Appendix A
Simplicial Methods

A.1 Chain Complexes

For any commutative ring R, a chain compler K of R-modules is a family
{Kp, d,} of R-modules K, and R-homomorphisms d,, : K, — K,,_1, defined
for all integers n such that d, d,+1 = 0. An n-cycle of K is an element of the
submodule C),(K) = ker d,,, and an n-boundary is an element of d,, 11 (K, +1).
The homology of K, denoted H(K), is the family of modules

H,(K)=Xkerd,/imd, .

If K and K’ are complexes, a chain transformation f : K — K’ is a family
of module homomorphisms f,, : K,, — K], such that for all n

d/nfn = fnfldn-

Denote by Ch(R) the category of chain complexes of R-modules, i.e., the
category whose class Ob(Ch(R)) of objects consists of the chain complexes K,
and the set Homep,z)(K, K') of morphisms between two objects K, K’ is
the set of all chain transformations f : K — K'. Every chain transformation
J € Homepry(K, K') induces a family of homomorphisms

Hy,(f) + Ho(K) — Hy (K')
defined by
H,(f)(c+dK,+1) = f(c) + dK,, ., ¢ € kerd,.

A chain homotopy s between two chain transformations f, g € Homey(g)
(K, K'), denoted s : f ~ g, is a family of module homomorphisms

. !
s Ky — Ky
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such that
d/n+13n + Sp-1dn, = fr. — Gn-

Theorem A.1 Ifs: f~g: K — K', then
Hn(f) = Hn(g) : Hn(K) — Hn(K/), —00 < n < o0.

A chain transformation f € Homey gy (K, K') is said to be a chain equiv-
alence if there exists a chain transformation 2 € Homgp(g)(K', K) and ho-
motopies hf ~ 1, fh>~1g.

Corollary A.2 If f € Homeyr) (K, K') is a chain equivalence, then the
induced map H,(f): H,(K) — H,(K') is an isomorphism for each n.

A.2 Simplicial Objects

Let C be a category. A simplicial object X, in C is a family {X;}i>0, X; €
0b(C) together with two families of morphisms

d; € HomC(Xq, Xq_l), S; € HOIIlc(Xq, Xq_._l), 0<1i<gq,
called the face and the degeneracy maps respectively, which satisfy the fol-
lowing identities:
didj = djfldi, 1 < g,
8;8j = 8j415i, 1 < J,
diSj = ijldia 1< 7, (Al)
dij = aj4+1S85 = Zd,
d7;8j = deifl, 1> 5+ 1.
A simplicial morphism f : X, — Y, is a family f; € Home(X;, V), @ > 0, of

morphisms compatible with the face and the degeneracy maps. The category
of simplicial objects in C will be denoted by SC.

The simplicial category (also called ordinal number category) A consists of
the objects

Ob(A) ={[n]:={0,1, ..., n}}
and order preserving maps {f : [n] — [m]} as elements of Homa ([n], [m]). In

particular, there are the following morphisms, called the face and degeneracy
maps, in this category:
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di:[n—1]—[n], 0<i<n,

o [n+1] —n], 0<i<n,
§;:{0,1,...,n—1}—={0,1,...,i—1,i+1,... ,n},
o;:{0,1,... ,n+1}—={0,1,...,i,i,... ,n}

It is easy to check that the maps §;, o; satisfy the following cosimplicial
relations:

0j0; = 6;05-1, © < 7,

0;0; = 00541, © < 7,

0j0; = 0;05-1, 1 < J, (A.2)
0j0; = 00,41 = id,

00; = 0,105, 1> 7+ 1.

Furthermore, all elements of Homa (—, —) can be written as compositions of
these face and degeneracy maps. It thus turns out that a simplicial object in
a category C is simply a contravariant functor from the simplicial category
A toC,i.e.

SC = {A? — C},

where A°P denotes the opposite category of the category A. By a simplicial
group (resp. ring, abelian group, topological space, etc.) we shall mean a
simplicial object in the category of groups (resp. the corresponding category).

Example A.3

For a given topological space X, the total singular complex S(X) of X is the
simplicial set defined as follows.

For n > 0, let
n
A ={(o,...,xn) ER™ [ 0< 2 <1, Y my =1}
=0
Define
et Ap1 — Ay, 0<7<n,
ijAnJrl—)An, OSZSTL,
by
67;:(1'0, "'7‘Tn)'_>(‘r07 ...71'1'_1707 Zi, ~-~5-Tn)a
f]‘ : (1‘0, ey xn+1) — (.130, ceey Xj—1,T5 —|—.13j+1, Lj42y «vn sy xn+1).

A singular n-simplex of X is a continuous map o : A, — X. The family
{S(X)n}n>o of sets is a simplicial set with the face and degeneracy maps
given by
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di : S(X)n — S(X)nfl, 0 S ) S n,
55 :8(X)y = S(X)pt1, 0< 5 <mn,
defined by
di(o) =0o0e;, sj(o)=0cof;, 0c€S(X)n.

Let R be a simplicial ring. Then a simplicial abelian group M is called a
left simplicial R-module (or, simply an R-module), if there exists a simplicial
map f: Rx M — M such that, for each i, f; defines an R;-module structure
on M;. Similarly, if G is a simplicial group, we can define simplicial G-set
(resp. simplicial G-space) to be a simplicial set X (resp. topological space)
with a simplicial map G x X — X.

A.3 Geometric Realization Functor

Let X be a simplicial set. The geometric realization | X| of X is the topological
space obtained from the disjoint union

U, x Ay,

n

where the set X, is viewed as a topological space with discrete topology, by
making the following identifications:

(dixa p) ~ ({177 eip)a ("E, p) S Xn X Anfla
(Sixa p) ~ (:L‘, flp)a ($, p) € Xp1 X An~

This construction defines the geometric realization functor
| | : SSet — Top

from the category SSet of simplicial objects in the category Set of sets to the
category Top of topological spaces.
The geometric realization can also be described as the coequalizer

L] (X x A= (X0 x An) — |X].
¢:[n]—[m] n

A.4 Skeleton and Coskeleton Functors

Let Ay be the full sub-category of the category A consisting of sets of cardi-
nality at most k + 1, k£ > 0. Then any element from

SiC = {A? - ¢}
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is called a k-truncated simplicial object in C. Clearly, for any k& > 0, we have

a functor
Tr* . SC — SiC,

which “truncates” the simplicial object at level k, i.e., forgets the part of
simplicial object which appears in dimensions greater than k. It is known
that, in case C has finite colimits, the functor Tr* has a left adjoint functor
sk”, called the k-skeleton functor. Similarly, if C has finite projective limits,
then Tr® admits a right adjoint functor cosk”, called the k-coskeleton functor.
The k-skeleton functor can be constructed precisely by iterating the process
of taking the so-called simplicial cokernels. For the detailed description of
this construction, see [Dus75].

Example A.4

Let F be a free group with generators {x;};c; and R its normal subgroup
generated, as a normal subgroup, by the set {r;};c;. Consider the free prod-
uct Fy = F % Fg, where Fp is the free group with basis {y;};jcs. Then we
have the following three homomorphisms between free groups:

d():F1_7F7 T; — Xy, ZGI, yj'_)]‘7 jGJ,
di:Fy = F, zi—ua, t€1, yj—r;, jeJ,
so: F—F, z;—x;, 1 €1.
It easy to see that the simplicial identities are satisfied for these maps and

we have the 1-truncated simplicial group

dy
S(X,R)=F ZZ F.
PR

We describe the 1-skeleton of this simplicial group. We have

sk! S(X,R)g=F = F(x;, i € I),

sk! S(X,R)1 = Fy = F(so(xi),rj, i € I, j€J),

sk! S(X ,R)y = F(s1s0(;),50(r;),51(r;), i € I, j € J),

sk! S(X ,R)3 = F(sas150(x:) , 5150(7) , 8251(75) , 8280(r), i € I, j € J),

where, for a set X, by F(X) we mean the free group generated by X. One
can easily write the simplicial maps in sk'(S(X,R)) in a natural way.

In a similar way, we can define the simplicial Lie algebra sk' S(X,R) for
the case of a free Lie algebra F generated the the set {x;};c; and its ideal
R, which is a smallest ideal containing the set of elements {r; € F'}, j € J.
Then we get the 1-truncated simplicial Lie algebra S(X, R) and its 1-skeleton,
viewed as a simplicial Lie algebra.



304 A Simplicial Methods

A.5 Moore Complex and Homotopy Groups

Let C be one of the following categories:

Gr:= the category of groups,
Lie:= the category of Lie algebras,
rMod:= the category of R-modules for some commutative ring R with identity.

For a given simplicial object X € SC, define a complex (N,(X), d.), called
the Moore complex of X, by setting

Na(X) = [ ker(d; : Xn — X 1), (A.3)

0<i<n

and the homomorphism d,, to be the restriction of d, : X, — X,_1 on
N, (X).

The homotopy groups m;(X), i > 0, of a given simplicial object X, € SC
are defined as the homologies of its Moore complex:

7;(X) = Hi(N.(X),d.), i > 0. (A.4)

Tt is easy to show that, for any X € SC, 7;(X) is an abelian group for i > 1.
For a given simplicial group G, denote by Z,(G) the nth chain subgroup
of G, i.e.,
Z,(G) =ker(d,) = () ker(d;),

0<i<n

and by B, (G) the nth boundary subgroup of G, i.e.,

Thus we have, by definition,
m(G) = Z,(G)/Bn(G), n> 0.

In the case of an abelian simplicial group G, there is an equivalent way to
compute the homotopy groups. Consider the chain complex {G,,, d,}, where

n

d, = Z(—l)idi : G, — G

i=0
It can be checked directly that d,, o d,+; = 0, and

The following Proposition follows directly from the definition of homotopy
groups of simplicial groups (resp. R-modules).
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Proposition A.5 Let 1 - H - G — K — 1 be a short exact sequence of
simplicial groups (resp. simplicial R-modules). Then there exists an induced
long exact sequence of homotopy groups:

o min(H) = 1 (G) 5 i (K) —» m(H) — ...

It is easy to see that, for any simplicial group G, the my-functor coincides
with the coequilizer functor:

do, dy
70(G) = coeq(G1 == Gy).
A similar formula holds for simplicial R-modules.

For a given element f € Gy, there is a simplicial automorphism Fy : G — G
defined by

Friaxw (spf)oslf, 2 € Gy, (A.5)
Let f € By(G), that is f = d f1, where dyf; = 1. Then
sgdifi = sf}’ldgsofl =...=dppsyfi, n>1
and
disi fi = sodi—1sy ' fi= ... =s{dofi =1, 0< i <my
hence

ng = Sgdlfl S Bn(G)

Therefore, the map Fy defines an action of the group m(G) on the abelian
group m,(G), n > 1, i.e., m,(G) can be viewed as a Z[mo(G)]-module.

The computation of 7 (G), even for the case of quite simple simplicial
groups G, can turn out to be nontrivial. We present the computation for the
case of simplicial groups which generalizes Example A.4.

Example A.6

(Brown-Loday [Bro87]) Let G be a simplicial group, such that G5 is generated
by degeneracy elements, i.e.,

G2 = <80(G1), 81(G1)>. (Aﬁ)

Then ~
im(dy) = [ker(dy), ker(dz)]. (A.7)

Hence, we have () @
o ker do N ker d1
™(E) = Neor(do), er(dr)] (A.8)
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In Example A.4, the condition (A.6) clearly holds for the 1-skeleton
sk! S(X, R). Therefore, the formula (A.8) holds. Clearly, we have
ker(do) = (y;, j € )™,
ker(dy) = (yr;', 5 € )™,
and . F 1 F
(yj, € )0 (yr;, j €)™
[<yj7 VAS J>Fla <yj7ﬂ;17 VES J>F1}

The action of m(G) on 7 (sk! S(X, R)) is given by conjugation:

m(sk' S(X, R)) =

(A.9)

fRo x[ker(dy), ker(dy)] = f'aflker(dy), ker(dy)],
x € ker(dy) Nker(dy), x € F(X).

For the case of Lie algebras one can get an analogous result. First note,
that for a simplicial Lie algebra G in which G5 is generated by the degeneracy
elements, the relation (A.7) again holds (where the bracket |[.,.] denotes the
product in a Lie algebra) [Akc02]. Therefore, for a free Lie algebra F with
generating set {x;};c; and a subset {r; € F'};cs, one has

(yj7 j€ J)Fﬂ(yj—rj, jE J)F
[(yj, J € J)F, (y; —rj, j € J)F]

We say that the Moore complex N,(X) of a simplicial object X in a
category C is of length < k if N,,(X) = 0 for all n > k + 1. The simplicial
objects with Moore complex of length < n form a category; we denote this
category by SC(n).

mi(sk' S(X, R)) = (A.10)

Proposition A.7 If R is a principal ideal domain and X is a projective
simplicial R-module, then N(X) is a complex of projective R-modules.

A.6 Dold-Kan Correspondence

The following result is the key to the construction of derived functors.

Theorem A.8 The functor N : SgMod — Ch(R) is an equivalence of cate-
gories.

To prove this result it is clearly enough to construct an inverse map
N~':Ch(R) — SgMod,

which is constructed by setting
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(N'C)= @B f(Cm), C€Ch(R).
fin]—=[m]

For example, for a given chain complex C of R-modules, the first few terms
of N7'C can be written as

(N_lc)() = Co,
(N710)1 =C1 50(00),
(N71C)y = Cy ® 50(C1) @ 51(C1) D 5050(Cy).

A.7 Eilenberg-Zilber Equivalence

For (A, 1), (B, 03) € Ch(R), the tensor product (A ®gr B, ) € Ch(R) is
defined as follows:

(A®R B)n = ®prg=nip @r By,
Aa®b)=8a®b+ (—1)¥" g @ dyb.

For X, Y € SgMod, the tensor product X ®r Y € SrMod is defined as
follows:

(X QR Y)n =X, ®r Yna
di(z®@y) =iz @0y, 0<i<n,
sifz®y) =sx® sy, 0<i<n.

For z € X,,, y € Y,,, the map

fra@ym Y Onpir ... On10nz @Oy,

pta=n

called the Alexander-Whitney map, induces the homomorphism of the nor-
malized complexes

f:N(X®RY)— N(X)®r N(Y). (A.11)
The converse map

V:NX)@r NY)— N(X®rY) (A.12)
is induced by the ‘shuffle-map’, defined as follows. For p, ¢ > 1, let

(a; b):(ala"'aap; bla"'abq)
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be a permutation of (0, ... , p+g—1),suchthata; < ... <ap, b1 < ... < bg.
We will refer to such (a;b) as a (p; ¢)-shuffle. Denote sign(a;b) to be the sign
of the permutation (a;b). For z € X,,, y € Y, define

Viz®yr Z (—1)amablg, sz @ sp, ... Sp Y-
(p;q)—shuf fles (a;b)

The maps (A.11) and (A.12) define the isomorphism of the chain complexes:
NX®rY)~N(X)®r N(Y), (A.13)

called the Filenberg-Zilber equivalence.

In the case when R is a principal ideal domain, and X is a free R-simplicial
module, Kiinneth formula implies that there exists the following split exact
sequence of R-modules

0 — @,Hy(N(X)) ®r Hos(N(Y)) = Ha(N(X) 85 N(Y)) =
&, Torf (H(N (X)), Ho i 1(N(Y))) — 0, (A.14)

which can be written as

0— @mp(X)@r mn—i(Y) > mp(X ®rY) —
@®; Torf (my(X), 7 1(Y)) — 0, (A.15)

due to the Eilenberg-Zilber equivalence (A.13).

A.8 Classifying Functor W and Homology

Let G be a simplicial group. Define the simplicial set WG by setting:
WG, =G, X Gp1 X ... xGy, n>0 (A.16)

with face and degeneracy maps

dz(gn7 cee g(])z(dig'ru di*lgnfh ey (dognfi)gnfifh In—i—2y « -+ go)a i<’l’L,
dn(gna ey gO) - (dngnv dnflgnfla ey dlgl)v
8i(Gns -+ 5 90) = (SiGns Si-1Gn-15 -+ » S09n—1, L, Gn-i-1, -+ » Go)-

The simplicial set WG has a natural structure as a G-set, namely the one
where the left G-action is given by

go(gnu ey g()) = (ggn; In-1y - - - 7.90)7 QEGn
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The space WG is the quotient of WG by the left G-action. Let ¢ : WG — WG
be the quotient map.

A reduced simplicial set is a simplicial set having only one vertex i.e., a
simplicial set X in which X is a singleton. Denote the sub-category of the
reduced simplicial sets by rSSet. Then the construction WG defines a functor

W : Gr — rSSet, (A.17)

called a classifying space functor on the category Gr of groups. Clearly, the
components of WG can be written as

WG[):L WGn:Gn,1 X Gy X+« - XGU, n > 0.
The face and degeneracy maps are defined as

do(9) =1,di(g) =1, g € WG, so(1) =1,

dO(gm cees 90) = (gnflv SR 90)»

div1(gny - 1 90) = (digns -+, d1Gn—iv1, Gn—i-1doGn—i> Gn—i-25 --- » 90);
80(gn—15 -+ 5 90) = (1, Gn-1, -+ 90);

Sit1(gn-1 -+ 5 90) = (8iGns -+ 5 S0Gn—is L, Gn—i—1, -+ » 90)-

Let M be a simplicial G-module. Following Quillen, define a graded abelian
group, called homology of G with coefficients in M by setting

H.(G, M) = m(ZW G| ®z1c) M),

where Z[WG] and Z|[G] are free abelian simplicial groups obtained by apply-
ing the group ring functor to WG and G respectively.

For a group G, consider the constant simplicial group with G; = G and all
face and degeneracy maps equal to the identity map. Let M be a G-module,
then, clearly, H.(G, M) is the same as ordinary group homology of G with
coefficients in M. Clearly, Z ®zc) ZIWG] = Z[WG], where Z is viewed as a
constant simplicial G-module. Hence,

H.(G, Z) = m.(Z[WG)).

A.9 Bisimplicial Groups

For a given category C, a bisimplicial object in C is a functor
AP x AP — C.

Clearly, in analogy with simplicial objects, any bisimplicial object can be
viewed as a set of objects X,, ,, € C, connected by certain maps. In this way,
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fixing the first index m, one gets the simplicial object X,, . and fixing the
second index n, the simplicial object X, ,,.

Let G be a bisimplicial group, i.e., a bisimplicial object in the category Gr.
It can be viewed as the data

G = {Gm,n7 d?u 8?7 d;}, S§}7
where each Gy, (m, n > 0) is a group and
d_}jl : Gm,n - Gmfl,na 0< .] < m,
: Gm,n - Gm-&-l,wu 0<7<m,

:Gm,n - Gm,nfly 0 S]S n,
:Gm,n - Gm,nJrla 0 SJS n.

v
e S

d

S

<.

are homomorphisms satisfying appropriate relations. Define the diagonal DG
of the bisimplicial group G to be the simplicial group given by setting
(DG)n = Gn,ru dj = d? o d;), S5 = 8? o S}).

Theorem A.9 (Quillen [Qui66]). For a bisimplicial group G there are two
spectral sequences:

Ez,q = Wgﬂg(G) = Tp4q(DG),

E;’q = W;’]TZ(G) = 7+ q(DG),
where ﬂgwg(G) (resp. ﬂgﬂg(G)) is the p-th homotopy group of the “horizon-
tal” (resp. “vertical”) simplicial group obtained by taking the q-th homotopy
group of each of the “vertical” (resp. “horizontal”) simplicial groups.

For a simplicial group X, € SGr, there is a natural first quadrant spectral
sequence

E;q = H,(X,, R) = H,.,(WX., R), (A.18)
N D (A.19)

A.10 Certain Simplicial Constructions

Kan’s Construction

Let us recall the Kan’s loop group construction. This is the functor

G : rSSet — SGr, (A.20)
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with the properties:

(i) mn1(GX) = ma(X), X € SGr,
(i1) (GX), is a free group, n > 0.

For a given X € rSSet, define the loop group GX € SGr as follows:

Let (GX), be the free group on the elements of X,;; modulo the
n-degenerate elements, i.e., elements of the form sgz, = € X,; thus (GX),
can be presented as

(GX)n = F(Xn+1)/F(s0(Xn)), n > 0.
The face and degeneracy maps are defined by

(dol‘)doT( ) = 7(d1x),
( ) T( z+lx)’ 1> O,
iT(7) = 7(si417), 1 >0,

where 7(z) denotes the class of the element x € X,,;; in (GX),. Obviously,
for any X € rSSet, (GX),, is the free group on the set X,,;1\s0X,.

_ The loop functor G is a left adjoint functor to the classifying space functor
W. These functors have the following main property:

For any reduced simplicial set X and a simplicial group I', the canonical maps
GWI)—T, Xw—W(GX)
are weak homotopy equivalences (see, for example, [Goe99, Section V).

A simplicial group X € SGr is called free if, for all n > 0, the components
X, are free groups, and there are sets of free generators B,, C X,,, n > 0,
such that s;(B,) C B, foralln >0, 0 <i<n.

It is easy to see that free simplicial groups and CW-complexes have a lot of
similar properties. To handle these similarities, Kan introduced the concept
of CW-basis for a given free simplicial group [Kan59].

Let F be a free simplicial group. A family {98, },>0, B, C Fp, is called a
CW-basis of F' if

(i) B, is a basis of F;;
(ii) si(z) € Bpyi forallz € B,,, n >0, 0<i<n;
(iii) if = € B, is non-degenerate, then d;(z) =1, n>1, 0<i<n—1.

The non-degenerate elements of a C'W-basis of F' are called generators
of F. For a given generator z € 9B,,, the element d,,(z) € B,,_1 is called the
attaching element of x.

It is shown in [Kan58b] that any free simplicial group has a CW -basis. It
follows directly from the definitions that a free simplicial group is determined
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by the generators of its CW-basis together with their attaching elements.
Similar is the case for CW-complexes: every CW-complex is determined by
its cells and attaching maps.

Let X be a reduced simplicial set, I" a simplicial group. Then a twisting
function 7 : X — I' is a function which lowers dimension by one and is such
that, for every n > 0 and o € X,,, the following conditions are satisfied:

7(di(0)), 0<i<n-—1,
7(dn-1(0))7(dn (),
5i(1(0)) = 7(si(0)), 0 <i <n,

7(sn(0)) = 1.

Qo
3
N
—~

2
—~
2
~—

Il

The twisting functions have a strong relation with the functor G (A.20) dis-
cussed above [Kan59]. Namely, for any reduced simplicial set X and a twisting
function 7 : X — I, there exists a simplicial homomorphism g : GX — T
such that ¢(5) = 7(0), o € X, where 7 is the image of o in GX. Therefore,
there is a one to one correspondence between twisting functions X — I" and
simplicial homomorphisms GX — I.

Let K be a CW-complex with a single 0-cell. The total singular complex
S(K) contains the first Eilenberg sub-compler S*(X), which consists of n-
simplices o : A, — K of S(K), such that o(4;) is the 0-cell in K for 0 <
i < n, where A;, 0 < i < n are vertices of A,,. The Kan’s construction is a
simplicial map

7:SY(K)— Bg,

where By is a free simplicial group, 7 a twisting function, which satisfies the
following conditions:

(i) the elements 7(o.) are distinct and form the generators of a CW-basis of B,
where ¢ runs through the cells of K of dimension at least one;

(ii) for every sub-complex L C K, 7(S(L)) C B(L), where B(L) C By denotes the
simplicial subgroup of By, generated by elements 7(o.), o. € L.

A twisting functor satisfying the above conditions defines a combinator-
ial homotopical model for based loops Q2K over the complex K. Namely, it
defines a weak homotopical equivalence

OK ~ |BK|

In the reverse direction, for any free simplicial group B, there exists a
reduced CW-complex Kp, together with a twisting function 7 : S(Kp) — B,
which satisfies the above conditions (i)-(ii) and is such that there are weak
homotopy equivalences Kp, ~ K and Bk, ~ B.
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Example A.10

Let F be a free group with generators {z;};cr and R a normal subgroup of
F generated, as a normal subgroup, by the set {r;};cs. Form the standard
two-dimensional complex K corresponding to the group presentation

<.’Ei, iEI|T‘j,j€J>.

The complex K is reduced, it has a single 0-cell, 1-cells are in one-to-one
correspondence with the basis elements {x;}icr, 2-cells are in one-to-one
correspondence with the elements {r;};c;. Then Kan’s construction is the
1-skeleton of the truncation, described above:

B =sk'(S(X,R)).
Hence, the second homotopy module of K can be described as

T (K) N <yj7 .] € ‘]>F1 N <yjrj_15 .] S J>Fl
2 — B — 3 )
(ys, 5 € VB (yrt, G € )P

with the action of 7;(K) = m(sk' S(X,R)), defined via the degeneracy map
S0-

Milnor’s F[K]-construction

For a given pointed simplicial set K, the F[K]-construction [Mil56] is the
simplicial group with F[K], = F(K, \ %), where F(—) is the free group
functor. There is the following weak homotopy equivalence:

|F[K]| ~ QX|K].
Consider the simplicial circle S' = A[1]/0A[1]:
St ={x}, S ={x,0}, S5 = {x,500,510}, ...,5 ={x20, ... ,2,},

where z; = s, ... 8 ... s90. The F[S!]-construction then clearly has the
following terms:

1

F[5™o =0,

F[S'), = F(0), free abelian group generated by o,
F[Sl]g = F(sy0,$10),

F[S"Y3 = F(sisjo |0<j<i<?2),
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The face and degeneracy maps are determined naturally (with respect to
the standard simplicial identities) for these simplicial groups. For example,
the first nontrivial maps are defined as follows:

9; : F[S']y — F[S";, i=0,1,2,
Oy : 800 +— 0, 8§10 +— 1,
01 : 890 — 0, 8§10 +— O,

Oy : 800 — 1, s10+— 0.

The above construction gives a possibility to define the homotopy groups
7. (S?) combinatorially, in terms of free groups. Since the geometrical realiza-
tion of F[S!] is weakly homotopically equivalent to the loop space Q25?, the
homotopy groups m,(5?) are naturally isomorphic to the homotopy groups
of the Moore complex of F[S']: m,1(S?) ~ Z,(F[S'])/B.(F[S']). Here Z,
and B, denote the cycles and the boundaries of the Moore complex of the
corresponding simplicial group.

The explicit structure of the cycles and boundaries for F[S'] can be given
in terms of certain normal subgroups in F[S']. This was realized by Jie Wu
[Wu,01]. In fact, we have

~ W) 0w N )’

Tnt1(S?) : (A.21)
" [[yflv Yo, - - - aynflﬂ

where F' is a free group with generators 4o, ... ,¥n-1, ¥-1 = (Y0 -+ Yn_1) ',

the group [[y—1,¥0, - -- ,Yn—1]] is the normal closure in F of the set of left-
ordered commutators

[27, ..., 25t (A.22)

with the properties that e; = +1, z; € {y_1, ... ,yn—1} and all elements in

{y-1, ... ,yn—1} appear at least once in the sequence of elements z; in (A.22).

Hurewicz Theorem

The following simplicial analog of Hurewicz Theorem was obtained by Kan
(see [Kanb8a, Theorems 17.5, 17.6]):

Let F be a simplicial free group with 7; (F) = 0, ¢ <n (n > 0), then 7;(F/[F, F]) =
0, i <mn, and the natural homomorphism 7,1 (F) — 7,41 (F/[F, F]) is an isomor-
phism.

A.11 Free Simplicial Resolutions

For a given category C, an augmented simplicial object in C is a pair

(X, X_4), XeS8SC, X ¢ecC
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together with a morphism dy € Home (X, X_1), such that
dodo = dodl : X1 — X_l.

The augmented simplicial objects in C naturally form a category, which we
denote by aSC; the m-truncated augmented simplicial category can also be
defined in the obvious way; we denote it by aSC,,.

An augmented simplicial group (X, X_1) is called a resolution of X_; if
m(X) =0, n > 0 and m(X) = X_;. The resolution (X, X_;) of a group
X 4 is called free simplicial resolution of X 1 if X is free.

A method of construction of free simplicial resolutions in the category
of commutative algebras was described first by Andre [And70]. We start
with the description of general construction of free simplicial resolutions from
[Keu].

For a given (X, X_1) € aSC, define the nth simplicial kernel to be

Zn(X, Xfl) = {(.To, ey IL'n+1) S X;rlz+2 | dil’j = djflil,’i, 1< ]}

Analogically the group Z, (X, X_1) can be defined for any (X, X_;) € aSC,,
for m > n. For such an object, there are n 4+ 2 natural morphisms

Di - Zn(X7 X*l) - Xna

pi: (T, oo, Tpp1) —x, =0, ..., n+1
and n + 1 morphisms

qi; - Xn - Zn(X7 Xfl)

gi : x — (si—1dox, ..., $i1d; 12, x, T, $;di1x, ..., Sidpx), T € X,

The free simplicial resolution of a given object X _; € C can be constructed
inductively. Firstly we choose a set E of generators of X_;. Define X to
be a free object in C with basis F, which we denote by F(Ep), and define
dy : F(Ey) — X_1 to be the natural surjection. Now suppose we have defined
an object (X, X_y) € aSC,,, where X,, is a free object in C over some set
E,,. Complete the set |J;", ¢:(Ey) to the set Y, of generators of Z, (X, X_,).
Then put E,, 11 = {e, | en € Y3}, and define X,, 11 to be a free object F/(E,, 1)
in C on the generating set F, 1. The maps d;, s; are defined by setting

di =pi, si=q;, 1=0,...,n+1,

where we use the identification of generators of Z, (X, X_;) with elements in
X1

Similarly one can construct a free simplicial resolution starting with a
free simplicial group X which is aspherical up to a fixeddimension, say n.
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The above method gives an algorithm for converting X into a free simplicial
resolution without changing X;, i < n.

The free simplicial resolution of a given group can be constructed as an
inductive limit of skeleton filtration, also constructed by step-by-step proce-
dure [Mut99]. Let G be a group, given as a quotient G = F/R, where F is
a free group with basis {x;};c; and R its normal subgroup generated, as a
normal subgroup, by the set {r;};c;. We use the notation from Example A.4.
The first step in the construction of a free simplicial resolution of G is the
l-skeleton F! =sk! S(X, R). Clearly,

o (F' 1) =G.
Now, in general, m(F'!), which is generated by cosets
ailker(dp), ker(dy)], i € T,
is nontrivial. We can then define a new simplicial group F?:
Fob=F,F=F,F=sk'(F)«F(a; |i€T), ...

with obvious face and degeneracy maps, where all terms in dimensions > 3
are free groups generated by degeneracy elements. Clearly,

7T0(F2) = G, 7T1<F2) =0.

Continuing this process by induction, “killing” homotopy groups at each di-
mension, we get the required free simplicial resolution of a given group.

A functorial construction for a free simplicial resolution of a given group
can be given by the composition of the classifying space functor and Kan’s
loop group construction. Every group I' can be viewed as a simplicial group X
with X,, = I'" and all face and degeneracy maps an identity. The composition
of the functors G' and W defines the free loop construction over a group I

GW : Gr — SGr,
which has the property:
W()(GWF) = F, WZ(GWF) =0,7>0.

Clearly, GWT is a free simplicial group; thus it can be viewed as a free
simplicial resolution of I'.

Theorem A.11 (Comparison theorem [Keu]). Let (X, X_1) be a free simpli-
cial resolution of X_1, (Y, Y1) a resolution of Y1 and o : X | — Y_| a
group homomorphism. Then

() there exists a simplicial map v : X —'Y, such that mo(y) = o
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(#2) for any simplicial map v : X — Y with mo(y") = « there exists a simplicial
homotopy h : v — ~'.

Proof. (i) Let {B,, C X, }n>0 be the sets of free generators with s;(B,,) C
By, n > 0,0 <1 <n. We construct v by induction. Let

Vo1 : X — Y,

be the map a. Now, since my(Y) = Y_q, the map dy : Yy — Y] is an epi-
morphism. Hence, for any zy € By, there exists an element y € Y{, such
that

d()y = ’}leUZL'. (A23)

Define the map
Yo : Xo — Yo

by setting 7o : @ — y, © € By where y is defined by (A.23). Now suppose we
have defined maps v; : X; — Y, —1 <7< n—1, n > 1, which satisfy the
standard simplicial identities. We proceed to define v,, : X,, — Y,,. Clearly, for
x = 8;(xy) € By, 9 € Bp-1, 0 <i < n—1, we can define 7, (x) = s;vn—1(20).
Now let z € B, \ U/ $i(Bn_1). Then
(’ynfld[)xa R ’Ynflpynx) € anlX'
The asphericity of X implies that there exists an element y € Y,,, such that
diy = Yn-1dsy, 0 <@ <n;

define v, () = y. This completes the construction of ;.

(ii) The inductive construction of the simplicial homotopy h : v — +' is
standard; one can find all details in [Keu]. O

A.12 Functorial Properties

Let R be a ring and n a non-negative integer. Define the strong truncation
functor

str,, : Ch(R) — Ch(R)
in the category of chain complexes over the ring R by setting
str, (K); = K;, i <mn,

stry, (K),, = K,/ ker(d,),
str,(C); =0, i >n+1,
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for K € Ch(R) with obvious boundary maps.

The following results, which are due to Gruenenfelder, generalize the re-
sults from [Dol58a]. We follow the treatment in [Gru80).

Theorem A.12 Let R be a principal ideal domain and X a projective sim-
plicial R-module. Let X' € SgrMod and f; : my(X) — mi(X'), i > 0. Then
there exists a map f: X — X', which induces the maps f;.

Proof. We construct the required map as N 1g : X — X’ where g : N(X) —
N(X') is the map between Moore complexes which induces the maps f; :
Hi(N(X)) — Hi(N(X')).

Since X is a projective simplicial R-module, N(X); are projective
R-modules for ¢ > 0 by Proposition A.7. The component N(X); can be

presented as N(X); = ker(d;) ® im(d;). Therefore, the R-modules ker(d;)
and im(d;), ¢ > 0, are projective. Thus, there exist maps ¢, g/ such that the
following diagram is commutative:

0 —— im(d;y) — ker(d;) —— H;(N(X)) —— 0

gy i g5 l fi i

0 —— im(d},,) —— ker(d}) —— H,(N(X')) —— 0

)

and we have the required map
9{ ® gi1 +im(di1) @ ker(dir) — im(dy,,) @ ker(dj,). O

Theorem A.13 Let S be a ring, R a principal ideal domain and X €
SrMod, X’ € SsMod projective simplicial modules. Let F : rpMod — gMod
be a covariant functor. Then

(7) Any sequence of homomorphisms {f; : m;(X) — m;(X')},

t < n induces homomorphisms { fp,; : 7;(F(X)) — m(F(X')},

1< n.

(32) If fi is bijective for i < n and surjective for i = n, then the same is true for

fr i, i <n.

Proof. The homomorphisms f; can be extended to homomorphisms between
homotopy groups of strong truncations of the given simplicial modules:

fi : 7Ti(StI'n+1(X)) — Wi(Strn+1(X/)), 7 Z 0.

By Theorem A.12, we can assume that the sequence f;, ¢ > 0, is induced by
a map
fistr, (X) — str, (X').

Since stry,+1(X) is a direct summand of X, such that str,1(X); = X;, i <mn,
it follows that F(sk,11(X)) is a direct summand of F(X) with
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F(Strn+1(X))7; = F(X)Z, ) Z n.

Thus
mi(F(X)) = mi(F(strp1(X))), i <n.

The sequence of maps {fr ;}, i <n, can be defined as
fri o mi(F(X)) = mi(F(strpg1 (X)) — mi(F(strp (X)) = mi(F(X")).

(ii) Consider the following decomposition of the functor Nof : N(str, (X)) —
N (str, (X)) :

N(str,(X)): im(dpy1) —— N(X)p, —— NX)p1y —— ...

Lo H H

C: P —— NX)y —— NX)py — ...

o0 l !

N(str, (X)) : im(d,,,) —— N(X"), —— N(X') 4 — ..

*

where the left hand square is a pullback. First note, that the natural pullback
properties imply that the map  induces isomorphisms

H;(B) : Hi(C) — H;(N(str,,(X")))
for all 7 > 0. Since P is projective R-module, the map
N 'ofBoN:NC) — str,(X)

is a homotopy equivalence of strongly truncated simplicial groups. Obviously,
the functor F' preserves homotopy; hence

F(N'oBoN): F(N'C)) — F(str,(X"))

is a homotopy equivalence. We have C; = N(str,(X));, ¢ < n, and a
monomorphism Cp; — N(str,(X))ps1. Hence F(C); = F(N(stry (X)),
i < n, therefore

m(F(N~ o BoN)): m(F(N"H(C))) — mi(F(strn (X))
is an isomorphism for ¢ < n. The fact that the simplicial R-modules under
consideration are projective implies that 7, (F(N~!o 3o N)) is an epimor-
phism. Therefore the map
7 (F(X)) ~ mi(F(strp (X)) — m(F(NYC)) — 7 (F(str,, (X)) =~ m;(X’)

is an isomorphism for i < n, and an epimorphism for i = n. [J
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A.13 Derived Functors

Derived functors play a fundamental role in different areas of mathematics.
The reader can find in [Ina98] an exposition of the general technique of derived
functors. Here we mention only some examples of derived functors on the
category of groups. However, it may be noted that the same construction
is possible for other algebraic categories, like Lie algebras, crossed modules,
cat'-groups etc.

Let T : Gr — Gr be a functor on the category Gr of groups, T(1) = 1.
Theorem A.11 clearly implies the following

Proposition A.14 Let (X, X_1) and (Y, Y_1) be two free simplicial resolu-
tions of X 1 =Y _1. Then, for alln >0,

T (T(X)) = mn (T(Y)).

From the above Proposition the definition of left derived functors of the
functor T', denoted L;T, © > 0, follows naturally:

LoT : Gr— Gr, L;T:Gr— Ab, i > 1,
are defined as
L;T:T v~ m(T(F,)), i >0,

where F, € SGr is a free simplicial resolution of I € Gr, and Ab is the
category of abelian groups. Proposition A.14 implies that the resulting groups
are independent of the choice of the free simplicial resolution Fl.

Example A.15

Let
Zy:Gr— Ab, ' '/ ("), I' € Gr,

be the abelianization functor. Let X be a free simplicial resolution of I'. By
definition, X; is free for all i > 0,

m(X) =T, m(X)=0, i>1.
Form the following bisimplicial group:

Yig = W X)) = 2],

7

Computing first homotopy groups of Y; ; for a fixed j, we get

mo(Z[(WX3);]) = ZW ()],
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On the other hand, computing first homotopy groups with fixed indices 4,
we get o
T (Z[(WX;);]) = Hp(X3), n > 0.

Since X; are free, we conclude that the last term is Z in dimension zero,
abelianization X;/v2(X;) in dimension one, and trivial in all other dimen-
sions. Thus, by Theorem A.9,

LnZ5(I') := (X /72(X)) = T (ZW(I)]) = Hnya (1), n 2 0.
Example A.16

Let Z, : Gr — Gr, n > 2, be the functor which maps every group I to its
quotient by the nth term of its lower central series:

Zy T Ty, (D).

Let I' = F/R and X a free simplicial resolution of I" with first two terms Fp,
Fy as in Example A 4, i.e.,

Fy=F, F=F(y|jeJ)*F,

where y;’s are in one to one correspondence with a normal basis of R. Then,
clearly,
LoZn(I) =T/y (), n>2.

The short exact sequence of simplicial groups
L= (X) = X = X/7(X) = 1,
gives the following long exact sequence:
- = m(X) = m(X/ (X)) = mo(ym (X)) = mo(X) = m0(X/ (X)) — 1.
Since X is aspherical and LyZ,, = Z,,, we have
L1Z,(I') = m(X/7n (X)) = ker{mo(yn (X)) = ()}
The group 7o(7,(X)) is a coequalizer of the diagram

dy
'Yn(Fl) z ’Yn(F)a

where the maps d, d; are restrictions of degeneracy maps in X. Clearly,

ker(dy) = [(F(y; | j € )™, no1FY]

and
im(di |ker(dy)) = [R, n-1F].
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Hence,

Y (F)

mo(yn (X)) = R, o 1F

and therefore,

Y (F) - Y (F) }:Rm'Yn(F)

L) =k B E ] T Roon(B) (B waF]

This is the same as the nth Baer invariant of I", which we denote by M) (I")
(see Section 1.4); that is, £1Z,(I") = M"™)(I"), n > 2.
Example A.17

For a given group F and its normal subgroup R, define the series {3, (R, F)}n>1
by setting:

0 (R, F)=[R, F], 6p1(R, F) = [0n(R, F), 0,(F)].
Let I" be a group given by a free presentation I" = F'/R. Cousider the functor
D,:6r—Gr, I'—1TI/6,(I), n>1
Then the same method as in the previous example gives the following:

RN 6, (F)

ﬁo@n = @n, ﬁl@n = m

For example, the first derived functor of the metabelianization functor is

RO[[F, F], [F, F]]

£192 = TR F, [F, 7]

Example A.18

Consider the commutator subgroup functor T : G — [G, G]. Then the fore-
going arguments easily imply that for a given group G = F/R, one has the
following:

EH =0,
LT(G) = ¢ 7] (A.24)
HH—Q(G)a i > 0.

A.14 Quadratic Functors

A functor F' : Ab — Ab is quadratic, i.e., has degree < 2, if F(0) = 0 and if
the cross effect

F(A|B) = ker(F(A® B) — F(A) @ F(B)), A, B € Ab,
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is biadditive. We then have a binatural isomorphism
F(A® B)=F(A) @ F(B) @ F(A|B)

given by (Fj,; Fi,; i12), where iy : A — A@® B; i : A — A® B and 12 :

29
F(A|B) — F(A @ B) are the inclusions. Moreover, for any A € Ab one gets
the diagram [Bau00]

F{A} = (F(A) & FA|4) & F(A)). (A.25)

Here P = F(p1 + po2)ite : F(AJA) — F(A® A) — F(A) is given by the
codiagonal p1+py : AGA — A, where p; and p, are the projections. Moreover,
H is determined by the equation i10H = F(iy + i3) — F'(i1) — F(i2) where
i1+ : A — A® A is the diagonal map.

We recall from [Eil54] the definitions of certain quadratic functors.

Tor (A, C):

For abelian groups A and C, the abelian group Tor(A, C) ([Eil54], §11, p. 85)
has generators

(a, myc), a€ A, ceC, 0<meZ, ma=mc=0
and relations

a1 + as, m, ¢) = (a1, m, ¢) + (a9, m, ¢), if ma; = mas =mec=20

(
(a, m, c1 + ¢2) = (a, m, c1) + (a, m, ¢2), if ma =me; =mey =0
(a, mn, ¢) = (na, m, c), if mna =mec =10

( = (

a, mn, ¢) = (a, m, nc), if ma = mnc = 0.

In particular, we have the functor A — Tor(A, A)) on the category Ab.
We denote the class of the triple (a, m, ¢) by 7(a, ¢).
Q(A): Let A be an Abelian group. Then the group Q(A), defined by
Eilenberg-MacLane ([Eil54], p.93), is the Abelian group generated by sym-
bols w,(z), 0 <n € Z,x € A, nx = 0 with defining relations

Wk () = kw,(x), ne =0,

kwpg(x) = wy(kx), nkx =0,

wn (kx + y) —wn (kz) —wn (y) =wnk (2 + y) =Wk () —wnr(y), nkz =ny =0,
Wy (T+Yy+2) —wn (T + y) —wn (2 + 2) —wn (Y + 2) +wn () +wn (y) +wn(2) =0,

nxr =ny =nz =0.
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We continue to denote the class of the element w,,(x) in Q(A) by w,, (x) itself.
Eilenberg-MacLane ([Eil54], p.94) constructed a map

E : Tor(A, A) — Q(A)

by setting
Ta(a, ¢) = wy(a + ¢) — wn(a) — wn(c).

A natural map
T:Q(A) — Tor(A, A) (A.26)

can be defined by setting
wp () — T (x, x), v € A, nx =0.
Clearly the composite map
EoT:Q(A) — Q(A)

is multiplication by 2; for, as a consequence of the defining relations the
elements w, (x) satisfy
wy, (mx) = mw, ()

foralmeZ, 0<neZ, xc A

Whitehead functor I';(A): The homogeneous component I';(A) of the
graded functor I'(A) (see (5.36)-(5.39)) of degree 2 can be identified with
the Whitehead functor ([Whi50], [Eil54], pp.92 & 110) T’y : Ab — Ab, A —
T'5(A), where the group I's(A) is defined for A € Ab to be the group given by
generators y(a), one for each x € A, subject to the defining relations

y(=z) =7(2), (A.27)

Y +y+z) =y +y) —v(@+2) —v(y+2)+v(x) +7(y) +v(2) =0 (A.28)

for all x, y, z € A.

R(A): For A € Ab, let 2A denote the subgroup consisting of elements x
satisfying 22 = 0. Define R(A) ([Eil54]. p.120) to be the quotient group of
Tor(A, A) ® T'y(A) by the relations

Tm(x, ) =0, max =0, (A.29)
vo(s+ 1) —ya(s) — 2(t) = 12(s, t), s, t € A (A.30)

The functors A — TI'y(A), Tor(A, A), Q(A), R(A) are all quadratic func-
tors on the category of Abelian groups, i.e., all these functors have degree
< 2. Furthermore, R(A) = Hs;K(A;2); Q(A) = H;K(A;3)/(Z/3Z @ A),
R(A|B) = Q(A|B) = Tor(A, B) and R(Z) = Q(Z) = 0 and R(Z/n) =
Z/(2,n); UZ/n) =17Z/n.
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The square functor. Let Ab, denote the category of graded Abelian groups.
For A, B € Ab, let A® B and A B := Tor(A, B) be respectively the tensor
product and the torsion product of A, B. The notion of tensor product of
Abelian groups extends naturally to that of tensor product A ® B of graded
Abelian groups A, B by setting

(A® B), @A@B

i+j=n

>
We also need the ordered tensor product A @ B of graded Abelian groups,
which is defined by setting

for A, B € Aby. In an analogous manner, we can define, for A, B € Abg,

torsion product A * B and ordered torsion product A ¥ B as

i+j=n itj=n, i>j
The tensor product, torsion product and the ordered tensor and torsion
product are, in an obvious way, bifunctors on the category Ab,.

Let A? be the exterior square functor on the category Ab. The weak square
functor

5q” : Ab, — Aby
is defined by

Ty(A4), if n=2m, m odd,
5q¢%(A)n = { A2(A,), if n=2m, m even,

0, otherwise.

Let (Z3)odqa be the graded Abelian group which is Z, in odd degree > 1
and trivial otherwise; thus (Zs),4q is the reduced homology of the classifying
space RPy, = K(Zj,1). The square functor Sq* : Aby, — Ab, is defined as
follows:

>
Sq%(A) = A ® (A (Z2)oda) ® sq” (A).
Define next the torsion square functor

Sq*(A) : Ab, — Ab,

by setting
Sq*(A) = (A% (A® (Z2)oaa)) ® 54 (A),
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where
Q(A,,), n=2m, m even

5¢*(A)n =< R(Ap), n=2m, m odd
0, otherwise
Now we are ready to formulate so-called universal coefficient theorem for
the functor A? due to Baues and Pirashvili [Bau00]. Let X be a simplicial

group which is free Abelian in each degree. Then there exists [[Bau00], (4.1)]
a natural short exact sequence of graded Abelian groups

0 — 5S¢ (1. (X)) = m(A’X) = Sq*(m (X))[~1] — 0 (A.31)

where 7.(X) and 7,(A2X) are the graded homotopy groups of X and A?X
respectively.

The exact sequence (A.31) leads to the description of the derived functors
of the second lower central quotient functor. Since for a free group F', there
is a natural isomorphism

Y2(F)/3(F) ~ N*(Fap),

for every free simplicial resolution F, — G, we obtain the following natural
exact sequences:

0 — Hy(G) ®@ Hi(G) — m(72(F)/v3(F)) — QUHI(G)) — 0
0 — H3(G) @ Hi(G) ® Ih(Ha(G)) — ma(v2(Fy)/v3(Fy))
— Tor(H2(G), Hi(G)) — 0

Similar descriptions exist for other quadratic functors (see [Bau00]). Con-
sider the functor -
I': Gr — Ab,

which is the composition of the abelianization and the functor I'y. For every
group G there exists the following exact sequence of groups (see [Bau00]):

0 — Hy(G) @ (H\(G) ® L) — L:1T(G) — R(H,(G)) — 0.

A.15 Derived Functors in the Sense of Dold and Puppe

Let T : Ab — Ab be a functor with 7(0) = 0 and A an abelian group.
For n > 0, consider a free simplicial abelian group P, with the following
properties:

() P;=0, i<n,
(i) 7n(P) = A,
(ili) 75 (P,) = 0, i # n.
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Define the ith derived functor of T' (in the sense of Dold and Puppe [Dol61])
for the pair (A, n) as

LT(A, n):=m(T(P)).

Standard arguments, similar to ones given in Proposition A.14, show that
this definition is independent of a choice of P,. As an example of P,, we can
choose the free abelian simplicial group

P, = N"'((A; = Ap)[n]),

where N ! is the inverse map to the Dold-Kan map (see A.6), A; and Ay are
free abelian and the sequence

0—-A —-A)—>A—0

is exact. For n = 0, we will use the notation £;T(A) := £,T (A, 0).

The derived functors in the sense of Dold and Puppe play a fundamental
role in topology in view of the following fact. For every abelian group A and
n > 1, there exists a natural spectral sequence

Ez,q = £P+q SP‘I(A7 n) = Hp+qK(A7 n) (A32)

which converges to the homology of the Eilenberg-MacLane space K(A, n).
This sequence degenerates [Bre99] and, therefore, the derived functors
Lp1qSPY(A, n) define a canonical filtration of Hy,,K (A, n).

Clearly, the sequence (A.31) provides a method of computing the derived
functors of the exterior square. The universal coefficient theorem for quad-
ratic functors SP? and I given in [Bau00] imply the following description of
derived functors:

SP?(A), i =0, n =0,

A% A i=1,n=0

[y(A), i =2n, n # 0 even,

A2(A) @ Tor(A, Zs), i =2n, n# 1 odd,

£;SP?(A, n) = { R(A), i=2n+1, n#0 even,

Q(A), i=2n+1, n odd,

ARZsy, i =n+2,n+4, ...,n—|—2["7’1],

Tor(A, Zy), i=n+3,n+5, ..., n+2[27] + 1, i # 2n,

0, otherwise;
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A2(A), i=0, n=0,

Ty(A), i =2n, n odd,

A%*(A) ® Tor(A, Zsy), i =2n, n # 0 even,
Ry(A), i=2n+1, n odd,

Q9(A), i =2n+1, n even,

ARZy, i=n+1,...,n+2[2L] +1, i # 2n,
Tor(A, Zs), i=n+2,n+4, ..., n+2[”7’1],

0, otherwise;

LA2(A, n) =

[y(A), i =2n, n even,

A2(A) @ Tor(A, Zs), i = 2n, n odd,

Ry(A), i=2n+1, n even,

Lil9(A, n) =4 Q(A), i =2n+1, n odd,

A®Zy, i=nn+2,....,n+2[%L], n>0,

Tor(A, Zy), i=n+1,n43,...,n+2[22] +1,n > 0, i#2n,

0, otherwise.

For polynomial functors of higher degrees the functorial description of the
derived functors is a deep problem. For example, consider the tensor cube. It
follows from the work of MacLain [Mac60] that the derived functors can be
described as follows.

®3(A)a i = 07
£, ®% (A) = { (Tor(A, A) @ A)**/Jacy, i=1,
Tor(Tor(A, A), A), i =2

where Jacs, is the subgroup in (Tor(A, A) ® A)®3 generated by elements
(a,n, D) @c+ (¢, n,a) @b+ (b, n, ¢c)®a, a, b, c€ A, na=nb=mnc=0.

The derived functor £ ®?* (A) is a part of the following short exact sequence
[Mac60]:

0 — Tor(A, A)® A — £ @ (A) — Tor(A® A, A) — 0.
For an analogous description of the derived functors of the symmetric and

the exterior powers see [Bre99] and [Jea02].

A.16 Derived Limits and Fibration Sequence

Let
LR e LI e LA (A.33)
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be an inverse system of groups in the category Gr. Then the group Ilg, =
1, Gi, defined as the unrestricted product, acts on the set Isee = [[; G by
setting

(907"'7 9n;s “’)0(1'07 ceey Ty ) = (g(Jx(lfO(gfl), ey gnmnfn(gr:-l&-l)v )7

iy i € Gi.Let 1= (1,1, ..., 1, ...) be the identity element in IT;G;. Then,
by definition,
@Giz{QGHGrGi |gol=1}.

K2

The derived limit lin; G, of the system (A.33) is defined to be the set of
orbits of IIse; under the above action of Ilg,:

3 1 — . ~ . .
@i G; i =UguGi/{x ~gox: g€llg, x € lge:G}.

In general, l&ni G is a pointed set, but in case the group G; are all abelian,
it has a natural structure of an abelian group. Clearly, we can define the
inverse and derived limit in the case of an inverse system of abelian groups
by the exact sequence

where the homomorphism f : [, G; — [[; G is defined by

(90, 915 -+ Gns ) = (90 folgr )y 1di(9")s - gnfu(gnin)s ---)-

The following result is well-known.

Proposition A.19 Let
1—-{G,} = {G,} = {G/} —1 (A.34)

be a short exact sequence of inverse systems of groups. Then there is a
sequence

1 —lim G, — lim G,, — lim G —
pa— pr— —
n n n
lim' G, — lim' G, — lim' G, — 1. (A.35)
of groups and pointed spaces which is exact as a sequence of groups at the

first three terms, as a sequence pointed sets at the last three terms, and the
set map

: " EENN a4
lim G, — lim; G},
extends to a natural action of lim. G” on lim! G/, such that elements of
1 1

mi G are in the same orbit if and only if they have the same image in

lim! G,,.
1
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In case (A.34) is a short exact sequence of abelian groups, then the se-
quence (A.35) is a long exact sequence of abelian groups.

It is of interest to note a characterization for the vanishing of the derived
limit of a given inverse system of abelian groups.

An inverse system (A.34) of abelian groups is said to satisfy the Mittag-
Leffler condition if, for every m > 0, the chain

lm(fm) 2 lm(fm © fm+1) 2 lm(fm © fm+1 © fm+2) 2.
is stationary.

Proposition A.20 (Gray [Gra66]). Let (A.34) be an inverse system of count-
able abelian groups. Then gni G; = 0 if and only if this inverse system
satisfies the Mittag-Leffler condition.

Thus, in particular, for any inverse system of finite abelian groups, or for any
inverse system of epimorphisms of abelian groups, its derived limit vanishes
always.

Example A.21

Let p be a prime. Consider the inverse system
=257 ... -7

of monomorphisms of the additive group of integers, defined by
p-multiplication, i.e.,
zvpz, 2 € L.

Then one has
.1 .
lim 7= (lim  Zpn)/Z,
i.e., p-adic integers modulo the rational integers.
Proposition A.22 (Harlap [Har75]). Let (A.34) be an inverse system of fi-
nitely generated abelian groups. Then

either (A.34) satisfies the Mittag-Leffler condition and l&ni G; =0,

or im' G, is uncountable.
«—1

Theorem A.23 [Bou72]. Let C be a category with initial object x € Ob(C)
and
o X, =Xy — . — Xy o ox

a tower of fibrations in SC with compatible base points. Then for any i > 0,
there exists the following natural exact sequence:
* — }gnil T (Xp) — m(lim X)) — lm (X)) — .
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