Notations

K the set R of real numbers or the set C of complex numbers
Z set of integers
R {teR:t>0}
R-o {teR:t>0}
N set of strictly positive integers
No Nu {0}
sAt min(s, ¢) ; minimum of two real numbers s and ¢
T = jt T differentiation of a function x with respect to the time
variable ¢
U=2u differentiation of a function U(z) with respect to the
space variable x
oU
Oxq
vU, V,U ; gradient of the function U with respect to the
ou
oxg
multi-dimensional space variable x = (z1,...,zq)
Af,Af gijg + gié ; Laplacian of the real-valued function f
with respect to the multi-dimensional space variable
x=(x1,...,2q)

a:=b, b=:a a is defined by b
a= a equals b by definition
flx)=c the function f attains the constant value ¢ for all
= T(¢) = e%/¢ denotes logarithmic equivalence of a function
T'(e) (which is defined for small values of ¢,
ie. T:(0,60) — Rsg) to €/ in the sense that
gig% elogT(e) = (; see p.100
stochastic independence of two objects with respect to
a prescribed measure

E— convergence in probability

w

EE— weak convergence (convergence in distribution)
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Notations

arrow with initial point « and endpoint f3; see p.92
scalar product of the underlying space K™ (R™ or C")
norm of the underlying space K* (R™ or C")
operator norm

supremum (maximum) norm on the space

of (continuous) functions f : [T, Te] — R™;

[flle =W llizy 2y = SUPermy, 7 1F D)

indicator function of the set M

topological boundary of the set M

topological closure of the set M

topological interior of the set M

max{k € Ny : k < t}; integer part of t € Ry
(“GauBbracket” or “floor” of t)

imaginary part of the complex number z
real part of the complex number z
complex conjugate of the number z
(exception: drift function h of af)

0 0*; ea is the covariance matrix of X¢ in

the SDE (2.1)

& 6* corresponding to the SDE (3.1) for A®
small parameter in the Jordan-form matrix calculations;
see the proofs of theorems 1.4.3 and 4.1.2

angle of the solution Zf of the linear differential
system (1); characterized by the differential
equation (1.6)

attracting switching curve of the angle processes
under consideration; see p.18f.

repelling switching curve of the angle processes
under consideration; see p.18f.

system matrix of the SDE (1) given by a
continuous function A : R¢ — K»*n

adjoint operator (matrix) for an operator A

drift coefficient of the SDE (2.1) for (X{):>0
(component of the) drift coefficient of the SDE (3.1)
for (X7, V7 )i=0

Borel-o-algebra on the topological space X

{y € R?: |z — y| < r}; open ball with center = and
radius r

{y € R?: |z —y| < r}; closed ball with center  and
radius r
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D;

d:(B)
det(A)
dist(z, B)

div b

€1,...,€4
>0

E(f)
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E\ M; set-theoretical complement of M C F

{f: M — N continuous, all derivatives of f of order up to
k exist and are continuous } for differentiable manifolds
M, N and k € Ny

CO(M, N)

{f € C(RYR) : f bounded}

{f € C(RY,R) : supp(f) compact}

{f:J — M continuous, f(0) =z} for an interval

J C R, 0 € J, a differentiable manifold M and x € M

set of k-cycles; see p.93ff.

dimension of the state space of (X7):>0 as defined in (2.1)
bounded, open domain in R? to which the exit time
investigations in the non-degenerate case apply;

see 2.4.11F.

bounded, open domain in R™ to which the exit time
investigations in the degenerate case apply; see 3.1.1ff.
{reR?: X" R K;}; the domain of attraction of K;
under the deterministic motion X°; see p.79

1 if 7 = 5 and 0 otherwise; Kronecker symbol

1 if x € B and 0 otherwise; Dirac measure at x
determinant of the matrix A

inf,ep |z — y|; distance between the point z € R? and the
set B C R?

gzll + 4 gg‘; ; divergence of the vector-valued function b

canonical unit vectors in R?

parameter of the noise intensity in SDEs (1), (2.1) and (3.1)
| f dPP; expected value of the function f with respect

to the probability measure P

conditional expectation with respect to the o-algebra F
expected value with respect to the probability measure P,
exit rate of the cycle C'; see p.93ff.

(component of the) drift coefficient of the SDE (3.1) for
(X5, Vi)ezo0

continuous mapping between separable metric spaces
“pushing forward” the LDP; see p.68

o-algebra generated by the random variable X

{x e R : V(zg,7) <(}; the set to which X* is
asymptotically constrained on the time scale T'(¢);

see corollary 2.5.7



g&

G, G*
GO, G+, G

GL(n,K)

H1 = Hl([O,T},Rd)

H(s,z,p)

I, = idg»
I:E—[0,x]
J

J(C)
K. .. K
K., Ky
KH(GJD,C)

Notations

graph on £, i.e. a set of arrows; see p.92

the set of W-graphs on £; see p.92f.

the set of i-graphs on £; see p.92f.

parameter for the (scaled) time horizon;

see p.102ff.

2?21 b; ai + 5 Z?,j:l a;j 81?1291j ; generator of the
diffusion process (X7)i>o0; see p.53
perturbations of the system matrix A

point sets corresponding to the data of the
SDE (3.1); see p.128ft.

general linear group, consisting of the invertible
n X n matrices with entries in K

A(z)y — (A(x)y, ¢ )¢ ; drift function of the
direction 97 of the solution Z; of the linear
differential system (1); see RDE (1.4)

—a2(x) sin® a + az () cos? a

+ (agg(x) — a11(a7)) sin av cos « ; drift function

of the angle of of the solution Z; of the linear
differential system (1); see RDE (1.6)

{zeRd: V(K (z0,0),®) < ¢ }; the set where X*©
gets asymptotically stuck on the time scale T'(g);
see corollary 2.5.8

(ajizgwj )Z - ; Hesse matrix of U, i.e. the
symmetrié matrix of second derivatives of the
potential function U € C?(R4, R)

{ fOTg(s) ds : g € L*([0,T],RY) }; the space of
absolutely continuous functions starting in 0 with
L2-derivative

> bils. @) pi —
see p.135

d .
% Zi,j:l aij(sv x) p; 2

identity operator on K" (unit matrix)
rate function, defined on a separable metric space
(mostly a function space) E; see p.68ff.

index singling out the (local) Lyapunov exponent
in the list of eigenvalues; see p.38ff. and p.160ff.
cycle following after the cycle C'; see p.93ff.

stable attractors of X©

unstable attractors of X°

metastable state for the initial value zy and the
time scale T'(g) =< e¢/¢ ; see definition 2.5.4
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K(s,z,q)

235

é’ a(s,x)=1? [q — é(s,x)] ’2 : dual function of
H(s,x,p); see 3.1.2 and p.135

number of the stable attractors K; of X0
{1,...,1}; enumeration representing the set of
stable attractors { Ky, ..., K;} of X?; see p.91
Lebesgue measure
vector field such that b(z) = —VU(z) + L(x)
and L(z) L VU (x), where such a decomposition
exists
space of (equivalence classes of the) R%-valued,
Lebesgue-measurable functions on [a, b] such that
their norm is p—integrable with respect to
the Lebesgue measure L
G5+ h 598 ; generator of the coupled (Markov)
process (X7,v5); see p.14

~ 2
Zj:l bi 321- + ; Zij:l Qij am?amj + 2111 F; 321- )
generator of the coupled (Markov) process
(XF,)r5); see p.128
eigenvalues (characteristic roots, i.e zeros of the
characteristic polynomial in the complex plane)
of the n x n-matrix A

main state of the cycle C'; see p.93ff.
stationary distribution rate of the cycle C;

see p.93ff.

the index function which assigns the respective
metastable state K (., ¢) to the initial value zg
and to the time scale parameter ¢ ; see (2.21)

dimension of the state space of (ZF)¢>0

as defined in (1)

outer normal vector to 9D at x or to 9D at y,
respectively

stable attractor of X in the first exit time
investigations (element of {K7i, ..., K;}); see p.78fL.
underlying probability space

number of distinct values in the set of real parts

of eigenvalues {Re A1, ...,Re A, } of the matrix A
law of the stochastic process Z conditioned to start
in z at time s > 0; P, .,{Z e M} =P{Z;=2NZeM}
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P,

P(t,xz, A), Pf(x, A)
i (7, y)

p*()

Pnfl

PT(0,7)

¢

o

(7

v

Pe(s, x,y)
Q9 (s, 7,y)

QO ) Q7 Ql
Q(z, )

Q(z, )

Snfl
S, (z)

SERS]

Notations

Py, . ; law of Z conditioned to start in z at time O
Markov transition probabilities

density of Pf(x, A)

density of p®; see section 2.2

{s e R": |s| = 1}/{s = —s}; projective space in R"
PTo,1) * (Rd)[o’oo) - (Rd)[O’T] » PTo, 1] (f) = f’[oﬂ;
restriction map on the function space

prefactor of the Verhulst comparison ODE; see
4.3.3f.

cocycle solution of (1.1); see section 1.3

é:; € S~ ! spherical component (direction) of the
solution Z¢ of the linear differential system (1);
characterized by the differential equation (1.4)

set on which large deviation estimate is supposed to
hold; see p.68, p.74

inclusion probability; see p.130

exit probability; see p.130

parameter domains for the SDE (3.1); see p.128ff.
(A(z)y, ) ; integral function identifying the
modulus of the solution Z; of the linear differential
system (1); see (1.3) and (1.5)

a11(z) cos®> a + aga(x) sin? o + (Cl12(33) +

agl(x)) sina cos «; integral function identifying
the modulus of the solution Z; of the linear
differential system (1) in dimension n = 2;

see (1.7) and (1.8)

rotation rate of the cycle C; see p.93ff.
stationary distribution of X¢; see section 2.2

| Z£ | € (0,00) radial component (modulus) of the
solution Z¢ of the linear differential system (1);
characterized by the differential equation (1.3)

time parameter

{9 € R": |[¢| = 1}; unit sphere of R™

{y € R?: |z — y| = r}; sphere with center x and
radius r

noise coefficient of the SDE (2.1) for (X7 )i>0
noise coefficient of the SDE (3.1) for (XF, V5 )i>o0
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o(M)
az’m

t

£, — 5T
TN =1Tp

&Y = €,T
Tew = T3

£,T £,T
Tm s 9m+1

&

Yo

= (Xt)tZO

X
X = (X{)e>o0
X
Y
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o-algebra generated by a family M of sets or functions
inf{t >0 : X;" € B,(O)UdD}; first hitting time of X¢*
of either D or a small neighborhood of O; see 2.4.9

time parameter
inf{t > 0 : X;" ¢ D}; first exit time of X¢* from a
bounded, open domain D in R? with smooth boundary 9D;
see 2.4.1

inf{t >0 : V7" ¢ D}; first exit time of Ve¥ from

a bounded, open domain D in R™ with smooth
boundary 9D; see 3.1.1

stopping times in the proof of the exit time law; see p.86
T > 0; fixed time horizon

T(e) < e¢/¢; time scale on which the respective
sublimiting distribution is observed; see theorem 2.5.5
trace of the matrix A

U € C>(R%,R); potential function

Brownian motion in R? over a complete probability
space (2, F,P)

space variable (element in R?); initial point of the
stochastic processes X, X¢ and X¢; for X in (2.1), the
initial condition is taken from Uil:1 D;, a set of full
Lebesgue measure, in order to have the metastability
results available

tan of ; characterized by the differential equation (1.9)

initial point of the stochastic processes Y and )*

parameter which determines the time scale T(¢) = e%/¢;
for the index function u(zg, () to be well defined,

¢ must not be contained in a finite exceptional

set depending on xg

real noise process

diffusion process of Freidlin-Wentzell type as defined

in (2.1)

diffusion process driving the SDE (3.1)

solution process of a real noise SDE driven by X
solution process of the real noise SDE (3.1) driven by X*
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Z° = (Z§)e>0 solution process of the linear real noise SDE (1) driven

by X¢

X, Z5, ... t — X7 or Z;,...; path mappings of the respective
processes

LDP large deviation principle

ODE ordinary differential equation

PDE partial differential equation

RDE random differential equation

RDS random dynamical system

RVDE random Riccati-/Verhulst-type differential equality

RVDI random Riccati-/Verhulst-type differential inequality

SDE stochastic differential equation

cf. confer

e.g. for example (exempli gratia)

et al. and others (et alii)

ie. that is (id est)

p. page(s)
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