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A.1 Review of Linear O.D.E’s

Let A be an n x n matrix and consider the Cauchy problem for a linear system
of O.D.E’s with constant coefficients

&= Az, z(0)=2%. (1.1)
The explicit solution (see [P]) can be written as

© 1k Ak
t"A
z(t) = ez, et = . (1.2)

k!
k=0

If B = R™'AR for some invertible matrix R, then

-1
etA _ etRBR _ RetBRfl'

The actual computation of the exponential matrix e*4 can thus be carried out
by reducing A to a more convenient canonical form B, and then computing
e!B. We give here an illustration of this procedure.

Example 1. Assume that A is a 6 x 6 matrix, with

det (CI —A) = (C=N(C =’ (¢~ (a+if) (¢~ (a—if)),

so that A is a simple real eigenvalue, p is a multiple eigenvalue and a£if3 are a
pair of complex conjugate eigenvalues. Assume that the geometric multiplicity
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of p is 1. Then there exists an invertible matrix R that reduces A to the
canonical form

A0000 O
0u100 0
~ 00u10 0
_p-lgp _
B=R"AR=1,00,0 0
0000a-—-p
00003 a
In this case one has
e 0 0 0 0 0
0 ett tert (+2/2)ert 0 0
s |0 0 emt gert 0 0
et =
0 0 O et 0 0
0 0 O 0 e cos ft —e** sin Bt
0 0 O 0 e“tsin Bt et cos Bt

We say that a subspace V' C R" is invariant for the flow of (1.1) ifx € V
implies etz € V for all ¢t € R. A natural way to decompose the space R" as
the sum of three invariant subspaces is now described.

Consider the eigenvalues of A, i.e. the zeroes of the polynomial p({) =
det(¢I — A). These are finitely many points in the complex plane (fig. 1).

Fig. A.1.

The space R™ can then be decomposed as the sum of a stable, an unstable
and a center subspace, respectively spanned by the (generalized) eigenvectors
corresponding to eigenvalues with negative, positive and zero real part. We
thus have

R'=Via@V'a@V®
with continuous projections

e : R™ — V7, Tyt R™ = VY e : R" — V€,
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T = Tk + Tk + Ty .

These projections commute with A and hence with the exponential e as
well:

meedt = ety muett = et meett = edlr, . (1.3)

In particular, these subspaces are invariant for the flow of (1.1). Defining the
spectral gap of A as

3 = min {|Re A

;A s an eigenvalue with non-zero real part} (1.4)

(see fig. 1), the following key estimates hold. For every € €]0, 3] there exists
a constant C, such that

HeAtﬂsH < C.e~ (B2 t>0,
|ettm|| < CoelP==)t t<o0, (1.5)
H(—;’Atﬂ'CH < C.eltl teR.

A.2 Statement of the Center Manifold Theorem
Consider a nonlinear O.D.E. having an equilibrium point at the origin, say

z = f(x), (2.1)

where f : R" — R" is a smooth function with f(0) = 0. The trajectory of
(2.1) taking the initial value z(0) = y will be denoted as

ti a(t) = @(t,y). (2.2)

Calling A = Df(0) the Jacobian matrix of f at the origin, we can write
(2.1) in the form
& =Az+g(z), (2.3)

where g(0) = 0, Dg(0) = 0. Tt is reasonable to expect that, in a small neigh-
borhood of the origin, the flow of (2.1) should look like the flow of the corre-
sponding linearized system (1.1). The main result in this direction (fig. 2) is
the famous

Theorem (Hartman-Grobman). Let f be smooth. If all the eigenvalues
of the matrix A = Df(0) have non-zero real part, then the flows of (1.1)
and (2.1) are equivalent. More precisely, there exists a homeomorphism ¢ of
a neighborhood N of the origin onto another neighborhood of the origin such
that

eMoly) = p(E(t,y))
for all y, t such that y, Z(t,y) € N.
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Fig. A.2.

For a proof, see [P]. This theorem settles the case where the center subspace
vanishes: V¢ = {0}. The Center Manifold Theorem, on the other hand, applies
to the case where V¢ is nontrivial. In essence, it says that near the origin all
the interesting dynamics takes place on an invariant manifold M, tangent to
the center subspace V. Its main usefulness lies in this dimensional reduction:
instead of studying a flow on the entire space R", one can then restrict the
analysis to a “center manifold” having the same dimension as V°.

Center Manifold Theorem. Let f : R" + R"™ be a vector field in Ck*1 (here
k> 1), with f(0) = 0. Consider the matrix A = Df(0), and let V°,V* V¢ be
the corresponding stable, unstable, center subspaces. Then there exists § > 0
and a local center manifold M with the following properties.

(i) There exists a C* function ¢ : V¢ R™ with m. ¢(z.) = x. such that
M = {¢(xc) ;T €eVE, |33c| < 5} . (2.4)

(ii) The manifold M is locally invariant for the flow of (2.1), i.e. x € M
implies &(t,x) € M for |t| small.

(1@i)M is tangent to V© at the origin.

(iv)Every globally bounded orbit remaining in a suitably small neighborhood of
the origin is entirely contained inside M.

(v) Given any trajectory such that x(t) — 0 as t — +oo, there exists n > 0
and a trajectory t — y(t) € M on the center manifold such that

e |a(t) —y(t) — 0 as t— +oo. (2.5)

Remarks. By (i), the manifold M is parametrized by points on the center
subspace V°. In particular, it has the same dimension as V¢. The invariance
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property (ii) means that the vector field f is tangent to M at every point
x € M. By (v), every solution which approaches the origin as t — 400 can
be described as an exponentially small perturbation of some trajectory on
the center manifold. An entirely similar statement holds for solutions which
approach the origin as ¢ — —oo. The proof will show that in (2.5) one can
choose any constant n €0, 8] smaller than the spectral gap of A.

A.3 Proof of the Center Manifold Theorem

The proof, mainly following [V], will be given in several steps. Throughout
the following, the Landau notation O(1) will be used to indicate a quantity
depending only on the vector field f, whose absolute value remains uniformly
bounded.

A.3.1 Reduction to the Case of a Compact Perturbation.

Set g(z) = f(x) — Az. As a first step we show that, by using a cutoff function,
one can assume that g has compact support and that its C! norm is arbitrarily
small. Indeed, let p : R +— [0,1] be a smooth, even function with compact

support, such that
1 if I¢l<1,
o0 = sl
0 if =2

For € > 0 small, define the truncated function
ge(@) = p(|z]/¢) 9(=) -
Observing that
l9(x)| = 01) - [/, [Dg(x)| = O1) - |a],

we obtain

By possibly replacing g with g., we can thus assume that g € CF*! and
that ||g||c: is as small as we like. With these assumptions we shall prove the
existence of a global center manifold:

M= {(b(xc) T T € VC} , (3.1)
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parametrized by the whole subspace V¢, without any restriction on the size
of ..

In the general case, the corresponding local properties (i)—(v) can then be
easily obtained, observing that g. coincides with g for |z| < e.

Fig. A.3.

A.3.2 Characterization of the Global Center Manifold.

We now come to the actual construction of points on the center manifold
(fig. 3). Let 8 > 0 be the spectral gap of the matrix A, as in (1.4). Fix any
number 1 €10, 8] and define the space of functions with “slow growth”

Yo = {y R=R v, = Sltlpe*”‘t'|y(t)| < oo} .

Of course, this implies
()] < ™yl - (3.2)

For every z. € V¢ we seek a trajectory y(-) € Y, such that m.y(0) = x.. The
following arguments, based on the Contraction Mapping Principle, will show
the existence and uniqueness of such a trajectory.

Any solution ¢t — y(t) of (2.3) can be represented by the “variation of
constant formula”
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y(t) = A0y (1) + / AT g (y(r)) dr (3.3)

to

We can decompose (3.3) as a sum of its center, stable and unstable compo-
nents. Notice that here we can choose different starting times in connection
with different components:

y(t) = m (eA(tt“)y(tc) + /t A g(y(r)) dT>

{te

+7Tg <eA(ttS)y(ts) +/t eA(t’T)g(y(T)) d7> (3.4)
g [ ey () + feA“*T)g y(r))dr ) .
(At + [ Xyl ar)

ty

We now choose t. = 0 and let t; — —oo while t, — +00. Recalling that eAt
commutes with all three projections 7., 75, 7., from (3.4) and the assumptions
y(0) = z¢, y(-) € Y, we obtain

¢
y(t) = eta, + / eA(t*T)ch(y(T)) dr
0

+ o0
+/ e“‘(t*ﬂmg(y(T))dr—/ A g(y(r)) dr

t

(3.5)

Indeed, for fixed ¢, as t,, — oo by (1.5) and (3.2) we have

tulil,noo |€A(t—tu)7ru y(tu)| < t,}iinoo C.eB=e)(t=tw) gnltu] ylly, =0.
Similarly, as t;, — —oo we have
lim |6A(t7ts)7ru y(ts)| < lim C.e=(B=a)t—ts)cnlts| yll, =0.

ts——00 ts——00

Remark. The representation (3.3) is useful in connection with a Cauchy
problem, with data assigned at time ¢ = tg. On the other hand, one can regard
(3.5) as representing the solution to a three-point boundary value problem.
We are here assigning the center component 7.y(0) = z. at time ¢ = 0, while
(the asymptotic behavior of) the stable component 7,y is prescribed at time
t = —oo and (the asymptotic behavior of) the unstable component 7, y is
prescribed at time t = 4o00.

A.3.3 Construction of the Center Manifold.

For each z. € V¢, a unique solution y(-) € Y;, of (3.4) will be obtained by the
contraction mapping principle. Define the map I': V¢ x Y, — Y, by setting
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F(wc,y) (t) = e, +/ eA(t_T)WCg(y(T)) dr

) o N (3.6)
+/ A=), g(y(r)) dr — [, A=), g(y(r)) dr.

To show that F(xc,y) € Y, we use the inequalities (1.5), choosing ¢ = n
to estimate the center component and € = 8 — n to estimate the stable and
unstable components.

t
1 (ees)O] < CoeMac] + [ Gt gles dr
0
t [e'e]
+/ Cg_ne’"(t*7)||g||<cod7-+/ Cﬂ—nen(t*T)HchﬂdT
t

= C||glcoe”"

for a suitable constant C. We claim that, for every fixed z., the map y —
I'(z.,y) is a strict contraction. Indeed, call 09 = [ly1 — y2||,. By (3.2) this
implies

[91(8) = y2(t)] < o™, |9(y1.() = 9(y2()] < S0 glles
for all ¢ € R. Therefore

|F(scc,y1)(t) — (e, y2) (1)) .
< / Osealt—rl(goevi\rlHg”(Cl dT+/ Cse_(ﬁ_e)(t—T)(SOe"'T'||g||@1 dr
0 —00

o0
*/ CoelB=E=) 50117l gller dr < O 8ol gllcr e
t

for some constant C’ independent of y1,y2. Assuming that ||g||c: < 1/2C" we
thus have

1
17 (e, 1) = T, w2) [, < Sllvr = walln 3.7)

proving our claim. By the Contraction Mapping Theorem (see the Appendix),
for each z. € V° the map y — I'(z.,y) has a unique fixed point y* € Y,
which provides a solution to (3.5). Since I' is Lipschitz continuous (namely:
linear) w.r.t. the variable z., it follows that the map z. — y%° is Lipschitz
continuous.

For every x. € V¢ we now set
p(ze) =y*(0) (3.8)

and define the manifold M in terms of (3.1). By the previous analysis, the
map ¢ : V¢ — R" is Lipschitz continuous. By (3.5) it is clear that w.¢(x.) =
my®e(0) = z.
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A.3.4 Proof of the Invariance Property (ii).

To show that M is invariant for the flow of (2.3), fix any point zg € M. By
construction, the trajectory starting at x, which we denote as t — (¢, z),
lies in Y. Fix any time ¢;. To prove that the point x; = Z(t1, o) also lies
on M we need to show that the trajectory ¢t — Z(t,x;) lies in Y,). But this is
clear because

|Z(t, 21)| = |@(t + t1,20)| < Cenltthl < (Ce"‘tll)e"‘tl‘

A.3.5 Proof of (iv).

By construction, every trajectory having slow growth at o0, i.e. with y € Y7,
is entirely contained in the center manifold M. This is certainly the case for
all globally bounded trajectories.

A.3.6 Proof of the Tangency Property (iii).

Since g(0) = 0, the function y(¢t) = 0 is (trivially) a globally bounded solution.
Hence, by (iv), the manifold M contains the origin.

To prove that M is tangent to V¢ at the origin, for any z. € V¢ consider
the function y(t) = ez.. Since g # 0, we don’t expect this to be a solution
of (2.3). However (see the Appendix), by the contraction property (3.7), the
distance between y and the unique fixed point y”¢ can be estimated as twice
the distance between y and its first iterate:

ly = "I, < 2lly = I'(ze, )| (3.9)

.
We now observe that
2 - 2
lgw()] < [y(@)| llglicz < (Ceeze]) gl -
By the definition of I" at (3.6) it now follows
t 2
90) = Daes)(0)] < [ Ce(Cee )l dr
0
t
+/ an*(ﬁfe)(t”)(CEeE‘T||xC|)2||g||C2 dr
+/ Cse(ﬁfa)(t”)(C’ge“T'\ch)QHchz dr
t
<C ‘xc|2€n\t|

for some constant C' independent of |z.|. Therefore

[9(0) = y™(0)] < lly —y™lly < 2lly = D(we, )|, < 2C)ecl*. (3.10)
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Recalling that y(0) = z., y*(0) = ¢(x.), an easy consequence of (3.10) is

lim 7@(%) _ xc‘

zc—0 |33C|

=0.
Hence the manifold M is tangent to V¢ at the origin.

A.3.7 Proof of the Asymptotic Approximation Property (v).

Let x : [0, + oo[— R"™ be a solution of (2.1) which approaches the origin as
t — +o00. We extend z(-) to a bounded function z*(-) defined on the whole
real line by setting

ey ) T(t) if t>0,
x(t)_{x(o) if t<o.

Notice that x* provides a globally bounded solution to

(t) = Ax” + g(@") +o(t)  ot) = {(iAx(o) — g(x(0)) Z; i Z 8

Therefore, z* can be represented by the “variation of constant formula”

t

t
x*(t) = eA(tftO)ﬂ'sx*(to) —|—/ GA(tiT)ﬂ'sg(I*(T)) dr +/ BA(tiT)WSgD(T) dr
to to
t

t
+eA<t*t1>7rcux*(t1)+/ AN g (2% (1)) d7'+/ e p(r) dr .

t1 t1
(3.11)
Here and in the sequel, 7., = 7. + m, denotes the projection on the center-
unstable space V¢ @ VU,
Consider now the space of functions

Z,= {2 R R 0], = supe|z(t)] < oo}
t

We claim that there exists a function z € Z,, such that y =2* +2 € Y, is a
global solution of (2.3), contained in the center manifold M. Recalling (3.11),
for any choice of tg,t; such a function z(-) should provide a solution to the
integral equation
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2(t) = —mx* (t) + A m (27 (to) + 2(t0))

+/ eA(t_T)ﬂsg(x*(T) + 2(1)) dr

to

_’/Tcul'*(t) +€A(t_t1)77cu($*(t1) +Z(t1))

+/ 6A(t77)7rcug(x*(7') + 2(7)) dr

t1

_ eA(t_tO)Wsz(tO) N /t A=) [g(x*(T) + Z(T)) — g(x*('r)):| dr

to

t
—/ A o(r) dr 4+ A, 2 (1)

to

- A o0 () +2(0) — ola°(7)] dr

t1

¢
—/ A o(r) dr .

t1

Letting tg — —oo and t; — +00 we obtain

() - / et %[g( ()4 2(r) — ga(7)]

eAlt=7) so(T)dr

Recalling that ¢(7) = 0 for 7 > 0 and using the basic inequalities (1.5), we
see that the map A : Z, — Z, is a strict contraction, provided that the norm
llgllct is suitably small. Therefore A admits a unique fixed point z € Z,,, which
satisfies (3.12). Since z* is globally bounded and z € Z,, C Y,), it is clear that
y = 2" + 2z € Y,, hence it represents a trajectory contained in the center
manifold. For all £ > 0 we now have

lz(t) —y(t)| = |2(t)| < e |zl -

This implies (2.5) for any smaller choice of the exponent 7.

A.3.8 Smoothness of the Center Manifold.

To complete the proof, it remains to show that the map z. — ¢(x.) is k times
continuously differentiable. This fact would easily follow from the implicit
function theorem, if we could prove that I' : V¢ x Y, — Y, is a C* map.
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Unfortunately this is not true. Indeed, for any non-trivial function g € C2°,
the substitution operator y — G(y) defined by

Gy)(t) = g(y(1)) (3.13)
is not differentiable as a map from Y, into itself.

Example 2. Let g : R — R be a smooth function with compact support, such
that

2

g(z) ==z for |z| <e.

If the map G : Y, — Y, in (3.13) were differentiable at the origin 0 € Y,
its differential could only be the identically zero map. However, consider the
sequence of functions

0 otherwise.

) {5 if ten, n+1],

This is mapped into the sequence

g2 1 n, n
G(ynxt)'{ forenondl

0 otherwise.
By the definition of the norm on the space Y;, as n — oo one has
[ynlly =sup e My, () =ce™™ — 0.
¢

We now have

Gn 2 ,—nn
limM: lim = .2,

n— o0 Hyn”n n—oo £e MM

showing that the zero linear map cannot be the differential of G at the origin.

To overcome the difficulty pointed out by the previous example, one can
observe that G becomes k times differentiable if viewed as a map from a
smaller space Y,/ (with a stronger norm) into a Y;,. The proof of the regularity
of the center manifold M strongly relies on this fact.

Lemma. Let g € CF! and assume 0 < ' < (k+ 1)n' < n. Then the
substitution operator G at (3.13) is k times differentiable as a map from Y,
into Yy,.

Proof. We begin by recalling Taylor’s formula (see [D], p.190)

9y +2) = Trg(y, 2) + Ri(y, 2),

where
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k .
: Dg(y) i
Trg(y,2) = .,( )
=0

and ) .
mats) = ([ U0t gty 0 ac) s,
LR

The j-th derivative of a function is here written as a multilinear symmetric
operator, while 2zl = 2 ® --- ® 2 denotes the tensor product of j factors all
equal to z. In order to prove that the map y — G(y) is in C*(Y,y, Y;), we
need to check that

IG(+2) TGy, 2)], =sup e L«z(y(tW(t))—Tkg(y(t)y z(t))( =O(1) |25+

This is clear because

1
e By (y(e), 20)| < e Dlgllonn =)

_ 1 ' 1
< e gl e ITHIER < Slglow 1
provided that (k + 1)’ <. .

Corollary. For every j = 1,...,k, the operator I' defined at (3.6) is a C*
map from V° x Y, into Y, provided that 2¢n’ <.

Indeed, I" can be written in the form

[(w,y) = Sz + K o G(y), (3.14)
where
(Sz)(t) = eMa, (3.15)
¢ . .
(KU) (t) = / eA(t_T)WcU(T) d7'+/ e v(T) dT—/ A=) v(r)dr.
0 oo .

(3.16)
Since both S : V¢ = Y, and K : Y, — Y, are continuous linear mappings,
by the previous lemma it follows that I" is a C* map from V¢ x Y, into Yy,
provided that (¢ + 1)n’ <n. °

We now resume the proof of the main theorem. By induction, define the
sequence of mappings y, : V¢ — Y, such that

yO(w)EO y,,(x)if(m,y,,_l) v>1.

In particular, one has
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By the argument at (3.7), we already know that the sequence y, converges
pointwise to the function x, — y*< uniformly for . € V¢ on bounded sets.
We now show that the same is true also for all derivatives, up to order k.
Recalling that ¢(z.) = y®<(0), this will show that ¢ € CF, completing the
proof.

Fix n €]0, 8] and consider the numbers 0 < 1ng < < ... <m =1 < G,
defined by

n; = ey j=0,1,... k.

By the previous Corollary, I" is then a mapping of class C* from V¢ x Y,,, into
Y,,, provided that i + ¢ < j. For convenience, the higher derivatives of a map
y : V¢ =Y, will be denoted as D’y = d’y/dxll. We recall that these are
elements of the space of j-linear mappings L7 (V¢, Yy)).

As v — o0, the convergence of the sequence of derivatives D7y, will be
proved by induction on j. Assume that, for all¢ = 0,1,...,5—1, the sequence
of derivatives

©s Dy, (z)

converges uniformly on bounded sets, in the space of maps
Veis LV Yy, .

We claim that the sequence of j-derivatives also converges. To see this, we first
compute the derivatives of the composite map z +— I’ (x, y(x)) Differentiating
(3.14) several times, one finds

iF(:c,y(:v)) =S+ KoDGDy,

dx
d2 2 2
mf(m,y(x)) =Ko [DGD y+ D°G (Dy® Dy)}
dS
(e y(@) = Ko [DG D3y+3D2G (Dy @ D)+ D3G (Dy®Dy®Dy)]

By induction (see [B]), it is clear that the j-th derivative of (3.14) has an
expression of the form

& _ _
T (@ y(@) = Ko [DGDJy +®;(y, Dy, ... ,Df—ly)}

for a suitable function @; involving only derivatives of lower order. The
inductive assumption now guarantees that the sequence of mappings

x & (y,(2), Dy,(a),..., DIy, ()

converges for all z € V¢ uniformly on bounded sets. On the other hand, if
llgllct is small enough, for every y € Y;, the operator

P [K o DG(y)] P
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is a strict contraction in the space L7 (V¢, Y;,;). An application of the Con-
traction Mapping Theorem (see the Appendix) now yields the convergence of
the sequence D7y, uniformly on bounded sets. This completes the proof of
the theorem. °

Assuming that the norm ||g||c: is sufficiently small, we proved the existence
and uniqueness of a GLOBAL center manifold consisting of all trajectories
t — y(t) having “slow growth” at foo, so that y € Y. In the general case,
we could still prove the existence of a LOCAL center manifold, defined in
a neighborhood of the origin. However, one should be aware that this local
center manifold may not be unique, because its construction depends on the
choice of the cut-off function.

Ma,b S
X, v,
Y v Y oy v Ve
5 e
Fig. A.4. Fig. 5
Example 3. Consider the system (fig. 4)
i = —a}, By = —x9. (3.17)

Linearizing at the origin, one obtains the system (fig. 5)

:f,’l _ 00 X
i‘g o 0-—1 X2 ’
The corresponding stable, center and unstable subspaces are
VS:{(O,Q:Q); xgeR}, VC:{(xl,O); 1 ER}, V“:{(0,0)}.

By explicitly solving the equation

3
duy _

d.’EQ T2

we find that, for any choice of a, b € R, the following manifold M, 4 is invariant
w.r.t. the flow of (3.17):
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ae~1/2%’ if x<0,
Map = {(%1/}(:1:))} v = 2 1/242 Z; .o 8,
e /=T ) x> 0.

Notice that every M, ; is smooth, and tangent to V¢ at the origin, In this
case, we thus have a continuum family of center manifolds.

A.4 The Contraction Mapping Theorem

For reader’s convenience, we prove here the fixed point theorem which was
used throughout these notes.

Contraction Mapping Theorem. Let X, Y be Banach spaces and let I :
X XY — Y be a continuous mapping which is a strict contraction in the y
variable, i.e.

| (z,y) = Lz, 9)|| < &lly =¥/l forall z€ X, yy €Y, (A1)

for some constant k < 1. Then the following holds.

(i) For every x € X, there exists a unique y(x) € Y such that
y(z) = I'(z, y(2)). (4.2)
(i1) For every x € X, y €Y one has
by~ @) < Iy~ 9] (4.3)
(i) If I' is Lipschitz continuous w.r.t. x, say
||F(:E7y) — F(m’,y)H < Lz —2'| forall x,2' € X, yeY, (A4)

then the same is true of the map x — y(x). Namely

[y(2) = y(2")]| < lz = "] (4.5)

11—k

(iv) Consider any convergent sequence x, — T in X. Then for every yo € Y
the sequence of iterates

Yv+1 = F(xll7 yu)
converges to the point §j = y(T).

Proof. Fix any point y € Y. For each z, consider the sequence

vo=y, y1=1(x,), Y1 = I'(x,9,),

By induction, for every v > 0 one checks that
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i1 = vl < Kllyw — o1l < 6 lyr — voll = 6% || (2, y) —y|.  (A.6)

Since k < 1, the sequence y, is Cauchy and converges to some limit point,
which we call y(z). The continuity of I" now implies

y(@) = Tim g1 = lim (,y,) =T (=, lim y,) = D(2, y(@)).

V—00

Hence (A.2) holds. The uniqueness of the fixed point y(z) is proved observing
that, if y1 = I'(z,y1) and yo = I'(z,y2), then (A.1) implies

lyr — ol = [T (@, 91) = I'(z,y2)|| < Kl — el
Hence y1 = ys.

To prove (A.3), it suffices to observe that (A.6) implies

way ~y|
—

ly — y(a ||<Z\|yu+1—yull<Zf<a 17 (,y) —y|| =

Toward a proof of (A.5), we use (A.3) with y = y(z’) and obtain

— F(x,y(x/))H

- i”]“(x',y(x/)) - F(w,y(w’))H <7z

o)~y < 5

2 — ]
K

To prove the remaining statement (iv), observe that the quantities ¢, =
||F(x,,,g7) — F(E,Q)H converge to zero as v — o0o. Moreover, the contraction
property implies

941 =3l = | (2w, 90) = (@, 5)
< F(xwyu) - F(xl/,g)H + HF(’JJV,Q) - F(jag)
< HHyV - g” +éeu.

| (A7)

(From (A.7) we deduce

1%
ly = 3l < & llyo — Gl + Y 6 e;
j=1

and therefore

€
limsup ||y, — §|| < limsup T =0
- K

V—00 V—00
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