
A

Properties of the Spectral Shift Function

In this appendix certain properties of the spectral shift function which are
relevant for the study of the integrated density of states are collected. Let us
note that this function is sometimes called Lifshitz-Krein SSF since Lifshitz
and Krein were the first to devote attention to it, see e.g. the discussion in
the introduction of [50].

For an exposition of the theory of the spectral shift function (SSF) see
[50, 293].

An survey of the role played by the SSF in scattering theory can be found
in the last chapter of [499]. The SSF has proven useful in the study of random
operators, particularly in problems related to surface models, e.g. the defini-
tion of the density of surface states [82, 83, 297, 298]. In [443] it is used in the
analysis of rank one perturbations of operators, in particular in the random
context. More recently, it has found applications in the study of quantum
graphs, cf. [299, 209, 295, 210].

Various of the properties of the SSF are discussed in the literature:
monotonicity and concavity [182, 193, 294], the asymptotic behaviour in the
large coupling constant limit [400, 418, 401] and semiclassical limit [372], and
some other bounds [397, 398, 399]. For magnetic Schrödinger operators the
SSF is analysed in [68, 164, 67, 402, 403].

A.1 The SSF for Trace Class Perturbations

For two selfadjoint operators A,B such that the difference A−B is trace class
the SSF ξ(·, A,B) may be defined (up to an additive constant) by the formula

Tr(ρ(A)− ρ(B)) =
∫

ρ′(λ) ξ(λ,A,B) dλ (A.1)

for all functions ρ ∈ C1(R) such that ρ′ is the Fourier transform of a complex
measure on R with finite total variation, cf. Theorem 3.2 in [50] or Theorem
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8.3.3 in [499]. Actually, the assumption that ρ is in the Besov space B1
∞,1(R)

is sufficient to guarantee that ρ(A)− ρ(B) is trace class and that the relation
(A.1) holds, see [391] for details. Equality (A.1) is called Krein trace formula.
If the operators A,B are semi-bounded, the mentioned additive constant can
be normalised to be equal to zero, and thus the SSF becomes unique.

The SSF is related to the perturbation determinant from scattering theory
by the formula

ξ(λ,A,B) =
1
π

lim
ε↘0

arg det[1 + (A−B)(B − λ− iε)−1)] (A.2)

for almost all values of λ ∈ R. For the right side to be well defined it is
actually sufficient to assume only that (A−B)(B + i)−1 is trace class. So one
can interpret (A.2) as an extension of the definition of the SSF to the class of
relative trace class perturbations.

The SSF can be bounded in terms of Schatten-von Neumann ideal prop-
erties of A−B, namely

‖ξ(·, A,B)‖1 ≤ ‖A−B‖J1 (A.3)

Here J1 denotes the ideal of trace class operators and ‖ · ‖J1 the trace norm.
In particular, for trace class perturbations A−B, the SSF ξ is in L1(R). On
the other hand, if A−B is finite rank

‖ξ(·, A,B)‖∞ ≤ rank(A−B) (A.4)

Since we have an estimate on ξ in the L1 and L∞-norms, it is natural to ask
whether an estimate for the Lp-norm, p ∈]1,∞[, may be derived. This indeed
turns out to be true and can be understood as an interpolation result, cf. the
proof of Theorem 2.1 in [97].

To formulate this bound we have to introduce ideals of ‘better than trace
class’ operators, defined in terms of summability properties of singular values.
Recall that the singular values of a compact operator C are the square-roots of
the eigenvalues of C∗C. We enumerate them in non-increasing order µ1(C) ≥
µ2(C) ≥ · · · ≥ µn(C) · · · ≥ 0, n ∈ N counting multiplicities. If C is trace class,
the sum of the singular values is finite and equals ‖C‖J1 . We denote by Jβ

the class of compact operators such that

‖C‖Jβ
:=
(∑

n∈N

µn(C)β
)1/β

<∞ (A.5)

The theory of such operators is classical for β ≥ 1, see for instance [437].
However, since we want to interpolate between (A.3) and (A.4), we need to
consider operators whose singular values converge not slower, but faster than
an �1-sequence to zero. This leads us to consider operators such that ‖C‖Jβ

is
finite, for β smaller than one. In particular, all such operators are trace class,
which explains why they are sometimes called super-trace class operators.
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It follows that the SSF may be defined for perturbations of this type. The
classes Jβ , β < 1 have been studied in [200, 46, 48], while their relevance in
the context of random operators was recognised in [97].

From these sources we infer the following properties of Jβ . For any com-
pact operator A and bounded B the singular values of the products obey the
relation

µn(AB) ≤ ‖B‖µn(A) and µn(BA) ≤ ‖B‖µn(A) (A.6)

If we assume that B is also compact, the Ky-Fan inequalities [158, 437] es-
tablish for the singular values of the sum A + B the bounds

µn+m+1(A + B) ≤ µn+1(A) + µm+1(B) for all n,m = 0, 1, 2, . . . (A.7)

In particular the set Jβ is a two-sided ideal in the algebra of bounded operators
for all β > 0. For β ≥ 1 the functional A �→ ‖A‖Jβ

is a norm, which is not
true for β < 1. More precisely, in the latter case we have only

‖A + B‖βJβ
≤ ‖A‖βJβ

+ ‖B‖βJβ

This property implies that ‖ · ‖Jβ
is a quasi-norm and that

distβ(A,B) = ‖A−B‖βJβ

is a well defined metric on Jβ . The pair (Jβ ,distβ) forms a complete, separable,
linear metric space, in which the finite rank operators form a dense subset.

In [97] the following Lp-bound on the SSF was proven.

Theorem A.1.1. Let p ≥ 1 and A,B be selfadjoint operators whose difference
is in Jβ, where β = 1/p. Then the spectral shift function ξ(·, A,B) is in Lp(R)
and

‖ξ(·, A,B)‖Lp ≤ ∥∥A−B
∥∥β

Jβ
(A.8)

A sharp bound on the SSF was proven by Hundertmark and Simon in [221],
which in fact includes Theorem A.1.1 as a special case.

Theorem A.1.2. Let F : [0,∞[→ [0,∞[ be a convex function such that
F (0) = 0. Let A,B be bounded and C a non-negative compact operator such
that for all N ∈ N

∞∑
n=N

µn(|A−B|) ≤
∞∑

n=N

µn(C) (A.9)

Then∫
F
(|ξ(λ,A,B)|)dλ ≤

∫
F
(|ξ(λ,C, 0)|)dλ =

∑
n∈N

[
F (n)−F (n−1)

]
µn(C)
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Condition (A.9) is in particular satisfied if |A − B| ≤ C. Of course, to be
able to apply Theorem A.1.2 one needs to have appropriate estimates on the
singular values of the operator C. In the context of Schrödinger operators such
estimates are derived in Sect. A.2.

In certain situations one can show that an operator C belongs to a
Schatten-von Neumann class Jβ by writing it as a product of operators
C1, . . . , CN for which one already knows that they belong to a larger class
Jα with α > β. Then the product C = C1 · · ·CN will enjoy much better
summability properties than the individual factors.

For this purpose it is useful to note that the Hölder inequality extends
also to the case of exponents smaller than one: let ai : N → C, i = 1, . . . , N
be such that |ai(n)|pi is summable, where pi > 0 for all i = 1, . . . , N , and set
1
r :=
∑N

i=1
1
pi

. Then the pointwise product
∏N

i=1 ai is in �r(N) and

∥∥∥ N∏
i=1

ai

∥∥∥
r
≤

N∏
i=1

‖ai‖pi

By applying this to the sequence of singular values of compact operators, we
obtain the following

Lemma A.1.3. Let Ci ∈ Jpi
for i = 1, . . . , N , then

∏N
i=1 Ci is in Jr where

1
r :=
∑N

i=1
1
pi

and ∥∥∥ N∏
i=1

Ci

∥∥∥
Jr

≤
N∏

i=1

‖Ci‖Jpi
(A.10)

See also [48], Corollary 11.11.

A.2 The SSF for Schrödinger Operators
and the Invariance Principle

We want to apply the formalism of the SSF to Schrödinger operators. In
this setting we cannot use the results of the previous section on trace class
perturbations, since any potential given by a proper function is not in this
class of operators.

It turns out that the SSF can be defined easily for a pair of selfad-
joint, lower bounded operator with purely discrete spectrum. This would
cover Schrödinger operators restricted to finite cubes Λ. In the application
in Sect. 4.2 we use only the SSF for this type of operators. However, since
we are not only interested in the existence of the SSF as a function, but also
on upper bounds, we have to resort to more powerful techniques, which then
allow us along the way to define the SSF for a pair of Schrödinger operators
on the whole of Rd, under the assumption that they differ by a compactly
supported potential.
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For a selfadjoint, lower bounded operator H with purely discrete spec-
trum the eigenvalue counting function N (H,E) := #{n | λn(H) ≤ λ} is well
defined. Here λn(H), n ∈ N enumerates the spectrum of H, counting multi-
plicities, in increasing order. Thus for two such operators H1,H2 the SSF can
be defined as the difference of the eigenvalue counting functions,

ξ(λ,H2,H1) := N (H2, E)−N (H1, E)

If the difference H2 −H1 happens to be trace class, this definition produces
(almost everywhere) the same function ξ as (A.1). To see this, one chooses in
(A.1) a sequence ρε of switch functions which converges to the step function
χ]−∞,E] as ε→ 0.

Now we consider the case that the operators H1 and H2 are selfadjoint
and lower bounded, but we neither assume that the difference H2 − H1 is
trace class nor that the operators H1 and H1 have purely discrete spectrum.
Let g : R → [0,∞[ be a C2-function such that g′ is everywhere negative. In
particular, the function g is bounded on the spectra of H1 and H2 and thus
g(H2) − g(H1) is a bounded operator. Assume that g(H2) − g(H1) is trace
class. Then the SSF for the operator pair g(H1), g(H2) is well defined by (A.1)
and we may set

ξ(λ,H2,H1) := −ξ
(
g(λ), g(H2), g(H1)

)
(A.11)

This definition is independent of the choice of g, as long as it has the above-
mentioned properties, see e.g. [50, Sect. 1.4]. Formula (A.11) is called the in-
variance principle in analogy to the relation in scattering theory. This last
definition will be sufficiently general to cover the type of Schrödinger opera-
tors we are considering. Natural candidates for the function g are the following
families of functions

g(x) = (x + C)−k, N � k >
d

2
+ 2, C > − inf σ(H)

corresponding to powers of resolvents, respectively

g(x) = exp(−tx), t > 0 (A.12)

corresponding to semigroups of Schrödinger operators. Of course we will still
have to impose certain regularity assumptions on the Schrödinger operators
H1,H2 such that g(H2) − g(H1) really turns out to be trace class. In the
remainder of the appendix we choose the function g as in (A.12).

A.3 Singular Value Estimates

There is a short and transparent way to prove the super-trace class estimates
needed for the bound of the SSF. It uses the decay of singular values of certain
auxiliary operators. The basic observation is that the singular values of the
difference of two Schrödinger semigroups decay almost exponentially and the
semigroup difference is therefore in any super-trace class ideal. There are
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essentially two ingredients in the proof of this statement: a Weyl-type bound
on eigenvalues and exit time estimates for Brownian motion. We follow here
the presentation from the paper [218] by Hundertmark, Killip, Nakamura,
Stollmann and the author.

Weyl’s law gives the asymptotic behaviour of the nth eigenvalue of the
Laplacian on an open ball B for large n. For our purposes it is necessary to
have a lower bound of this type valid for all eigenvalues. It is provided in the
following lemma which applies for rather general Schrödinger operators with
electromagnetic field.

We consider magnetic Schrödinger operators

H = HA + V, HA = (−i∇−A)2 (A.13)

acting on Rd with magnetic potential A and electric potential V = V+ − V−,
where V+ := max(0, V ) and V− := max(0,−V ).

Lemma A.3.1. Let H be as in (A.13). Assume that each component of A is
in L2

loc(R
d), that V+ ∈ L1

loc(R
d), and that V− is −∆ bounded with relative

bound δ < 1. Furthermore, let HU be the Dirichlet restriction of H to an
arbitrary open set U ⊂ Rd with finite volume |U|. Then there exists a constant
C, such that the nth eigenvalue of HU satisfies

λn ≥ 2π(1− δ)d
e

( n

|U|
)2/d

− C for all n ∈ N (A.14)

Under these assumptions on the vector and scalar potential, H can be
defined by the use of quadratic forms, see for instance Sect. 2 of [222]. The
Dirichlet restriction HU to the set U is defined in the same way. If A and
V− vanish, we have already used this way to define Schrödinger operators in
Remark 2.2.3.

Proof. Since the Sobolev space with Dirichlet b.c. W 1,2
0 (U) is a natural sub-

set of W 1,2(Rd), V− is also relatively form bounded w.r.t. −∆U , the Dirichlet
Laplacian on U , with relative bound δ. The diamagnetic inequality, cf. [436],
then implies that V− is also relatively form bounded with respect to the
Dirichlet restriction HU

A of HA to U . In other words, there exists a constant
C ∈ R such that

V− ≤ δHU
A + C

in the sense of quadratic forms. In particular, since V+ is non-negative,

HU ≥ HU
A − V− ≥ (1− δ)HU

A − C

which implies the bound

Tr(e−2tHU
) ≤ e2tCTr(e−2t(1−δ)HA) = e2tC‖e−t(1−δ)HA‖2HS

= e2tC

∫∫
U×U
|e−t(1−δ)HA(x, y)|2dx dy
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where ‖ · ‖HS denotes as before the Hilbert-Schmidt norm. Using once more
the diamagnetic inequality for Schrödinger semigroups, e.g., [436, 222], one
obtains the pointwise bound |e−t(1−δ)HA(x, y)| ≤ et(1−δ)∆U

(x, y). In parti-
cular,

‖e−t(1−δ)HA‖2HS ≤ ‖et(1−δ)∆U ‖2HS = Tr(e2t(1−δ)∆U
) ≤ |U| (8πt(1− δ)

)−d/2

In the last line we used that by domain monotonicity the kernel of the Dirichlet
semigroup eβ∆U

on the diagonal is bounded by the heat kernel on the whole
of Rd, i.e.,

eβ∆U
(x, x) ≤ eβ∆(x, x) = (4πβ)−d/2 for all β > 0 and x ∈ U

Thus
Tr(e−2tHU

) ≤ |U| (8πt(1− δ)
)−d/2 (A.15)

Let NU (λ) := #{n | λn(HU ) ≤ λ} be the number of eigenvalues of HU

smaller or equal to λ. By Čebyšev’s inequality and (A.15),

NU (λ) ≤ e2tλ

∫ λ

−∞
e2tsdNU (s) ≤ e2tλTr(e−2tHU

)

≤ |U| (8π(1− δ))−d/2 t−d/2e2t(λ+C)

for arbitrary t > 0. The last expression is for t := d
4(λ+C) equal to

|U|
( e(λ + C)

2π(1− δ)d

)d/2

This estimate implies together with n ≤ NU (λn) the lower bound

λn ≥ 2π(1− δ)d
e

(
n

|U|
)2/d

− C

on the eigenvalues. ��
In the next theorem we consider a pair Schrödinger operators which obey

slightly stronger assumptions regarding the negative part V− of their scalar
potential. More precisely, we assume that V− is in the Kato class. A general
discussion of the Kato-class can be found in [102]. For its relevance to the
Feynman-Kac formula see, e.g., [12, 65, 438]. In particular, V− is in the Kato-
class, if it is in Lp

loc,unif(R
d) for p = 1, if d = 1 and p > d/2, if d ≥ 2,

cf. Sect. 1.2. Under these hypotheses, one may define H via the corresponding
quadratic form with core C∞

c (Rd), similarly as in Remark 2.2.3. By the same
method, one can define the Dirichlet restriction H l of H to the cube Λl =
]− l/2, l/2[d, l ≥ 1.

Let H1 be a Schrödinger operator of the form just described and let H2 =
H1 + u. Assume that u = u+ − u− has compact support, that u+ ∈ L1

loc(R
d)
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and that u− is in the Kato class. Our aim is to obtain an estimate on the
singular values of Veff := e−H1 − e−H2 and on the corresponding object in the
finite volume case, namely V l

eff := e−Hl
1 − e−Hl

2 .

Theorem A.3.2. There exists a constant c depending only on the dimension
d, and a constant C depending on the Kato-class norms of u−, V− and on the
diameter of the support of u+ such that the singular values of the operators
Veff and V l

eff obey for all n ∈ N and l ≥ 1 the relations

µn(Veff) ≤ C e−cn1/d

and µn(V l
eff) ≤ C e−cn1/d

(A.16)

Remark A.3.3. (i) Note that the estimate (A.16) depends on the positive
part of u only through suppu. Thus, for u = κũ where ũ ≥ 0 and κ
is a non-negative coupling constant, the estimate is independent of the
choice of κ.

(ii) Actually, u may be taken to +∞ on its support. In this case H2 equals
the restriction of H1 to Rd \ supp u with Dirichlet boundary conditions,
provided the boundary of supp u obeys some mild regularity conditions,
see for instance [455].

(iii) Similarly, H1,H2 may be defined on a set strictly smaller than Rd: Let
U ⊂ Rd be open, HU

A the Dirichlet restriction of HA on U , and H1 =
HU

A +V , H2 = HU
A +V +u where V and u satisfy the same conditions as

before. In this case H l
j is the Dirichlet restriction of Hj , j = 1, 2 to the

set Λl ∩ U .

Remark A.3.4. The decay estimate in (A.16) is almost optimal with respect to
the exponent. In [405] Raikov and Warzel analyse the perturbation of the free
Schrödinger operator with a constant magnetic field in two dimensions, i.e. the
Landau Hamiltonian, by a compactly supported potential. The results in [405]
(and similarly those in [359]) show that for general magnetic Schrödinger
operators one cannot obtain a faster decay than

µn(Veff) ≤ C e−cn2/d

This is explained in some detail in the first Section of [218]. See also Remark
A.4.2.

Proof (of Theorem A.3.2). We give the proof for Veff , the adaption to V l
eff

requires only minor changes. We will use the symbols c and C for constants
that vary from line to line; however, their dependence on H1 and H2 will
always be as stated in the Theorem.

Without loss of generality, we can assume that the origin is contained in the
support of u. We will estimate the nth singular value by Dirichlet decoupling
at an n-dependent radius R. To this end, let R be sufficiently large so that
suppu is contained strictly inside the ball of radius R centred at the origin,
which we will denote by BR.
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Let HR
j (j = 1 or 2) be the Dirichlet restriction of Hj to the ball BR,

and let
AR := e−HR

2 − e−HR
1 and DR := Veff −AR. (A.17)

As any Kato-class potential is relatively form bounded with respect to the
Laplacian with relative bound zero, we may apply Lemma A.3.1 to deduce
that µn(e−Hn

j ) ≤ C exp(−cn2/dR−2) for both j = 1 and j = 2. Since AR

is the difference of two non-negative operators by the min-max theorem its
singular values obey the same type of bound:

µn(AR) ≤ C exp(−cn2/dR−2) (A.18)

If Dn is bounded, then µn(Veff) ≤ µn(AR) + ‖Dn‖. We now proceed to
estimate the norm of Dn by using the Feynman-Kac-Itô formula for magnetic
Schrödinger semigroups with Dirichlet boundary conditions, see [65, 436].

Let Ex and Px denote the expectation and probability for a Brownian
motion, bt starting at x. Let τR = inf{t > 0|bt �∈ BR} denote the exit time
from the ball BR and set τn := τRn

. Then

(Dnf)(x) = Ex

[
e−iSA(b)

(
e−
∫ 1
0 (V +u)(bs)ds − e−

∫ 1
0 V (bs)ds

)
χ{τn≤1}(b)f(b1)

]
where St

A is real valued stochastic process corresponding to the purely mag-
netic part of the Schrödinger operator. Actually, for this representation one
first chooses a suitable gauge, for instance divA = 0, and then uses gauge
invariance for the general case, see [322].

By taking the modulus and using the triangle inequality, one sees that the
magnetic vector potential can be eliminated:

|Dnf |(x) ≤ Ex

[
e−
∫ 1
0 V (bs)ds

∣∣e− ∫ 10 u(bs)ds − 1
∣∣χ{τn≤1}(b)|f(b1)|

]
Moreover, only Brownian paths which both visit suppu and leave BRn

within
one unit of time contribute to the expectation. Thus if τu is the hitting time
for suppu and B = {τn ≤ 1, τu ≤ 1}, then

|Dnf |(x) ≤ Ex

[
e−
∫ 1
0 V (bs)ds

∣∣e− ∫ 10 u(bs)ds − 1
∣∣χB(b)|f(b1)|

]
so, applying Hölder’s inequality,

|Dnf |(x) ≤
(
Ex

[
e−8

∫ 1
0 V (bs)ds

])1/8(
Ex

[∣∣e− ∫ 10 u(bs)ds − 1
∣∣8)1/8

·
(
Ex

[
χB(b)

])1/4(
Ex

[|f(b1)|2
])1/2

Since V− and u− are in the Kato class, Kashminskii’s lemma implies that the
first two terms are bounded uniformly in x, see for instance [12, 438].

Levy’s inequality combined with elementary estimates imply Px=0{τR ≤
1} ≤ 2Px=0{|b1| ≥ R} ≤ Ce−R2/4. As any path in B must cover the distance
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r between supp u and the complement of the ball BR, we can deduce that
Px(B) ≤ Ce−r2/4 ≤ Ce−R2/8 where we chose without loss of generality r ≥
R/
√

2. Thus

|Dnf |(x) ≤ Ce−R2/32
{
Ex|f(b1)|2

}1/2 = Ce−R2/32
{
(e∆|f |2)(x)

}1/2

in particular, using the fact that e∆ is an L1 contraction,

‖Dnf‖2 ≤ Ce−R2/32
∥∥(e∆|f |2)∥∥1/2

1
≤ Ce−R2/32‖f2‖1/2

1 = Ce−R2/32‖f‖2
To balance the two bounds obtained for µn(AR) and ‖Dn‖ one chooses Rn :=
n1/2d, which leads to (A.16). ��

A.4 Bounds on the SSF for Schrödinger Operators

Let H1,H2 be as in the last Section. Theorem A.3.2 implies in particular that
Veff and V l

eff are trace class. Thus the SSF for the operator pair H1,H2 is well
defined by formula (A.11) with the choice g(x) = e−x.

The explicit estimates obtained in Theorem A.3.2 for the singular val-
ues of Schrödinger semigroups differences together with the abstract results
from Sect. A.1 allow us to infer the desired bounds on the SSF for a pair of
Schrödinger operators. The results and the presentation in this section are
taken from the paper [218] by Hundertmark, Killip, Nakamura, Stollmann
and the author.

Theorem A.4.1. Let ξ be the spectral shift function for the pair H1,H2 or
H l

1,H
l
2. There exists constants K1,K2 depending only on d, diam supp u+

and the Kato class norms of V−, u−, such that for any bounded compactly
supported function f ,∫

f(λ) ξ(λ) dλ ≤ K1eb + K2 {log(1 + ‖f‖∞)}d‖f‖1 (A.19)

with b = sup supp f .

Remark A.4.2. (i) Theorem A.4.1 implies that the spectral shift function
can have at most logarithmic local singularities. One might think that,
at least for smooth compactly supported perturbations, the SSF should
always be locally bounded. However, this is not the case. In the paper
[405] already mentioned in Remark A.3.4, Raikov and Warzel consider
the free Schrödinger operator with a constant magnetic field in dimen-
sion two. For a perturbation of this operator by a compactly supported
potential they showed that the SSF diverges at each Landau level λq like

|ξ(λq + λ)| ∼
( | ln(λ)|

ln | ln λ|
)d/2

as λ ↓ 0 (A.20)

See [359] for the generalisation to even dimensions.
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(ii) An example without magnetic fields, where the SSF shows unexpected
divergencies, was given by Kirsch in [246, 248]. Denote by ∆l the Laplace
operator on the cube Λl with Dirichlet b.c. For λ > 0, u : Rd → R

a non-negative, bounded function with compact support, which is not
identically equal to zero, and a function a : [0,∞[→]0,∞[, set ξl(·) :=
ξ(·,−∆l, (−∆ + a(l)u)l). Then lim supl→∞ ξl(λ) =∞, for any λ, a and u
as above. This result relies on the high degeneracy of eigenvalues of the
pure Dirichlet Laplacian on a cube. In this respect it is related to the
example in Remark (i) with the Landau Hamiltonian which has infinitely
degenerate eigenvalues. Kirsch shows that there is, however, a set of full
measure E ⊂ R with dense complement such that

lim
N�l→∞

ξl(λ) = 0, for all λ ∈ E , if a(l) ≤ l−k, k > 3

(iii) In contrast to the above unboundedness results, Sobolev, [449] showed
that for the pair H1 = −∆ and H2 = −∆ + u with |u(x)| ≤ const. (1 +
|x|)−α and α > d, the spectral shift function ξ is, indeed, locally bounded.
However, this type of result seems to require very strong hypotheses
on H1, for example, a trace-class limiting absorption principle and in
particular, that H1 has absolutely continuous spectrum on the positive
real axis.

(iv) For certain alloy type Schrödinger operators Combes, Hislop and Klopp
obtain in Theorem 2.1 of [92] a local boundedness result for an associated
averaged SSF.

Proof (of Theorem A.4.1). Let the two Schrödinger operators H2 = H1 + u
be as in the statement of the Theorem.

For t > 0 define Ft : [0,∞[→ [0,∞[ by

Ft(x) =
∫ x

0

(exp(ty1/d)− 1) dy (A.21)

As the integrand is increasing, Ft is a convex function. We show first that
there exists a constant K1, depending on t, such that for small enough t > 0,∫ T

−∞
Ft(|ξ(λ)|) dλ ≤ K1eT <∞ (A.22)

for all T < ∞. To see this, we use the invariance principle and a change of
variables, to obtain∫ T

−∞
F (|ξ(λ,H2,H1)|) dλ =

∫ T

−∞
F (|ξ(e−λ, e−H2 , e−H1)|) dλ

≤ eT

∫ ∞

e−T

F (|ξ(s, e−H2 , e−H1)|) ds

By Theorem A.1.2 the integral on the right hand side is bounded by
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−∞
F (|ξ(s, e−H2 , e−H1)|) ds ≤

∞∑
n=1

µn(Veff)(F (n)− F (n− 1))

≤
∞∑

n=1

µn(Veff)
∫ n

n−1

(ets1/d − 1)ds ≤ C

∞∑
n=1

e(t−c)n1/d

which is finite, if we chose t smaller than the constant c from Theorem A.3.2.
Thus we have proven (A.22).

Now we deduce the bound (A.19) from (A.22) with the help of Young’s
inequality for an appropriate pair of functions. Note that Ft is non-negative,
convex with F ′

t (0) = 0 and hence its Legendre transform G is well defined and
satisfies

G(y) := sup
x≥0
{xy − F (x)} ≤ y

( log(1 + y)
t

)d

for all y ≥ 0

Thus, by the very definition of G, Young’s inequality holds: yx ≤ F (x)+G(y).
So, with b = sup supp f ,∫

f(λ)ξ(λ) dλ ≤
∫ b

−∞
F (|ξ(λ)|) dλ +

∫
G(|f(λ)|) dλ (A.23)

Using the estimate (A.22), the first integral is bounded by K1eb. For the
second integral in (A.23), we estimate∫

G(|f(λ)|) dλ ≤
∫
|f(λ)|

( log(1 + |f(λ)|)
t

)d

dλ ≤ t−d| log(1 + ‖f‖∞)|d ‖f‖1

This finishes the proof of Theorem A.4.1. ��
To apply Theorem A.4.1 in the situation of Sect. 4.2, we take f to be the

the derivative of a smooth, monotone switch function ρE,ε : R → [−1, 0]. By
a switch function we mean that for a positive ε ≤ 1/2 it has the following
properties: ρE,ε ≡ −1 on ]−∞, E− ε], ρE,ε ≡ 0 on [E + ε,∞[ and ‖ρ′E,ε‖∞ ≤
1/ε, similarly as in Sect. 4.1. Theorem A.4.1 and the Krein trace formula (A.1)
imply

Corollary A.4.3. Let H1,H2 and ρE,ε be as above. There is a constant CE

depending only on E, d, diam supp u+ and the Kato class norms of V−, u−,
such that

Tr [ρE,ε(H2)− ρE,ε(H1)] ≤ CE | log ε|d (A.24)

The function E �→ CE is monotone and continuous.

The estimate (A.24) improves upon a bound derived by Combes, Hislop
and Nakamura in [97]. They prove that for any exponent α < 1, there is a
constant C̃E(α) depending only on d, C0, diam suppu, E + ε and α such that

Tr [ρE,ε(H2)− ρE,ε(H1)] ≤ C̃E(α) ε−α (A.25)
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Remark A.4.4. In the context of random Schrödinger operators H1 and H2

appear as particular members of a random family {Hω}ω. If two configurations
ω, ω′ ∈ Ω differ only in one coordinate ωj �= ω′

j and coincide in all the others,
i.e. ωk = ω′

k for all k ∈ Zd \ {j}, then the pair H1 = Hω, H2 = Hω′ differs
only by a single site potential. If this is compactly supported, the pair H1,H2

fits in the framework considered in this and the preceding sections.
Specialising further, one is often interested in the case that on the lattice

site j ∈ Zd one of the operators, say H1, has a coupling constant taking the
lowest possible value, i.e.

ωj = ω− = inf suppµ

where µ denotes as before the distribution of ωj , and the other operator H2

has at this site a coupling constant with the largest possible value, i.e.

ω′
j = ω+ = sup suppµ

Let Λl ⊂ Rd be a cube such that j ∈ Λ+
l . Then we can write the two

operators H1 and H2 as

H1 = H l
ω(ωj = min) := H l

ω + (ω− − ωj)u(· − j) (A.26)

H2 = H l
ω(ωj = max) := H l

ω + (ω+ − ωj)u(· − j)

and consequently the difference H2 −H1 = (ω+ − ω−)u(· − j) is a compactly
supported potential. Note that in the formulae (A.26) it is possible to express
the two operators H1 and H2 using only one of the two configurations ω
and ω′.

The upshot of this considerations is that the trace

Tr
[
ρ[H l

ω(ω, j = max)− E]− ρ[H l
ω(ω, j = min)− E]

]
(A.27)

can be estimated by Corollary A.4.3. It is precisely for such a pair of operators
that this corollary is used in the proof of Theorem 4.2.4.
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(Nantes, 1991).
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165. A. Figotin and A. Klein. Localization of classical waves. I. Acoustic waves.
Comm. Math. Phys., 180(2):439–482, 1996.

166. A. Figotin and A. Klein. Localization of classical waves. II. Electromagnetic
waves. Comm. Math. Phys., 184(2):411–441, 1997.

167. W. Fischer. Zur elektronischen Lokalisierung durch gaußsche zufällige Poten-
tiale. PhD thesis, Naturwissenschaftliche Fakultäten der Friedrich-Alexander-
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233. V. Jakšić and Y. Last. Simplicity of singular spectrum in Anderson-type Hamil-
tonians. Duke Math. J., 133(1):185–204, 2006.
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369. S. A. Molčanov. The structure of eigenfunctions of one-dimensional unordered
structures. Math. USSR Izvestija, 12:69–101, 1978.



132 References

370. P. Müller and C. Richard. Random colourings of aperiodic graphs: ergodic and
spectral properties. http://www.arxiv.org/abs/0709.0821.

371. P. Müller and P. Stollmann. Spectral asymptotics of the Laplacian on super-
critical bond-percolation graphs. http://www.arxiv.org/math-ph/0506053, to
appear in J. Funct. Anal.

372. S. Nakamura. Spectral shift function for trapping energies in the semiclassical
limit. Comm. Math. Phys., 208(1):173–193, 1999.

373. S. Nakamura. Lifshitz tail for 2D discrete Schrödinger operator with random
magnetic field. Ann. Henri Poincaré, 1(5):823–835, 2000.
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488. W.-M. Wang. Développement asymptotique de la densité d’états pour
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les Équations aux Dérivées Partielles, 1992–1993, pages 20, Exp. No. XVIII.
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Vol. 1760: D. Filipović, Consistency Problems for Heath-
Jarrow-Morton Interest Rate Models (2001)
Vol. 1761: C. Adelmann, The Decomposition of Primes in
Torsion Point Fields (2001)
Vol. 1762: S. Cerrai, Second Order PDE’s in Finite and
Infinite Dimension (2001)
Vol. 1763: J.-L. Loday, A. Frabetti, F. Chapoton, F. Goi-
chot, Dialgebras and Related Operads (2001)
Vol. 1764: A. Cannas da Silva, Lectures on Symplectic
Geometry (2001)
Vol. 1765: T. Kerler, V. V. Lyubashenko, Non-Semisimple
Topological Quantum Field Theories for 3-Manifolds with
Corners (2001)
Vol. 1766: H. Hennion, L. Hervé, Limit Theorems for
Markov Chains and Stochastic Properties of Dynamical
Systems by Quasi-Compactness (2001)
Vol. 1767: J. Xiao, Holomorphic Q Classes (2001)
Vol. 1768: M. J. Pflaum, Analytic and Geometric Study of
Stratified Spaces (2001)
Vol. 1769: M. Alberich-Carramiñana, Geometry of the
Plane Cremona Maps (2002)
Vol. 1770: H. Gluesing-Luerssen, Linear Delay-
Differential Systems with Commensurate Delays: An
Algebraic Approach (2002)
Vol. 1771: M. Émery, M. Yor (Eds.), Séminaire de Prob-
abilités 1967-1980. A Selection in Martingale Theory
(2002)
Vol. 1772: F. Burstall, D. Ferus, K. Leschke, F. Pedit,
U. Pinkall, Conformal Geometry of Surfaces in S4 (2002)
Vol. 1773: Z. Arad, M. Muzychuk, Standard Integral
Table Algebras Generated by a Non-real Element of Small
Degree (2002)
Vol. 1774: V. Runde, Lectures on Amenability (2002)
Vol. 1775: W. H. Meeks, A. Ros, H. Rosenberg, The
Global Theory of Minimal Surfaces in Flat Spaces.
Martina Franca 1999. Editor: G. P. Pirola (2002)
Vol. 1776: K. Behrend, C. Gomez, V. Tarasov, G. Tian,
Quantum Comohology. Cetraro 1997. Editors: P. de Bar-
tolomeis, B. Dubrovin, C. Reina (2002)
Vol. 1777: E. García-Río, D. N. Kupeli, R. Vázquez-
Lorenzo, Osserman Manifolds in Semi-Riemannian
Geometry (2002)
Vol. 1778: H. Kiechle, Theory of K-Loops (2002)
Vol. 1779: I. Chueshov, Monotone Random Systems
(2002)
Vol. 1780: J. H. Bruinier, Borcherds Products on O(2,1)
and Chern Classes of Heegner Divisors (2002)
Vol. 1781: E. Bolthausen, E. Perkins, A. van der Vaart,
Lectures on Probability Theory and Statistics. Ecole d’
Eté de Probabilités de Saint-Flour XXIX-1999. Editor:
P. Bernard (2002)
Vol. 1782: C.-H. Chu, A. T.-M. Lau, Harmonic Functions
on Groups and Fourier Algebras (2002)



Vol. 1783: L. Grüne, Asymptotic Behavior of Dynamical
and Control Systems under Perturbation and Discretiza-
tion (2002)
Vol. 1784: L. H. Eliasson, S. B. Kuksin, S. Marmi, J.-C.
Yoccoz, Dynamical Systems and Small Divisors. Cetraro,
Italy 1998. Editors: S. Marmi, J.-C. Yoccoz (2002)
Vol. 1785: J. Arias de Reyna, Pointwise Convergence of
Fourier Series (2002)
Vol. 1786: S. D. Cutkosky, Monomialization of Mor-
phisms from 3-Folds to Surfaces (2002)
Vol. 1787: S. Caenepeel, G. Militaru, S. Zhu, Frobenius
and Separable Functors for Generalized Module Cate-
gories and Nonlinear Equations (2002)
Vol. 1788: A. Vasil’ev, Moduli of Families of Curves for
Conformal and Quasiconformal Mappings (2002)
Vol. 1789: Y. Sommerhäuser, Yetter-Drinfel’d Hopf alge-
bras over groups of prime order (2002)
Vol. 1790: X. Zhan, Matrix Inequalities (2002)
Vol. 1791: M. Knebusch, D. Zhang, Manis Valuations
and Prüfer Extensions I: A new Chapter in Commutative
Algebra (2002)
Vol. 1792: D. D. Ang, R. Gorenflo, V. K. Le, D. D. Trong,
Moment Theory and Some Inverse Problems in Potential
Theory and Heat Conduction (2002)
Vol. 1793: J. Cortés Monforte, Geometric, Control and
Numerical Aspects of Nonholonomic Systems (2002)
Vol. 1794: N. Pytheas Fogg, Substitution in Dynamics,
Arithmetics and Combinatorics. Editors: V. Berthé, S. Fer-
enczi, C. Mauduit, A. Siegel (2002)
Vol. 1795: H. Li, Filtered-Graded Transfer in Using Non-
commutative Gröbner Bases (2002)
Vol. 1796: J.M. Melenk, hp-Finite Element Methods for
Singular Perturbations (2002)
Vol. 1797: B. Schmidt, Characters and Cyclotomic Fields
in Finite Geometry (2002)
Vol. 1798: W.M. Oliva, Geometric Mechanics (2002)
Vol. 1799: H. Pajot, Analytic Capacity, Rectifiability,
Menger Curvature and the Cauchy Integral (2002)
Vol. 1800: O. Gabber, L. Ramero, Almost Ring Theory
(2003)
Vol. 1801: J. Azéma, M. Émery, M. Ledoux, M. Yor
(Eds.), Séminaire de Probabilités XXXVI (2003)
Vol. 1802: V. Capasso, E. Merzbach, B. G. Ivanoff,
M. Dozzi, R. Dalang, T. Mountford, Topics in Spatial
Stochastic Processes. Martina Franca, Italy 2001. Editor:
E. Merzbach (2003)
Vol. 1803: G. Dolzmann, Variational Methods for Crys-
talline Microstructure – Analysis and Computation (2003)
Vol. 1804: I. Cherednik, Ya. Markov, R. Howe, G. Lusztig,
Iwahori-Hecke Algebras and their Representation Theory.
Martina Franca, Italy 1999. Editors: V. Baldoni, D. Bar-
basch (2003)
Vol. 1805: F. Cao, Geometric Curve Evolution and Image
Processing (2003)
Vol. 1806: H. Broer, I. Hoveijn. G. Lunther, G. Vegter,
Bifurcations in Hamiltonian Systems. Computing Singu-
larities by Gröbner Bases (2003)
Vol. 1807: V. D. Milman, G. Schechtman (Eds.), Geomet-
ric Aspects of Functional Analysis. Israel Seminar 2000-
2002 (2003)
Vol. 1808: W. Schindler, Measures with Symmetry Prop-
erties (2003)
Vol. 1809: O. Steinbach, Stability Estimates for Hybrid
Coupled Domain Decomposition Methods (2003)
Vol. 1810: J. Wengenroth, Derived Functors in Functional
Analysis (2003)

Vol. 1811: J. Stevens, Deformations of Singularities
(2003)
Vol. 1812: L. Ambrosio, K. Deckelnick, G. Dziuk,
M. Mimura, V. A. Solonnikov, H. M. Soner, Mathematical
Aspects of Evolving Interfaces. Madeira, Funchal, Portu-
gal 2000. Editors: P. Colli, J. F. Rodrigues (2003)
Vol. 1813: L. Ambrosio, L. A. Caffarelli, Y. Brenier,
G. Buttazzo, C. Villani, Optimal Transportation and its
Applications. Martina Franca, Italy 2001. Editors: L. A.
Caffarelli, S. Salsa (2003)
Vol. 1814: P. Bank, F. Baudoin, H. Föllmer, L.C.G.
Rogers, M. Soner, N. Touzi, Paris-Princeton Lectures on
Mathematical Finance 2002 (2003)
Vol. 1815: A. M. Vershik (Ed.), Asymptotic Com-
binatorics with Applications to Mathematical Physics.
St. Petersburg, Russia 2001 (2003)
Vol. 1816: S. Albeverio, W. Schachermayer, M. Tala-
grand, Lectures on Probability Theory and Statistics.
Ecole d’Eté de Probabilités de Saint-Flour XXX-2000.
Editor: P. Bernard (2003)
Vol. 1817: E. Koelink, W. Van Assche (Eds.), Orthogonal
Polynomials and Special Functions. Leuven 2002 (2003)
Vol. 1818: M. Bildhauer, Convex Variational Problems
with Linear, nearly Linear and/or Anisotropic Growth
Conditions (2003)
Vol. 1819: D. Masser, Yu. V. Nesterenko, H. P. Schlick-
ewei, W. M. Schmidt, M. Waldschmidt, Diophantine
Approximation. Cetraro, Italy 2000. Editors: F. Amoroso,
U. Zannier (2003)
Vol. 1820: F. Hiai, H. Kosaki, Means of Hilbert Space
Operators (2003)
Vol. 1821: S. Teufel, Adiabatic Perturbation Theory in
Quantum Dynamics (2003)
Vol. 1822: S.-N. Chow, R. Conti, R. Johnson, J. Mallet-
Paret, R. Nussbaum, Dynamical Systems. Cetraro, Italy
2000. Editors: J. W. Macki, P. Zecca (2003)
Vol. 1823: A. M. Anile, W. Allegretto, C. Ring-
hofer, Mathematical Problems in Semiconductor Physics.
Cetraro, Italy 1998. Editor: A. M. Anile (2003)
Vol. 1824: J. A. Navarro González, J. B. Sancho de Salas,
C ∞ – Differentiable Spaces (2003)
Vol. 1825: J. H. Bramble, A. Cohen, W. Dahmen, Mul-
tiscale Problems and Methods in Numerical Simulations,
Martina Franca, Italy 2001. Editor: C. Canuto (2003)
Vol. 1826: K. Dohmen, Improved Bonferroni Inequal-
ities via Abstract Tubes. Inequalities and Identities of
Inclusion-Exclusion Type. VIII, 113 p, 2003.
Vol. 1827: K. M. Pilgrim, Combinations of Complex
Dynamical Systems. IX, 118 p, 2003.
Vol. 1828: D. J. Green, Gröbner Bases and the Computa-
tion of Group Cohomology. XII, 138 p, 2003.
Vol. 1829: E. Altman, B. Gaujal, A. Hordijk, Discrete-
Event Control of Stochastic Networks: Multimodularity
and Regularity. XIV, 313 p, 2003.
Vol. 1830: M. I. Gil’, Operator Functions and Localization
of Spectra. XIV, 256 p, 2003.
Vol. 1831: A. Connes, J. Cuntz, E. Guentner, N. Hig-
son, J. E. Kaminker, Noncommutative Geometry, Martina
Franca, Italy 2002. Editors: S. Doplicher, L. Longo (2004)
Vol. 1832: J. Azéma, M. Émery, M. Ledoux, M. Yor
(Eds.), Séminaire de Probabilités XXXVII (2003)
Vol. 1833: D.-Q. Jiang, M. Qian, M.-P. Qian, Mathemati-
cal Theory of Nonequilibrium Steady States. On the Fron-
tier of Probability and Dynamical Systems. IX, 280 p,
2004.
Vol. 1834: Yo. Yomdin, G. Comte, Tame Geometry with
Application in Smooth Analysis. VIII, 186 p, 2004.



Vol. 1835: O.T. Izhboldin, B. Kahn, N.A. Karpenko,
A. Vishik, Geometric Methods in the Algebraic Theory
of Quadratic Forms. Summer School, Lens, 2000. Editor:
J.-P. Tignol (2004)
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