A

Tables for Representations of GSp(4)

A.1 Non-supercuspidal Representations

Table A.1 below gives a list of all irreducible, admissible, non-supercuspidal
representations of GSp(4, F)). We have organized these representations into
eleven groups. Groups I to VI contain representations supported in the min-
imal parabolic subgroup Bj; groups VII to IX contain representations sup-
ported in the Klingen parabolic subgroup ); and groups X and XI contain
representations supported in the Siegel parabolic subgroup P.

All the information in Table A.1, as well as the notations, are taken from
[ST]. A more detailed description of the representations listed can be found in
Sect. 2.2. The “tempered” column shows the conditions on the inducing data
under which a representation is tempered. The “ess. L?” column indicates
the essentially square-integrable representations, i.e., those representations
that become square-integrable after suitable twisting. Finally, the rightmost
column indicates the generic representations (see Sect. 2.1 for the precise
definition).
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Table A.1. Non-supercuspidal representations of GSp(4, F’)

’ ‘ ‘ constituent of representation ‘tempered ‘ess. L?|generic
I X1 X x2 x o (irreducible) Xi, O unit. .
r al V"2 xv %y xo XStar) X o X, 0 unit. °

bl(x* # v*, x # v?) XlaL) X o
III a xXvxv X X 0Stasp(2) X, O unit. °

bl (x ¢{1,v"?}) X X 0lasp(2)

a oStasp4) o unit. ° °
v b P xvxrv s L(V{VilUStGSp(Q))

[ L(V3/QStGL(2), 1/_3/20)

d olGsp(a)

a 8¢, ve], v %) o unit. . .
v bl vExExv Y20 | L(v'/2€Star ey, v %0)

el (E=1¢6#1) |L@*€Stare), v ?0)

d L(v€, € xv™%0)

a (S, v ?q) o unit. .
VI b VX Lo 5020 (T, v120) o unit.

c L(Vl/ZStGL(g), v V%)

d L(v,1px x v~ %0)
VII x X 7 (irreducible) X, 7 unit. .

viml? Lo 7(S, ) 7 unit. .

b 7(T, ) 7 unit.

x |2 vEx v S(ve,v=?m) 7 unit. . .
bl ((#1,¢ér=m) L(ve,v=2n)

X mx o (irreducible) m, 0 unit. .

<1 |2 v v V20 S, v 2g) m,0 unit.| e .
b (wr =1) L ?m,v7%0)
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A.2 Unitary Representations

Table A.2 below lists all the irreducible, admissible, unitarizable represen-

tations of GSp(4, F'). The table represents a reformulation of Theorem 4.4,
Proposition 4.7 and Proposition 4.9 of [ST]. We include this table for com-

pleteness only; the unitary property is largely irrelevant for the paramodular

newform theory.

Table A.2 uses the notation e for the exponent of an essentially square
integrable representation. We only need the following two special cases. If x

is a character of F*, then e(x) is defined by |x(z)| = |z|*X) for x € F*. If

7 is a supercuspidal representation of GL(2, F'), then e(x) is defined by the

condition that =™z is unitarizable.

Table A.2. Unitary representations of GSp(4, F)

’ ‘ ‘ representation conditions for unitarity
e(x1) = e(x2) = e(o) =0
xi=v7x, x2 =v"x71, (o) = -4,
e(x)=0,x*#1,0<p<1/2
I| |x1Xx2xo (irreducible) x1 =17, e(x2) =0, e(0) = —3/2,
x2#1,0<8<1
x1 =M, x2 = vy, e(0) = (=B — £2)/2,
X' =L0<Bh<h 0<h <L fi+h<l
. \Star % o e(o) =e(x) =0
. x=&" e(0)=-8,=1,0<B<1/2
b one no clo) = e(x) =0
x=&" e(0)=-8,=1,0<B<1/2
ml® X X 0Stasp(2) e(o)=e(x)=0
b X X 0lgsp(2) e(c)=e(x)=0
a oStasp(a) e(o) =0
v b L2, V_IJSthp@)) never unitary
¢| L(*?Stasp(ay, v %0) never unitary
d olaspa) e(c) =0
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’ ‘ ‘ representation conditions for unitarity
al (g velv o) e(0) =0
v b L(V1/2§StGL<2),V_1/2J) e(c) =0
c L(ul/géStGL(g),fufl/QU) e(o) =0
d| L& Exv Y ?0) e(o) =0
a 7(S,v"20) e(c) =0
VI b (T, v 2%0) e(o) =0
C L(V1/2StGL(2), V_I/QO') e(o') =0
d|  L(1px xv%0) e(o) =0
e(x) =e(m) =0
VII x X 7 (irreducible) x=v2¢ m=v""2p 0<B<1,
E=1£6#1ep)=0,¢p=p
vinl? 7(S,m) e(m) =0
b (T, ) e(r) =0
x [ S(ve,v1?m) e(m) =0
b L(vé,v=%7) e(r) =0
= -0
X mx o (irreducible) ¢(o) ()
W:V6p7 6(0)__ﬁ7 0<ﬂ<1/27 wpzl
<1 12 S v 20) e(o)=e(mr)=0
b Lm0 %) e(o)=e(m)=0

m supercuspidal e(ws)=0
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The two tables in this section list the semisimplifications of the normalized
Jacquet modules of all non-supercuspidal representations with respect to the
unipotent radical of the Siegel and Klingen parabolic subgroups. The Jacquet
modules with respect to the unipotent radical of the Siegel parabolic are
representations of GL(2, F') x F*, and the Jacquet modules with respect to
the unipotent radical of the Klingen parabolic are representations of F'* x
GSp(2, F). Note that GSp(2, F)) = GL(2, F'); to translate into standard GL(2)
notation, use the formula y x ¢ = yo X . The last column lists the number of
irreducible constituents. These Jacquet modules were computed using Section
2 of [ST], pages 93-94.

Table A.3. Jacquet modules: The Siegel parabolic

’ ‘ ‘ representation semisimplification ‘#‘
Xx2) @0+ (X7t xx; ) ® o
I| |x1 Xx2xo (irreducible) (X x2) 0a Xz ) @ xxz 4
+(x1 X x3 ") ®@x20 + (x2 X x1 ) ® xao
St ®o+ xSt ® x’o
a XStarea) % o XPUGL(2) X GL(2) ®W X 3
" T x W) @ yv= V20
1 ®o+x'1 ® x o
b Xlere @ o i GL(21) 2 i( 1 G2L(2) >1<2 3
+(xv~ 25 "tV )®X1// o
ml® X X 0Stasp(2) (xxv)@ov 24 (wvxx )@ xor /2 |2
b X X 0lgsp(2) (xxv Hea'?+ @ xx @ xor'/? |2
a O'Sthp(4) V3/2StGL(2) ® v 3% 1
P L(v?, v 0Stasp(2)) VPlaLe @ v o+ (v xv ) @ v/ |2
C L(I/S/ZStGL(g), V73/20') V*S/QStGL(Q) @13 %0 + (y2 X ufl) Qv %5\ 2
d OlGSp(4) V_3/21GL(2) ® V32 1
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representation semisimplification +#
L/2¢8t -1/2
al (¢, ve], v 20) v12¢Stae @ v e |
+112€Stgr ) © vV 20
—1/2¢8t 1/2
b| L(v/2¢Stgr (), v~ 1/?0) v 7EStare) @ v/t )
AV +V1/2€1GL(2) ®§1/_1/2o-
~1/2¢8¢ 1/2
¢|L(W'/2€St gL, v %0) v 2EStaLe) @ v/ To )
+12€1 gL @ v 20
—-1/2 1 1/2
d|  L(ve € xv1/20) v €l @ &v o |
+v7 Y28 gr ) @ v %0
2 (V%8¢ ~1/2
a 7(S,v=1%0) (v aLz) ®@v~12%0) 5
+ 2160 @ v 20
oo L A CALA) V20 @ v 20 |1
c| L' 2Stare), v 20) | v/ ?Starp @ v/?0 |1
2. —1/21 1/2
dl L, 1px xv=120) (v aL(z) @ v'/%0) 3
+vH2StqL) @ v/ 20
VII XX 0 0
a T(S, ) 0 0
VIII
b 7(T, ) 0 0
x |2l g v 0 0
bl L&y 'm) 0 0
X TXOo TQ0+7Qweo 9
<1 [ S 2m,v120) A2 @124 )
b L0 n e | o Vmesis 1
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Table A.4. Jacquet modules: The Klingen parabolic
’ ‘ ‘ representation semisimplification ‘#‘
® X o)+ x2® X o
I| |x1 Xx2xo (irreducible) X1 @ (x ) +xe @ (a ) 4
x5 © (X1 % x20) + X7 @ (x2 % x10)
W2 & (v~ 2% o
a XStaLz) X o X (x ) 2
. W2 @ (Y 2g)
—-1/2 1/2
w2 @ (o)
b X].GL(Q) X o 2
Y2 @ (V2 xow 20)
X @ 0Stasp(z) + X' @ X0Stasp(
a X % 0Stasp () p(2) p(2) 3
. +r® (x X 01/71/2)
X @ olaspz) + X' @ x0lasp(a
b X ¥ olasp2) p(2) p(2) 3
+r i@ (x > O’V1/2)
O‘StGSp(4) s uflaStGSp(g) 1
v b L(v?, V_losthp<2)) v g voStasp2) +V ® (v % 1/_3/20) 2
c| LW *StgL),v *?0) | ® v olaspe) +r @ (VP % v 26| 2
d olasp(a) r/?® volgsp(2) 1
al  8([&vE],v?0) vE® (§x v %0) 1
v b| L(v*?¢Star2), v ?0) £® (V€ x Ev%0) 1
c| L(w?€Stgr(2), Ev?0) E® WExv2%0) 1
d L(v€, € x v~ %0) v 126 @ (€ x v %0) 1
a (S, v 2g) v® (1px x v 20) + 1px ® 0Stasp(e) |2
Vi b (T, ufl/QU) 1px ® 0Stasp(2) 1
c L(Vl/QStGL(Q), 1/71/20') lpx ® UlGSp(Q) 1
d|  L1px x v 2%0) lpx @ 0laspa) +v 1 @ (1px x v/2%0) |2
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representation |semisimplification |#
VII X X X@m+ x| 2
vII? 7(S,m) lpx @ 1
b T(T, 7T) 1F>< XK T 1
x [ S(vé,v=127) vE@v Y2r |1
b| L(v€,v=%7) vi¢@v/?r |1
X TXOo 0 0
alo(v2m, v=12g) 0 0

XI
b| LY 27, v~ 120) 0 0
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A.4 The Ps-Filtration

Let V' be an irreducible, admissible representation of GSp(4, F') with triv-
ial central character, and let 0 C Vo C V; C V = Vs be the Ps-filtration
from Theorem 2.5.3. The tables in this section list the semisimplifications
of the quotient V/V; and V;/Vs. The last column lists the number of irre-
ducible constituents. These semisimplifications are obtained from the semi-
simplifications of the Jacquet modules of V' with respect to the Siegel and
Klingen parabolic subgroups from Section A.3, using V5/V; = Tgi(z)(VNQ)
and V1 /V5 753(1)(VU,1&71,0)~ See Theorem 2.5.3. Note that the factor v3/2
appearing in all the entries in Table A.6 is a consequence of the fact that the

Jacquet modules in Table A.3 are normalized, while the Ps-filtration involves
no normalizations.

Table A.5. Ps-filtration: Vo /V4

’ ‘ ‘ representation s.s.(Vo/V1) ‘#‘

Tgi(z)(V(XlXZU X X10))
I X1 X x2 @ o (irreducible) +T£i(2)(V(X1X2U X X20))
+T§i(2)(l/(X10’ X 7))
+788 ) (V20 % )
753(2)(1/()(20 x v¥2x0))
+T£?1:(2)( v(v'/?xo x 7))
58 oy (WP x v 2x0)

+T§i(2)(z/(y 2xo x o))

a XStGL(Q) X o

II

b X]—GL(Q) XN o

P
Tar(2) (VX0 StaLe)
a X X O’StGSp(g) —|—T§i(2) (I/O'StGL<2)) 3
+T£i(2)(l/(l/1/2)(0' x vY/%q))

11 -
Tal ) (Y (xolare))

b X X 0lgsp(2) +T§i(2) (volar(e)) 3

+T§i(2) (1/(1/_1/23(0 X 1/_1/20))
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’ ‘ ‘ representation s.s.(Vo/V1) ‘#‘
a oStasp(a) Tgi(Q)(UQUStGL(g)) 1
£ (oSt
b| LA v loStespe) |, TGL‘Q’(:Q GL@))l N
v +761 ) V(Y 126 x v™%g))
Py 2,1
c L(V3/2StGL(2), st/za) TGL(Q)(V olcree) 9
+T§i(2)(y(l/1/20' X 1/73/20))
d olasp(a) TCI;:I}J(2>(O-1GL(2>) 1
a o([¢, ve], 1/_1/20) Tgi(2>(u(yl/20 X V1/2fa)) 1
v b L(V1/2§StGL(2),1fl/2a) 753(2)(1/(1/1/250 xv1%0)) |1
c L(V1/2£StGL(2),§V_1/QU) Tgi(2>(u(ul/20 x v~ Y2%€0)) |1
d|  Lwe e xv %) &t 2y V(0 X £0)) 1
P: 2 2
. T(S,V_I/QO') TGE(Q)(V(VI/ ox v/ o)) )
"‘Tg?ﬁ@)(VUStGL@))
VI b (T, v~"?0) Tgi(Q)(l/O'StGL@)) 1
c¢| L(v"*StaLee), v /?0) Tgi(g)(V(flGL(Q)) 1
P3
vol
d|  L(v,1px x v %) ToL(z) (VoloLm) 2
+Tgi(2)(y(l/71/20 x v 12%g))
VII X X T 753(2)(10(7?) + 753(2)(1/#) 2
P
VIII a 7(S, ) TGi(Q)(l/ﬂ') 1
b (T, ) Tgi(2>(V7T) 1
x |2 S(ve, v 2n) Tgi(g)(V3/257T) 1
L(v¢, 1/_1/27r) Tgi<2)(l/1/2€7r) 1
X T™X O 0 0
a S 2m, v ) 0 0
XI
b LY ?r, 07 120) 0 0
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Table A.6. Ps-filtration: Vi /Va
‘ ‘ representation s.8.(V1/V2) ‘#‘
Ps 3/2 P3 3/2
T v o)+ T v o
I X1 X x2 X o (irreducible) G}I;m( X1x20) GL(l)( ) ) 4
+7erm) (Y v*?x10) +TGL(1)( */2x20)
Ps3 3/2 2 3/2
T v + 7' v o
a XStar(z) X o GL(l)( )3 ) ?1‘2 1>( ) 3
11 gk (V! 2x0)
b XlgLe) @ o Tgi(l)(VS/QV_1/2XO') 1
1 12 X X 0Stasp(2) Té’i(l)(ys/Ql/l/z )-‘rTGL N V2 %6) |2
b X X 0lgsp(2) §E<1>( v*2u712x0) + TG‘L(I)(VB/Zl/_l/QO') 2
a oStasp(a) Tgi(l)(y?’/QuS/zo) 1
v bl L(v*,v 'oStasp(e)) Tgi(l)(VB/Quflmo) 1
c L(u3/QStGL(2), 1/_3/20) Tgi(l)(lj3/21/ 3/2 o)+ TGL( )(1/3/21/1/20) 2
d JlGSp(4) 0 0
al ([, vel,v?0) 76y WPV ey 13 (PP Pea) |2
v b L(l/l/2§StGL(2),l/_1/2a) Tgi(l)( 3/2u_1/20) 1
c L(V1/2fStGL(2),£V71/20) g‘i(l)( V22 q) 1
d L(ve, € xv~%0) 0 0
a (S, v™%0) QTgI?:(l)(uS/le/za) 2
b (T, v~ %0) 0 0
VI -
c| L(*Star,v ?0) TGi(l)( V2712 1
d L(v,1px x v~ %0) TGL(l)(zﬁ/zy*l/Qo) 1
VII XX 0 0
a 7(8,7) 0 0
VIII
b (T, ) 0 0
x |2 S(wé, v 2m) 0 0
b L(ve,v=%7) 0 0
X X o T§i<1)(1/3 2wro) + Tgi(U(ZIB/QO') 2
<1 S ?m, v %0) Tgi(l)(us/Qul/Qa) 1
L2, v7%0) Tgi(l)(yg’ﬂuflma) 1
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A.5 L-Parameters

Table A.7 gives the L-parameters ¢ = (p,N) of each non-supercuspidal
representation of GSp(4, F'), as defined in Sect. 2.4. For groups I — VI,
an entry 7y, ..., 74 in the “p” column stands for the map Wrp > w +—
diag(7i(w), ..., ma(w)) € GSp(4,C). For groups VII — XI, let 7 be the super-
cuspidal representation of GL(2, F') as in Table A.1. The symbol ¢, stands
for the L-parameter Wr — GL(2,C) of 7, and ¢ is defined in (2.1). The
character w, is the central character of 7, identified with a character of Wg.
Alternatively, w,(w) = det(¢r(w)). The entries in the p column are to be
read in diagonal block notation for groups VII — XI. The nilpotent elements
listed in the “N” column are defined as follows.

[0 [0 1 0 1
01 0 01
Nl— 0 5 NZ— 0 9 N3_ O )
i 0 i 0 0
[01 i [0 1
0 01
Ny = 0-1| No= 0-—1
i 0 | i 0

To define Ng, let S be the symmetric matrix from Lemma 2.4.1. Then

[0 B

Nﬁz 001’

where B = {11]5

(see 2.45). Finally, the last column lists the number of elements of
C(p) = Cent(i)/Cent()’ C*,

where Cent () denotes the centralizer of the image of ¢, where Cent()? de-
notes its identity component, and where C* stands for the center of GSp(4, C).
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Table A.7. L-parameters

‘ ‘ representation p ‘N ‘#C ‘
I X1 X x2 % o (irreducible) X1X20, X10, X20, O 0] 1
11 2 XStare » o x2o, V1/2X0', V_I/QXO', o M1
b XlgLe) X o 0|1
[ X 1 75tasp(2) v %x0, v V%0, v 20, 120 N4 1
b X X O’lGSp(g) 0 1
a aSthp(4> N5 1
2 1
v bl LG,v oStespe) v 20, v 20, v 20 v 20 Ny 1
c L(VS/QStGL(g), 1/_3/20) Ni| 1
d UlGSp(4) 0 1
al ol vl v %0) Ns| 2
b| L(v*/2£St v g Ni| 1
v ( StaL(2) ) 1/1/207 1/1/2507 1/71/2507 124 1
| L(v'/?€Star ), v o) Na| 1
d L, € xv™Y32%0) 011
a 7(S,v"%0) Nl 2
3
~1/2
VI b Ty %) u1/2a, l/l/za, V71/2O', v 1%
C L(Vl/zstGL(Q),V71/2U) N1 1
d|  L(v1px xv~120) 0|1
v X X T XWr Py Pr 01
a 7(S, )
VIII WrlPh, O 02
b 7(T, )
~-1/2
X LA & 2w, v 200 Mol 1
b L(ve,v=%n) 01
X T™X 0o OWr, OPx, O 01
a S\ ?m v % Na| 2
XI ( ) 1/1/20, OCPx, v 2
b L7, v71%0) 01

281
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A.6 L- and e-factors (degree 4)

The following Table A.8 lists the L-factors L(s,y) (degree 4) for the L-
parameters ¢ of the non-supercuspidal, irreducible, admissible representations
of GSp(4, F') (not necessarily with trivial central character). For a character
x of F*, the symbol L(s, x) in the tables below has the usual meaning;:

O = x(w)g )t if x is unramified,
s, ) = { 1 if ¥ is ramified.

Table A.9 lists the e-factors e(s,p) for the L-parameters ¢ of the non-
supercuspidal, irreducible, admissible representations of GSp(4, F') with triv-
ial central character. See Sect. 2.4, in particular (2.48) and (2.49), for the
definitions.



A.6 L- and e-factors (degree 4) 283

Table A.8. L-factors L(s, ) (degree 4)

‘ ‘ representation L(s, )
I X1 X x2 % o (irreducible) L(s,x1x20)L(s,0)L(s,x10)L(s, x20)
- a XStaLez) X o L(s,x%0)L(s,0)L(s, v/ *x0)
b Xlgre) X o L(s,x?0)L(s,0)L(s,v'/*xo) L(s,v™/?x0)
- a X X 0Stasp(2) L(S,V1/2XO')L(S,V1/2O')
b X % 0lgsp(2) L(s,v*?x0)L(s,v*?0) L(s,v™?x0) L(s, v %0)
a 0StGsp(a) L(s, 1/3/20)
v bl L(v*, v 'oStaspe) L(s,v*20)L(s,v™1?0)
¢ L(VS/QStGL@), v32%0) L(s,v®%0)L(s,v*?0)L(s,v™%/%0)
d olasp(a) L(s,v320)L(s,v"?0) L(s, v~ 20) L(s, v~/ %0)
a 5([€,ve], v %) L(s,v'20)L(s,v"%¢0)
v b| L(v'/?€Star 2y, v~ %0) L(s,v"?0)L(s,v"/?*¢0) L(s,v™?0)
c L(V1/2fStGL<2),EV71/20) L(s,V1/2U)L(s,V1/2§J)L(s,zfl/2§a)
d L, € xv2%0) L(s,v"?0)L(s,v"/?*¢0) L(s,v™?0) L(s,v™/?¢0)
a (S, v™%0) L(s,v'/?0)?
VI b (T, v 2%0) L(s,v'/?0)?
c| L *Stara, v ?0) L(s,v'/?0)?L(s,v™'%0)
d| Ly, 1px xv~%0) L(s,v'?0)2L(s,v™'/?0)?
VII X X 1
VI a 7(8, ) 1
b (T, ) 1
X a S(wé, v 2m) 1
b L(ve,v=%7) 1
X X o L(s,0)L(s,wr0)
I a S ?m, v %0) L(s,v'/?0)
b L2, v7%0) L(s,v'?0)L(s,v™'?0)
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Table A.9. e-factors £(s, ¢) (degree 4)

’ ‘ ‘ inducing data a(p) e(1/2,¢)
I a(x10) + a(x20) 4 2a(o)|x1(-1) (= x2(-1))
ox unr. 2a(c) +1 —o(=1)(ox)(m)
- o ram. 2a(xo) + 2a(0o) x(=1)
ox unr. 2a(0o) x(—1)
o ram. 2a(xo) + 2a(0o) x(—1)
o unr. 2 1
- o ram. 4a(o) 1
o unr. 0 1
o ram. 4a(o) 1
o unr. 3 —o(w)
o ram. 4a(o) 1
o unr. 2 1
v o ram. 4a(o) 1
o unr. 1 —o(w)
o ram. 4a(o) 1
o unr. 0 1
o ram. 4a(o) 1
o, € unr. 2 1
o unr., £ ram. 2a(§) +1 —o(w)é(-1)
o ram., o€ unr. 2a(c) +1 —o(—=1)(c&)(w)
v o, o& ram. 2a(&0) + 2a(0) £(-1)
o, £ unr. 1 o(w)
o unr., £ ram. 2a(§) &(-1)
o ram., o€ unr. 2a(0) +1 —&(=1)(c&)(w)
o, o& ram. 2a(&0) + 2a(0) £(-1)
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’ ‘ inducing data a(yp) e(1/2,¢)
o, £ unr. 1 —o(w)
o unr., £ ram. 2a(¢) +1 —o(w)
c
v o ram., o§ unr. 2a(0o) &(-1)
o, o€ ram. 2a(&0) + 2a(o) &(-1)
4 o, & unr. 0 1
o or & ram. 2a(&o0) + 2a(o) &(-1)
o unr. 2 1
a
o ram. 4a(o) 1
o unr. 2 1
b
VI o ram. 4a(o) 1
o unr. 1 —o(w)
c
o ram. 4a(o) 1
o unr. 0 1
d
o ram. 4a(o) 1
VI 2a(r) (1) (=we(-1))
VI a 2a(m) 1
b 2a(m) 1
X a 2a(m) &(-1)
b 2a(r) £(-1)
X a(om) + 2a(o) o(—1)e(1/2,0m)
. o unr. alom) +1 —o(w)e(1/2,0m)
I o ram. a(om) + 2a(o) o(—1)e(1/2,0m)
b o unr. a(om) e(1/2,0m)
o ram. a(om) + 2a(0) o(—1)e(1/2,0m)
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A.7 L- and e-factors (degree 5)

Below we describe a homomorphism ps : GSp(4,C) — SO(5,C). If o : W[ —
GSp(4,C) is an L-parameter, then the composition ps o ¢ is a 5-dimensional
representation of Wi.. The following Table A.10 lists the resulting L-factors
L(s,ps o ¢) (degree 5) for the L-parameters of the non-supercuspidal, irre-
ducible, admissible representations of GSp(4, F') (not necessarily with triv-
ial central character). Table A.11 lists the e-factors e(s, ps o @) for the L-
parameters of the non-supercuspidal, irreducible, admissible representations
of GSp(4, F') (not necessarily with trivial central character). See Sect. 2.4, in
particular (2.48) and (2.49), for the definitions.

GSp(4) and SO(5)
It is known that the projective group PGSp(4) is isomorphic to
1

SO(5) = {g € SL(5) : tgJs9 = J5}, Js = 1 , (A1)
1
1

as algebraic groups. Over a field k of characteristic not equal to 2 this isomor-
phism can be realized as follows. Let V = k* be the space of column vectors
of length 4 over k, and let ey, es, e3, e4 be the standard basis of V. The group
GSp(4, k) acts on V' by matrix multiplication from the left, and then also on
the 16-dimensional tensor product space V' ® V. Let us denote by p this ac-
tion on V ® V twisted with the inverse of the multiplier homomorphisms, i.e.,
p(9)(v@w) = A(g) " (gv) ® (gw). Then p is trivial on the center of GSp(4, k),
and we get an action of PGSp(4, k). We introduce on V' the symplectic form

and on the tensor product V@V the symmetric bilinear form (v@w, v’ @w’) =
(v,v")(w,w’). Both bilinear forms are obviously invariant under the action of
Sp(4, k), and one checks easily that (, ) is even preserved by the action p of
GSp(4, k). Now consider the embedding

1
VAV — VeV, vAwHi(v®w—w®v).
The restriction of (, ) to VAV is given by

(vAw, v Aw') =

(v, ") (w,w") = (v,w")(w,v")).

| =
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Let X be the image of the 5-dimensional subspace spanned by

x;1 =e1 Neg, Xo=2e Neg, Xz=e1Nes—eses,

X4 =eg Ney, Xs5=2e4/es.

One computes that the matrix of (, ) with respect to this basis is J5 as
in (A.1). A computation shows that X is invariant under the action p of
GSp(4, k). Since (, ) is preserved by this action, we get a homomorphism p; :
GSp(4,k) — SO(5, k). On the Siegel parabolic subgroup P the homomorphism
ps is explicitly given as follows. Let

Ad: GL(2,k) — SO(3, k),
2 _ 22
ab 1 a ab —b%/2
al— -0 —2ac ad +bc bd
¢ ae=0C1 _9:2 9¢d 2

Then Ad induces an isomorphism PGL(2,k) = SO(3,k). On the standard
Levi component of the Siegel parabolic subgroup we have

u~ldet(A)
|t w]) = Ad(4) L (A

while on the unipotent radical ps is given by

12y 22 —z 2(yz — 2?)

1 z=z
lyz 1 z
s 1 )= 1 —2x . (A.3)
1 1 —2y
1

On the Levi component of the Klingen parabolic subgroup we have

ya 2yb
y adyzbc ady}bc
ab 2(ad—bc) ad—bc
p5( cd ) = 1 ) (A4)
y~!(ad — be) aly —2b/y
—c/(2y) dfy

and on the unipotent radical

1 2y ay—2z —2y2

1Ty Z 1—2 —22/2 0y + 2
ps( 1) = Iz =2y . (A.5)
1 1

1

The map ps is clearly surjective. Its kernel is the center of GSp(4,k), so we
get an isomorphism PGSp(4, k) = SO(5, k).
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Table A.10. L-factors L(s, ps o ) (degree 5)
’ ‘ ‘ representation L(s, ps o p)
I X1 X x2 % o (irreducible)|L(s, x1) L(s, xT ) L(s, x2) L(s, x5 ) L(s, 1 px)
a XStGL(2) xo L(s, V1/2X)L(37 V1/2X71)L(37 Lpx)
T L(s, VI/QX)L(S, v 2y
b Xlane x o /2, -1 /2, -1
L(s, 2 L5, w25 ) (s, L)
ol ostese, L(s, X)L(s, X~ ) L5, )
b x%olase L5, )L (s, X~ D I(5, ) L(s, v~ ) L(s, 1x)
a oStasp(a) L(s,v?)
v bl L(v? v 'oStasp2)) L(s,v®)L(s,v)L(s,v™?)
c L(V3/2StGL(2), v=3/%g) L(s,v*)L(s,1px)L(s,v™")
d olasp(a) L(s,v®)L(s,v)L(s,1px)L(s,v" ") L(s,v™?)
a|  6([¢,vE),v%0) L(s,v§)L(s,§)L(s, 1 px)
v b| L(v/?¢Stare), v /?0) L(s,v§)L(s,&)L(s,1px)
C L(V1/2£StGL(2), 51’—1/20_) L(S7 Z/E L(S, é)L(& 1F><)
d| L& gxv %) L(s, vE)L(s, v~ "€ L(s,€)*L(s, 1 %)
a 7(S,v"%0) )
L(S, V)L(57 1F>< )
b (T, v~="20)
VI
| L(v'/?Star), v ?0) L(s,v)L(s,1px)?
d|  L(v,1px x v~ Y2%0) L(s,v)L(s,v" ") L(s,1px)3
VII X X L(s,x)L(s,x ')L(s,Ad o )
a 7(S, ™) )
VIII L(s,1px)*L(s,Ad o )
b 7(T, )
x | S, v ) L(s,v€§)L(s, Ad o p)L(s,&)~"
b Lwewv 2w L(s,vE)L(s, ") L(s, Ad o )
X TXOo L(s, ) L(s,det(p) ' p)L(s,1px )
I a (W', v %) L(s, Y2 ) L(s, 1px)
b Lm0 %) L(s, v ?u)L(s,v ™2 ) L(5,1px )
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Table A.11. e-factors (s, ps o @) (degree 5)

|

representation

a(ps o @)

5(1/27 P5 © 90)

I X1 X x2 % o (irreducible) 2a(x1) + 2a(x2) x1(—1)x2(—1)
- a XStaL(z) X o x unr. : 2, x ram. : 4a(y) 1
b XlGL(Q) X o 4(1()() 1
m 12 X % 05tGsp(2) 2a(x) +2 x(—1)
b X % 0lgsp(2) 2a(x) x(—1)
a O'Sthp(4) 4 1
v b L(l/2,l/710StGSp(2)) 2 1
c L(V?’/QStGL(g), 1/_3/20) 2 1
d JlGSp(4) 0 1
a 6([5,1/5],1/71/20) & unr.: 2, £ ram. : 4a(§) 1
v b| L(v'/?€Star(ay, v~/ 20) | € unr. : 2, € ram. : 4a(€) 1
¢ L(l/l/ZfStGL@),&/*lma) & unr.: 2, £ ram. : 4a(§) 1
d L, € xv™%0) 4a() 1
a 7(S,v"%0)
2 1
b (T, v ?0)
VI
C L(VI/QStGL(Q), 1/71/20') 2 1
d|  L(v1px xv™120) 0 1
VII X X 2a(x) + a(Ad o p) x(—1)e(5,Ad o p)
a 7(8,7)
VIIT a(Ado ) e(3,Adop)
b (T, )
unr. : a(Ad o u) + 2
af  o(we, V) gunr olBdOW *2 o)1 adon)
X & ram. : 2a(€) + a(Ad o p)
b Lwevm) 2(€) + a(Adop)  |&(—D)e(b, Ado p)
X X o 2a(p) det(p)(—1)
a S r v 1% 2a 1
o ( ) ()
L2, v %0) 2a(p) 1
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A.8 Paramodular Dimensions and Atkin—Lehner
Eigenvalues

Table A.12 below contains the dimensions of the spaces V(m) of K(p™) invari-
ant vectors for each irreducible, admissible, non-supercuspidal representation
V of GSp(4, F) with trivial central character. The “N” column gives the min-
imal paramodular level of the representation, provided the representation is
paramodular; a “—” indicates the representation is not paramodular. The
dimensions listed in the “dim V(m)” column hold for any m > N. If m < N,
then the dimension of V(m) is zero. The last column of the table gives, for the
paramodular representations, the eigenvalue € of the Atkin—Lehner involution
un on the local newform (the essentially unique paramodular vector at level

).
See Theorem 5.6.1 and Theorem 5.7.2 for proofs of the statements made
in Table A.12.

Iwahori-spherical representations

The dimension information given in Table A.13 below is already contained
in Table A.12. Listed are the Iwahori-spherical representations of GSp(4, F')
with trivial central character; thus, all the characters in the inducing data are
assumed to be unramified. The column named “V(k)” contains the dimension
of the space V (k) of K(p*) invariant vectors. For k = 0,...,3 we indicated
under the dimension the eigenvalues of the Atkin—Lehner involution uy. These
eigenvalues are correct if one assumes that

e in group II, where the central character is x202, the character yo is trivial.
e in groups IV, V and VI, where the central character is o2, the character
o itself is trivial.

If these assumptions are not met, then one has to interchange the plus and
minus signs in the V(1) and the V(3) column.

The “a” column gives the conductor of the local parameter attached to
the representation; see Sect. 2.4. Except for VIb, which shares an L-packet
with VIa, this number coincides with the minimal paramodular level. Finally,
the column “e(1/2,¢)” gives the value of the e-factor at s = 1/2 of the L-
parameter of each representation. In each case, this sign coincides with the
eigenvalue of the Atkin—Lehner involution on the newform.

It is not hard to obtain the information contained in Table A.13 by direct
computations. See Theorem 3.2.9 for details.
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Table A.12. Paramodular dimensions and Atkin—Lehner eigenvalues

B

‘ dim V' (m) ‘

inducing data N €
m— 2
I a(x10) + a(x20) + 2a(0)|[=F2-] [xa (—1) (= x2(-1))
ox unr. 2a(o) + 1 [(m_N+2)2] —o(=1)(ox)(w)
. ox ram. 2a(xo) + 2a(o) ‘ x(=1)
oY unr. 2a(0) [m=lrE2] x(—1)
ox ram. — 0 —
o unr. 2
(2] 1
o ram. 4a(o)
IIT
o unr. 0 m+1 1
o ram. — 0 —
o unr. 3 [(m,NJrQ)z] —o(w)
o ram. 4a(o) ‘ 1
o unr. 2 (7] 1
v o ram. — 0 —
o unr. 1 m —o(w)
o ram. — 0 —
o unr. 0 1 1
o ram. — 0 —
o, € unr. 2 -1
o unr., £ ram. 2a(8) + 1 [<m7N+2>2] —o(w)&(-1)
o ram., o€ unr. 2a(o) + 1 * —o(=1)(c&)(w)
v o, of ram. 2a(&0) + 2a(0) £(-1)
o, £ unr. 1 T+l] o(w)
o unr., £ ram. 2a(€) [m7§+2] £(=1)
o ram., o€ unr. — 0 —
o, of ram. — 0 —
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|

inducing data N dim V' (m) €
o, & unr. 1 [ —o(w)
o unr., £ ram. — 0 —
v o ram., o€ unr. 2a(0o) [m=N+2] &(-1)
o, o ram. — 0 —
o, & unr. 0 w 1
o or £ ram. — 0 —
o unr. 2 [(m71:1]+2)2] .
o ram. 4a(o)
o unr. — 0 —
VI o ram. — 0 —
o unr. 1 (] —o(w)
o ram. — 0 —
o unr. 0 [mt2] 1
o ram. — 0 —
vII 2a(m) | [N (-1 (= wa(-1)
. 2
vl 2a(r) | [ !
. 0 -
x 2a(m) | [®=5E2 &(-1)
_ 0 _
X a(om) + 2a(o)| [0 | o(—1)e(1/2, o)
o unr. alom) +1 [(77L7N+2)2] —o(w)e(1/2,0m)
I o ram. a(om) + 2a(o) ! o(—1)e(1/2,0m)
o unr. a(om) [m=t2] e(1/2,0m)
o ram. — 0 —
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Table A.13. Iwahori-spherical representations of GSp(4, F')
[ representation o] c1/2,0) VOV v)|ve)| vy |
I| |x1 Xx2xo0 (irreducible)|0 1 1 2 4 6 [%]
e e e
a XStaLez) X o 1|—(ox)(w)| 0O 1 2 4 [%]
I e
b xlareey X o 0 1 1] 1] 2 2 | [22]
+ + | |
a X ¥ 0Stasp(2) 2 1 ol 1|2 | [%]
111 R
b X % 0lasp(e) 0 1 1123 |4 | n+1
+ | = |t [
n_1)2
a O'Stc,sp<4) 3 —U(w) 0 } [( 41) }
b|  L(v*, v 'oStaspz) |2 1 0| 0] 11 (2]
Y * *
c| L(**Stary,v*?0) |1| —o(w) | 0 | 1 | 2 | 3 n
d olasp) 0 1 1111 1
+ + + +
a (¢, ve], v ?0) 2| -1 0o 1|2 | [Z]
[
b| L(v'/?¢Star ey, v~ %0) |1| o(w) 01| 1|2 | [z
v + + ++
c L(V1/2§StGL(2),fl/71/20‘) 1| —o(w) 0 1 1 2 [%]
- I
d| L& exv %) o] 1 10| 1| o [HG
+ +
a (S, v %0) 2 1 0o 1|2 | [Z]
+ | +-
Vil (T, v=20) 2 1 001 o0 0
c| L'?StaLey,v ?0) 1| —o(w) | 0 | 1 | 1 | 2 | [2#]
d| L, 1px xv~Y%0) |0| 1 1|12 | 2 | [22
+ + | 4 |
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A.9 Hecke Eigenvalues

Table A.14 lists the Hecke eigenvalues of the Hecke operators T, and 11
defined in Sect. 6.1 on the newform of an irreducible, admissible representation
of GSp(4, F') with trivial central character. The “N” column in Table A.14
gives the minimal paramodular level. Representations with no paramodular
vectors have been marked by a “—” in the N, A and p columns. Otherwise
A denotes the eigenvalue of Tp; on the local newform, and g denotes the
eigenvalue of T o. See Theorem 7.5.2 for how these eigenvalues are computed.

For typesetting reasons, some of the eigenvalues are given as (A), (B), (C)
below.

(A) ¢ (Xl(w) + x2(@) + x1(@) "t + x2(w) "t +1 - q*2)
B) g+ 1) (x(@) +x =) +¢* -1
(€) (@) +x (@) +g+1)+qg—1

Table A.14. Hecke eigenvalues

’ ‘ inducing data N A ‘ I ‘
0, X1, X2 UNT. 0 q3/20(w) (1 @) (A)
+x2(@) + x1 (@) x2(w))
I [ unr, x1,xo ram] aGu) +a0@) | ¢/(0(@) +o(@) ) 0
oram, oxswr. | 20(0) |2 ((ao)(®@) + (eo)@)| 0
o ram., ox; ram. [2a(x10) + 2a(o) 0 —¢*
. 1 P olw) +ol@) ) | x()
+(g+1)(ox) (@) +x(@) ™)
Ila| o, x ram., xo unr. 2a(0) +1 q(xo) (@) —q?
o unr., Yo ram. 2a(x) ¢ (o(w) + o(w)™t) 0
o ram., xo ram. |2a(c)+ 2a(xo) 0 —q?
N K
IIb
0, X Tam., Yo unr. 2a(o) q(qg+ 1) (ox) (=) 0
Xo ram. — — —
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inducing data

N

I
o unr. 2 q(o(@) +o(w)™") —q(g—1)
IITa
o ram. 4a(0) 0 -q
o unr. 0 + Do(w)(1 + x(= C
- q(q + 1o (w)(1 + x(@)) (©)
o ram. — — -
o unr. 3 o(w —-q°
IVa (=)
o ram. 4a(o) 0 —-q
o unr. 2 o(@)(1+ ¢? - -1
Vb (@)(1+q) q(g—1)
o ram. — - T
o unr. 1 o(@)(q® +q+2) ¢’ +1
IVe
o ram. — — -
vd o unr. 0 a(w)(q3+q2+q+1) q(q3+q2+q+1)
o ram. — — *
&, 0 unr. 2 0 —¢°—q
v o unr., £ ram. 2a(¢) +1 o(w)q —q¢°
a
o ram.,c€ unr.| 2a(o)+1 —o(w)q —q?
o,0f ram. |2a(é0) + 2a(o) 0 —q?
&, 0 unr. 1 o(w)(¢® — 1) —¢* —q
Vb o unr., £ ram. 2a(€) o(w)q(q+1) 0
o ram., g€ unr. — — *
o,0& ram. — — -
& 0 unr. 1 —o(w)(q® — 1) —7° —q
o unr., £ ram. — - 7
Ve
o ram., o€ unr. 2a(o) —o(w)q(qg+1) 0
o,0€ ram. — - —
&, 0 unr. 0 0 —(*+¢*+q+1)

Vd

¢ or ¢ ram.
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’ inducing data N A I3

o unr. 2 2qo(w —q(qg—1

o (=) (4=
o ram. 4a(o) 0 —q?
o unr. — —

VIb
o ram. — —
o unr. 1 o(w)(g+1)° qlg+1)

Vie

o ram. — —
o unr. 0 2¢(q + Vo(w)  |[(g+1)(¢°+2¢—1)

VId

o ram. — —

VI 2a(m) 0 —¢*
VIIIa 2a(m) 0 —¢*
VIIIb — —

IXa 2a(m) +1 0 —q*

IXb — —

< o unr. a(om) ¢ (o(w) + o(w)™Y) 0
o ram. a(om) + 2a(o) 0 —q?
o unr. a(lom) +1 o(w —q?
<Ia (o) g0 (@) q
o ram. a(om) 4 2a(o) 0 —q°
o unr. a(lom +1)o(w 0
<Ih (om) q(q +1)o(@)
o ram. — —
super- generic > 2 0 —¢?
cuspidal| non-generic — — —
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A.10 Parahori-invariant Vectors

For the convenience of the reader, in this final section we list the dimensions
of the subspaces of vectors fixed by GSp(4,0), K(p), Kl(p), Si(p) and I in
Iwahori-spherical representations. This table appears on p. 269 of [Sch2]. The
Atkin-Lehner eigenvalues for m(uq) listed in this table are correct if one as-
sumes that: in group II, where the central character is x20?, the character
Yo is trivial; in groups IV, V and VI, where the central character is o2, the
character o itself is trivial. If these assumptions are not met, then one has to
interchange all plus and minus signs.

Table A.15. Iwahori-spherical representations: Dimensions of spaces of parahori-
invariant vectors

’ ‘ ‘ representation ‘a‘ e(1/2,¢) ‘GSp(4, 0)‘ K(p) ‘Kl(p)‘ Si(p) ‘ I ‘
I| |x1 %X x2xo (irreducible)|0 1 1 2 4 4 8
- R
a XStgLe) X o 1|—(ox) (@) 0 1 2 1 4
11 = e
b Xlana) X o 0 1 1 1| 2| 3 4
+ el
a X X O'Stc,sp(g) 2 1 0 0 1 2 4
III o 1t
b X % 01lasp(2) 0 1 1 2 | 3| 2 4
— el
a oStasp(a) 3| —o(w) 0 0 0 0 1
bl L(v*,v 'oStaspe) |2 1 0 0 1 2 3
v - | 44—
c| LW *Star),v */?0) |1| —o(w) 0 1 2 1 +3
d 1 0 1 1 1 1 1 1
01lGsp(4) T + +
a 5([€, v€), v ?0) 2 -1 0 0 1 0 +2
b| L(v'/2€Stgrey, v %0) (1| o(w) 0 1 1 1 2
v + + ++
c L(V1/2£StGL(2),§U71/QU) 1| —o(w) 0 1 1 1 2
d L, € xv™20) 0 1 1 0 1 2 2
+= | 4=
a 7(S,v™%0) 2 1 0 0 1 1 3
N e
b (T, v20) 2 1 0 0 0 1 1
VI + +
c| L('?Stary,v ?%0) |1| —o(w) 0 1 1 0 1
d|  Lylpx xv20) |0 1 1 1 2 2 3
+ +— | 4
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Frequently Used Notations

F non-archimedean local field of characteristic zero
0 ring of integers of F

p maximal ideal of o

w generator of p

v normalized valuation

v normalized absolute value (same as ||)

q number of elements of o/p

P character of F, trivial on o, non-trivial on p~!
a(x) conductor of the character x

J standard symplectic form

GSp(4) group of similitudes of a 4-dimensional symplectic space
A multiplier homomorphism on GSp(4)

Sp(4) kernel of A

Z center of GSp(4)

B Borel subgroup of GSp(4) (upper triangular matrices)
U unipotent radical of B

P Siegel parabolic subgroup of GSp(4)

Q Klingen parabolic subgroup of GSp(4)

A’ conjugate-inverse-transpose of the 2 x 2 matrix A
G’ Jacobi subgroup of GSp(4)

z7 center of G

W the eight-element Weyl group of GSp(4)

S1, S2 Weyl group elements

K(p™) paramodular group of level p”

Uy, Atkin-Lehner element

tn special element in K(p™)

Kl(p™) Klingen congruence subgroup of level p™

Si(p™) Siegel congruence subgroup of level p™

i contragredient of the representation 7

Wi central character of the representation m

) modulus character

nd$ normalized induction

Ry normalized Jacquet module

Ve s character of U(F)

W(T, e, c5) Whittaker model of m with respect to v, ¢,
X1 X X2eXO, TXOT, X XT parabolic induction

T twist of w by the character 7

Star(2) Steinberg representation of GL(2, F')

lar(2) trivial representation of GL(2, F')

e(x) exponent of the character y

X*(T) algebraic homomorphisms T' — G,

X.(T)

algebraic homomorphisms G,, — T

27
27
27
27
27
27
27
27
27
27
27
27
27
28
28
28
29
29
29
30
30
30
30
31
31
31
32
32
33
33
33
33
33
34
34
35
36
37
37
38
41
41



Vo, V1, Vo
Z(s, W)
I(m)
L(s,m)

A.10 Parahori-invariant Vectors

based root datum

dual group

Weil group and Weil-Deligne group of F
representation of the Weil-Deligne group

certain subspace of gl(n,C) consisting of nilpotent elements
= Cent(p)/Cent()° C*, the component group of ¢

certain representations of the Weil-Deligne group

certain nilpotent elements in the Lie algebra of GSp(4)

L-factor of the W-representation ¢
e-factor of the Wp-representation ¢
conductor of the Wy-representation ¢
important subgroup of GL(3)
representations of Ps

space of coinvariants with respect to Z7

certain subspaces of Vs (Vo C Vi C Vj is the Ps-filtration)

local zeta integral
zeta integral ideal
L-function of a generic representation 7

~(s,m, wq,@) ~y-factor of a generic representation m
e(s,m, e, ,c,)  e-factor of a generic representation m

V(n)

space of K(p™) invariant vectors

space of all paramodular vectors (direct sum of the V(n))

level raising operators V(n) — V(n + 1)

level raising operator V(n) — V(n + 2)
minimal paramodular level

certain summation operator

Iwahori subgroup

level lowering operators

the projection map V' — Vs

zeta polynomial

certain linear functionals on a Whittaker model
greatest integer function

certain elements of GSp(4, o)

congruence subgroup of GL(2, 0)

conductor of the L-parameter of the GL(2, F')
representation 7

level of the GL(2, F') representation 7
eigenvalues of Ty ; resp. 77 ¢ on the newform
certain summation operator

simplified zeta integral

homomorphism GL(2) — SO(3)
homomorphism GSp(4) — SO(5)
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47
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60
60
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62
64
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66
76
78
81
81
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85
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95
100
104
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119
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147
153
156
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