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B Some Commutative Diagrams
The penalisation process has remarkable “continuity” properties. Here are
some illustrations via some examples.

1) Convergence of the number of excursions greater than e towards the local
time at 0 (x > 0 fized, see Chap. 3)

Penalisation of P P
(1(Vt(")§xn’2)’t = 0) t— 00 Q"

’I’L—>OO[84.S. [HHOO

Penalisation of P ~
> xT
(1Lt< ﬂz“t_0> t — oo Q
with :
z,xn 2 z,xn?
Q']'-f = Mt ' .'Plft
@\xﬂ = Mtx'PV'-t,
and : Mf’mfz
o\
=1 2 G () )| 17/\;“2
T v <a) 7 n(zn-2)L/2 vV — A n
25 ME = e (L)X + | ha(y)dy
n—oo L,

with he(y) = /21, /2= (v).

2) Convergence of the number of downcrossings towards the local time at 0
(see [RVY,II])
Let G : Ry — [0,1], G of class C', decreasing and such that G(0) = 1,
G(+00) = 0. Let (D§,t > 0) the number of downcrossings on the interval
[0,¢] (> 0):

o5y, = inf{t > o5, |, X; <0}
Oopyy = nf{t > 05,, Xy > e}

Dtg = Z 1(0-25ngt)

n>0
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Let A°G(n) := G(2en) — G(2e(n + 1))

<A5G<Df) . 0) Penalisation of P

€ t— o

Elola.s. [510

Penalisation of P

el > -G’
( G(Lt)at_o) t — 00 Q
with :
e,G
QIE M, .Pm
Q|f = P\]:t
and :
G G(2en) e— X, G(2e(1+n)) X,
Mt Z{ Uzw”zml[ |: 9 1-— - + B ?
n>0
G(2e(1 4 n)) e— X G(2en) X,
1, c — |1 —
+ [02n+1302n+2[(t) |: 2 + ) + 2 2
2 =G+ [ -Gy
e— L,

1 t
3) Convergence 0f2—€ / 1i_c,o)(Xs)ds towards the local time at 0 (see Chap. 1,
0
Item A and Chap. 2, Corollary 2.10)

1 < 1t
i) Let ¢° :== —1_ 7Aq:—/l_ﬁ(X ds
2 [—e,€] t 2 0 [—e.e]

Let h: Ry — R, continuous with “subexponential” decay at infinity:

Penalisation of P ch

Qq

(h(AT),t > 0)

t — 00

5l0[a.s. [sl()

Penalisation of P ~

Qh

(h(Ly), t = 0)

t— o0
with :
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and :
ME = / BLE + ) (dy)
0

! _/ h(Li + y)vx, (dy)

t—o0

with v, (dy) = \/71[000 )dy + \/7|a?|(50 (dy).

¢
ii) Following the same idea, let ¢ = 1_, ¢ and AT = / Tjoa,0(Xs)ds —
0 a—00

¢

1x, <ods:=A;.

0
Let h: Ry — R, continuous with “subexponential” decay at infinity:

Penalisation of P

h(A9), t > q*:h
(h(Af),t > 0) —HE Q
a%+oo[a.s. [aa+oo
Penalisation of P
h(A7), t > —h
(h(4;), t = 0) Q
with :
a,h H,,h
‘qft = Mt 1F
—.h —.h
Q|7:t = Mt .Plff
and :

o0
Mt = /] h(AL +y)vk, (dy)
(

2 [ na s ) = v
with v, (dy) := x4 \/gég(dy) + Lexp (—%) 1[0’30[@)% (see Chap. 2, Ex-
ample 2.4.5.d).

4) “Projectivity” of probabilities Q™% (see Chap. 3, Remark 9.4)
Let n fixed, and Vg<t1 V> > Vg(t" ) the sequence of the n longest excursions
before g, ranked in decreasing order. Let 1 > x5 > ... > x,,_1 > x,, fixed.
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Penalisation of P
(1 ) (n) st > 0) Q<”’$1""’x")
(Vgy <x1,.., Vg, <) t— o0
L1, Ly eeey L] —> +0O0 [ a.s. [ X1, T2y eeey L1 — +00O
Penalisation of P
n > (n,zn)
(I(Vét)SIth - 0) t — 0o @

with :

(n,21,005T0) _ (n,21,..,Tn)
Q) = My,

(nyxn) _ q r(n,oy)
Q‘]:t = Mt L\ Fy

where Mt("’m1 """ n) ig defined in Section 3.9 of Chap. 3 and where :

(n,@1,.. s T0) a.s. 2
M, — 1(v<”’<w) — | Xy
T1,L2,...,Tp_1—+00 9t = T

e ((2) )+ (-5

(see Section 3.5 of Chap. 3).

C Index of Main Notations

e at=aVv0,a =(—a)VO0,la|=a"+a”

o sgn(x)=1ifz>0,=-1ifz<0

e I' the Gamma function : I'(¢) = [~ e “u''du (t > 0)
e J, the Bessel function of index v

e K, the MacDonald function of index v

e [, the modified Bessel function of index v

e O(a,7;.) the confluent hypergeometric function of index «,~y

00 2
K the Markov kernel defined by : K f(y) = / z exp (—;) f(z)d=
0o Y Y
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A the Laplace operator
A the Laplace Beltrami operator on the unit sphere

®(z) = [ (y)dy, with ¢ Borel, positive and ¢ € L'(R,, dz)

K3k ok sk ook SRk ok sk ok skook skok skokoskok sk okokokkokk

fz the density of the r.v. Z

Sj an exponential r.v. with mean 1/3

I: .
e (law) S1 a standard exponential r.v.

(T1, Tb, ..., Tp, ...) the sequence of jumps of a standard Poisson process

( ) (1@’) E E Tn
P1y P25 -5 Py -++ - T27T37"'7Tn+13"'
r.v. where p,, is beta (n, 1) distributed (for any n > 1)

a sequence of independent

Yo & gamma (o) r.v. with density : f,_ (z) = e’xxo"ll[om[(x)

1
I'(a)

Sk
C(I — I') the space of continuous functions from I to I’

(CRy = R), (X, Ft)t0, Foo, Pu(z € R)) or

(C(Ry — R), (X, Ft)t=0, Foos Wa(z € R)) the canonical Brownian mo-
tion of dimension 1

P, (or W) the Wiener measure s.t. P,(Xo=z) =1

P=PF,W=W,

(Xt,t > 0) the coordinate process : X;(w) = w(t), w € C(Ry — R)
(F¢,t > 0) the natural filtration

(Gt,t > 0) an enlarged filtration of (F3,t > 0)

Foo = \/tZO Fi

b(F) the space of bounded real valued F;-measurable functions

0 the usual time translation operator : X 060, = Xs1¢ (s,t > 0)
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o (C(Ry — R, (Xp, F)izo, Foos P (2 € RY) or
(C(R, — RY), (Xt,ft)tzo,foo,Wéd)(x € R%)) the canonical Brownian
motion of dimension d

o P¥ (or Wéd)) the d-dimensional Wiener measure s.t. ngd)(Xt =z)=1
e PV =p, W =w,
o P =pI W =P

e (C(Ry — R),|X¢|,t >0, P,z € Ry) the canonical reflecting Brownian
motion

o (C(Ry — Ry, (R, Fi)iz0, Foos Pz e R, ) the canonical d-dimensio-
nal Bessel process

. P(§3) the law of the 3-dimensional Bessel process started at 0

o (C(Ry — Ry), (Rey, Ft)05 Foos Pz e R, ) the canonical Bessel pro-
cess of dimension d = 2(1 — «), with 0 < v < 1

° ngo‘) the law of the d-dimensional Bessel process started at « (z > 0,d =
21— a),0<a<l)

e (b,,0 <wu <1) the standard Brownian bridge

° (r&a),O < u < 1)or (ry,0 < u < 1) the standard Bessel bridge of
dimension d =2(1 — ), with0 < a < 1

1
ﬁR9t+<t,gt)u;O <u < 1] the Bessel me-

ander, where (R, s > 0) is a d-dimensional Bessel process of dimension
d=2(1-a),with0<a<1

° (mgfé),() <u<l):= (

o mu,0<u<)Yml? o<u<)

1
(H|th+(t—gt)u|

the Brownian meander, where (X, s > 0) is a Brownian motion

0<u<l1

e (Mt > 0) a generic notation for a positive martingale

o (S;:= stg) Xs,t > 0) the one-sided supremum process of X
S
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(Lt > 0) (or (LY,t > 0)) the continuous process of local time at
level 0

(7¢,¢ > 0) the right continuous inverse of (L;,t > 0) :
T¢ = inf{t > 0; Ly > (}

(LY,t > 0,y € R) the bicontinuous family of local times

=inf{t > 0;X; =a} (a€R)

PNTy < u) = 0@ (\;ﬂ) (ryu > 0) with :
1 o0
()= P 29y >71) = —— e "u tdu a €]0,1[,r >0
)= P> ) = g | (@ €)0,1,7 > 0)

1/2 \/7/ /2y

(D,ga’b],t > 0) the process of downcrossings on the interval [a,b] (a < b)

(Ji,t > 0) := (infs>; R, t > 0), the future infimum process of (Rg, s >
0), where (Rs,s > 0) is a d-dimensional Bessel process (d > 2)

q a positive Radon measure on R (or on R?)

g a particular solution of Sturm-Liouville equation

"

"' =qp  (or Ap =qp)
Z=wm<4a+umww<w}

q+ the restriction of ¢ to R

q_ the image by the application x — —x of the restriction of ¢ to R_

I, = {q, positive measure on R, s.t. 0 < / (14 2)q(dz) < oo}
Ry

< g, 0 >= / ((y)q(dy) (¢ Radon measure on R, £ € Q:= C(R — R,))
R

A§q> / LYq(dy) ( fo s)ds if ¢ is absolutely contlnuous)
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gr:=sup{s < t; X, =0} (t>0)
dy =inf{s>t; X =0} =t+Tpo00; (t>0)
(A4, t > 0) = (t — g¢,t > 0) the age (of excursions) process

TA :=inf{t > 0;4;, > 2} (z>0);T2 >z as.

Vg(tl) (or X;) the length of the longest excursion above 0 before g;

Ay =sup A, = VIV (t - g)

s<t
dy — g the length of the excursion straddling ¢

179: = (Vgg), g(?), ceny Vg(tn), ...) the sequence of lengths of excursions above

0, before g;, ranked by decreasing order Z V;f) = gt>

v (v @ (n) ;
Vi = (V7 V7, VL) the sequence of lengths of excursions above

0, before t, ranked by decreasing order (¢ — g; is an element of this

sequence and Z V;m = t)
i

v — vy @ (n) :

Vi, = (th VsV ...) the sequence of lengths of excursions above
0, before d;, ranked by decreasing order (Z Vd<f) S dt>

v = (v(l)7 v@ e, ...) the sequence of lengths of excursions above 0,
ranked by decreasing order, of a Bessel bridge of dimension d = 2(1 —
a),0<a<l

St={o=(01,09,...,0n,...);00 > 09 > ... > 0, > ... > 0}

P, 3 the Poisson Dirichlet distribution with parameter (o, 8) (o, 8 > 0)

BES..(d) : the law of the Bessel process of dimension d, starting from z

Py =BES{”
(@) -3
P =BES, * (0<d<2,d=2(1—-«))
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e H(P,Q) the Hellinger distance between the probabilities P and Q

e (A(t),t > 0) a normalisation function

Sk ook
e (A, z € R)afamily of positive and o-finite measures on Q = C(R — R.,)
o A= AO

° (1/§Cq>7 z € R) a family of positive and o-finite measures on R, associated

with g € 7

o 9 is the image of A, by the application i : Q— Ry, ig(f) =< €,q >

o V9= V[()q>

e (W,,z € R) a family of positive and o-finite measures on (C([0, oo[, R),
Feo)

e W =W, “the master measure” defined by Prop. 2.4, Chap. 2

e A, is the image of W, by the application © (: local time at infinity) :

C([0,00[,R) = C(R — R.)
O(X¢,t 2 0) = (L%,y € R)

e II a positive and o-finite measure on S'

D Classification of Rigorous Results and Meta-theorems
in this Volume

For ease of the reader, we have classified in three categories the results
found in this monograph.

Category 1: Results which are fully proven, either in this monograph or in
one of the references e.g. [RVY,i]; i=L,...X.

Category 2: Results which depend on the validity of Conjecture (C),
p. 148.

Category 3: Meta-results, that is: results which we conjecture, and which
necessitate precise hypotheses under which they may be proven.
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Here are the precise entries for this classification:

Category 1:

a) Examples 0.1, 0.2, 0.3, 0.4, 0.5, 0.13, 0.15, 0.18, 0.20, 0.21, 0.22, 0.23i),
0.24, 0.25; 4.2, 4.3, 4.4

b) Remarks 2.11, 2.19

¢) Propositions 1.7, 1.13, 1.18, 1.20; 2.2, 2.4; 3.2, 3.3, 3.6, 3.7, 3.18, 3.29

d) Corollaries 2.6, 2.7, 2.9

e) Theorems 0.9, 0.10, 0.11, 0.12, 0.16; 1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.8, 1.9,
1.10, 1.12, 1.14, 1.19, 1.21; 2.1, 2.4%, 2.5, 2.12, 2.13, 2.18; 3.1, 3.41),

3.5, 3.10, 3.13, 3.16, 3.19, 3.23, 3.25, 3.28; 4.5, 4.7, 4.9, 4.10, 4.12, 4.14,
4.15, 4.16, 4.18

Category 2:
a) Example 0.231)

b) Remark 1.17
¢) Propositions 1.15, 3.22

d) Theorems 1.16, 3.4ii), 3.8, 3.9, 3.15
Category 3:

Meta-theorem of penalisation (Section 0.3)
Generic Theorem (Section 4.1)

Corollary 2.10
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