, (ii) P;f"s =
Py = Py
2 Yy
M(yla @2a L, a,, 5): Mss(yp L, oy, 5) X MSS(@Qa Oz*)

E}: sheaf on M(y,,¥y,, L, ., ) x X obtained as the pull back of the universal
sheaf M*%(y,, L, vy, §) x X

E;‘: sheaf on M(y;,¥,, L, ., d) x X obtained as the pull back of the universal
sheaf M**(y,, ) X X

wy: ¢ (Or(EY))/ranky,

e¥'t: trivial line bundle with the G,,,-action of weight w
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Subsection 7.2.2

O,q1: relative tangent bundle of M*(y, [L], ., ) —> M(y), if the 1-vanishing
condition is satisfied for (y, [L], ax, 0)

Nr(y): [y Td(X) y-ch(L™)

Q(El .e—s/m y Eg - e/ T2): equivariant Euler class of the virtual vector bundle
(7.16)

Subsection 7.2.3

0. Let 0V be the relative tangent bundle of the smooth morphism

rel* rel

MS(@) [L]’ Qe 61) - M(@, [LQD

We use the symbol 9521) in a similar meaning.

(’)5;)1 (1): pull back of the tautological line bundle on My, [L;]) via the morphism

Mss(ga [L]’ A, 5) - M(@, [LzD
S(y, s, 8): setof (y,,y,) € (Type)? such that

Py= =Py~ 61/ranky, = dr/ranky,

M(@la @2’ [L]7 Ay 5) Ms(gla [L1]704*751) X Ms(:i/\Qa [LQLO(*JSQ)

O;re1(1): Let Oz 1e(1) denote the tautological line bundle on M (Y,, [L2]). The
pull back is also denoted by the same symbol. We use the symbol Oy ;e1(1) in a
similar meaning.

wi, €W We set w; := ¢1(0; re1(1)) and € i 1= O, yer (w).
Subsection 7.3.1
sts@ o) -2 linear map R — Q. See Definition 7.3.2.

Subsection 7.4.1

Yy, a, b,n: Fory € Type, we have the decomposition y = rank(y) + a + b, where
a € H*(X)and b € H*(X). The number n = a?/2 — n corresponds to the second
Chern class.

NS(X): subgroup of H?(X,Z) generated by algebraic 1-cycles on X
X[ Hilbert scheme of [-points
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Subsection 7.4.2

Mg (y): moduli stack of torsion-free sheaves of type y which are semistable with
respect to H

C: ample conein NS(X) @ R

&: element of NS(X)

WE: wall determined by ¢

C4, Hy: For a given &, let O be chambers which are divided by the wall W¢.
Let Hy € CL. Weassume H_ - £ <0< Hy - €.

M(Yo, y1): M(¥o) x M(y1)
E;: pull back of the universal sheaf on M(y;) x X

M?*3(y, a): moduli stack of torsion-free sheaves with trivial quasi-parabolic
structure and a weight o

S(y,&): setof (yo,y1) € (Type)? such that (i) yo +y1 = v, (i) ag — a1 = m¢
for some m > 0

S: family of p-semistable torsion-free sheaves of type y

S: family of torsion-free sheaves E’ of rank one such that (i) u(E’) = u(y), (ii)
there is a member E of S, such that £’ is a saturated subsheaf of F.
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L-abelian pair, 224 complex ¢% Ob(M)™eV, 202
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U-torsion-free sheaf, torsion-free sheaf, 26 complex g(f), 46
p-semistable, J-p-semistable, 74 complex g(F, f), 48
p-stable, §-pi-stable, 74 complex g(V'*), 52
L-Bradlow pair, 68 complex g(Vs), 146
(TFV)-condition, 89, 90 complex g%(Va), 149
complex g°(Ve), 149
ample cone, 296 complex g4 (Ve , Fi), 173
complex g%, (Ve, F), 173
bivariant theory A*(}), 268 complex b/, (Ve, [Pe]), 168
complex h(Vs), 150
category D, (X), 33 complex b (Vs, 5.) 160
Chow group A (X), 45 complex hre1(Ve, o), 160
Chow group A (Y), 267 complex €(F, @), 43
classifying map (V| p), 171 complex €(V, ¢), 41
classifying map &(V, [(5.]), 164 complex ’E(E.7 ), 4
classifying map &(E), 148 complex (e, Ve o, ¢>)
classifying map &(V,), 146 complex E(V"), 152
classifying map @ p (Ve, Fi), 171 complex Ve, 151
compatibility of obstruction theory, 45 complex Hom(C*, D*®), 26
compatible diagrams, 29 complex Hom(C*®, D®)V, 27
complex g’ (V, [¢s]), 164 complex RHom (E1«, E2x), 28
complex g(Vo|p), 171 complex RHCZ”IQ (E1x; E24), 28
complex gp(Ve, Fx), 171 complex Ob(M), 179, 185, 187
complex gre1(Ve, 5.) 157 complex Ob(ﬂ*), 185, 187
complex gre1(Ve, Fi), 171 complex Ob(M S (3)), 188, 199, 200
complex Ob(E,, Vo,No, ), 41 complex Ob(F, p), 41, 43
complex Ob% (Vs [¢e]), 178 complex Ob(M3), 189
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complex Ob(/(/l\3), 189
complex Ob(Poin), 153
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