
Appendix A

Simplicial Methods

A.1 Chain Complexes

For any commutative ring R, a chain complex K of R-modules is a family
{Kn, dn} of R-modules Kn and R-homomorphisms dn : Kn → Kn−1, defined
for all integers n such that dndn+1 = 0. An n-cycle of K is an element of the
submodule Cn(K) = ker dn, and an n-boundary is an element of dn+1(Kn+1).
The homology of K, denoted H(K), is the family of modules

Hn(K) = ker dn/im dn+1.

If K and K ′ are complexes, a chain transformation f : K → K ′ is a family
of module homomorphisms fn : Kn → K ′n, such that for all n

d′nfn = fn−1dn.

Denote by Ch(R) the category of chain complexes of R-modules, i.e., the
category whose class Ob(Ch(R)) of objects consists of the chain complexes K,
and the set HomCh(R)(K, K ′) of morphisms between two objects K, K ′ is
the set of all chain transformations f : K → K ′. Every chain transformation
f ∈ HomCh(R)(K, K ′) induces a family of homomorphisms

Hn(f) : Hn(K)→ Hn(K ′)

defined by

Hn(f)(c + dKn+1) = f(c) + dK ′n+1, c ∈ ker dn.

A chain homotopy s between two chain transformations f, g ∈ HomCh(R)
(K, K ′), denoted s : f 	 g, is a family of module homomorphisms

sn : Kn → K ′n+1
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such that

d′n+1sn + sn−1dn = fn − gn.

Theorem A.1 If s : f 	 g : K → K ′, then

Hn(f) = Hn(g) : Hn(K)→ Hn(K ′), −∞ < n <∞.

A chain transformation f ∈ HomCh(R)(K, K ′) is said to be a chain equiv-
alence if there exists a chain transformation h ∈ HomCh(R)(K ′, K) and ho-
motopies hf 	 1K , fh 	 1K ′ .

Corollary A.2 If f ∈ HomCh(R)(K, K ′) is a chain equivalence, then the
induced map Hn(f) : Hn(K)→ Hn(K ′) is an isomorphism for each n.

A.2 Simplicial Objects

Let C be a category. A simplicial object X∗ in C is a family {Xi}i≥0, Xi ∈
Ob(C) together with two families of morphisms

di ∈ HomC(Xq, Xq−1), si ∈ HomC(Xq, Xq+1), 0 ≤ i ≤ q,

called the face and the degeneracy maps respectively, which satisfy the fol-
lowing identities:

didj = dj−1di, i < j,

sisj = sj+1si, i ≤ j,

disj = sj−1di, i < j,

djsj = dj+1sj = id,

disj = sjdi−1, i > j + 1.

(A.1)

A simplicial morphism f : X∗ → Y∗ is a family fi ∈ HomC(Xi, Yi), i ≥ 0, of
morphisms compatible with the face and the degeneracy maps. The category
of simplicial objects in C will be denoted by SC.

The simplicial category (also called ordinal number category) ∆ consists of
the objects

Ob(∆) = {[n] := {0, 1, . . . , n}}

and order preserving maps {f : [n]→ [m]} as elements of Hom∆([n], [m]). In
particular, there are the following morphisms, called the face and degeneracy
maps, in this category:
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δi : [n− 1]→ [n], 0 ≤ i ≤ n,

σi : [n + 1]→ [n], 0 ≤ i ≤ n,

δi : {0 , 1 , . . . , n− 1} → {0 , 1 , . . . , i− 1 , i + 1 , . . . , n},
σi : {0 , 1 , . . . , n + 1} → {0 , 1 , . . . , i , i , . . . , n}.

It is easy to check that the maps δi, σi satisfy the following cosimplicial
relations:

δjδi = δiδj−1, i < j,

σjσi = σiσj+1, i ≤ j,

σjδi = δiσj−1, i < j,

σjδj = σjδj+1 = id,

σjδi = δi−1σj , i > j + 1.

(A.2)

Furthermore, all elements of Hom∆(− ,−) can be written as compositions of
these face and degeneracy maps. It thus turns out that a simplicial object in
a category C is simply a contravariant functor from the simplicial category
∆ to C, i.e.

SC = {∆op → C},

where ∆op denotes the opposite category of the category ∆. By a simplicial
group (resp. ring, abelian group, topological space, etc.) we shall mean a
simplicial object in the category of groups (resp. the corresponding category).

Example A.3

For a given topological space X, the total singular complex S(X) of X is the
simplicial set defined as follows.
For n ≥ 0, let

∆n = {(x0 , . . . , xn) ∈ Rn+1 | 0 ≤ xi ≤ 1,
n∑

i=0

xi = 1}.

Define

ei : ∆n−1 → ∆n, 0 ≤ i ≤ n,

fj : ∆n+1 → ∆n, 0 ≤ i ≤ n,

by

ei : (x0, . . . , xn) �→ (x0, . . . , xi−1, 0, xi, . . . , xn),
fj : (x0, . . . , xn+1) �→ (x0, . . . , xj−1, xj + xj+1, xj+2, . . . , xn+1).

A singular n-simplex of X is a continuous map σ : ∆n → X. The family
{S(X)n}n≥0 of sets is a simplicial set with the face and degeneracy maps
given by
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di : S(X)n → S(X)n−1, 0 ≤ i ≤ n,

sj : S(X)n → S(X)n+1, 0 ≤ j ≤ n,

defined by
di(σ) = σ ◦ ei, sj(σ) = σ ◦ fj , σ ∈ S(X)n.

Let R be a simplicial ring. Then a simplicial abelian group M is called a
left simplicial R-module (or, simply an R-module), if there exists a simplicial
map f : R×M →M such that, for each i, fi defines an Ri-module structure
on Mi. Similarly, if G is a simplicial group, we can define simplicial G-set
(resp. simplicial G-space) to be a simplicial set X (resp. topological space)
with a simplicial map G×X → X.

A.3 Geometric Realization Functor

Let X be a simplicial set. The geometric realization |X| of X is the topological
space obtained from the disjoint union⋃

n

(Xn ×∆n),

where the set Xn is viewed as a topological space with discrete topology, by
making the following identifications:

(dix, p) ∼ (x, eip), (x, p) ∈ Xn ×∆n−1,

(six, p) ∼ (x, fip), (x, p) ∈ Xn−1 ×∆n.

This construction defines the geometric realization functor

| | : SSet→ Top

from the category SSet of simplicial objects in the category Set of sets to the
category Top of topological spaces.

The geometric realization can also be described as the coequalizer⊔
φ:[n]→[m]

(Xm ×∆n)−→−→
⊔
n

(Xn ×∆n) −→ |X|.

A.4 Skeleton and Coskeleton Functors

Let ∆k be the full sub-category of the category ∆ consisting of sets of cardi-
nality at most k + 1, k ≥ 0. Then any element from

SkC := {∆op
k → C}
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is called a k-truncated simplicial object in C. Clearly, for any k ≥ 0, we have
a functor

Trk : SC → SkC,

which “truncates” the simplicial object at level k, i.e., forgets the part of
simplicial object which appears in dimensions greater than k. It is known
that, in case C has finite colimits, the functor Trk has a left adjoint functor
skk, called the k-skeleton functor. Similarly, if C has finite projective limits,
then Trk admits a right adjoint functor coskk, called the k-coskeleton functor.
The k-skeleton functor can be constructed precisely by iterating the process
of taking the so-called simplicial cokernels. For the detailed description of
this construction, see [Dus75].

Example A.4

Let F be a free group with generators {xi}i∈I and R its normal subgroup
generated, as a normal subgroup, by the set {rj}j∈J . Consider the free prod-
uct F1 = F ∗ FR, where FR is the free group with basis {yj}j∈J . Then we
have the following three homomorphisms between free groups:

d0 : F1 → F, xi �→ xi, i ∈ I, yj �→ 1, j ∈ J,

d1 : F1 → F, xi �→ xi, i ∈ I, yj �→ rj , j ∈ J,

s0 : F → F1, xi �→ xi, i ∈ I.

It easy to see that the simplicial identities are satisfied for these maps and
we have the 1-truncated simplicial group

S(X ,R) = F1

d0−→d1−→s0←−
F.

We describe the 1-skeleton of this simplicial group. We have

sk1 S(X ,R)0 = F = F (xi, i ∈ I),

sk1 S(X ,R)1 = F1 = F (s0(xi) , rj , i ∈ I, j ∈ J),

sk1 S(X ,R)2 = F (s1s0(xi) , s0(rj) , s1(rj), i ∈ I, j ∈ J),

sk1 S(X ,R)3 = F (s2s1s0(xi) , s1s0(rj) , s2s1(rj) , s2s0(rj), i ∈ I, j ∈ J),
· · ·

where, for a set X, by F (X) we mean the free group generated by X. One
can easily write the simplicial maps in sk1(S(X,R)) in a natural way.

In a similar way, we can define the simplicial Lie algebra sk1 S(X,R) for
the case of a free Lie algebra F generated the the set {xi}i∈I and its ideal
R, which is a smallest ideal containing the set of elements {rj ∈ F}, j ∈ J .
Then we get the 1-truncated simplicial Lie algebra S(X,R) and its 1-skeleton,
viewed as a simplicial Lie algebra.
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A.5 Moore Complex and Homotopy Groups

Let C be one of the following categories:

Gr:= the category of groups,
Lie:= the category of Lie algebras,
RMod:= the category of R-modules for some commutative ring R with identity.

For a given simplicial object X ∈ SC, define a complex (N∗(X), d̄∗), called
the Moore complex of X, by setting

Nn(X) =
⋂

0≤i<n

ker(di : Xn → Xn−1), (A.3)

and the homomorphism d̄n to be the restriction of dn : Xn → Xn−1 on
Nn(X).

The homotopy groups πi(X), i ≥ 0, of a given simplicial object X∗ ∈ SC
are defined as the homologies of its Moore complex:

πi(X) := Hi(N∗(X), d̄∗), i ≥ 0. (A.4)

It is easy to show that, for any X ∈ SC, πi(X) is an abelian group for i ≥ 1.
For a given simplicial group G, denote by Zn(G) the nth chain subgroup

of Gn, i.e.,
Zn(G) = ker(d̄n) =

⋂
0≤i≤n

ker(di),

and by Bn(G) the nth boundary subgroup of Gn, i.e.,

Bn = im(d̄n+1).

Thus we have, by definition,

πn(G) = Zn(G)/Bn(G), n ≥ 0.

In the case of an abelian simplicial group G, there is an equivalent way to
compute the homotopy groups. Consider the chain complex {Gn, dn}, where

dn =
n∑

i=0

(−1)idi : Gn → Gn−1.

It can be checked directly that dn ◦ dn+1 = 0, and

πi(G) = Hi(Gn, dn).

The following Proposition follows directly from the definition of homotopy
groups of simplicial groups (resp. R-modules).
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Proposition A.5 Let 1 → H → G → K → 1 be a short exact sequence of
simplicial groups (resp. simplicial R-modules). Then there exists an induced
long exact sequence of homotopy groups:

. . . → πi+1(H)→ πi+1(G)→ πi+1(K)→ πi(H)→ . . .

It is easy to see that, for any simplicial group G, the π0-functor coincides
with the coequilizer functor:

π0(G) = coeq(G1
d0, d1−→−→ G0).

A similar formula holds for simplicial R-modules.
For a given element f ∈ G0, there is a simplicial automorphism Ff : G→ G

defined by
Ff : x �→ (sn

0 f)−1xsn
0 f, x ∈ Gn. (A.5)

Let f ∈ B0(G), that is f = d1f1, where d0f1 = 1. Then

sn
0 d1f1 = sn−1

0 d2s0f1 = . . . = dn+1s
n
0 f1, n ≥ 1

and
dis

n
0 f1 = s0di−1s

n−1
0 f1 = . . . = sn

0 d0f1 = 1, 0 ≤ i ≤ n;

hence
sn

0 f = sn
0 d1f1 ∈ Bn(G).

Therefore, the map Ff defines an action of the group π0(G) on the abelian
group πn(G), n ≥ 1, i.e., πn(G) can be viewed as a Z[π0(G)]-module.

The computation of π1(G), even for the case of quite simple simplicial
groups G, can turn out to be nontrivial. We present the computation for the
case of simplicial groups which generalizes Example A.4.

Example A.6

(Brown-Loday [Bro87]) Let G be a simplicial group, such that G2 is generated
by degeneracy elements, i.e.,

G2 = 〈s0(G1), s1(G1)〉. (A.6)

Then
im(d2) = [ker(d1), ker(d2)]. (A.7)

Hence, we have

π1(G) =
ker(d0) ∩ ker(d1)
[ker(d0), ker(d1)]

. (A.8)
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In Example A.4, the condition (A.6) clearly holds for the 1-skeleton
sk1 S(X, R). Therefore, the formula (A.8) holds. Clearly, we have

ker(d0) = 〈yj , j ∈ J〉F1 ,

ker(d1) = 〈yjr
−1
j , j ∈ J〉F1 ,

and

π1(sk1 S(X, R)) =
〈yj , j ∈ J〉F1 ∩ 〈yjr

−1
j , j ∈ J〉F1

[〈yj , j ∈ J〉F1 , 〈yjr
−1
j , j ∈ J〉F1 ]

. (A.9)

The action of π0(G) on π1(sk1 S(X, R)) is given by conjugation:

fR ◦ x[ker(d0), ker(d0)] = f−1xf [ker(d0), ker(d1)],
x ∈ ker(d0) ∩ ker(d1), x ∈ F (X).

For the case of Lie algebras one can get an analogous result. First note,
that for a simplicial Lie algebra G in which G2 is generated by the degeneracy
elements, the relation (A.7) again holds (where the bracket [. , .] denotes the
product in a Lie algebra) [Akc02]. Therefore, for a free Lie algebra F with
generating set {xi}i∈I and a subset {rj ∈ F}j∈J , one has

π1(sk1 S(X, R)) =
(yj , j ∈ J)F ∩ (yj − rj , j ∈ J)F
[(yj , j ∈ J)F, (yj − rj , j ∈ J)F ]

. (A.10)

We say that the Moore complex N∗(X) of a simplicial object X in a
category C is of length ≤ k if Nn(X) = 0 for all n ≥ k + 1. The simplicial
objects with Moore complex of length ≤ n form a category; we denote this
category by SC(n).

Proposition A.7 If R is a principal ideal domain and X is a projective
simplicial R-module, then N(X) is a complex of projective R-modules.

A.6 Dold-Kan Correspondence

The following result is the key to the construction of derived functors.

Theorem A.8 The functor N : SRMod→ Ch(R) is an equivalence of cate-
gories.

To prove this result it is clearly enough to construct an inverse map

N−1 : Ch(R)→ SRMod,

which is constructed by setting
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(N−1C)n =
⊕

f :[n]�[m]

f ∗(Cm), C ∈ Ch(R).

For example, for a given chain complex C of R-modules, the first few terms
of N−1C can be written as

(N−1C)0 = C0,

(N−1C)1 = C1 ⊕ s0(C0),

(N−1C)2 = C2 ⊕ s0(C1)⊕ s1(C1)⊕ s0s0(C0).

A.7 Eilenberg-Zilber Equivalence

For (A, ∂1), (B, ∂2) ∈ Ch(R), the tensor product (A ⊗R B, ∂) ∈ Ch(R) is
defined as follows:

(A⊗R B)n = ⊕p+q=nAp ⊗R Bq,

∂(a⊗ b) = ∂1a⊗ b + (−1)dim(a)a⊗ ∂2b.

For X, Y ∈ SRMod, the tensor product X ⊗R Y ∈ SRMod is defined as
follows:

(X ⊗R Y )n = Xn ⊗R Yn,

∂i(x⊗ y) = ∂ix⊗ ∂iy, 0 ≤ i ≤ n,

si(x⊗ y) = six⊗ siy, 0 ≤ i ≤ n.

For x ∈ Xn, y ∈ Yn, the map

f : x⊗ y �→
∑

p+q=n

∂n−p+1 . . . ∂n−1∂nx⊗ ∂q
0 y,

called the Alexander-Whitney map, induces the homomorphism of the nor-
malized complexes

f̄ : N(X ⊗R Y )→ N(X)⊗R N(Y ). (A.11)

The converse map

∇̄ : N(X)⊗R N(Y )→ N(X ⊗R Y ) (A.12)

is induced by the ‘shuffle-map’, defined as follows. For p, q ≥ 1, let

(a; b) = (a1, . . . , ap; b1, . . . , bq)
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be a permutation of (0, . . . , p+q−1), such that a1 < . . . < ap, b1 < . . . < bq.
We will refer to such (a; b) as a (p; q)-shuffle. Denote sign(a; b) to be the sign
of the permutation (a; b). For x ∈ Xp, y ∈ Yq, define

∇ : x⊗ y �→
∑

(p;q)−shuffles (a;b)

(−1)sign(a;b)sap
. . . sa1x⊗ sbq

. . . sb1y.

The maps (A.11) and (A.12) define the isomorphism of the chain complexes:

N(X ⊗R Y ) 	 N(X)⊗R N(Y ), (A.13)

called the Eilenberg-Zilber equivalence.
In the case when R is a principal ideal domain, and X is a free R-simplicial

module, Künneth formula implies that there exists the following split exact
sequence of R-modules

0→ ⊕iHn(N(X))⊗R Hn−i(N(Y ))→ Hn(N(X)⊗R N(Y ))→
⊕i TorR

1 (Hi(N(X)), Hn−i−1(N(Y )))→ 0, (A.14)

which can be written as

0→ ⊕iπn(X)⊗R πn−i(Y )→ πn(X ⊗R Y )→
⊕i TorR

1 (πi(X), πn−i−1(Y ))→ 0, (A.15)

due to the Eilenberg-Zilber equivalence (A.13).

A.8 Classifying Functor W and Homology

Let G be a simplicial group. Define the simplicial set WG by setting:

WGn = Gn ×Gn−1 × . . . ×G0, n ≥ 0 (A.16)

with face and degeneracy maps

di(gn, . . . , g0)=(dign, di−1gn−1, . . . , (d0gn−i)gn−i−1, gn−i−2, . . . , g0), i<n,

dn(gn, . . . , g0) = (dngn, dn−1gn−1, . . . , d1g1),
si(gn, . . . , g0) = (sign, si−1gn−1, . . . , s0gn−1, 1, gn−i−1, . . . , g0).

The simplicial set WG has a natural structure as a G-set, namely the one
where the left G-action is given by

g ◦ (gn, . . . , g0) �→ (ggn, gn−1, . . . , g0), g ∈ Gn.
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The space WG is the quotient of WG by the left G-action. Let q : WG→WG
be the quotient map.

A reduced simplicial set is a simplicial set having only one vertex i.e., a
simplicial set X in which X0 is a singleton. Denote the sub-category of the
reduced simplicial sets by rSSet. Then the construction WG defines a functor

W : Gr→ rSSet, (A.17)

called a classifying space functor on the category Gr of groups. Clearly, the
components of WG can be written as

WG0 = 1, WGn = Gn−1 ×Gn−2 × · · · ×G0, n > 0.

The face and degeneracy maps are defined as

d0(g) = 1, d1(g) = 1, g ∈WG1, s0(1) = 1,
d0(gn, . . . , g0) = (gn−1, . . . , g0),
di+1(gn, . . . , g0) = (dign, . . . , d1gn−i+1, gn−i−1d0gn−i, gn−i−2, . . . , g0);
s0(gn−1, . . . , g0) = (1, gn−1, . . . , g0);
si+1(gn−1, . . . , g0) = (sign, . . . , s0gn−i, 1, gn−i−1, . . . , g0).

Let M be a simplicial G-module. Following Quillen, define a graded abelian
group, called homology of G with coefficients in M by setting

H∗(G,M) := π∗(Z[WG]⊗Z[G] M),

where Z[WG] and Z[G] are free abelian simplicial groups obtained by apply-
ing the group ring functor to WG and G respectively.

For a group G, consider the constant simplicial group with Gi = G and all
face and degeneracy maps equal to the identity map. Let M be a G-module,
then, clearly, H∗(G, M) is the same as ordinary group homology of G with
coefficients in M . Clearly, Z ⊗Z[G] Z[WG] = Z[WG], where Z is viewed as a
constant simplicial G-module. Hence,

H∗(G, Z) = π∗(Z[WG]).

A.9 Bisimplicial Groups

For a given category C, a bisimplicial object in C is a functor

∆op ×∆op → C.

Clearly, in analogy with simplicial objects, any bisimplicial object can be
viewed as a set of objects Xm, n ∈ C, connected by certain maps. In this way,
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fixing the first index m, one gets the simplicial object Xm, ∗ and fixing the
second index n, the simplicial object X∗, n.

Let G be a bisimplicial group, i.e., a bisimplicial object in the category Gr.
It can be viewed as the data

G = {Gm, n, dh
j , sh

j , dv
j , sv

j},

where each Gm, n (m, n ≥ 0) is a group and

dh
j : Gm, n → Gm−1, n, 0 ≤ j ≤ m,

sh
j : Gm, n → Gm+1, n, 0 ≤ j ≤ m,

dv
j : Gm, n → Gm, n−1, 0 ≤ j ≤ n,

sv
j : Gm, n → Gm, n+1, 0 ≤ j ≤ n.

are homomorphisms satisfying appropriate relations. Define the diagonal DG
of the bisimplicial group G to be the simplicial group given by setting

(DG)n = Gn, n, dj = dh
j ◦ dv

j , sj = sh
j ◦ sv

j .

Theorem A.9 (Quillen [Qui66]). For a bisimplicial group G there are two
spectral sequences:

E2
p, q = πh

p πv
q (G) =⇒ πp+q(DG),

E2
p, q = πv

pπh
q (G) =⇒ πp+q(DG),

where πh
p πv

q (G) (resp. πv
pπh

q (G)) is the p-th homotopy group of the “horizon-
tal” (resp. “vertical”) simplicial group obtained by taking the q-th homotopy
group of each of the “vertical” (resp. “horizontal”) simplicial groups.

For a simplicial group X∗ ∈ SGr, there is a natural first quadrant spectral
sequence

E1
p, q = Hq(Xp, R) =⇒ Hp+q(WX∗, R), (A.18)

dr : Er
p, q → Er

p−r, q+r−1. (A.19)

A.10 Certain Simplicial Constructions

Kan’s Construction

Let us recall the Kan’s loop group construction. This is the functor

G : rSSet→ SGr, (A.20)
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with the properties:

(i) πn−1(GX) 	 πn(X), X ∈ SGr,

(ii) (GX)n is a free group, n ≥ 0.

For a given X ∈ rSSet, define the loop group GX ∈ SGr as follows:
Let (GX)n be the free group on the elements of Xn+1 modulo the

n-degenerate elements, i.e., elements of the form s0x, x ∈ Xn; thus (GX)n

can be presented as

(GX)n = F (Xn+1)/F (s0(Xn)), n ≥ 0.

The face and degeneracy maps are defined by

τ(d0x)d0τ(x) = τ(d1x),
diτ(x) = τ(di+1x), i > 0,

siτ(x) = τ(si+1x), i ≥ 0,

where τ(x) denotes the class of the element x ∈ Xn+1 in (GX)n. Obviously,
for any X ∈ rSSet, (GX)n is the free group on the set Xn+1\s0Xn.

The loop functor G is a left adjoint functor to the classifying space functor
W . These functors have the following main property:

For any reduced simplicial set X and a simplicial group Γ , the canonical maps

G(WΓ ) �→ Γ, X �→W (GX)

are weak homotopy equivalences (see, for example, [Goe99, Section V]).

A simplicial group X ∈ SGr is called free if, for all n ≥ 0, the components
Xn are free groups, and there are sets of free generators Bn ⊂ Xn, n ≥ 0,
such that si(Bn) ⊆ Bn+1 for all n ≥ 0, 0 ≤ i ≤ n.

It is easy to see that free simplicial groups and CW-complexes have a lot of
similar properties. To handle these similarities, Kan introduced the concept
of CW-basis for a given free simplicial group [Kan59].

Let F be a free simplicial group. A family {Bn}n≥0, Bn ⊂ Fn, is called a
CW-basis of F if

(i) Bn is a basis of Fn;

(ii) si(x) ∈Bn+1 for all x ∈Bn, n ≥ 0, 0 ≤ i ≤ n;

(iii) if x ∈Bn is non-degenerate, then di(x) = 1, n ≥ 1, 0 ≤ i ≤ n− 1.

The non-degenerate elements of a CW -basis of F are called generators
of F . For a given generator x ∈ Bn, the element dn(x) ∈ Bn−1 is called the
attaching element of x.

It is shown in [Kan58b] that any free simplicial group has a CW -basis. It
follows directly from the definitions that a free simplicial group is determined
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by the generators of its CW -basis together with their attaching elements.
Similar is the case for CW-complexes: every CW-complex is determined by
its cells and attaching maps.

Let X be a reduced simplicial set, Γ a simplicial group. Then a twisting
function τ : X → Γ is a function which lowers dimension by one and is such
that, for every n > 0 and σ ∈ Xn, the following conditions are satisfied:

di(τ(σ)) = τ(di(σ)), 0 ≤ i < n− 1,

dn−1(τ(σ)) = τ(dn−1(σ))τ(dn(σ))−1,

si(τ(σ)) = τ(si(σ)), 0 ≤ i < n,

τ(sn(σ)) = 1.

The twisting functions have a strong relation with the functor G (A.20) dis-
cussed above [Kan59]. Namely, for any reduced simplicial set X and a twisting
function τ : X → Γ , there exists a simplicial homomorphism g : GX → Γ,
such that g(σ̄) = τ(σ), σ ∈ X, where σ̄ is the image of σ in GX. Therefore,
there is a one to one correspondence between twisting functions X → Γ and
simplicial homomorphisms GX → Γ .

Let K be a CW-complex with a single 0-cell. The total singular complex
S(K) contains the first Eilenberg sub-complex S1(X), which consists of n-
simplices σ : ∆n → K of S(K), such that σ(Ai) is the 0-cell in K for 0 ≤
i ≤ n, where Ai, 0 ≤ i ≤ n are vertices of ∆n. The Kan’s construction is a
simplicial map

τ : S1(K)→ BK ,

where BK is a free simplicial group, τ a twisting function, which satisfies the
following conditions:

(i) the elements τ(σc) are distinct and form the generators of a CW-basis of BK ,
where c runs through the cells of K of dimension at least one;

(ii) for every sub-complex L ⊂ K, τ(S(L)) ⊂ B(L), where B(L) ⊂ BK denotes the
simplicial subgroup of BK , generated by elements τ(σc), σc ∈ L.

A twisting functor satisfying the above conditions defines a combinator-
ial homotopical model for based loops ΩK over the complex K. Namely, it
defines a weak homotopical equivalence

ΩK 	 |BK |.

In the reverse direction, for any free simplicial group B, there exists a
reduced CW-complex KB , together with a twisting function τ : S(KB)→ B,
which satisfies the above conditions (i)-(ii) and is such that there are weak
homotopy equivalences KBK

	 K and BKB
	 B.
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Example A.10

Let F be a free group with generators {xi}i∈I and R a normal subgroup of
F generated, as a normal subgroup, by the set {rj}j∈J . Form the standard
two-dimensional complex K corresponding to the group presentation

〈xi, i ∈ I | rj , j ∈ J〉.

The complex K is reduced, it has a single 0-cell, 1-cells are in one-to-one
correspondence with the basis elements {xi}i∈I , 2-cells are in one-to-one
correspondence with the elements {rj}j∈J . Then Kan’s construction is the
1-skeleton of the truncation, described above:

BK = sk1(S(X,R)).

Hence, the second homotopy module of K can be described as

π2(K) 	
〈yj , j ∈ J〉F1 ∩ 〈yjr

−1
j , j ∈ J〉F1

[〈yj , j ∈ J〉F1 , 〈yjr
−1
j , j ∈ J〉F1 ]

,

with the action of π1(K) = π0(sk1 S(X,R)), defined via the degeneracy map
s0.

Milnor’s F[K]-construction

For a given pointed simplicial set K, the F [K]-construction [Mil56] is the
simplicial group with F [K]n = F (Kn \ ∗), where F (−) is the free group
functor. There is the following weak homotopy equivalence:

|F [K]| 	 ΩΣ|K|.

Consider the simplicial circle S1 = ∆[1]/∂∆[1]:

S1
0 = {∗}, S1

1 = {∗, σ}, S1
2 = {∗, s0σ, s1σ}, . . . , S1

n = {∗, x0, . . . , xn},

where xi = sn . . . ŝi . . . s0σ. The F [S1]-construction then clearly has the
following terms:

F [S1]0 = 0,

F [S1]1 = F (σ), free abelian group generated by σ,

F [S1]2 = F (s0σ, s1σ),

F [S1]3 = F (sisjσ | 0 ≤ j ≤ i ≤ 2),
. . .
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The face and degeneracy maps are determined naturally (with respect to
the standard simplicial identities) for these simplicial groups. For example,
the first nontrivial maps are defined as follows:

∂i : F [S1]2 → F [S1]1, i = 0, 1, 2,

∂0 : s0σ �→ σ, s1σ �→ 1,

∂1 : s0σ �→ σ, s1σ �→ σ,

∂2 : s0σ �→ 1, s1σ �→ σ.

The above construction gives a possibility to define the homotopy groups
πn(S2) combinatorially, in terms of free groups. Since the geometrical realiza-
tion of F [S1] is weakly homotopically equivalent to the loop space ΩS2, the
homotopy groups πn(S2) are naturally isomorphic to the homotopy groups
of the Moore complex of F [S1]: πn+1(S2) 	 Zn(F [S1])/Bn(F [S1]). Here Zn

and Bn denote the cycles and the boundaries of the Moore complex of the
corresponding simplicial group.

The explicit structure of the cycles and boundaries for F [S1] can be given
in terms of certain normal subgroups in F [S1]. This was realized by Jie Wu
[Wu,01]. In fact, we have

πn+1(S2) ∼=
〈y−1〉F ∩ 〈y0〉F ∩ . . . ∩ 〈yn−1〉F

[[y−1, y0, . . . , yn−1]]
, (A.21)

where F is a free group with generators y0, . . . , yn−1, y−1 = (y0 . . . yn−1)−1,
the group [[y−1, y0, . . . , yn−1]] is the normal closure in F of the set of left-
ordered commutators

[zε1
1 , . . . , zεt

t ] (A.22)

with the properties that εi = ±1, zi ∈ {y−1, . . . , yn−1} and all elements in
{y−1, . . . , yn−1} appear at least once in the sequence of elements zi in (A.22).

Hurewicz Theorem

The following simplicial analog of Hurewicz Theorem was obtained by Kan
(see [Kan58a, Theorems 17.5, 17.6]):

Let F be a simplicial free group with πi(F ) = 0, i ≤ n (n ≥ 0), then πi(F/[F, F ]) =
0, i ≤ n, and the natural homomorphism πn+1(F )→ πn+1(F/[F, F ]) is an isomor-
phism.

A.11 Free Simplicial Resolutions

For a given category C, an augmented simplicial object in C is a pair

(X, X−1), X ∈ SC, X−1 ∈ C
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together with a morphism d0 ∈ HomC(X0, X−1), such that

d0d0 = d0d1 : X1 → X−1.

The augmented simplicial objects in C naturally form a category, which we
denote by aSC; the m-truncated augmented simplicial category can also be
defined in the obvious way; we denote it by aSCm.

An augmented simplicial group (X, X−1) is called a resolution of X−1 if
πn(X) = 0, n > 0 and π0(X) = X−1. The resolution (X, X−1) of a group
X−1 is called free simplicial resolution of X−1 if X is free.

A method of construction of free simplicial resolutions in the category
of commutative algebras was described first by Andre [And70]. We start
with the description of general construction of free simplicial resolutions from
[Keu].

For a given (X, X−1) ∈ aSC, define the nth simplicial kernel to be

Zn(X, X−1) = {(x0, . . . , xn+1) ∈ Xn+2
n | dixj = dj−1xi, i < j}.

Analogically the group Zn(X, X−1) can be defined for any (X, X−1) ∈ aSCm

for m ≥ n. For such an object, there are n + 2 natural morphisms

pi : Zn(X, X−1)→ Xn,

pi : (x1, . . . , xn+1) �→ xi, i = 0, . . . , n + 1

and n + 1 morphisms

qi : Xn → Zn(X, X−1)
qi : x→ (si−1d0x, . . . , si−1di−1x, x, x, sidi+1x, . . . , sidnx), x ∈ Xn.

The free simplicial resolution of a given object X−1 ∈ C can be constructed
inductively. Firstly we choose a set E of generators of X−1. Define X0 to
be a free object in C with basis E, which we denote by F (E0), and define
d0 : F (E0)→ X−1 to be the natural surjection. Now suppose we have defined
an object (X, X−1) ∈ aSCn, where Xn is a free object in C over some set
En. Complete the set

⋃n
i=0 qi(En) to the set Yn of generators of Zn(X, X−1).

Then put En+1 = {en | en ∈ Yn}, and define Xn+1 to be a free object F (En+1)
in C on the generating set En+1. The maps di, si are defined by setting

di = pi, si = qi, i = 0, . . . , n + 1,

where we use the identification of generators of Zn(X, X−1) with elements in
Xn+1.

Similarly one can construct a free simplicial resolution starting with a
free simplicial group X which is aspherical up to a fixeddimension, say n.
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The above method gives an algorithm for converting X into a free simplicial
resolution without changing Xi, i ≤ n.

The free simplicial resolution of a given group can be constructed as an
inductive limit of skeleton filtration, also constructed by step-by-step proce-
dure [Mut99]. Let G be a group, given as a quotient G = F/R, where F is
a free group with basis {xi}i∈I and R its normal subgroup generated, as a
normal subgroup, by the set {rj}j∈J . We use the notation from Example A.4.
The first step in the construction of a free simplicial resolution of G is the
1-skeleton F 1 = sk1 S(X, R). Clearly,

π0(F 1) = G.

Now, in general, π1(F 1), which is generated by cosets

ai[ker(d0), ker(d1)], i ∈ T,

is nontrivial. We can then define a new simplicial group F 2:

F0 = F0, F1 = F1, F2 = sk1(F 1) ∗ F (ai | i ∈ T ), . . .

with obvious face and degeneracy maps, where all terms in dimensions ≥ 3
are free groups generated by degeneracy elements. Clearly,

π0(F 2) = G, π1(F 2) = 0.

Continuing this process by induction, “killing” homotopy groups at each di-
mension, we get the required free simplicial resolution of a given group.

A functorial construction for a free simplicial resolution of a given group
can be given by the composition of the classifying space functor and Kan’s
loop group construction. Every group Γ can be viewed as a simplicial group X
with Xn = Γ and all face and degeneracy maps an identity. The composition
of the functors G and W defines the free loop construction over a group Γ :

GW : Gr→ SGr,

which has the property:

π0(GWΓ ) = Γ, πi(GWΓ ) = 0, i > 0.

Clearly, GWΓ is a free simplicial group; thus it can be viewed as a free
simplicial resolution of Γ .

Theorem A.11 (Comparison theorem [Keu]). Let (X, X−1) be a free simpli-
cial resolution of X−1, (Y, Y−1) a resolution of Y−1 and α : X−1 → Y−1 a
group homomorphism. Then

(i) there exists a simplicial map γ : X → Y , such that π0(γ) = α;
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(ii) for any simplicial map γ ′ : X → Y with π0(γ ′) = α there exists a simplicial
homotopy h : γ → γ ′.

Proof. (i) Let {Bn ⊂ Xn}n≥0 be the sets of free generators with si(Bn) ⊂
Bn+1, n ≥ 0, 0 ≤ i ≤ n. We construct γ by induction. Let

γ−1 : X−1 → Y−1

be the map α. Now, since π0(Y ) = Y−1, the map d0 : Y0 → Y1 is an epi-
morphism. Hence, for any x0 ∈ B0, there exists an element y ∈ Y0, such
that

d0y = γ−1d0x. (A.23)

Define the map
γ0 : X0 → Y0

by setting γ0 : x �→ y, x ∈ B0 where y is defined by (A.23). Now suppose we
have defined maps γi : Xi → Yi, −1 ≤ i ≤ n − 1, n ≥ 1, which satisfy the
standard simplicial identities. We proceed to define γn : Xn → Yn. Clearly, for
x = si(x0) ∈ Bn, x0 ∈ Bn−1, 0 ≤ i ≤ n−1, we can define γn(x) = siγn−1(x0).
Now let x ∈ Bn \

⋃n−1
i=0 si(Bn−1). Then

(γn−1d0x, . . . , γn−1γnx) ∈ Zn−1X.

The asphericity of X implies that there exists an element y ∈ Yn, such that

diy = γn−1diy, 0 ≤ i ≤ n;

define γn(x) = y. This completes the construction of γn.

(ii) The inductive construction of the simplicial homotopy h : γ → γ′ is
standard; one can find all details in [Keu]. �

A.12 Functorial Properties

Let R be a ring and n a non-negative integer. Define the strong truncation
functor

strn : Ch(R)→ Ch(R)

in the category of chain complexes over the ring R by setting

strn(K)i = Ki, i < n,

strn(K)n = Kn/ ker(dn),
strn(C)i = 0, i ≥ n + 1,
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for K ∈ Ch(R) with obvious boundary maps.

The following results, which are due to Gruenenfelder, generalize the re-
sults from [Dol58a]. We follow the treatment in [Gru80].

Theorem A.12 Let R be a principal ideal domain and X a projective sim-
plicial R-module. Let X ′ ∈ SRMod and fi : πi(X) → πi(X ′), i ≥ 0. Then
there exists a map f : X → X ′, which induces the maps fi.

Proof. We construct the required map as N−1g : X → X ′, where g : N(X)→
N(X ′) is the map between Moore complexes which induces the maps fi :
Hi(N(X))→ Hi(N(X ′)).

Since X is a projective simplicial R-module, N(X)i are projective
R-modules for i ≥ 0 by Proposition A.7. The component N(X)i can be
presented as N(X)i = ker(d̄i) ⊕ im(d̄i). Therefore, the R-modules ker(d̄i)
and im(d̄i), i ≥ 0, are projective. Thus, there exist maps g′i, g′′i such that the
following diagram is commutative:

0 −−−−→ im(d̄i+1) −−−−→ ker(d̄i) −−−−→ Hi(N(X)) −−−−→ 0

g′′i

⏐⏐� g′i

⏐⏐� fi

⏐⏐�
0 −−−−→ im(d̄′i+1) −−−−→ ker(d̄′i) −−−−→ Hi(N(X ′)) −−−−→ 0,

and we have the required map

g′′i ⊕ g′i+1 : im(d̄i+1)⊕ ker(d̄i+1)→ im(d̄′i+1)⊕ ker(d̄′i+1). �

Theorem A.13 Let S be a ring, R a principal ideal domain and X ∈
SRMod, X ′ ∈ SSMod projective simplicial modules. Let F : RMod→ SMod
be a covariant functor. Then

(i) Any sequence of homomorphisms {fi : πi(X)→ πi(X ′)},
i ≤ n induces homomorphisms {fF, i : πi(F (X))→ πi(F (X ′))},
i ≤ n.

(ii) If fi is bijective for i < n and surjective for i = n, then the same is true for
fF, i, i ≤ n.

Proof. The homomorphisms fi can be extended to homomorphisms between
homotopy groups of strong truncations of the given simplicial modules:

fi : πi(strn+1(X))→ πi(strn+1(X ′)), i ≥ 0.

By Theorem A.12, we can assume that the sequence fi, i ≥ 0, is induced by
a map

f : strn(X)→ strn(X ′).

Since strn+1(X) is a direct summand of X, such that strn+1(X)i = Xi, i ≤ n,
it follows that F (skn+1(X)) is a direct summand of F (X) with
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F (strn+1(X))i = F (X)i, i ≥ n.

Thus
πi(F (X)) = πi(F (strn+1(X))), i ≤ n.

The sequence of maps {fF, i}, i ≤ n, can be defined as

fF, i : πi(F (X)) = πi(F (strn+1(X)))→ πi(F (strn+1(X ′))) = πi(F (X ′)).

(ii) Consider the following decomposition of the functor N ◦f : N(strn(X))→
N(strn(X ′)) :

N(strn(X)) : im(dn+1) −−−−→ N(X)n −−−−→ N(X)n−1 −−−−→ . . .⏐⏐� ⏐⏐� ∥∥∥ ∥∥∥
C : P −−−−→ N(X)n −−−−→ N(X)n−1 −−−−→ . . .

β

⏐⏐� ⏐⏐� ⏐⏐� ⏐⏐�
N(strn(X ′)) : im(d′n+1) −−−−→ N(X ′)n −−−−→ N(X ′)n−1 −−−−→ . . . ,

where the left hand square is a pullback. First note, that the natural pullback
properties imply that the map β induces isomorphisms

Hi(β) : Hi(C)→ Hi(N(strn(X ′)))

for all i ≥ 0. Since P is projective R-module, the map

N−1 ◦ β ◦N : N−1(C)→ strn(X ′)

is a homotopy equivalence of strongly truncated simplicial groups. Obviously,
the functor F preserves homotopy; hence

F (N−1 ◦ β ◦N) : F (N−1(C))→ F (strn(X ′))

is a homotopy equivalence. We have Ci = N(strn(X))i, i ≤ n, and a
monomorphism Cn+1 → N(strn(X))n+1. Hence F (C)i = F (N(strn(X ′))i,
i ≤ n, therefore

πi(F (N−1 ◦ β ◦N)) : πi(F (N−1(C)))→ πi(F (strn(X ′)))

is an isomorphism for i < n. The fact that the simplicial R-modules under
consideration are projective implies that πn(F (N−1 ◦ β ◦ N)) is an epimor-
phism. Therefore the map

πi(F (X)) 	 πi(F (strn(X))→ πi(F (N−1(C))→ πi(F (strn(X ′)) 	 πi(X ′)

is an isomorphism for i < n, and an epimorphism for i = n. �
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A.13 Derived Functors

Derived functors play a fundamental role in different areas of mathematics.
The reader can find in [Ina98] an exposition of the general technique of derived
functors. Here we mention only some examples of derived functors on the
category of groups. However, it may be noted that the same construction
is possible for other algebraic categories, like Lie algebras, crossed modules,
cat1-groups etc.

Let T : Gr → Gr be a functor on the category Gr of groups, T (1) = 1.
Theorem A.11 clearly implies the following

Proposition A.14 Let (X, X−1) and (Y, Y−1) be two free simplicial resolu-
tions of X−1 = Y−1. Then, for all n ≥ 0,

πn(T (X)) = πn(T (Y )).

From the above Proposition the definition of left derived functors of the
functor T , denoted LiT, i ≥ 0, follows naturally:

L0T : Gr→ Gr, LiT : Gr→ Ab, i ≥ 1,

are defined as

LiT : Γ �→ πi(T (F∗)), i ≥ 0,

where F∗ ∈ SGr is a free simplicial resolution of Γ ∈ Gr, and Ab is the
category of abelian groups. Proposition A.14 implies that the resulting groups
are independent of the choice of the free simplicial resolution F∗.

Example A.15

Let
Z2 : Gr→ Ab, Γ �→ Γ/γ2(Γ ), Γ ∈ Gr,

be the abelianization functor. Let X be a free simplicial resolution of Γ . By
definition, Xi is free for all i ≥ 0,

π0(X) = Γ, πi(X) = 0, i ≥ 1.

Form the following bisimplicial group:

Yi, j = Z[(WXi)j ] = Z[X×(j−1)
i ].

Computing first homotopy groups of Yi, j for a fixed j, we get

π0(Z[(WXi)j ]) = Z[W j(Γ )],

πn(Z[(WXi)j ]) = 0, n ≥ 1.
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On the other hand, computing first homotopy groups with fixed indices i,
we get

πn(Z[(WXi)j ]) = Hn(Xi), n ≥ 0.

Since Xi are free, we conclude that the last term is Z in dimension zero,
abelianization Xi/γ2(Xi) in dimension one, and trivial in all other dimen-
sions. Thus, by Theorem A.9,

LnZ2(Γ ) := πn(X/γ2(X)) = πn+1(Z[W (Γ )]) = Hn+1(Γ ), n ≥ 0.

Example A.16

Let Zn : Gr → Gr, n ≥ 2, be the functor which maps every group Γ to its
quotient by the nth term of its lower central series:

Zn : Γ �→ Γ/γn(Γ ).

Let Γ = F/R and X a free simplicial resolution of Γ with first two terms F0,
F1 as in Example A.4, i.e.,

F0 = F, F1 = F (yj | j ∈ J) ∗ F,

where yj ’s are in one to one correspondence with a normal basis of R. Then,
clearly,

L0Zn(Γ ) = Γ/γn(Γ ), n ≥ 2.

The short exact sequence of simplicial groups

1→ γn(X)→ X → X/γn(X)→ 1,

gives the following long exact sequence:

. . . → π1(X)→ π1(X/γn(X))→ π0(γn(X))→ π0(X)→ π0(X/γn(X))→ 1.

Since X is aspherical and L0Zn = Zn, we have

L1Zn(Γ ) = π1(X/γn(X)) = ker{π0(γn(X))→ γn(Γ )}.

The group π0(γn(X)) is a coequalizer of the diagram

γn(F1)
d0−→
d1−→ γn(F ),

where the maps d0, d1 are restrictions of degeneracy maps in X. Clearly,

ker(d0) = [〈F (yj | j ∈ J)〉F1 , n−1F1]

and
im(d1|ker(d0)) = [R, n−1F ].
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Hence,

π0(γn(X)) =
γn(F )

[R, n−1F ]

and therefore,

L1Zn(Γ ) = ker{ γn(F )
[R, n−1F ]

→ γn(F )
R ∩ γn(F )

} =
R ∩ γn(F )
[R, n−1F ]

.

This is the same as the nth Baer invariant of Γ , which we denote by M (n)(Γ )
(see Section 1.4); that is, L1Zn(Γ ) = M (n)(Γ ), n ≥ 2.

Example A.17

For a given group F and its normal subgroup R, define the series {δn(R, F )}n≥1
by setting:

δ1(R, F ) = [R, F ], δn+1(R, F ) = [δn(R, F ), δn(F )].

Let Γ be a group given by a free presentation Γ = F/R. Consider the functor

Dn : Gr→ Gr, Γ �→ Γ/δn(Γ ), n ≥ 1.

Then the same method as in the previous example gives the following:

L0Dn = Dn, L1Dn =
R ∩ δn(F )
δn(R, F )

.

For example, the first derived functor of the metabelianization functor is

L1D2 =
R ∩ [[F, F ], [F, F ]]

[[R, F ], [F, F ]]
.

Example A.18

Consider the commutator subgroup functor T : G �→ [G, G]. Then the fore-
going arguments easily imply that for a given group G = F/R, one has the
following:

LiT (G) =

{
[F, F ]
[R, F ] , i = 0,

Hi+2(G), i > 0.
(A.24)

A.14 Quadratic Functors

A functor F : Ab → Ab is quadratic, i.e., has degree ≤ 2, if F (0) = 0 and if
the cross effect

F (A|B) = ker(F (A⊕B)→ F (A)⊕ F (B)), A, B ∈ Ab,
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is biadditive. We then have a binatural isomorphism

F (A⊕B) = F (A)⊕ F (B)⊕ F (A|B)

given by (Fi1 ; Fi2 ; i12), where i1 : A ↪→ A ⊕ B; i2 : A ↪→ A ⊕ B and i12 :
F (A|B) ↪→ F (A⊕ B) are the inclusions. Moreover, for any A ∈ Ab one gets
the diagram [Bau00]

F{A} := (F (A) H→ F (A|A) P→ F (A)). (A.25)

Here P = F (p1 + p2)i12 : F (A|A) ↪→ F (A ⊕ A) → F (A) is given by the
codiagonal p1+p2 : A⊕A→ A, where p1 and p2 are the projections. Moreover,
H is determined by the equation i12H = F (i1 + i2) − F (i1) − F (i2) where
i1 + i2 : A→ A⊕A is the diagonal map.

We recall from [Eil54] the definitions of certain quadratic functors.

Tor (A, C):

For abelian groups A and C, the abelian group Tor(A, C) ([Eil54], §11, p. 85)
has generators

(a, m, c), a ∈ A, c ∈ C, 0 < m ∈ Z, ma = mc = 0

and relations

(a1 + a2, m, c) = (a1, m, c) + (a2, m, c), if ma1 = ma2 = mc = 0

(a, m, c1 + c2) = (a, m, c1) + (a, m, c2), if ma = mc1 = mc2 = 0

(a, mn, c) = (na, m, c), if mna = mc = 0

(a, mn, c) = (a, m, nc), if ma = mnc = 0.

In particular, we have the functor A �→ Tor(A, A)) on the category Ab.
We denote the class of the triple (a, m, c) by τm(a, c).
Ω(A): Let A be an Abelian group. Then the group Ω(A), defined by
Eilenberg-MacLane ([Eil54], p. 93), is the Abelian group generated by sym-
bols wn(x), 0 < n ∈ Z, x ∈ A, nx = 0 with defining relations

wnk(x) = kwn(x), nx = 0,
kwnk(x) = wn(kx), nkx = 0,
wn(kx + y)−wn(kx)−wn(y)=wnk(x + y)−wnk(x)−wnk(y), nkx = ny = 0,
wn(x+y+z)−wn(x + y)−wn(x + z)−wn(y + z)+wn(x)+wn(y)+wn(z)=0,
nx = ny = nz = 0.
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We continue to denote the class of the element wn(x) in Ω(A) by wn(x) itself.
Eilenberg-MacLane ([Eil54], p. 94) constructed a map

E : Tor(A, A)→ Ω(A)

by setting
τn(a, c) �→ wn(a + c)− wn(a)− wn(c).

A natural map
T : Ω(A)→ Tor(A, A) (A.26)

can be defined by setting

wn(x) �→ τn(x, x), x ∈ A, nx = 0.

Clearly the composite map

E ◦ T : Ω(A)→ Ω(A)

is multiplication by 2; for, as a consequence of the defining relations the
elements wn(x) satisfy

wn(mx) = m2wn(x)

for all m ∈ Z, 0 < n ∈ Z, x ∈ A.
Whitehead functor Γ2(A): The homogeneous component Γ2(A) of the
graded functor Γ(A) (see (5.36)-(5.39)) of degree 2 can be identified with
the Whitehead functor ([Whi50], [Eil54], pp. 92 & 110) Γ2 : Ab→ Ab, A �→
Γ2(A), where the group Γ2(A) is defined for A ∈ Ab to be the group given by
generators γ(a), one for each x ∈ A, subject to the defining relations

γ(−x) = γ(x), (A.27)

γ(x+y + z)−γ(x+y)−γ(x+ z)−γ(y + z)+γ(x)+γ(y)+γ(z) = 0 (A.28)

for all x, y, z ∈ A.
R(A): For A ∈ Ab, let 2A denote the subgroup consisting of elements x
satisfying 2x = 0. Define R(A) ([Eil54]. p. 120) to be the quotient group of
Tor(A, A)⊕ Γ2(A) by the relations

τm(x, x) = 0, mx = 0, (A.29)
γ2(s + t)− γ2(s)− γ2(t) = τ2(s, t), s, t ∈2 A. (A.30)

The functors A �→ Γ2(A), Tor(A, A), Ω(A), R(A) are all quadratic func-
tors on the category of Abelian groups, i.e., all these functors have degree
≤ 2. Furthermore, R(A) = H5K(A; 2); Ω(A) = H7K(A; 3)/(Z/3Z ⊗ A),
R(A|B) = Ω(A|B) = Tor(A, B) and R(Z) = Ω(Z) = 0 and R(Z/n) =
Z/(2, n); Ω(Z/n) = Z/n.
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The square functor. Let Abg denote the category of graded Abelian groups.
For A, B ∈ Ab, let A⊗B and A ∗B := Tor(A, B) be respectively the tensor
product and the torsion product of A, B. The notion of tensor product of
Abelian groups extends naturally to that of tensor product A⊗ B of graded
Abelian groups A, B by setting

(A⊗B)n =
⊕

i+j=n

Ai ⊗Bj .

We also need the ordered tensor product A
>
⊗ B of graded Abelian groups,

which is defined by setting

(A
>
⊗ B)n =

⊕
i+j=n, i>j

Ai ⊗Bj

for A, B ∈ Abg. In an analogous manner, we can define, for A, B ∈ Abg,

torsion product A ∗B and ordered torsion product A
>∗ B as

A ∗B =
⊕

i+j=n

Ai ∗Bj , (A
>∗ B)n =

⊕
i+j=n, i>j

Ai ∗Bj .

The tensor product, torsion product and the ordered tensor and torsion
product are, in an obvious way, bifunctors on the category Abg.

Let ∧2 be the exterior square functor on the category Ab. The weak square
functor

sq⊗ : Abg → Abg

is defined by

sq⊗(A)n =

⎧⎪⎨⎪⎩
Γ2(Am), if n = 2m, m odd,

∧2(Am), if n = 2m, m even,

0, otherwise.

Let (Z2)odd be the graded Abelian group which is Z2 in odd degree ≥ 1
and trivial otherwise; thus (Z2)odd is the reduced homology of the classifying
space RP∞ = K(Z2, 1). The square functor Sq⊗ : Abg → Abg is defined as
follows:

Sq⊗(A) = A
>
⊗ (A⊕ (Z2)odd)⊕ sq⊗(A).

Define next the torsion square functor

Sq�(A) : Abg → Abg

by setting
Sq�(A) = (A

>∗ (A⊕ (Z2)odd))⊕ sq�(A),
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where

sq�(A)n =

⎧⎪⎨⎪⎩
Ω(Am), n = 2m, m even
R(Am), n = 2m, m odd
0, otherwise

Now we are ready to formulate so-called universal coefficient theorem for
the functor ∧2 due to Baues and Pirashvili [Bau00]. Let X be a simplicial
group which is free Abelian in each degree. Then there exists [[Bau00], (4.1)]
a natural short exact sequence of graded Abelian groups

0→ Sq⊗(π∗(X))→ π∗(∧2X)→ Sq�(π∗(X))[−1]→ 0 (A.31)

where π∗(X) and π∗(∧2X) are the graded homotopy groups of X and ∧2X
respectively.

The exact sequence (A.31) leads to the description of the derived functors
of the second lower central quotient functor. Since for a free group F , there
is a natural isomorphism

γ2(F )/γ3(F ) 	 ∧2(Fab),

for every free simplicial resolution F∗ → G, we obtain the following natural
exact sequences:

0→ H2(G)⊗H1(G)→ π1(γ2(F∗)/γ3(F∗))→ Ω(H1(G))→ 0
0→ H3(G)⊗H1(G)⊕ Γ2(H2(G))→ π2(γ2(F∗)/γ3(F∗))

→ Tor(H2(G), H1(G))→ 0

Similar descriptions exist for other quadratic functors (see [Bau00]). Con-
sider the functor

Γ̄ : Gr→ Ab,

which is the composition of the abelianization and the functor Γ2. For every
group G there exists the following exact sequence of groups (see [Bau00]):

0→ H2(G)⊗ (H1(G)⊕ Z2)→ L1Γ̄(G)→ R(H1(G))→ 0.

A.15 Derived Functors in the Sense of Dold and Puppe

Let T : Ab → Ab be a functor with T (0) = 0 and A an abelian group.
For n ≥ 0, consider a free simplicial abelian group P∗ with the following
properties:

(i) Pi = 0, i < n,

(ii) πn(P∗) = A,

(iii) πi(P∗) = 0, i 
= n.
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Define the ith derived functor of T (in the sense of Dold and Puppe [Dol61])
for the pair (A, n) as

LiT (A, n) := πi(T (P∗)).

Standard arguments, similar to ones given in Proposition A.14, show that
this definition is independent of a choice of P∗. As an example of P∗, we can
choose the free abelian simplicial group

P∗ = N−1((A1 ↪→ A0)[n]),

where N−1 is the inverse map to the Dold-Kan map (see A.6), A1 and A0 are
free abelian and the sequence

0→ A1 → A0 → A→ 0

is exact. For n = 0, we will use the notation LiT (A) := LiT (A, 0).
The derived functors in the sense of Dold and Puppe play a fundamental

role in topology in view of the following fact. For every abelian group A and
n ≥ 1, there exists a natural spectral sequence

E2
p, q = Lp+q SPq(A, n)⇒ Hp+qK(A, n) (A.32)

which converges to the homology of the Eilenberg-MacLane space K(A, n).
This sequence degenerates [Bre99] and, therefore, the derived functors
Lp+q SPq(A, n) define a canonical filtration of Hp+qK(A, n).

Clearly, the sequence (A.31) provides a method of computing the derived
functors of the exterior square. The universal coefficient theorem for quad-
ratic functors SP2 and Γ given in [Bau00] imply the following description of
derived functors:

Li SP2(A, n) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

SP2(A), i = 0, n = 0,

A
∧∗ A, i = 1, n = 0

Γ2(A), i = 2n, n 
= 0 even,

Λ2(A)⊕ Tor(A, Z2), i = 2n, n 
= 1 odd,

R(A), i = 2n + 1, n 
= 0 even,

Ω(A), i = 2n + 1, n odd,

A⊗ Z2, i = n + 2, n + 4, . . . , n + 2[n−1
2 ],

Tor(A, Z2), i = n + 3, n + 5, . . . , n + 2[n−1
2 ] + 1, i 
= 2n,

0, otherwise;
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LiΛ2(A, n) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Λ2(A), i = 0, n = 0,
Γ2(A), i = 2n, n odd,

Λ2(A)⊕ Tor(A, Z2), i = 2n, n 
= 0 even,

R2(A), i = 2n + 1, n odd,

Ω2(A), i = 2n + 1, n even,

A⊗ Z2, i = n + 1, . . . , n + 2[n−1
2 ] + 1, i 
= 2n,

Tor(A, Z2), i = n + 2, n + 4, . . . , n + 2[n−1
2 ],

0, otherwise;

LiΓ2(A, n) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Γ2(A), i = 2n, n even,

Λ2(A)⊕ Tor(A, Z2), i = 2n, n odd,

R2(A), i = 2n + 1, n even,

Ω2(A), i = 2n + 1, n odd,

A⊗ Z2, i = n, n + 2, . . . , n + 2[n−1
2 ], n > 0,

Tor(A, Z2), i=n+1, n+3, . . . , n + 2[n−1
2 ] + 1, n > 0, i 
=2n,

0, otherwise.

For polynomial functors of higher degrees the functorial description of the
derived functors is a deep problem. For example, consider the tensor cube. It
follows from the work of MacLain [Mac60] that the derived functors can be
described as follows.

Li ⊗3 (A) =

⎧⎪⎨⎪⎩
⊗3(A), i = 0,
(Tor(A, A)⊗A)⊕3/Jac⊗, i = 1,
Tor(Tor(A, A), A), i = 2

where Jac⊗ is the subgroup in (Tor(A, A)⊗A)⊕3, generated by elements

(a, n, b)⊗ c + (c, n, a)⊗ b + (b, n, c)⊗ a, a, b, c ∈ A, na = nb = nc = 0.

The derived functor L1⊗3 (A) is a part of the following short exact sequence
[Mac60]:

0→ Tor(A, A)⊗A→ L1 ⊗3 (A)→ Tor(A⊗A, A)→ 0.

For an analogous description of the derived functors of the symmetric and
the exterior powers see [Bre99] and [Jea02].

A.16 Derived Limits and Fibration Sequence

Let
. . .

fn→ Gn
fn−1→ Gn−1

fn−2→ . . .
f1→ G1

f0→ G0 (A.33)
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be an inverse system of groups in the category Gr. Then the group ΠGr =∏
i Gi, defined as the unrestricted product, acts on the set ΠSet =

∏
i Gi by

setting

(g0, . . . , gn, . . . ) ◦ (x0, . . . , xn, . . . ) = (g0x0f0(g−1
1 ), . . . , gnxnfn(g−1

n+1), . . . ),

xi, gi ∈ Gi. Let 1 = (1, 1, . . . , 1, . . . ) be the identity element in ΠiGi. Then,
by definition,

lim←−
i

Gi = {g ∈ ΠGrGi | g ◦ 1 = 1}.

The derived limit lim←−
1
i

Gi of the system (A.33) is defined to be the set of
orbits of ΠSet under the above action of ΠGr:

lim←−
1
i

Gi := ΠSetGi/{x ∼ g ◦ x : g ∈ ΠGr, x ∈ ΠSetGi}.

In general, lim←−
1
i

Gi is a pointed set, but in case the group Gi are all abelian,
it has a natural structure of an abelian group. Clearly, we can define the
inverse and derived limit in the case of an inverse system of abelian groups
by the exact sequence

1→ lim←−i
Gi →

∏
i Gi

f→
∏

i Gi → lim←−
1
i

Gi → 1,

where the homomorphism f :
∏

i Gi →
∏

i Gi is defined by

(g0, g1, . . . , gn, . . . ) �→ (g0f0(g−1
1 ), g1d1(g−1

2 ), . . . , gnfn(g−1
n+1), . . . ).

The following result is well-known.

Proposition A.19 Let

1→ {G′n} → {Gn} → {G′′n} → 1 (A.34)

be a short exact sequence of inverse systems of groups. Then there is a
sequence

1→ lim←−
n

G′n → lim←−
n

Gn → lim←−
n

G′′n →

lim←−
i

1 G′n → lim←−
i

1 Gn → lim←−
i

1 G′′n → 1. (A.35)

of groups and pointed spaces which is exact as a sequence of groups at the
first three terms, as a sequence pointed sets at the last three terms, and the
set map

lim←−n
G′′n → lim←−

1
i

G′n

extends to a natural action of lim←−i
G′′n on lim←−

1
i

G′n such that elements of
lim←−

1
i

G′n are in the same orbit if and only if they have the same image in
lim←−

1
i

Gn.
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In case (A.34) is a short exact sequence of abelian groups, then the se-
quence (A.35) is a long exact sequence of abelian groups.

It is of interest to note a characterization for the vanishing of the derived
limit of a given inverse system of abelian groups.

An inverse system (A.34) of abelian groups is said to satisfy the Mittag-
Leffler condition if, for every m ≥ 0, the chain

im(fm) ⊇ im(fm ◦ fm+1) ⊇ im(fm ◦ fm+1 ◦ fm+2) ⊇ . . .

is stationary.

Proposition A.20 (Gray [Gra66]). Let (A.34) be an inverse system of count-
able abelian groups. Then lim←−

1
i

Gi = 0 if and only if this inverse system
satisfies the Mittag-Leffler condition.

Thus, in particular, for any inverse system of finite abelian groups, or for any
inverse system of epimorphisms of abelian groups, its derived limit vanishes
always.

Example A.21

Let p be a prime. Consider the inverse system

. . . → Z
p→ Z

p→ Z→ . . . → Z

of monomorphisms of the additive group of integers, defined by
p-multiplication, i.e.,

z �→ pz, z ∈ Z.

Then one has

lim←−
1
n

Z = (lim←−n
Zpn)/Z,

i.e., p-adic integers modulo the rational integers.

Proposition A.22 (Harlap [Har75]). Let (A.34) be an inverse system of fi-
nitely generated abelian groups. Then
either (A.34) satisfies the Mittag-Leffler condition and lim←−

1
i

Gi = 0,
or lim←−

1
i

Gi is uncountable.

Theorem A.23 [Bou72]. Let C be a category with initial object ∗ ∈ Ob(C)
and

. . . → Xn → Xn−1 → . . . → X0 → ∗

a tower of fibrations in SC with compatible base points. Then for any i ≥ 0,
there exists the following natural exact sequence:

∗ → lim←−
1
n

πi+1(Xn)→ πi(lim←−n
Xn)→ lim←−n

πi(Xn)→ ∗.
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[Gru36] Gruen, O. Über die Faktogruppen freier Gruppen I. Deutsche Math.
(Jahrgang 1), 6:772–782, 1936.

[Gru57] Gruenberg, K. W. Residual properties of infinite soluble groups. Proc. Lond.
Math. Soc., III. Ser., 7:29–62, 1957.

[Gru62] Gruenberg, K. W. The residual nilpotence of certain presentations of finite
groups. Arch. Math., 13:408–417, 1962.

[Gru70] Gruenberg, K. W. Cohomological Topics in Group Theory, volume 143 of LNM.
Springer-Verlag, 1970.

[Gru72] Gruenberg, K. W. and Roseblade, J. E. The augmentation terminals of certian
locally finite groups. Canad. J. Math., 24:221–238, 1972.

[Gru80] Gruenenfelder, L. Lower central series, augmentation quotients and homology of
groups. Comment. Math. Helv., 55:159–177, 1980.

[Gup73] Gupta, C. K. The free centre-by-metabelian groups. Austral. math. Soc., 16:294–
299, 1973.

[Gup78] Gupta, C. K. and Gupta, N. D. Generalised Magnus embeddings and some
applications. Math. Z., 160:75–87, 1978.

[Gup82] Gupta, N. On the dimension subgroups of metabelian groups. J. Pure Appl.
Algebra, 24:1–6, 1982.

[Gup83] Gupta, N. D. and Levin, F. On the lie ideals of a ring. J. Algebra, 81:225–231,
1983.

[Gup86] Gupta, C. K. and Levin, F. Dimension subgroups of the free center-by-metabelian
groups. Illinois J. Math., 30:258–273, 1986.

[Gup87a] Gupta, C. K. and Passi, I. B. S. Magnus embeddings and residual nilpotence.
J. Algebra, 106:105–113, 1987.

[Gup87b] Gupta, C. K., Gupta, N. D. and Levin, F. On dimension subgroups relative
to certian product ideals. In Group Theory (Bressanone, 1986), volume 1281 of
LNM, pages 31–35, Springer, Berlin, 1987.

[Gup87c] Gupta, N. Free Group Rings, volume 66 of Contemporary Math. Amer. Math.
Soc., 1987.
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Lecture Notes 9, National University, Singapore, 1982.

[Har82b] Hartley, B. An intersection theorem for powers of the augmentation ideal in
group rings of certain nilpotent p-groups. J. London Math. Soc., 25:425–434,
1982.

[Har82c] Hartley, B. Powers of the augmentation ideal in group rings of infinite nilpotent
groups. J. London Math. Soc., 25:43–61, 1982.

[Har84] Hartley, B. Group Theory: Essays for Philip Hall; ed. K. W. Gruenberg and J.
E. Roseblade, chapter Topics in the Theory of Nilpotent Groups, pages 61–120.
Academic Press, 1984.

[Har91a] Hartley, B. and Kuzmin, Yu V. On the quotient of a free group by the commu-
tator of two normal subgroups. J. Pure Appl. Algebra, 74:247–256, 1991.
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[Laz54] Lazard, M. Sur les algèbres enveloppantes universelles de certaines algèbres de
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