A

Large Polynomials

In this appendix, we quarantine off some of the larger polynomials which
would otherwise disrupt the flow of the text of Chaps.2 and 3.

A.1 ‘H%, Counting Ideals
The following polynomial is W,7,(X,Y’), mentioned on p. 36:

1—-6X%Y° +5X7Y° +4X°Y 7 - 8X7Y 7 +3X Y7 +4X'0y® —8X'Ty®
+3X1Y® — XPY? 4 3X7YY - 3X 1YY — X101 45X 1Ty 0 — 6x 1Py 10
+ XlelO _ X24y11 + 3X25Y11 _ 3X26Y11 4 8X17Y12 _ 10X18y12

+ 3X19Y12 + 8X25Y13 _ 10X26Y13 + 3X27Y13 _ 5X17Y14 + 15X18Y14
_gx9yl4 _1gx2y15 4 43X326y15 _ 24X27y 15 + 9x28y15 _ gx18y16
+ 5X19Y16 _ x20y16 _ 5X33Y16 4 15X34y16 _ 9X35Y16 + 8X25Y17
—30X26y17 30X 2Ty 1T _ 7 x28y 17 _ x29y17 4 g 33y 18 _ 3 x34y 18
+ 32X35Y18 _ 7X36Y18 _ x37y18 T 3X26yl9 _ 9X27Y19 + 7X28Y19
_3XA2y 19 4 5x 3y 19 L x4y 19 L gx33y20 4 g 34y 20 _ 17 x35y20

+ 15X36Y20 _ 3X37Y20 _ 3X27Y21 + X28y21 + X29y21 4 3X42Y21

_ 9X43Y21 + 7X44Y21 + 4X34Y22 _ 12X35Y22 _ 2X36Y22 + 13X37Y22
_5X38Y22 44 x2y 23 | 1ox By 23 _ o x4y 23 4 13Xy 23 _5x46y23
+ 9X35Y24 _ 10X36Y24 _ 10X37Y24 + 9X38Y24 _ 3X51Y24 + X52Y24
+ XY 3X Y 418X PYP — 16X MY — 16X + 18X 10y
_ 3X47Y25 4 X 36y26 4 X37Y26 _ 3X38Y26 4 9X51Y26 _ 10X52Y26
—10X53y26 L gxP1y26 _ 5x43y2T 4 13 x4y 2T _ o x4y 2T _ 19 x 46y 27
FAXAYTY2T _5x5ly28 4 13X52y 28 _ 953y 28 _ 19 x5y 28 | 4 x5y 28
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L7XAY29 _ gxd6y29 | gy dTy 20 | 60320 | x61y20 3y 62720

_ 3X52y30 4 15 53y30 _ 7 x4y 30 | gx 55y 30 _ 3 x56y30 _ yd5y31
L 5x46y3l _ gydTy3l | 7y 6ly3l g y62y/31 | gy 63y31 5232
_7XP3Y32 4 30y 54yB32 _ g0 x5y B2 4 g P06y B2 _ y60y33 _ 7 y61y33
1 32X62y33 _ 3003y 33 | gx64y33 _ gxBiy34 | 555y 34 _ 5y 56y 34
L X09yB4 4 5xTOyB4 3 TlyB4 4 ox6ly 35 o) x62y35 | 43 y63y35
—19X04y35 _ g xTOY36 | 5 xTIY36 _ 5x T2y 36 | 36237 _ 1063y 37
18X 04yBT | g T0YB8 | 0TIy 38 4 g X T2y 38 _ 3x63y39 4 3x64y39

_ X5y B9 4 xT0yA0 _ g xTlyA0 | 5y T2yr40 _ yT3yA0 gy T9yal
1380yl _ xSly Al | gy Tlyd2 | gy Tayd2 | T3yA2 | g 7Oy a3

_ 880y 43 4 4 x8ly 43 | 580y 45 _ gxSlyds | x89y50,

A.2 g4, Counting All Subrings

The following polynomial is Wé, L(X,Y), mentioned on p. 44:

14+ X4Y2 - XOy3 4+ Xx6y3 — xOy4 _ x7y4 — x9y4 4 x10y4 _ x5
—2X10Y° —3xMY? —2XPY® — XY 4 X1OVO 4 XY 42Xy 0
4 XBY6 L xl4y6 _ x15y6 _ x1ByT7 _ xldyT7 _ox 15y 7 _ x16y7

_ XLy +X14Y8 —|—2X15Y8 +3X16Y8 + 3X17Y8 +X18Y8 _ x19y8
+ X208 — XY 4 XY 42XV 42Xy 42Xy + XYY
—|—X22Y10 —|—X23Y10 —|—X24Y10 _ X21Y11 _ X22Y11 +X26Y11

4 X227yl o x2ay12 | x25y12 | 2612 | x26y13 g x27yr13

_oX Y13 _9x29y13 _ x30y13 | x31y13 X28yl4 4 x29y 14

_ X30Y14 _ 3X31Y14 _ 3X32Y14 _ 2X33Y14 _ X34Y14 + X31Y15
Jr){32}/15 Jr2)(33}/15 JrXvi’>4y15 JrXvi’>5y15 JrXv&‘iyl(i _ X34Y16

_ X30y16 _9x36y 16 _ x3Ty 16 x38y/16 4 x35y17 | o 36117
+3X37yl7 +2X38Y17 +X39Y17 _ X38Y18 +X39Y18 +X41Y18
—|—X42Y18 —X42Y19 —|—X43Y19 _ X44Y20 _ X48Y22.

A.3 T,, Counting All Subrings
The following polynomial is WTE (X,Y), mentioned on p. 45:

1+ X4Y2+ X°V?2 —2x%Y3 —3X6y3 + XOv?* — x8y* —ox%y? — ox10y4
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+ XY —2XY? —4x YT — XMY 4 XMYO 4 XY 4 4x 1Y 0
+ 9x14y6 4 ox15y6 _oxl6y6 _ ox17y6 + X14y7 4 3X15Y7 4 2x16y7
HAXTYT 42X YT — X YT 4 X0YT - XOYS 43X Y S 46X 1Y
+4X20y8 L 3x2ly8 _ x18y9 _ 4 x19y9 _ 4x20y9 _9x21y? 4 5x22y9
+ 2X23Y9 + 4X24Y9 + 2X25Y9 _ X20Y10 _ 3X22Y10 _ 8X23Y10
_3X24y10 _ x25y10 + 9 x 26710 + 9Xx27y10 + 9x23y1l _ g x24y1l
_AXPYN _gx26yll 1127yl 428yl 4 x29y 1l | gx30y Ll
+ X25Y12 + 4X26Y12 + 3X27Y12 + 2X28y12 _ 6X29Y12 _ 11X30Y12
_ 6X31Y12 _ 4X32Y12 + X33Y12 4 2X29Y13 + 6X30Y13 + 5X31y13
_5X3BYI3 x4y 18 L gx3oy 13 _ x3lyld 4 4 x32y14 | gx33y 14
+11X34Y 14 4 X3y 14 _gx36y 4 _gx3Ty 4 _ 4 x38y 14 _ x39y14
_ 3X34Y15 _ X35Y15 + 4X36yl5 4 11X37Y15 + 8X38y15 + 4X39Y15
+ 2X40Y15 _ 2X41Y15 _ 2X37Y16 _ 2X38Y16 + X39Y16 + 3X4OY16
+ 8X41Y16 + 3X42Y16 + X44Y16 _ 2X39Y17 _ 4X40Y17 _ 2X41Y17
_ 5X42Y17 4 2X43y17 4 4X44yl7 4 4X45Y17 + X46y17 _ 3X43Y18
_AXMYI8 _ x5y 18 | g xa6y 18 | x40y 18 | xddys19 | x45y719
_ 2X46Y19 _ 4X47Y19 _ 2X48Y19 _ 3X49Y19 _ X50Y19 + 2X47y20
4 2X48Y20 _9x49y20 _ 9x50y20 _ 4 x51y20 _ 52320 _ x53y,20
+ X5Oy21 + 4X51Y21 + 2X52Y21 _ X53Y21 + 2X54Y22 + 2X55Y22
+ X56Y22 _ X58Y22 + 3X58Y23 + 2X59Y23 _ X59Y24 _ X60Y24 _ X64Y26,

A.4 L33,2), Counting Ideals
The following polynomial is WE’(S.Z » (X,Y), mentioned on p. 50:

1-X°Y? 4+ X2 4+ XOYV? 4+ X0V — XOV® — XTYP 4+ X°Y° — X'OvT
—XUys _ xl2y8 4 xBy8 _ x12y9 4 x13y9 _oxldy9 _ x15y9
+X14Y10 _ X16Y10 _ Xl?ylo +X15Y11 _ 2X16Y11 _ XlSyll +X20y11
Jrle(iym JrAX18Y12 —X19Y12 Jr){20)/12 _ X21Y12 _ X22Y12 JrX—19yl3
_ X20Y13 _ 2X22Y13 _ X23Y13 + 3X22yl4 _ 2X23Y14 + X24Y14

_ X26Y14 —|—X22Y15 —|—X23Y15 —|—X25Y15 +X23Y16 +X24Y16 _ 2X25Y16
+2X26y16 _ x2Ty 16 _ 25y 17 | 9x 26y 17 | 2Ty 17 x28y1T 30y 17
_ X26y18 +X27Y18 -|-2X28Y18 =+ 2X29y18 _ X3OY18 +X31Y18 _ X29Y19
Jr2AX30Y19 +X33Y19 _ X30Y20 +)(315/20 _ X32y20 Jr3){33)/20 +X35Y20
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_ox3y2l | ox34y2l | xBTy2l | x34y22 | ax35y22 o x36y22
L 3X3TY22 | 39y 22 x34y23 | 35y23 | y3Ty23 | y38y23 4 g yrd0y23
O XAy23 _ x38y24 | yB0y 24 A0y | xdly24 | yd2y24  p38y25
_oX3IY25 _ x40y _ x4ly25 | 9 yd2y25 g xddy 25 | o xddy s

4 X42y26 _ x43y26 4 o xA5y26 g xady2T o xA5y2T | o xd6y27
LXBY2T _ xASy28 | o xATy28 | xSy 28 | yd0y28 | xddy20  xrd5y29
_ XA6y29 _ x49y29 | y50y29 | x49y-30 4 x50y730 _ y51y30 52730
4 XP3Y30 4 48y Bl x50y 3l 9 x5ly 3l o x52y 31l | o 53y 3l

_ XPAyBL | oxBly32 | x53y32 _ yB5y32 | x56y32 | x52y/33 3 x56y33
_ XAy B4 4 9Py B4 4 956y B4 | y56Y35 _ yB8y35 | 60335 | x57y736
4 x00y36 _ x63y36 | x61y37 | y62y37 | y62y38 | y63y38 | y64y-38
_ X05y38 | x66y38 _ y65y/40 | 66340 | y67y40 4 y68y740 _ 6940
L XOOy Al _ x69y42 4 yT2y42 | yTlyAB | xT2yd3 | xT3yAs | yTayaS
4+ XToy 45 _ xT8yAT,

A.5 G3 X g5,3, Counting Ideals
The following polynomial is W5, = (X,Y’), mentioned on p. 56:

14 X6y3 _ x6y5 _ xTy7 _ x12y7 _ xly8 _ y13y9 _ x15y10
_ X20y10 4 13yl xlayll xSyl | xldyl2 | xl5yl2 | xl6yl
L X20y12 | x21y12 4 x19y 04 L g x21yld | y22y 14 x23y14 | x23y15
4+ X26y15 | 9x22y16 | 26316 | 2Ty 16 y28y16 _ y26y17 4 y2TylT
L XY 4 x20y17 | x23y18 | x28yI8 | x27y19 | y28y-19 4 y30y-19
1oX3Y10 | x29y20 _ x28y21 | w31yl x33y21 | x36y21 | y35y22
_ X20y23 _ x34y23 _ x36y23 | x3Ty23 _ x36y24 _ x4ly24 | 35y
_ X36y25 _ x37Ty25 | y38y25 | x36y26 _ x37y26 _ y38y26 o yd2y26
_ XB8Y2T _ x4ly2T | x4ly28 | xd2y28 | 9xd3y28 | xd5y28 | xr43y30
_ X44yB0 4 yd8y30 _ xd9y30  x50y30 4 xrA9y 31 L y50y/31  xeSly31
LoXHyB2 4 x49y32 | yBly33 | x50y34 | x52y35 | yBTy35 | B8y 3T
_ xP8y39 _ x6dyd2
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A.6 gg,12, Counting All Subrings

The following polynomial is Wéym (X,Y), mentioned on p. 59:

1+ X%Y +2X1Y? — X°7? 4+ 2X0V3 — XOv? — XTy* +4x3y* 4+ Xv!
—3X°Y® —5X%Y7 4+ XY + XVO — X0y - 3x MY 43X YO
—XBYS 4 XUy T _5x12yT _gxBy7T _oxMyT7 _3x15y7 4 5x13y8
4 XMys _ x15y8 _ox16y8 _ gx17y8 L ox15y9 _9x16y9 4 x17y9
_ox18Y9 _7x19y9 _ox20y9 _ x21y9 417y 10 | 3 18y10 | gx19y710
_ X20y10 _ 4X21Y10 _ X23Y10 _ XlSyll +X20y11 + 11X21y11

+ X22Y11 _ 4X23Y11 _ 4X24Y11 _ 2X25Y11 + 2X22y12 + 13X23Y12

+ 8X24Y12 + 8X25Y12 4 X26Y12 _ X27Y12 _ 3X23Y13 _ 2X24Y13

+ 8X25Y13 4 3X26Y13 4 5X27Y13 =+ X29y13 _ 3X25Y14 _ 2X26Y14
+6XFTY M 4 XY L 13X P Y M 43X Y M 4 axPly M — 5Ty 1S
_ 5X28Y15 _AXYVIS 3X30Y15 4 9X31Y15 + 6X32y15 + 4X33y 15
_9x29y16 _ gx30y16 _ g x3ly16 _ 5x32y16 | gy 33y16 | o x34y/16

+ 6X35Y16 4 9x36y16 _ 9x3ly 17 _ X32Y17 —11X33yLT 11X34Y17
_ X36y1T g xBTy 1T o 38y 1T _ 1o x 35y 18 _ 11 x36y 18 _ g x 3Ty 18

_ 6X38Y18 4 6X39Y18 4 2X40Y18 4 92 X35y 19 + 6X36Y19 _ 6X37Y19
—8X3Y19 _11X39y19 _ 19 x40y 19 | x3Ty20 4 38y 20 _ x39y20
C11XAY20 L1 x42y20 L 43y 20 _ 9 x44y20 4 939y 21 4 g yd0y 21
+oXHY?2l | gx42y2l _ 5x 43y 2l _ gxddy2l _ g x 45y 2l _ g xd6y2L

+ 4X42Y22 4 6X43y22 4 9X44Y22 _ 3X45y22 _ 4X46Y22 _ 5X47Y22

_ 5X48Y22 + 2X44Y23 4 3X45Y23 + 13X46Y23 + 8X47y23 4 6X48Y23
_ 2X49y23 _ 3X50Y23 + X46Y24 4 5X48Y24 + 3X49Y24 + 8X5OY24

_ 2X51y24 _ 3X52Y24 _ X48Y25 4 X49Y25 4 8X50Y25 4 8X51Y25

+ 13X52Y25 4 9x93y 25 _ 9x50y26 451y 26 4 x52y726 4 X 53y26

4 11X54y26 4 x55y26 _ x5Ty26 _ x52y27 _ 4y 54y 2T | x55y27

+ 8X56Y27 4 3X57Y27 4 4X58Y27 _ X4y 28 _ 9x55y28 7X56Y28
_9XPTYy28 | x58y28 _ 9x 59y 28 | o 60y 28 5 x58y29 g x59y29

_ Xx60y29 + X 61y 29 + 5X62Y29 _ 3X60Y30 _9x61y30 _ 8X62Y30

— 5X03y30 4 x64y30 _ x62y31 4 gx63y31  g3x64y31 _ x65y31

+ X66Y31 + X65Y32 _ 5X66Y32 _ 3X67Y:32 + X66Y33 + 4X67Y33

_ x68y33 _ x69y33 + 9x69y34 _ xT0y34 + 2X71Y35 4 X73Y36 4 X5y 3T
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A.7 gi1357¢, Counting Ideals

The following polynomial is W (X,Y’), mentioned on p. 67:

013578
14+ X°Y? — XPY® - 2XOVT —2X1Y® 4+ X°Y® — XTY® + XYY — 2X°Y?
— XOy9 _ XTy10 _ x10y10 _ x Tyl _ x8y il x99yl _ x 10yl
+3XTY12 _3x8y12 _ox9y12 4 xl0y12 _ xTyl13 4 3x8y13 4 x10y13
_ 3Xllyl3 +X9y14 Jr‘leoylzl _ X11Y14 Jrlei’,lel + 5X11Y15 _ 2X12Y15
_ X14Y15 +X11Y16 + 5X12Y16 _ 2X14Y16 +X16Y16 +X9Y17 _ X12Y17
+X13Y17 =+ 7X14Y17 _ Xlﬁyl? +X12Y18 + 2X14Y18 + 2X15Y18
—|—X16Y18 4 2X12Y19 _ 4X14Y19 +6X15Y19 —|—X16Y19 —|—3X17Y19
_ X12Y20 + 4X13y20 _ 3X15y20 + 2X16Y20 + X17y20 + 3X18Y20
_ X12Y21 _ 2X13Y21 + 4X14Y21 + X15Y21 _ 2X17Y21 + X18Y21
+ 2X19y21 +X20Y21 _ 2X14y22 +X16y22 +X20Y22 +X21Y22
_3X1y2 4 x16y23 | 3x1Ty23 _ ox18y23 _ x19y23 _ x20y23
+9Xx2ly23 _ 5X16y24 _ g3 x18y24 | gx19y24 _ x20y24 _ gx2ly24
+ X22y24 + XleQS _ 5X17Y25 _ X18Y25 _ 8X19y25 + 6X20Y25
+ X21y25 _ 9x22y25 + X17Ty26 _ o x18y26 _ 4 x19y26 _ gx20y26
+ X21Y26 _ X23Y26 _ 2X24Y26 + X18Y27 _ X19Y27 _ 9X20y27
_3X2Ly?T _9x22y2T 4 x23y27 _ x25y27 | x1Ty28 | 9x19y28
4 X20y28 _7x2ly28 _ gx22y28 _ 3x23y28 | 9x24y28 _ 2628
_X2Ty28 L x19y29 4y x2ly29 | x22y29 11 x23y29 _ 4 x24y29
_2X20y29 4 x26y29 _ 9x2ly30 4 4 x22y30 _ x23y30 _ g x24y30
_ 5X25Y30 _ 4X26y30 + X27y30 _ X21y31 _ X22Y31 + 8X23Y31
_ X224yl _gx26y3l _ x27Ty31 | x20y82 4 x2ly32 9 x22y32
_ 2X23y32 + 3X24Y32 + 5X25Y32 + 7X26Y32 _ 10X27y32 _ X28y32
_ 2X29Y32 + X21y33 + 2X22Y33 _ 4X25Y33 + 6X26Y33 + 8X27Y33
_5X28y33 _ x20y33 _ x30y33 | gx23y34 | y24y34 | gx25y34
_ X26Y34 =+ X27y34 4 6X28Y34 + 2X29y34 _ 2X30Y34 _ X31y34
+ 5X24Y35 + X26Y35 + X27Y35 + 3X28YS5 + 9X29Y35 _ X30Y35
_ X32y35 _9x24y36 + 5X25y36 + 4X26y36 + 10X27Y36 _ 8X28y36
_ 5X29Y36 + 12X30Y36 4 XSly36 + 4X32Y36 _ X33y36 _ X25Y37
T 9 X 26y 37 + 15X28Y37 _ X29Y37 _ 2X30Y37 4 4X31Y37 T X32Y37
4 3X33Y37 _ X26Y38 _ X27Y38 + 2X28Y38 + 13X29Y38 4 2X30Y38
+ X31Y:38 _ X32Y38 —|—4X33Y38 + X34Y38 + X35Y38 _ 2X27Y39 _ X28Y39



A.7 gissre, Counting Ideals 185

1 oX20y39 | gy30y39 | 5y3ly39 _ x33y30 | 5x34y30 | x36y-39
L X2TYA0 _ 2840 g x20y40 5 y30y40 4 3xBly40 | 19 yB32y40

_ 3X33Y40 _ x34y40 4 x35y/40 | y36y/40 | xr3Tyd0 | x29y041 o 30yl
10Xy g3y Al 4 gxBy Al _ o x 35y 4l _ x36yAl | 30y
_5XBLYA2 _ 4 x32y42 _ x33y42 | g yBAyd2 | px35yA2 | o 36y 42
LX3TYy42 29743 4 o xBly 43 | 5 x32y43 | gx33y43 o x34yds

1L GXYA3 | 30y 43 _ y30y43 | yB0y44 _ yBlydd | y32y4d
Lox3BYH _ gxBAy 4 | (g xSy 4 436y 44 | 93Ty 44 | 338y 4d
_ XBly s _ gx32y45 _ g33y45 | g xBAy sy x35y4s _ {5 x36y45
_gX3TYy 45 _ 38y 45 | 5x39y45 _ xd0y45 o x33y46 _  3dyr46

_ XB36y46 g 3Ty 46 g 38y 46 o B9y46 | A0y 46 g xr3dy AT
_7XBYAT |30y AT | g 3Ty AT (9 38y AT | 539y AT g x40y 4T
Lo HIYAT | o xB5YAB | 193648 | g 38y 48 | g 39y 48 () ydlyds
LXA2y48 | X359 | 3649 1 x3TY A9 | 5 x38y49 | x39y49
LoXAYH9  px42y49 | xA3yr49 | y36y50 | g BTy 50y y38y 50

_ 5X39Y0 _ 5 x40y 50 | gxdly S0 | yd2y50 _ o xrd3y 50 _ o xrddy 50

1 XBTYSL 4 g8y Sl _ 9 x39yBl _ gx40y 5l _ gxaly sl | g yd2yl

_ XMy Sl o x 45y Sl 3Ty 52 | g 39y 52 4 4 x40y 52 g xAly 52
_7XA2y52 | x43y52 | 5y MyB2 _ yd5yB2 _ yd6y52 g x39y/53

15X A0y53 | gy aly 53 |y y42y 53 gy By 53 9 x4y 53 | g xSy 53
4 XA0y5e | gxaly B | a2y Be g xaBy5e g xddy s xSy 5d

L X6y 54 | ox ATy B4 xABY B | y39y/55 | 0y 55 xaly S5 | xrd2y 55
L 10XA3YP5 4 5 XAy S5 _ Y4By S5 _ 9 xA6y 55 _ 9 xdATy 55 | g xd8y55
L XALy6 _ o x 4256 _ 4356 | gy ddyS6 4 xrdSy56 | 5 xrA6y 56
_4XATY'S6 _ 4By 56 | 49y 56 | g xrd2y 5T g xrddy ST | g By 5T
QX 6YST | 7 ATY ST _ g 8y 5T | gy 44y 58 9 yd6y 58 | g xrdTy 58
L pXA8YS8 | x4y 59 | xABy B9 | 3 xA6y59 | o A8y 59y xr49y59

_ XMy 60 4 x5y 60 | 9 xd6y 60 _ yd8y60 _ g y49y,60 | 7 y50y60

1 XPLy60 _ x45y61 | g8y 61 _ yd9y61 5 y50y61 4 4 51y 61

L XP2y 61 g x46y62 ATy 62 | 348y 62 4 449y 62 4 x5ly 62

_ XP2y62 4 9xB3y62 _ 9 x 4Ty 63 | x48y63 _ o x50y 63 | oy 5ly 63

_ 3X52y63 _ 953y 63 | oy B4y 63 | ATy 64 _ gy 48y 64 5 x40y 64

_ XP0y64 | x5ly 64 | 552y 64 _ 9y B3y 64 _ g xBAy 64 gx5ly 65
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L X93Y65 _ x5y 65 _ y5ly 66 g y52y/66 _ y56y66 _ 50y67 _ o 5367
_ XAy 6T _ x5BY67 | yB56y67 _ 5Ty 6T | o 52y68 5468
_3XP5y68 | x56y68 _ x53y69 | 3x54y69 3y 56y69 _ y57y69

_ XOBYTO0 4 ox BBy TL | BTy TL _ y59y Tl | 9y B8y T2 x59y T2 | x56y73
_ XPTYT3 49X PIYT3 4 95Ty T4 4 x 60y T4 _ y60yT5 | 9 y6ly TS

L XPOYT6 4 60y T6 _ y6lyT6 | x62y 76 | 60y 7T 4 x63y78 | y63y81
_ x66y83

A.8 gi1457a, Counting Ideals

The following polynomial is W31

g1457A

(X,Y), mentioned on p. 68:

1— X4Y5 — X4y® £ XPy® _ XPy9 _ x8y10 L xSyl _9x9yll | x8y12
_ X9y12 _ x10y12 4 ox9y13 _ 9 xl0y18 | x10y 14 x0y15 4 ox13yl5
_ XMy15 4 x9y16 _ 9x10y16 _ 13316 4 oy ldy16 4 y10y17  yllylT
L XMyl L ox I8y I8 9y ldyl8 | 3xl4y19 o 15y19  x13y20

43X lAY20 _ xlay2l 4oy 15y 21 x 16y 21 4 yl8y21 | y15y22 | x16y22
o XVTy22 4 x18y22 | y10y22 | xl4y23 | x15y23  gx18y23 4 4 x19y23
LoxI5y24 _ x16y24 _ xI8y24 9 y10y24 4 ox20y24 | x16y25

L XI18y25 _ x19y25  y18y26 | 4 y19y26 9 x20y26 _ y23y26  x18y27
_ X19y27 4 4x20y27 _ x23y27 _ 3x19y28 | 3x20y28 | y21y28

o Xy28 _3x20y29 4 ox21y20 | x23y29 | y24y29 21730
_3X2YB0 | x24y30 | x20y31 5 x24y3l 4 oy 25y 31 y20y32
LOX21yB2 | x23y82  y24y32 | g y25y32 | y23y33 | x24y33 | x25y33
L X2BY33 324y 34 4 925y 34 | x 27y B4 y20y34  y24y35

_ QX 25y35 | x20y35 | x2Ty35 | y28y35 20335 gy 25336 _ x26y37
L XBYBT 4 x2Ty38 | y28y38 _ gy20y/38 30338 | 3338 4 3x28y/39
_ 3x30y39 _ x25y40 4 x28y/40 | 33297740 | y30y/40 _ xr31yd0 | xr30y4l
LoX32y41 | gx33yd2 | 29743 y30y43 | y3lyd3 | x32yd3 | o yr33yd3
X3y 3 | 29y 44 yBlydd 9 y33yrad | g y3dyad | y30yds | x33yd5
_ XBAyA5 | x35yAS | g y33y46 | y34y46 | 3546 BTy 46 L y38y46
_ QX BBYAT | 534y AT | x38yAT | 3448 | 33548 | y3Ty48

_ XBAYA9 | Y3549 93Ty 49 | 3 x38y49 | yBAy 50 | xr3Ty50

_ 3x38Y50 | 3x39y50 | xB5y5l 438y 5l 4 39y 5l L yd0y/5l
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L X35Y52 4 938y 52 430y 52 | x40y 52 4 y39y53  yd0y53 | y42y-53
_oX3BY P4 | o309y B | yA0yBe | yd2yBe g xdBy5e  y xB9y55

4 3x40y55 | 43y 55 _ x4dyS5 _ y39y/56 _ yd0y56 | xdly 56 xrA2y56
4 XA3Y56 _ xA0yST | xA2y/5T 43y BT | ST g yddy B8 | w5y 58
L oX By 59 _ gy 4y 59 4 o xady 60 | o xa5y 60 _ xrddy 6l | xraTy 61

L XABY 6l o x4dy62 4 xSy 62 | 9 xSy 62 | yd0y62 | yddy63

_ 9 X4y 63 | 4963 _ 4864 | o yd8y65 _ o x49y65 | xd8y 66

4 X49y66 _ x50y 66 4 o 49y 67 _ x50y/67 | y50y68 | 53369 x53y-70
4+ XPAYyT0 | xRy T3 _ x58yT8

A.9 g14578, Counting Ideals

The following polynomial is W (X,Y’), mentioned on p. 68:

914578
1— X*Y° — X*Y8 4+ XOVS — XPY?0 — X8y10 4 xSy —axfy!t 4 XSy
_ X9Y12 _ XlOle + 2X9Y13 _ 2X10y13 +X10Y14 + 2X13Y15 _ X14Y15
_X10Y16 _ X13Y16 —|—2X14Y16 +X10y17 _Xllyl7+X14yl7+X13yl8
_ X14Y18 —|—3X14Y19 _ 2X15Y19 +X15Y20 + 3X15Y21 _ X16Y21
+ X18y21 _ X15y22 +X16Y22 +X19Y22 _ X17Y23 _ X18Y23 +3X19Y23
_ o x18y24 9 x19y24 + 9 x20y24 + X1y _ x18y25 +X19Y26 _ X20y26
_ X23Y26 +X20y27 _ X22y27 _ X19Y28 +X20Y28 +X21Y28 +X22Y28
_X23y8 _ x24y28 _ x19y29 | x21y29 | x20y30 _ 23330 _ g x23y31
T X25Y31 + 2X23Y32 _ 3X24Y32 _ X25y32 _ X25y33 _ X27y33 4 X24Y34
_ X25Y34 —|—2X27Y34 _ 2X28Y34 _ X24Y35 +X27Y35 +X28Y35 _ X29Y35
_ X25Y36 4 3X28y36 _ 2X29Y36 _ X25y37 _ 2X28y37 =+ 2X29Y37
_ X29y38 +X32Y38 —|—2X28Y39 _ 2X29Y39 _ X3OY39 _ X32Y39 +X33Y39
Jr4)(29}/40 _ 3X3OY40 +)(29};41 +X30Y41 _ X31Y41 +X32Y41 _ X33Y41
4 x30y42 _ x32y42 | 4 x33y42 _ x34yd2 | 9 x34yd43 | x35y43
_ 2X33Y44 + 3X34Y44 _ 2X34Y45 4 2X35Y45 4 X34Y46 _ X37y46
4+ X38Y46 | o34y AT | By AT o x38yAT | x39y4T | x3dyd8
4 2X35Y48 —|—X38Y48 _ X39Y48 +X38Y49 _ 2X38Y50 + 2X39Y50
_ X38y51 _ x39y 5l 4 x40y 5l o x39y 52 4 x40y52 | x40y 53 | xr43y54
4 X43y55 _ X44Y55 _ X44Y58 + X48Y63.
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A.10 trg(Z), Counting Ideals

The following polynomial is W;’G @) (Y') mentioned on p. 78:

142Y2 43V 425 +4Y0 4 4Y7 + 7Y% +8Y% + 10Y'0 + 13y 4 16Y!2
+19Y 13 4 24V 427V 4 34V 16 4+ 37YL7 4 4418 48V 4 5670
+59Y2L 4 70Y22 4 72Y23 + 81V + 83Y%° + 90Y%6 + 91V + 95728
+93Y2% 499730 4 91Y3! 4+ 92Y32 4 8233 4 80Y3* + 63V 4 6236

4 38Y37 4 34Y38 4 9y39 — 27y — 38Y*? — 68Y "3 — 75V — 105715

— 115Y%6 — 139Y47 — 146Y*® — 173Y4% — 171Y5° — 19571 — 188Y°2
—206Y°3 —194Y%* — 206Y°° — 188Y°% — 195Y°7 — 171Y°® — 173V

— 146Y°%° — 139y — 115Y%2 — 105Y% — 75Y%4 — 68Y6° — 38y 66 — 27y %7
+9Y% 43470 4 38Y ™t + 62Y 72 + 63Y 72 4 80Y 74 + 82Y7° + 92V 76

+ 91V +99Y 78 4 93Y™ + 95Y%0 4+ 91Y® + 90Y®? 4 83Y®3 4 81v¥

+ 72Y% 4 70V 4+ 59V 87 + 56V 88 4 48Y3) 4 44y 90 4 37y 9L 4 34792
+27Y% 4 2479 419V 4 16Y° + 13Y°7 4+ 10Y?8 4 8y 4 7y 100

+ 4Y101 Jr4}/102 + 2Y103 + 3Y104 + 2Y106 + Y108'

A.11 tr7(Z), Counting Ideals

The following polynomial is Wti @) (Y') mentioned on p. 78:

L+3Y2 451 4+ 3Y5 + 7Y% 4 9Y7 +13Y® +18YY + 25V10 4 32y 11
+44Y12 £ 56Y18 4 7571 4 9415 4 125Y10 4 153Y17 4 199V 18 4 2427719
+305Y20 + 367Y?! + 459Y%2 4 54523 + 6732 + 793Y % 4 958Y ¢
+1124Y27 + 1337V % + 1553727 4 1834Y3Y + 2106Y 3! + 2458Y 32
+2806Y32 + 3228Y34 4 3656Y 3% + 417230 4 4668Y%7 4 529073

+ 5867Y3 4 6573Y 10 4 7245 4 8028Y 12 + 8767Y 13 + 9642y 44
+10421Y% 4 11360Y%6 + 12183Y47 4+ 13136Y*® + 13963Y4Y + 14921Y*°
4 15683Y%1 + 16609Y 5% + 17279Y %3 4- 18089Y°* + 18627Y°° + 19271Y°°
+19582Y°7 4 20023Y58 + 20038Y %2 4 20192Y % + 19882Y %! + 19663Y 52
+18961Y5% 4 18352Y %4 + 17163Y% + 16125Y%6 + 14444Y°57 4 12905y %8
+10732Y% + 8700Y 7 4 5995Y 7 + 3517V 2 + 305Y 73 — 2612Y 7
—6241Y7 — 9546Y 76 — 13535V 77 — 17095Y 78 — 21361Y 7 — 25071Y%°
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—29441Y8! — 33196Y32 — 37522Y83 — 41121Y3* — 45290Y®° — 48557y 8¢
—52361Y87 — 55180Y®® — 58427V — 60607Y?° — 63191V — 64544y 92
— 66322Y%3 — 66778Y 9 — 67583Y%5 — 67068Y %% — 66871Y 7 — 65267Y %8
— 64071 — 61396Y190 — 59142Y 101 — 55484Y7102 _ 52239y7103

— 47622Y19% — 4356019 — 38095Y1%6 — 33306Y 107 — 27241y 108
—21857Y1%9 — 15362110 — 9666Y 11 — 2883Y 112 4 2883V 113 4 9666y 114
+ 15362V 115 + 21857V 116 4 27241V 17 4 33306Y 118 4 38095Y 110

+ 435607 120 + 47622Y 12! 4 52239V 122 4 55484Y123 4 59142y 124

+ 61396Y 2% + 64071V 25 + 65267Y 127 4 66871Y 1% 4 67068y 12°
+67583Y 130 4+ 66778Y 13 4 66322Y 132 4 64544Y 133 + 63191y 134
+60607Y 135 + 58427y 136 1 55180137 4 52361138 + 48557y 139

+ 45290V 140 4 4112171 4 375227142 1 33196143 4 29441y 144

+ 25071V 1% 4 21361V 146 4+ 17095V 147 4 13535148 + 9546y 14

+ 62417150 4 2612V 1%L — 305152 — 3517Y153 — 5995y 154 — 8700y 15°
—10732Y1%0 — 12905Y 157 — 14444Y158 — 16125V %9 — 17163y 16°

— 18352V 161 — 18961Y 162 — 19663Y 163 — 19882Y 164 — 20192y 165

— 20038Y166 — 20023Y157 — 19582Y7168 — 19271V 169 — 18627y 170

— 18089Y 17! — 17279y 172 — 16609Y 173 — 15683Y 174 — 14921y 175
—13963Y17% — 13136Y 177 — 12183Y1™® — 11360V 17 — 10421Y 80

— 9642Y 181 — 8767Y 182 — 8028Y 183 — 7245y 184 — 6573V 185 — 5867y 186
— 5290Y187 — 4668Y 188 — 4172V 189 — 3656y 190 — 3228191 — 2806y 192
— 2458Y19% — 2106Y 194 — 1834Y19° — 1553Y196 — 1337y 197 — 1124Y198
—958Y199 — 793290 _ 673y 201 _ 545Y202 _ 459y 203 — 367y 204
—305Y2% — 242Y296 _ 199y 297 — 153Y208 _ 125209 _ 94y 210 _ 75y 21!
o 56Y212 o 44Y213 o 32Y214 o 25Y215 o 18Y216 o 13Y217 o 9Y218

_ 7Y219 _ 3Y220 _ 5Y221 _ 3Y223 _ Y225.



B

Factorisation of Polynomials
Associated to Classical Groups

In this appendix we are concerned with the proof of Theorem 6.9. The proof
depends on extending the following classical identity on root systems: let w;
be the reflection in the root defined by «;, then

) AMw)+1 ifw N (ag) € DT
Alwiw) = {A(w) 1 ifw Yay) €D

To explain our generalisation to the root systems X; = C} or Dy, we set up
some notation. Let @51 be the sub-root system generated by {a_,...,q;}
of type Xjy1. Let we,_, be the element sending sﬁzﬂ to QSI;H'

Let us recall the structure of the root systems C; and D; and their cor-
responding Weyl groups. Let e; be the standard basis for the /-dimensional
vector space R/

Cﬁ = {2e;,e;,+e;:1<i<j<I} with simple roots oy = e; —eq, ...,
a1 = €1 —ey, o = 2¢e;. W(C)) is the semi-direct product of the symmetric
group on e; and the group (Z/27Z)! operating by e; — (+1);e;.

D?‘ = {e;fe;:1<i<j<I} with simple roots oy = e1 — ey, ...,
a1 = e—1 — e, ap = e_1 +e. W(D;) is the semi-direct product of the
symmetric group on e; and the group (Z/27)"~! operating by e; — (41);e;
with [],(£1); = 1.

We shall write w = m,,0,, where 7, is the permutation and o, is the sign
change (where we employ the convention that we implement the sign change
followed by the permutation). For each w € W, let w(k) be the permutation
of €r (i) for i = k,...,l which alters the order. For k =1,...,r + 1 let

Wk) = W= myoy : w Hak-1) and (we,_,,,ww(k)) ™ (ak-1)
have the same sign and (o,-1); =1

W= Twow wH(ap—1) and (we,_, ., ww(k)) ™ (ax_1)
have opposite signs and (g,-1)r = —1
=W(k)TuUW(k)™
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and

Jo(w)={j:k<j<r(op-1);=1,(0p-1)jy1=—-1},
JHw)={j:k<j<r(o4p-1);=-1,(0p-1)j11=1} .
Note that we put W(1) = {w = 7,04 : (0,-1); =1} = W(1)" since there is
no «g.
Theorem B.1. Fork=1,...,r+1,
1. The map w — we,_, ., ww(k) is a bijection from W (k) to W\ W (k);
2. If we W(k)™ then
A(wél—kﬁ»lww(k))
= )\(U}) - bk*l/2 - Z bj + Z bj + (Uw*1>r+1br+l ;
JETT (w) JeT, (w)
3. Ifwe W(k)~ then
A(w¢sz+1ww(k))
= Mw) = br—1/2 — Z bj +br—1+ Z bj + (Ow-1)r1br41
FET (w) JET,, (w)

Note that part 1 implies that parts 2 and 3 can be used to provide an
identity valid on the whole of W. Although complicated, taking X; =
and k = [ reduces to the classical identity for ¢ = [. To see this note that
JH(w) = J; (w) =@, b —b_1/2 =1, and we,_,,,ww(k) = ww.

Having set up this notation, we can extend Theorem 6.9 to describe more
precisely the factorisation:

Theorem B.2. If G = GSpy; of type C; or G = GO;‘l of type D; then for
k=1,....,7r+1

Pa (X, V)= (1+x"=2y) [ 5 x0T xbye
weW (k) ajew(P)

T

=(14Y) (H(l + X’”/QY)> Ra(X,Y),

i=1

where
Re(X,Y)=| Y x* J] x%ve
weWw ajew(P)
and
~ r+1
W= () W(k)
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It is important therefore in establishing natural boundaries to remove
the cyclotomic factors and provide a description of the resulting polynomial.
This is precisely the goal of Theorem B.2 in the case of Pgsp,, (X,Y) and
PGO; (X,Y). In this appendix we establish the following:

Theorem B.3. If G = GSpy; of type C; or G = GO;FI of type Dy then
Pq(X,Y) has a factor of the form

T

1+ Y)JJa+x%2y),

i=1
where r =1 —1 for G = GSpy, and r =1 —2 for G = GO,.

Proof. For convenience, let us use the notation that by = 0. Let X; denote
either the Dynkin diagram C} or D;. We shall use the following identities: for
C}; we have

by — card(Cy ;) + card(Af) = b_(gy1y/2 for k=0,...,1—1,
for D; we have

by — card(Df, ;) + card(A}) = b_py1y /2 for k=2,...,1—1,
by — card(D]) = b_o/2 .

The element we, , is the sign change e; — e; fori=1,....01 —k—1
and e; — —e; for i =1 —k,...,r + 1 (note that in the case of D; this then
determines the sign change e;, namely e; — (—1)*e;.) For each w € W, let
w(k) be the permutation of e (i fori==k,... 1 which alters the order.

Fork=1,...,r+1let

Wk) = W= Toy : w ' (og—1) and (we,_,, ww(k)) ™ (ok—1)
have the same sign and (o,,-1); =1

W= Twow wHap—1) and (we, _, ., ww (k) (ax_1)
have opposite signs and (o,-1)r = —1

= W k)T UW (k) .

Note that we shall put W (1) = {w = myoy : (04-1); =1} = W(1)" since
there is no ag. The point is that things are going to work out because this
means that in the second case actually it forces ay_1 € w(®;"). We're trying
to divide W up into two pieces so that w — we,_, ., ww(k) is a bijection and
the difference in the polynomial is effected by multiplication by X-1/2Y"

Then the claim is that w +— wg,_, ., ww(k) is a bijection between W (k)
and W\ W (k).

Note first of all that we,_,,, (Ws,_, ,, ww(k))(we,_, ., ww(k))(k) = w, since
(we, ., ww(k))(k) = w(k). Secondly, since w(k) is just a permutation and
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wg,_,,, changes the sign of ey, (0,,-1)r = 7(U(w¢l_k+lww(k))—l)k. Hence w —
we,_, ., ww(k) maps W (k) into W\ W (k) and also maps W\ W (k) into W (k).
It is straightforward to see, using this second map, that w — we, ,, , ww(k)
is then a bijection between W (k) and W \ W (k).

We claim now that the correspondence w — wg,_, , ww(k) behaves in the
following manner:

ka._l/QY Xf)\(w) H ijch
ajew(P)

— XﬁA(w‘PL,k+1ww(k)) H ijYCj .

Oéjewcplkarlww(k)(d)*)
Let
Jk_(w):{j:kngT,(O'w71)j :17(Uu)*1)j+1 :_1} ,
J,j(w) ={j:k<j<r(op1)j=—1,(0p-1)j41 =1} .

Then divide J(w) = {j <r:w 'a; € ™ } into J; (w) and its complement
J(w) \ J;f (w). The first claim is then that for w € W (k)"

J(Wa,_,pyww(k)) = (J(w) \ Ty (w)) U Ty (w)
and for w € W (k)™
J(Wa,_ o ww(k)) = (J(w) \ Jif (w)) U (w) U{k -1}
For1<j<r,
wlay =w (e —ej41) = (0w-1);€x, () — (Tw-1)jt1€n, _, (j+1) -

So firstly J(w) D J;f (w) and J(w) N J,, (w) = @.
For k <j <,

(w¢L7k+1ww(k))_1 a;
== (Uw*l)j w(k) (ewwa(j)) + (Uwfl)j+1 w(k) (ewwfl(j+1)) .

If (0-1); = = (0w-1);,4, (le. j € JF(w) U J; (w)) then w™la; € @~ if and

only if (w(pl_k+1ww(k))_1 aj ¢ 7. 1f (0-1); = (04-1),4 . then

(Ow-1)j€r, 1) = (Ow-1)j41 €r, 1 (i+1) = (Ow—1); (eww_l(j) - ewu,-1<j+1>> :
The point of using w(k) now comes into effect because

-1
(w¢sz+1ww(k)) a; = (O'wfl)j <_w(k)eﬂ'w71(]’) + w(k)eﬂwiﬂj-l-l))
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will have the same sign as w™ ;. This is because e;, —e;, € ¢~ if and only if
12 < i1 and w(k) has the effect of altering the order of m,,—1 (i) for i = k,... L

w — wg, ., ww(k) has no effect on those j < k — 1 since w'ay; =

(we,_, ., ww(k)) laj.

The only root we haven’t taken account of is ap_1 = ep_1 — eg. If
w € W(k)™ then we are assuming that ¥ — 1 € J(w) if and only if
k-1 € J(wg, . ,ww(k)). So the only issue here is that if w € W(k)~,
then wlap_y ¢ &, ie. k —1 ¢ J(w). Then by definition of W(k)™,
k—1¢€ J(ws,_,,, ww(k)). Now

wilak—l - (Uwfl)k;_l eﬂ’w,l(kfl) - (o'wfl)k €r 1k

w

1
(qul—k+1ww(k)) Q-1 = (Uwfl)k—l Cr,—1(k—1) + (wal)k w(k) (eﬂw—lk)

Then w € W(k)~ (i.e. that these two elements have different signs) implies
that the sign of w™'ay_1 is — (04,-1), = 1, by definition of W (k)~.

We start with the case C;. For ease of notation, set #! = &1, ¢~ = o~
Let us suppose first that w € W (k). We have to prove that:

ANwe,_,ww(k)) = Aw) —bp_1/2— > bj+ > bi+eub, (B.1)
JeTF (w) JEJ, (w)

where w™loy € @ and €,, € {£1}. Notice that the powers of Y are correct
since if £, = 1, then card J, (w) = card J,, (w) (look at the string of signs in
0.y—1 from k to [ which by hypothesis begins and ends with +, then card J;" (w)
is the number of sign changes — to +, and card J,_ (w) is the number of sign
changes + to —). Then the degree of Y in the monomial corresponding to w
is 2 card J(w) and to wg,_, ,, ww(k) is

2card J(wg, _,,,ww(k)) +1=2card ((J(w) \ J;f (w)) U J, (w)) +1
=2card J(w) + 1.

If ¢, = —1, then card J, (w) = card J;/ (w) — 1, and the degree of Y in the
monomial corresponding to w is 2 card J(w) + 1 and to wg,_, ., ww(k) is

2card J(wg, ., ww(k)) = 2card ((J(w) \ J; (w)) U J; (w))
=2 (card J(w) + 1)
= 2card J(w) + 2.
Recall that the length of a word is the number of positive roots sent to
negative roots by that word. It is the same as the length of its inverse. We look

first at the effect of w™! and (we, ,,,ww(k))™' one;+e; for k <i<j<L.
Define

Ki(w)y={a=e+te;:i<j<lw (a)ed } .
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Lemma B.4. If i > k and (0,-1), = &; then
card K;(w) = card K;(ws,_, ., ww(k)) +&;(l —i+1).

Proof. The point here is that in w™! (e; £ ej) = g;ey + ey there is always
one root with both signs of the basis elements equal to €;, and one with
alternate signs. As we have explained the first root then changes sign under
(we, _,,, ww(k))~" whilst the second retains its sign. So if (¢,,-1); = &; then
there are [ —i+ 1 roots (including 2e;) which get mapped by w™=! into @ but
get mapped by (wg, ,,,ww(k))~" into —®°; the other I — i roots will keep
the same sign. O

So in the roots e; & e; for k < i < j <[ we get a change of length

l l

dall—i+) =) (—i+1)-2 > (I—i+1).

i=k i=k k<ie;=—1

Now, by —by_1/2 =" (l—i+ 1) =S 1—i+1) =", (—i+1).
Also we have

2 ) (-i+1)

k<i,e;=—1
J J l
= Y 2> (-i+1)- 2 (I—i+1)+25» (I—i+1),
jGJ:(’w) 1=1 jGJ;(w) 1=1 =1

where 6 =0 if e, =1 and § = 1 if £, = —1. One can see this by looking at
the string of 4+s and —s. A string of —s starts at a j; + 1 where j; € J,_ (w)
and ends at a jo where js € J,j(w) If the last term in the string is a — then
since [ ¢ J(w) we need to add the last term as appropriate. But
J J
YooY —i+n- > 2

l
(I—it+1)+20) (I—i+1)

jEJ,:r(w) i=1 Je€J, (w) =1 i=1
= > bi— > bj+2b.
JeT T (w) J€JT, (w)

Hence we have got a contribution to the change in length between w and
we,_, ., ww(k) by looking at the roots e; & e; for k <i < j <1 of

bi—br1/2— > bi+ > bj—26b.
JET (w) j€d, (w)

So our claim is that the other roots don’t contribute any change in length.
That is certainly true of e; £e; for ¢ < j < k — 1 since the elements w~! and

(qulfkﬂww(k))il act in the same way on these roots.
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The last case where t <k —1<j,if e, (; and w(k:)e,rw_l(j) are both

on the same side of 7 then there is no change in the number of roots being
sent to negative roots. If however they are on different sides then to see that
there is no change in the number of positive roots changing sign we have to
consider the four positive roots e; == e; and e; e, _, ;) if m,-1(j) > i (and
otherwise e; + e; and e; T w(k)er ;)

Let us suppose now that w € W (k)~. We have to prove that:
ANwa,_,ww(k) = Aw) —bp—1/2— > bi+boi+ Y. bj+eub.

JETT (w) JE€JT (w)
(B.2)

Check first that the powers of Y match up again. If ¢, = 1, then
card J; (w) — 1 = card J,_ (w) (look at the string of signs in o,-1 from k
to | which by hypothesis begins with — and ends with +, then card J,j (w)
is the number of sign changes — to +, and card J,_ (w) is the number of sign
changes + to —). Then the degree of Y in the monomial corresponding to w
is 2card J(w) and to we,_, ,, ww(k) is

2card J(we, .,  ww(k)) + 1
= 2card ((J(w) \ Jf (w)) U J, (w)U{k—1})+1
= 2card J(w) + 1

If ¢, = —1, then cardJ, (w) = cardJ; (w), and the degree of Y in the
monomial corresponding to w is 2 card J(w) + 1 and to wg, ., ww(k) is

2card J(we,_, ., ww(k)) = 2card ((J(w) \ J; (w)) U J, (w) U {k —1})

=2 (card J(w) + 1)
= 2card J(w) + 2

Again we look at the effect of w™* and (we, ,,,ww(k))™" on e; + e; for

k <i<j <l and with the same argument we get a change of length
1

l
dell—i+1) =) (I—i+1)—2 > (I—i+1).
i=k

i=k k<ie;=—1

Now, this time since the string of +’s and —’s starts with a — we need to add
an extra term to get

2 Y (-itn= Y QZJ:Z—H—I do2 zJ:l—z—&-

k<ie;=—1 jeﬁ(w) i=1 JET (w) =1
—QZZ—H—I +2521—z+1
— Z bj— Y bj—by_1+20b,

j€J+(’LU) JjeJ, (w)
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where § =0ife, =1land § =1if g, = —1.
Hence we have got a contribution to the change in length between w and
we,_ ., ww(k) by looking at the roots e; £ e; for k <i < j <[ of

bi—br1/2— > bi+ > bj—26b.

JET (w) J€J, (w)

The same argument as above shows that the other roots don’t contribute
to a change in length.
Note that these identities B.1 and B.2 are generalisations of the classical
identities:
Mww) = Mw) + 1 if w™(ay) € T,
Mww) = Mw) — 1if w (o) € D™ .
This establishes the proof of Theorem B.1 detailed in the Introduction.

These identities therefore suffice in the case of C; to show that our claim
that the correspondence w — wg,_, ., ww(k) behaves in the following manner:

ka,l/QY X*)\(’w) H ijYCj
ajew(d)
_ X_)‘(w‘f’l—k+1“’w(k)) H ijycj .

aj€w¢17k+lww(k)(¢_)

Hence

Po(X,Y)=(1+X"2y) | Y x0T Xy
weW (k) o Ew(P)

W(k) = W= Ty : w (ag_1) and (qu,,_kﬂww(k))fl (ag—1)
have the same sign and (o,,-1), =1

—1
Ud W= TwOw w™(ap_1) and (qulfkﬂww(k)) (ag—1)
have opposite signs and (o,-1), = —1

and
-

Po(X,Y)=(1+Y)[[Q+X"?Y)Ra(X,Y),
where

Re(X, V)= Y x> [ xbye
weW ajEw(P)
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and

This concludes the proof of Theorem B.3 for the case of C; and establishes
the description of the resulting factor detailed in B.2.

Next consider the case D;. We start with looking at the effect of w and
we,_ ., ww(k) on the roots e; & e; for k < i < j < [. Define again

Kiw)={a=e+e;:i<j<lw 'a)ed }.
Lemma B.5. If i > k and (0,-1), = ¢; then

card K;(w) = card K;(wg,_, ., ww(k)) +&;(l —1i) .
If i < k then card K;(w) = card K;(wg,_, ., ww(k)).

The same proof works here with the observation that in D; we don’t have
roots 2e; so our counting arguments for C; here and elsewhere will generally
be effected by a drop of one everywhere.

Note taking ¢ = [ — 1, that this lemma implies in particular for the roots
simple o;_; and «; that we get one more or one less of these roots in the
monomial corresponding to we, , wa(k:) according to whether ¢;_1 is re-
spectively 1 or —1. Note that in the combinatorial data for D;, ¢;_1 = ¢; = 1.
Therefore the proof that the degree of Y in the monomial corresponding to
we,_, ., ww(k) is one more than that for w € W(k) is the same as for C
except that we look just at the string of +’s and —’s in 0,,—1 from k to [ — 1.

Let us suppose first that w € W (k)™. We have to prove that:

Mwa,_ww(k)) = Aw) = be-1/2—= > bi+ Y bi+eib1.
JET (w) JeJ (w)
(B.3)

Note that since b;_; = by, the last term takes account of the change of degree
in X corresponding to the action of w and wg,_, ,, ww(k) on the roots a;_;
and «;.

By Lemma B.5,

A(w’isl—kdrlww(k)) - )‘(w)

I
m
.
—
o~
\
~
~—

(—i)=2 > (-9

k k<i<l,e;=-—1

=b1—be1/2— Y bi+ Y. bj—20b_1,

€T T (w) JEJT, (w)

%
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where d =0 if g;_1 =1 and 6 =1 if g,_1 = —1. The last equality just follows
the same argument as for C; with the observation that for D;

-1

b171:Z(l—i),
i=1
b =25 (i)

=1

If w € W(k)~ then by a similar adaptation of the argument for C; one can
prove that

A(w¢l—k+1ww(k))
=AMw)—be-1/2— D> bit+bea+ > bjteaba.  (B4)

JeTF (w) JEJT, (w)

Again the identities B.3 and B.4 prove that in the case of Dy,

T

Po(X,Y) = (1+Y) [0+ X"/?Y)Ra(X,Y),

i=1
where
Ra(X,Y) = Z X —Aw) H Xbiye
weW ajew(P)
and
~ r+1
W= () W(k)
k=1

This concludes the proof of Theorem B.3 for the case of D; and establishes
the description of the resulting factor detailed in B.2. ]
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