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Appendix

A.1 Basic facts concerning the Ford domain

In this appendix, we give a proof to some of the basic facts concerning the Ford
domain, the proof of which could not be found in the literature. Throughout
this appendix, I' denotes a non-elementary Kleinian group, such that the
stabilizer I, of co contains parabolic transformations, and H,, denotes a fixed
horoball centered at oo which is precisely (I', I’y )-invariant. The following
well-known observation plays an important role in this section.

Lemma A.1.1. (1) The Euclidean radii of the horoballs in 'Hy, — {Hoo} is
bounded from the above.

(2) For any compact subset K in H3, only finitely many horoballs in I" H,
intersect K.

Proof. (1) follows from the fact that all horoballs in I'Hy, — {Hoo} are dis-
joint from H., and hence their Euclidean radii are less than the half of the
“Fuclidean height”, ¢, of 0H,, where t is the positive real number such that
OH,, = C x {t} Cc H>.

(2) Since K is a compact subset of H3, its Euclidean height is bounded
below, i.e., there is a positive constant ¢ such that K C C x [¢,00) C H3.
On the other hand, by virtue of (1), there is a compact subset, L, of C
which contains the centers of all horoballs in I'Ho, — {Hoo} intersecting K.
(If r is the upper bound obtained in (1), then we may set L to be the closed
r-neighborhood of proj(K) in C with respect to the Euclidean metric.) Thus
if a horoball in I'Hy, — { Hy } intersects K, then its Euclidean radius is > ¢/2
and its center is contained in the compact set L. Since I'H,, consists of dis-
joint horoballs, only finitely many of its members satisfy these conditions.
Hence we obtain the conclusion.

We rephrase Proposition 1.1.3. part of which is proved in [72, Lemma 5.20)
under the additional assumption that co is a bounded parabolic fixed point.
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Proposition A.1.2. The Ford domain Ph(I") is a “fundamental polyhedron
of I modulo I's.”, in the following sense.
1. H3 = U{A(PR(D))|A eI},
2. int Ph(I") is precisely (I, I's )-invariant.
3. For any compact set K of H3, only finitely many images A(Ph(I")) (A €
I') can intersect K, namely the set {Alx, € I'/Too | A(PR(I")) N K # 0}
18 finite.
4. Ph(I) is a closed convex polyhedron (Definition 3.4.1(2)).

Proof. (1) By applying Lemma A.1.1(1), to a (hyperbolic) closed ball B(zx,r)
with center € H? and radius r > 0, we see that the minimal distance

d(x,'Hs,) := min{d(z, AH)| A € I'}

is well-defined, i.e., there is an element A, € I such that d(x, A, Ho) <
d(z,AH,) for every A € I'. This implies that A '(z) € Ph(I') = {z €
H?3 | d(z, Ho) = d(z, 'Hs)}. Hence we have H3 = U{A(Ph(I"))| A € I'}.

(2) This is a direct consequence of Lemma 4.1.1(1).

(3) We show that for every € H? and € > 0, the compact set B(z,¢)
satisfies the conclusion. To this end, put r = d(z, 'H). By Lemma A.1.1(2),
B(z,r + 2¢) intersects only finitely many horoballs A1 (Hso), A2(Hoo), " »
A, (Hs) in I'Hy. Suppose A(Ph(I')) N B(x,€) # 0 for some A € I'. Pick a
point y from the intersection. Then

d(z, A" (Hy)) < e+d(y, A= (Hy)) = € +d(y, THy)
<2¢+d(z,[Hy) =2¢+r.

Here the identity in the above follows from the assumption that y € A(Ph(I")).
Hence B(x,r+2¢) N A(Ho) # 0 and therefore A~ (Hoo) = Aj(Hoo) for some
j. This implies A~ (Ph(I")) = A;(Ph(I")). Hence the desired result holds for
the compact set B(z,e€).

(4) Let K be a compact subset of C, and consider the isometric hemispheres
Th(A) (A € I' — I'y,) which intersect K. Then as in the proof of Lemma
A.1.1(2), we see that their Euclidean radii are bounded below, their centers
are contained in a compact subset of C, and that the radii of the corresponding
horoballs A(H,) are bounded below. Hence we see that there are only finitely
many such isometric hemispheres. (We can also deduce this by using Lemma
2.5.2(2)). Hence Ph(I") satisfies the condition for a convex polyhedron in
Definition 3.4.1(2).

The following lemma is proved by imitating the argument of [55, Proof of
Lemma 2.13] for the Dirichlet domain (cf. [72, Lemma 5.37]).

Lemma A.1.3. For every point & in the Ford polygon P(I"), there is a
horoball He centered at § such that He N Hy is a singleton and (int He) N
I'Ho, = 0. In particular, any point of P(I') N A(I") is not a horospherical
limit point of I' ([55, Definition in p.51]).
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Proof. Let € be a point in P(I"). Then the vertical geodesic (£, 00) is contained
in Ph(I'). Hence, for each x € (§,00) — Hs, int B(z,d(z, Hs)) is disjoint
from I'H. Thus the open horoball U{int B(z,d(z, Hx)) |z € (§,00) — Hx },
centered at &, is disjoint from I'H,. Moreover its closure, H, intersect H
precisely at the point 0Hy, N (&, 00). Thus we obtain the first assertion. To see
the second assertion, pick a point = from int H.,. Then its orbit 'z is disjoint
from H¢. Hence ¢ is not a horospherical limit point.

Corollary A.1.4. If I is geometrically finite, then any point of P(I") N A(I")
is the (parabolic) fized point of a parabolic element of I' which is not conjugate

to an element of I'. In particular, if I' is a quasifuchsian punctured torus
group, then P(I") C £2(I).

Proof. Suppose I' is geometrically finite and let £ be a point in P(I") N A(I").
Then £ is not a horospherical limit point and hence it is a bounded parabolic
fixed point (see [55, Theorem 3.7]). On the other hand, we see that the orbit
I'co is disjoint from P(I") as follows. Suppose to the contrary that A(oco)
belongs to P(I") = Ph(I') N C. Then A(int Hy,) Nint Ph(I") # () and hence
A € I', by Proposition A.1.2(2). Thus co = A(co) € P(I), a contradiction.
Hence £ does not belong to the orbit I'oco, and we obtain the first assertion.
The second assertion follows from the fact that every parabolic transformation
of a quasifuchsian punctured torus group is conjugate to an element of I',.

The following lemma is a refinement of Lemma A.1.3.

Lemma A.1.5. A point & € C belongs to P(I'), if and only if there is
a horoball He centered at § such that He N I'Hoo = 0 and d(He, Hoo) <
d(He, A(Hw)) for every A€ I

Proof. Suppose that ¢ belongs to P(I"). Then by Lemma A.1.3, there is a
horoball He centered at & such that He N Ho is a singleton and (int He) N
I'Ho, = 0. Reset H¢ to be a horoball contained in the interior of this horoball.
Then we see that this new horoball H¢ satisfies the desired conditions.

Conversely, suppose that the latter condition is satisfied. We show that
(&,00) N He C Ph(I'). To this end, pick a point « € (§,00) N He and A € I'.
Let v be the shortest geodesic segment joining x to A(Hs). Then

d(z, A(Hw)) = length(v)
= length(y N He) + length(y N (H? — int Hy))
(ZE, aHE) =+ d(HEv A(Hoo))
(JI, 8HE) + d(va Hoo)
=d(z, H)

>d
>d

(This inequality is easily seen by performing a coordinate change so that Hy is
centered at co.) This implies € Ph(I"). Thus we have (§,00) N He C Ph(I').
Hence ¢ € P(I).
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The above lemma immediately implies the following corollary.

Corollary A.1.6. For each Ay € I', a point §& € C belongs to Ao(P(I)), if
and only if there is a horoball He centered at § such that He N I'Hoo = () and
d(He, Ao(Hso)) < d(He, A(Hoo)) for every A€ I'.

We now prove the following proposition.

Proposition A.1.7. The intersection, P(I")N§2(I"), of the Ford polygon and
the domain of discontinuity is a “fundamental polygon of I' modulo I's,”, for
the action of I' on 2(I) in the following sense.

1.2 =U{AP(D)N2D) |AeTl}.

2.int P(I") = int(P(I") N $2(I")) is precisely (I', I's)-invariant.

3. For any compact set K of £2(I), only finitely many images A(P(I")) (A €
I') can intersect K, namely the set {Al,, € I'/To | A(P(I))NK # 0} is
finite.

Proof. (1) Let £ be a point in 2(I"). Then some neighborhood of ¢ in C is
disjoint from the centers of the horoballs in I"H,, because they are contained
in A(I"). Since the Euclidean radii of the horoballs in I'Hy — {Hx} are

bounded above, we can find a closed neighborhood D of ¢ in H such that
DNIHy =0.

Claim A.1.8. Any horoball H¢ centered at § € £2(I") can intersect only finitely
many horoballs in I"'H .

Proof. Let He be a horoball centered at &. Then the closure of He — D in H?
is compact and a horoball in I'H, intersects H if and only if it intersects the
relatively compact set He — D. Hence we have the claim by Lemma A.1.1(2).

Now pick a small horoball H¢ centered at £ contained in D. Then by
applying the above claim to a closed r-neighborhood of He in H3, which is
again a horoball centered at &, for sufficiently large r, we see that

d(He¢,I'Hy) := min{d(H¢, AHy)|A € I'}

is a well-defined positive number, i.e., there is an element A¢ € I' such that
d(He, A¢(Hoo)) < d(He, A(Ho)) for every A € I'. Thus we see { € A¢(P(I))
by Corollary A.1.6, and hence Agl(f) € P(I') N 2(I'). So we have 2(I") =
U{AP(D)NAT))|AeTt.

(2) This is a direct consequence of Lemma 4.1.1(1).

(3) Let K be a compact subset of 2(I"). Then by the argument in the

proof of (1), there is a compact neighborhood D of K in A’ such that
DNTI'Hyx = 0. Pick a constant ¢ > 0 such that each horoball, He, with
Euclidean radius ¢ centered at a point £ € K is contained in int(D N H?).
Throughout the proof we reserve the symbol H, to denote these horoballs,
and set Hy = U{H¢|¢ € K}. By using the compactness of K, we can
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find a constant r > 0 such that d(He¢,I'Hy ), which is well-defined by
(the proof of) (1), is at most r for every ¢ € K. Consider the closed
r-neighborhood B(Hx,7) of H in H?. Then B(Hg,r)— D is relatively com-
pact in H3. Thus we see, by Lemma A.1.1(2), that B(Hg,r) intersects only
finitely many horoballs, A1 (He), A2(Hoo), s An(Heo), in I'Hoo. Now sup-
pose KNA(P(I')) # 0. Pick a point £ from the intersection. Then, by Corollary
A1.6,d(H¢, A(Hs)) = d(He, I'Hy) < r.Hence B(Hg,r)NA(Hx) # 0. Thus
A(Ho) = Aj(Hoo) for some j. This implies A(P(I')) = A;(P(I")). Hence we
obtain the desired result.

Remark A.1.9. (1) Since two “edges” of fr P(I") may be tangent, fr P(I") is
not necessarily a 1-dimensional manifold.

(2) fr P(I")N$2(I') is locally finite in the sense that any point € fr P(I")N
£2(I), there is a neighborhood U of z in §2(I") such that fr P(I")NU is a finite
union of circular arcs. However, fr P(I") is not necessarily locally finite around
points in fr P(I") N A(T").

At the end of this appendix, we prove the following finiteness property for
the Ford domain.

Lemma A.1.10. For a point p in Ph(I"), let [p] be the set of points in Ph(I)
which are I'-equivalent to p, namely

[p] = pN Ph(I') = {x € Ph(I') |z = A(p) for some A € I'}.

Then the quotient set [p]/I'w is finite provided that p € H?> U (') or p is a
bounded parabolic fized point of I'. In particular, iof I' is geometrically finite,
then [p]/I'x is a finite set for every p € Ph(I').

Proof. We prove the lemma only for the case when p is a point in C (and
hence in P(I")). (The proof for the case p € H? is parallel to this case and is
much simpler.) Let ¢ be a point in P(I"), and let He be a horoball centered
at § satisfying the condition in Lemma A.1.5. Then r := d(H¢, I'H) is well-
defined and is equal to d(H¢, Ho). By Corollary A.1.6, for each A € I', we
have A(§) € P(I") if and only if d(H¢, A7 (Hs)) = 7. The latter condition
holds if and only if A~(H,) intersects the horoball B(Hg,r). Hence we see

[p) = {A(p) | B(He, ) N A~ (Hoo) # 0}

Now suppose that £ € 2(I"). Then by Claim A.1.8, only finitely many
horoballs in I"H, can intersect B(Hg,r). Moreover, for two elements A; and
Ay of 'y AT (Hy) = A (Hy) if and only if A7, = AT € I'/Tx.
Hence the set

{A™' I € I/ I | B(He,r) N A™' (Hoo) # 0}

is finite. By the observation in the previous paragraph, the correspondence
AT — [ A(€) determines a surjective map from the above finite set to
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the quotient set [p]/I's. (To be precise, the symbol [p]/I» should be denoted
by I'so\[p], because the action of Iy, on [p] is a left action.) Hence [p]/I is
finite.

Next suppose that £ is a bounded parabolic fixed point. Then we can easily
see that, modulo the action of the parabolic stabilizer I'; of &, only finitely
many horoballs in I'H, can intersect B(Hg, ). Thus the set

{I,A™ T € T\I/ T | B(He,r) N A (Hoc) # 0)

is finite. Hence we obtain the finiteness of [p|/I'» as in the previous case.
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Notation

e General topology
— int X: the interior of X
— fr X: the frontier of X
—  X: the closure of X
— 71(X): the fundamental group of X
e Cellular complex
—  C®: the k-skeleton of a complex C
— 1k(&, £): the link of £ in £
— stg(&, £): the subcomplex of £ spanned by & and 1k(¢, £)
e Abstract group
- [X,Y]=XYXly-!
XY =yXy!
— {({X)): the normal closure of X
e Numbers
— N the set of natural numbers
— Z: the set of integral numbers
—  Q: the set of rational numbers
— RR: the set of real numbers
— C: the set of complex numbers
~  Q: the union Q U {oo}
C: the Riemann sphere C U {oo}
— [4]: the integer in {0, 1,2} such that [j] = j (mod 3)
— € asign —or +
e Surfaces
— T: the once-punctured torus
— S: the four-times punctured sphere
~  O: the (2,2,2, 00)-orbifold over 52
—  Teich(X): the Teichmiiller space of a surface X
e Model spaces
— H"™: the hyperbolic n-space
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Notation

~ H": the closure, H” U OH", of H"

~ H: the closure, H3 U C, of the upper half space model of H?

— E'": the (n + 1)-dimensional Minkowski space

— P(H3): the space of convex polyhedra in H?

— P(E’): the space of convex polyhedra in T

— [E: the symbol to mean something which is Euclidean

—  C(X): the closed convex hull of X

Matrix groups: for R =7Z,R or C

— SL(2, R): the set of all 2 x 2-matrices with determinant 1

— PSL(2,R) := SL(2,R)/{£1}

Farey triangulation

— D: the Farey triangulation (the modular diagram)

— (vo,...,vs): the k-simplex in D spanned by vertices vy, ..., v, € D

~ 5(X) € DO): the slope of X, where X is a generator of m(T) or an
elliptic generator of m(O)

— 7 the binary tree dual to D

- E(T ): the set of directed edges of T

—  €:adirected edge of T

— £G: the set of elliptic generators

- XY =(01,...,0m): a chain of triangles

— 0°: the e-terminal triangle of a chain

—  X(v): the chain of triangles determined by a label v

— 0¢(v): the e-terminal triangle of X'(v)

Ideal triangulation of T' x [—1,1]

— trg(o): the topological ideal triangulation of T determined by o

~ trg(o): the topological ideal triangulation of R? — Z2 determined by o

— Trg(v): the layer of topological ideal triangulations of T' determined
by v

—  Trg(v): the layer of topological ideal triangulations of R? — Z? deter-
mined by v

— spine(o): the spine of T' determined by o

~  Spine(d—,dT): the “trace of spines” of T in T x [—1,1]

For an element X of SL(2,C) or PSL(2,C)

— tr X: the trace of X

~  Axis X: the axis of X C H3

~ AxisX: the closure of Axis X in A

—  Fix X: the fixed point of X in C

— I(X): the isometric circle of X

— E(X): the exterior of I(X)

— Th(X): the isometric hemisphere of X

—  FEh(X): the exterior of Th(X)

~ Th(X): the closure of Th(X) in i’
— ER(X): the closure of E(X) in H
—  Dh(X): the closure of Dh(X) in il
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— ¢(X): the center of I(X)

— 7(X): the radius of I(X)

For a Kleinian group I'

— Stabp(z): the stabilizer of 2 with respect to the action of I’

- 2(I): the domain of discontinuity of I"

—  2°(I'): the e-component of 2(I")

—  A(I'): the limit set of I

I'): the hyperbolic manifold (or orbifold) H?/I"

I'): the quotient manifold (or orbifold) (H? U 2(I"))/I"

— P(I'): the Ford polygon of I" in C

—  Ph(I'): the Ford domain of I" in H?

—~ PH(I) := Ph(I')U P(I)

— Ford(I): the Ford complex of I" in M (I")

—  Ag(I): the Euclidean decomposition of M (I")

Spaces of representations

— Homyy(m1(X), PSL(2,C)): the space of all type-preserving PSL(2,C)-
representations of m1(X) for X =T, O and S

- X:=Homy,(m(X),PSL(2,C))/PSL(2,C)

— p: a type-preserving representation

— OJF: the space of quasifuchsian representations C X

— OF: the closure of QF in X

—  &: the space of Markoff maps

—  ¢: a Markoff map

— . the space of complex probabilities

— (5, the polynomial function & — C defined by (; ,(¢) = ¢(so) +
a“Hls1) + BB(s3)

~ & ,: the subvariety ({5 ,)7"(0) of &

- & the “geometric” irreducible component of &;, ,

— dg(v): the geometric degree of v

Side parameter

— v: the side parameter

— v4(p): the e-component of v

— wv: used to denote a label v € D

— 0%(p,0): the e-angle invariant of p at o

- (p, 05 815)): the spjj-component of 6<(p, o)

- [Q}—} C X x (H? x H?): the space of good labeled representations

- py : J[QF] — X: the natural projection

— py: J[QF] — H2? x H?: the natural projection

- p=(p,v): alabeled representation

For a pair (p,0)

— I(j) = I(p(P})): the isometric circle of p(P;)

— D(j) = D(p(F;)): the disk bounded by I(p(P;))

~ E(j) = E(p(P;))): the exterior of I(p(P;))

— Ih(j) = Ih(p(P;)): the isometric hemisphere of p(P;)

M(
M(



248

Notation

Dh(j) = Dh(p(P;)): the half space of H* bounded by Ih(p(P;)) whose
closure contains D( (P;))

Eh(j) = Eh(p(P;))): the half space H? — int Dh(p(P;))

c(j) = c(p(Pj)): the center of I(p(P;))

C(j, 7+ 1) = € (p; Pj, Pi+1): the vector or oriented line c(p(Pj11)) —
(p(Py))

Fix®(j) = Fix;, (p(P;)): the fixed point of p(P;) which lies in the e-side
of L(p,o
AXIS(]) = Axis(p(P;)): the axis of p(P;)

(]): the oriented line Fix, (p(P;)) Fix} (p(P;)).
ve(j, i+ 1) =v(p; P}, Pjy1 ) the point of I(p(P;)) N I(p(Pj4+1)) which
lies in the e-side of L(p, o)
e“(j) = e(p,0; Pj): the e-ideal edge in I(p(P;)) (Notation 4.3.7)
AS = A5(p,0): “the j-th triangle” in the e-side of L(p, o) (Definition
4.2.10)
A(p, 0): the model triangle for A5(p,o)’s
f;(ﬁ): the e-ideal face determined by p and &
a(p,0;s;): the (inner) angle of the triangle at the vertex w;

~—

Elliptic generator complex

L(p,0): a bi-infinite broken line in C determined by p and o

L(p, X): the union of bi-infinite broken lines L£(p, o) in C for triangles
o in a chain X

L(p): the set L(p, X(v)) for p = (p,v)

L(c): an abstract bi-infinite broken line determined by o

L(X): the elliptic generator complex associated with X

L(v): the elliptic generator complex associated with X'(v)

L*(v): the augmentation of L£(v)

05, L*(V): the “e-boundary” of L*(v)

aug

Dual map from L to OFEh

F,: L(v)(5?) — P(H?): the dual map to H?
Fp(f): the image of & by F),

Fp:L(w)= — P(ﬁg): the dual map to "
F4(&): the image of & by F),

Quotient by the action of (K)

Cusp(K): =H'/(p

Cusp(K): = B {p(K)
(K))
9Cusp(K): = C/{p(K))

K H - Cusp(K): the projection
Ehg(p) == qx (Eh(p)) C Cusp(K)
Eic(p) = ax(B(p)) C dCusp(K)
Fiep(§) = ax (Fp(S))




Index

a(p,o;s;), 60 E x(+), 143
o, 16 E4(T),3
&r, 16 F,, 46
Axls( ), 58 F,, 46
@ (p; Py, Pya) =€ (5,5 + 1), 38, 58 £5(6), 160
c(+), 58 7’( ), 5
Ct, 146 Ff o, 217
Cusp(K), 143 Fix5 (p(Py)) = Fix“(j), 57, 58
Cusp(K), 143 Fr., 143
OCusp(K), 143 Fk.(-), 143
D(), 3,58 Ford(-), 4, 26
D, 7 Ford( ), 4
D}, 12 Hy(), 40
A5, 59 Hg(+), 40
Ai(p, ), 59 T3
A(p,0), 59 ", 45
Ag(), 4,5, 26 Hommp (-, PSL(2,C)), 21
9(), 13 Homy (-, SL(2, C)), 27
da(), 227 1), 3 58
Dh(-), 3, 58 Ih(-), 3, 58
Dh(-), 3 ). 3
DY, 8 Int(-, ), 227
|D(’)|7 12 5], 19
E(-), 3, 45, 58 J[QF], 135
E(.), 46 K, 16, 42
e (p, o3 Fj) = e(j), 69 £(), 42-44, 160
E(T), 31 L), 42
£G, 17 £*(v), 160
£G(X), 20 L(:)=L(,"), 38, 42-44
59( ), 2 I£(-,-)l, 38
Eh(-), 3, 45 58 Lo, 136
Eh("), 3 DaugL" (v), 160
Ehg(-), 143 d°L(v), 160
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L()/(K), 42, 43
L(-)/(K?), 42, 43
1k(-, -), 46
{Lt}ie(-1,1), 145
Li1, 146
Mo(p), 144
L JQF] — X, 135
1y J[QF] — H? x H?, 135
v(-), 12
0, 16
P(), 3
p: Sy — Ti, 146
Ph(-), 3, 26
Ph(-), 3
@, 27,215
P, ,, 216, 217
&5 ,, 219
oc, 221
P, 228
B e, 228
¢ = ¢p, 27
{P;}, 20, 21
{P;}, 21
v, 32
v, 219
Q7
QOF, 2
QF, 2
qx : H° — Cusp(K), 143
r(-), 3
S, 16
s(+), 17
(), 13, 44
(-, 160
5o, 136
6() 44
“*(:), 157
Splne( ), 13
Spine(-, -), 8
spine(-), 8
Sy, 146
sto(+, ), 46
T, 2,16
T, 31
T, 21
7(-), 44
0°(p, o35 5151), 59
0<(p, o), 59

I

Trg(+), 14
trg(-), 8
Trg(-,-), 13
trg(-), 13
Ty, 146

v (p; Py, Pjt1) = v (4,5 + 1), 57, 58

X, 25
X, 26
(Sor 65, 215

algebraic root, 65, 216

associated (elliptic) generator triple, 17

Brenner (representation), 119

canonical (spine), 6
chain, 13, 41

chain rule (for isometric circles), 51

complete geodesic, 45
complex probability, 29, 31, 33
complex probability map, 31
convex polyhedron, 45
convex to the (+)-side, 40
convex to the (—)-side, 40
convex to the above, 40
convex to the below, 40

cut locus, 4

directed edge, 31

doubly folded (bi-infinite broken line),

95
(geometric) dual, 4

dual (to an oriented simplex), 31

(condition) Duality, 134

elementary transformation, 8
elliptic generator, 17

elliptic generator complex, 42-44

elliptic generator pair, 20
elliptic generator triple, 17
EPH-decomposition, 6

equivalent (punctured torus groups), 2

equivalent (spines), 13
essential (simple arc), 7, 16
essential (simple loop), 7, 16
Euclidean (hyperplane), 6
Euclidean decomposition, 6
extreme edge, 184

Farey triangulation, 7



flat (union of bi-infinite broken lines),
78

folded (bi-infinite broken line), 95

Ford complex, 4, 6

Ford domain, 3

Ford polygon, 3

Fricke diagram, 16

Fricke surface, 16

(condition) e-Frontier, 134

(condition) Frontier, 135

(left /right) generator, 17
generator pair, 16

generator triple, 17

generic (leaf), 146

generic edge, 184

generic label, 157

geodesic segment, 45

geometric multiplicity, 227
geometric root, 216

good (labeled representation), 135

half-geodesic, 45

(condition) HausdorffConvergence, 182
head (of a directed edge), 31

hidden isometric hemisphere, 155

imaginary (representation), 126
inner (leaf of foliation), 145
isometric circle, 3

isometric hemisphere, 3
isosceles (representation), 107

Knapp (representation), 120

label, 44

label (of a labeled representation), 44
labeled representation, 44

link (of a simplex), 46

marked fuchsian punctured torus group,
2

marked punctured torus group, 2

marked quasifuchsian punctured torus
group, 2

Markoff map, 27

modular diagram, 7

monogon, 16

(condition) NonZero, 134
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NonZero, 44
normalized (representation), 32

OPTi, 10

pivot, 41
precisely invariant, 3
predecessor, 41

quasifuchsian (labeled representation),
134
quasifuchsian punctured torus space, 2

real (representation), 102

SameStratum, 136

sequence of elliptic generators, 20, 29

side parameter, 12, 59

simple (broken line), 38

simple (union of bi-infinite broken
lines), 41, 43, 78

folded (bi-infinite broken line), 95

slope, 16, 17

slope (of an edge), 8

slope (of circle/arc), 7

spine, 6

spine (of T), 8

star (of a simplex), 46

successor, 41

tail (of a directed edge), 31

terminal triangle, 44, 69

thick (label), 44

thick (labeled representation), 44

thick (chain/label), 13

thick chain, 41

thin (label), 44

thin (labeled representation), 44

thin (chain/label), 13

thin chain, 41

topological ideal polygonal decomposi-
tion, 8

topological ideal triangulation, 8

triangle inequality (for a representa-
tion), 57

trivial Markoff map, 27

type-preserving (representation of
m1(9)), 21

type-preserving (representation of
m (T)/m(0)), 21, 26
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upward (Markoff map), 38 weakly simple, 38

weight (on edge), 12

weight system (on spine), 12
vertical geodesic, 30 weighted relative spine, 13
virtual Ford domain, 45 weighted spine (of T), 12
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