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109. Petković, M.S.: Iterative Methods for Simultaneous Inclusion of Polynomial Zeros.

Springer-Verlag, Berlin (1989)
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127. Petković, M.S., Milošević, D.M.: On a new family of simultaneous methods with cor-
rections for the inclusion of polynomial zeros. Intern. J. Comput. Math., 83, 299–317
(2006)
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selben Verändelichen. Ges. Werke, 3, 251–269 (1903) (Johnson Reprint Corp., New
York 1967)

188. Werner, W.: On the simultaneous determination of polynomial roots. In: Iterative
Solution of Nonlinear Systems of Equations, Lecture Notes in Mathematics 953,
Springer-Verlag, Berlin (1982), pp. 188–202

189. Wilf, H.S.: A global bisection algorithm for computing the zeros of polynomials in
the complex plane. J. Assoc. Comput. Mach., 25, 415–420 (1978)

190. Wilkinson, J.H.: Rounding Errors in Algebraic Processes. Prentice Hall, New Jersey
(1963)

191. Yakoubsohn, J.C.: Finding a cluster of zeros of univariate polynomials. J. Complexity,
16, 603–638 (2000)

192. Yamagishi, Y.: Master Thesis. Kyoto University, Kyoto (1991)
193. Yamamoto, T., Furukane, U., Nogura, K.: The Durand-Kerner and the Aberth meth-

ods for solving algebraic equations (in Japanese). Jyo-ho Syori (Information Process-
ing), 18, 566–571 (1977)

194. Yamamoto, T., Kanno, S., Atanassova, L., Validated computation of polynomial zeros
by the Durand-Kerner method. In: Herzberger, J. (ed) Topics in Validated Compu-
tations, Elsevier Science, B.V., Amsterdam (1994)

195. Zhao, F., Wang, D.: The theory of Smale’s point estimation and the convergence of
Durand-Kerner program (in Chinese). Math. Numer. Sinica, 15, 196–206 (1993)

196. Zheng, S., Sun, F.: Some simultaneous iterations for finding all zeros of a polynomial
with high order of convergence. Appl. Math. Comput., 99, 233–240 (1999)



Glossary

C the set of complex numbers, 32

K(C) the set of circular disks, 32

Z = {c; r} circular disk = {z ∈ C : |z − c| ≤ r} ∈ K(C), 32

mid Z center of a disk Z, 32

rad Z radius of a disk Z, 32

Z−1 exact inverse of a disk Z, 32

ZIc centered inverse of a disk Z, 32

Z1 ∩ Z2 intersection of two disks, 33

Z1 ⊆ Z2 inclusion of disks, 33

Z1/2 square root of a disk Z, 34

In index set, In = {1, . . . , n}, 2

P monic algebraic polynomial, P (z) = zn + an−1z
n−1 + · · · + a1z + a0, 2

zi approximation to the zero ζi of a polynomial P , 2

ẑi the next approximation to the zero ζi, 4

δk,i = P (k)(zi)/P (zi) (k = 1, 2, . . .), 5

∆i =
(
P ′(zi)2 − P (zi)P ′′(zi)

)
/P (zi)2, 163

Wi Weierstrass’ correction = P (zi)/
∏

j �=i(zi − zj), 2

Ni Newton’s correction = P (zi)/P ′(zi), 8

Hi Halley’s correction =
(
P ′(zi)/P (zi) − P ′′(zi)/(2P ′(zi))

)−1, 6

w maximal Weierstrass’ correction = max
1≤i≤n

|Wi|, 68
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f function whose zero ζ is sought, 35

f−1 the inverse function to f , 38

f (k) the kth derivative of a complex function f , 46

f
(k)
(z) the kth Fréchet derivative at the point z, 37

ζ a zero of f , 35

ζi a zero of a polynomial P , 2

µ the multiplicity of the zero ζ of a function f , 21

µi the multiplicity of the zero ζi of a polynomial P , 21

Ek(z, h, f) the kth incremental Euler algorithm, 49

d minimal distance between approximations = min
j �=i

|zi − zj |, 61

cn i-factor, w ≤ cnd, 69

z
(m)
i approximation to the zero ζi in the mth iteration, 71

u
(m)
i error in the mth iteration = z

(m)
i − ζi, 97

γn convergence factor, 97

C
(m)
i iterative correction in the mth iteration, 71

βn contraction factor, |C(m+1)
i | < βn|C(m)

i |, 74

O same order of magnitude (of real numbers), 23

OM same order of magnitude (of complex numbers), 135

OR R-order of convergence, 181

ρ(m) a measure of the separation of inclusion disks generated in the mth
iteration, 190

≈ approximate equality between numbers, 7
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a posteriori error bound methods, 118,
120

calculating procedure (I), 123

calculating procedure (II), 124

parallel implementation, 125

approximate zero, 37, 46, 49

Euler–Chebyshev’s method, 51

Halley’s method, 50

higher-order methods, 50

Newton’s method, 44

quadratically convergent methods, 44,
45

approximations of derivatives, 23

attracting cycle, 45

Banach space, 37, 42, 44, 51

basic (Schröder’s) sequence, 49

Bell’s polynomials, 11

Bell-like iterations, 11

bilinear function, 17

Carstensen’s identity, 8

Cauchy sequence, 38

center of gravity, 27

characteristic polynomial, 28

Chen’s approach, 45

circular arithmetic operations, 140

circular complex (interval) arithmetic,
32, 147, 190

circular extension, 33, 186

circular inclusion approximations, 186

clusters of zeros, 68, 191

computer arithmetic, 70

convergence of Newton’s method, 51

convergence order of

families of simultaneous methods with
corrections

single-step, 179

total-step, 177

Hansen–Patrick’s family, 146, 147, 163

convergence theorem

a posteriori error bound methods, 122

Börsch-Supan’s method, 84, 86

Börsch-Supan’s method with
Weierstrass’ correction, 112

Chebyshev-like method, 95

Durand–Kerner’s method, 78, 81

Ehrlich–Aberth’s method, 103

Ehrlich–Aberth’s methods with
Newton’s corrections, 110

families of simultaneous methods, 172

family of simultaneous interval
methods, 188, 189

Halley-like method, 115

Hansen–Patrick’s family, derivative
free, 142, 145

Hansen–Patrick’s family with
derivatives, 153

Tanabe’s method, 89, 91

critical point, 45

deflation, 1

disk inversion, centered, 32, 120, 139,
168, 191

disk inversion, exact, 32

division of disks, 33

Durand-Kerner sequence, 63, 64

Euclid’s norm, 182, 183

family of interval methods, 186

families of simultaneous methods, 161

single-step, 174

total-step, 163
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Euler-like, 164

Halley-like, 164

Laguerre-like, 164

Ostrowski-like, 164

with corrections, 174

single-step, 175

total-step, 175

with Halley’s corrections

single-step, 175

total-step, 175

with Newton’s corrections

single-step, 175

total-step, 175

fixed point relation, 2

Börsch-Supan-like, 3

family of simultaneous methods

for multiple zeros, 182

for simple Zeros, 161

Halley-like, 4

Newton-like, 3

square root family, 162

square root type, 4

Wang-Zheng, generalized, 11

Weirstrass-like, 3

Fréchet derivative, 37

Gauss-Seidel approach, 174

Gerschgorin’s disks, 28, 193

Gerschgorin’s theorem, 28

global convergence, 7

guaranteed convergence, 71, 151

correction approach, 71

convergence theorem, 72

Hansen–Patrick’s family, derivative
free, 137

Hansen–Patrick’s family with
derivatives, 151

sequence approach, 97

Halley’s approximation, 15, 20

Halley’s correction, 6, 174

Halley-like corrections, 182

Hansen–Patrick’s family, 16, 129

Börsch-Supan’s method, 134

for a single zero, 129

for finding polynomial zeros,
simultaneously, 129

simultaneous derivative-free method,
133

Euler-like, 133

Halley-like, 134, 135

Laguerre-like, 134

Ostrowski-like, 133

simultaneous methods with derivatives,
146

Ehrlich–Aberth, 147

Euler-like, 147

Halley-like, 147

Laguerre-like, 147

Ostrowski-like, 147

with corrections, 148

Hessenberg’s matrix, 192

Horner scheme, 1

i-factor cn, 29, 31, 69, 80, 81, 86, 91, 92,
95, 99, 105, 112, 114

i-factor cn, almost optimal, 69, 80

inclusion annulus, 156

inclusion disks, 27, 31, 119

based on Weierstrass’ corrections, 28

of Braess-Hadeler, 28

of Smith, 28

inclusion isotonicity, 33, 186

inclusion of disks, 33

inclusion property, 121

inclusion radius, 26, 27

inclusion region, 26, 190

inclusion test, 190

incremental Euler’s methods, 48–50

initial approximations of Aberth, 124,
157, 159

initial condition, 67, 68, 121, 151

Börsch-Supan’s method, 86

Börsch-Supan’s method with
Weierstrass’ correction, 112

Chebyshev-like method, 95

Durand–Kerner’s method, 81

Ehrlich–Aberth’s method, 103

Ehrlich–Aberth’s methods with
Newton’s corrections, 110

families of simultaneous methods, 164

Halley-like method, 115

Hansen–Patrick’s family, derivative
free, 137, 145

Tanabe’s method, 91

intersection of disks, 33

interval methods, 118, 120, 121

Börsch-Supan-like, 120

Börsch-Supan-like with Weierstrass’
correction, 120

family of simultaneous methods

Euler-like, 188

for multiple zeros, 189

Halley-like, 188

Laguerre-like, 188

Ostrowski-like, 188

total-step, 187
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Halley-like, 187

of the fourth order, 191

Weierstrass-like, 120, 192

iterative correction, 71, 74, 143

Kantorovich’s approach, 36

Lagouanelle formula, 190

Lagrange’s interpolation, 13, 78, 98, 106,
132

majorizing sequence, 54

majorizing sequence method, 51

Mathematica 6.0, 70, 95, 124, 165, 182

mean value theorem, 53

method (for a single zero), 6

Chebyshev, 9, 20

Euler, 130

Euler–Chebyshev, 49, 50

Farmer-Loizou, 24

Halley, 6, 13, 50, 130, 174

Hansen–Patrick, 129, 130

Laguerre, 130

Newton, 13, 35, 45, 49, 51, 52, 130, 174

for nonlinear systems, 7, 59

Ostrowski, 16, 130

Ostrowski’s (square root) method, 9

Stefensen-like, 19

method (for all polynomial zeros,
simultaneously), 5

Börsch-Supan’s method, 5, 15, 82, 119,
134

with Weierstrass’ correction, 8, 18,
111, 119

Chebyshev-like, 20, 91

Chebyshev-like, accelerated, 20

cubic derivative free, 21

Durand–Kerner, 5, 25, 27, 51, 76, 119,
157

Ehrlich–Aberth’s method, 5, 7, 16, 25,
99, 147

with Newton’s corrections, 8, 16, 105

Ellis-Watson, 18, 134

Farmer–Loizou, 26

Halley-like method, 5, 114

with Halley’s corrections, 10

with Newton’s corrections, 10

Huang–Zheng, 149

Nourein, 9, 16, 19

Sakurai-Petković, 20

Sakurai-Torri-Sugiura, 18, 147

square root method, 5

with Halley’s corrections, 10

with Newton’s corrections, 10

Tanabe, 9, 86

Wang–Zheng, 5

Weierstrass, 5

Zheng–Sun, 19

method for multiple zeros, 21, 150

Euler-like, 131

family of simultaneous methods, 181

single-step, 182

total-step, 182

of the fifth order, 22

of the fourth order, 22

of Hansen–Patrick’s type, 150, 151

of the sixth order, 23

of the third order, 22

Halley-like, 21, 131

Hansen-Patric, 131

simplified version, 132

Laguerre-like, 21, 131

Ostrowski-like, 131

Schröder, 21, 132

square root type, 21

minimal distance, 68, 74

minorizing function, 71

multiple zero(s), 21, 131, 150

multiplicity of zero, 21, 150, 190

multiprecision arithmetic, 124, 156, 182

Newton’s approximation, 15, 20

Newton’s correction, 8, 174

Newton’s method estimates, 44, 47, 51,
56

in Banach space, 38

Newton’s step, 52

normalized i-factor, 116

number of numerical operations, 125

number of zeros (in a disk), 190

parametric notation, 28

point estimation of

Börsch-Supan’s method, 82

Börsch-Supan’s methods with
Weierstrass’ correction, 111

Chebyshev-like method, 91

Durand–Kerner’s method, 59, 76

Ehrlich–Aberth’s method, 99

Ehrlich–Aberth’s methods with
Newton’s corrections, 105

Euler–Chebyshev’s method, 51

families of simultaneous methods, 172

Halley’s method, 50

Halley-like method, 114

Newton’s method, 59

Tanabe’s method, 86

point estimation theory, 36
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principle of argument, 190
product of disks, 33

quadratically convergent methods, 44

R-order of convergence, 179
radius of convergence, 48

schlicht function theory, 36, 44
Schröder’s correction, 182
search algorithm, 190
simultaneous interval methods, 9
spectral radius, 180
square root of a disk, 34
stopping criterion, 156, 157
subdividing procedure, 190

Taylor’s expansion, 37, 39, 54
tensor of k-th order, 61

tensor of the first order, 61

truncation operator, 49

Viète’s formulae, 7

W-class, 119, 120

Wang–Han’s convergence theorem, 51

Wang–Zhao’s convergence theorem, 54,
66

Weierstrass’ function, 13, 15–17, 19, 20,
23, 132

Weierstrass’ function, modified, 14, 16,
20, 23

Weierstrass’ approximation, 15

Weierstrass’ correction, 28, 68, 74, 119,
132

Weierstrass’ sequences, 6

Weierstrass-like function, 21–23, 150
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