
A

Appendix

This supplementary appendix contains well-known definitions and results used
in this book which—to provide reading fluency—are not stated before.

The first section of this appendix is devoted to fundamental facts about
ordinary differential equations. In Section A.2, some useful lemmata are
stated, and in the last section, basic properties of projective spaces are treated.

A.1 Ordinary Differential Equations

We begin with the definition of an ordinary differential equation in the Euclid-
ean space R

N .

Definition A.1 (Ordinary differential equation). For given N,M ∈ N,
let D ⊂ R × R

N × R
M be an open set and f : D → R

N be a function. Then
the equation

ẋ = f(t, x, α) (A.1)α

is called (nonautonomous) ordinary differential equation which depends on a
parameter α. For fixed α̂ ∈ R

M , we say, a differentiable function µ : I → R
N ,

I an open interval, is a solution of (A.1)α̂ if (t, µ(t), α̂) ∈ D for all t ∈ I and

µ̇(t) :=
dµ

dt
(t) = f(t, µ(t), α̂) for all t ∈ I

is fulfilled. The combination of the differential equation (A.1)α̂ and an initial
value condition x(τ) = ξ is called initial value problem. We say, a solution µ
of (A.1)α̂ solves this initial value problem if µ(τ) = ξ.

For the uniqueness of solutions of ordinary differential equations, the concept
of Lipschitz continuity is appropriate.
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Definition A.2 (Lipschitz continuous function). For given N,M ∈ N,
let D ⊂ R

1+N+M and g : D → R
N be a function. We say that g is (globally)

Lipschitz continuous if there exists a constant L ≥ 0 with

‖g(t, x, α) − g(t, y, α)‖ ≤ L‖x − y‖ for all (t, x, α), (t, y, α) ∈ D.

g is called locally Lipschitz continuous if for all (t, x, α) ∈ D, there exist
neighborhoods V of t and W of α such that the restriction of g to V ×W ×{α}
is globally Lipschitz continuous.

The proof of the following proposition can be found, e.g., in Aulbach [14,
Definition 2.6.2, Satz 7.2.2].

Proposition A.3 (General solution). Let N,M ∈ N, D ⊂ R×R
N ×R

M be
open and f : D → R

N be a locally Lipschitz continuous function, and consider
the nonautonomous differential equation (A.1)α. Then there exist an open set
Ω ⊂ R × R × R

N × R
M and a continuous function λ : Ω → R

N such that
for fixed (τ, ξ, α̂) ∈ D, the function λ(·, τ, ξ, α̂) is a non-continuable solution
of the initial value problem (A.1)α̂, x(τ) = ξ. The function λ is called the
general solution of (A.1)α.

Remark A.4. In case the differential equation (A.1)α does not depend on α,
the fourth argument of the general solution is omitted.

Definition A.5 (Transition operator). Let I ⊂ R be an interval, and con-
sider the nonautonomous linear differential equation

ẋ = A(t)x (A.2)

with a continuous function A : I → R
N×N . The (uniquely determined) func-

tion Λ : I × I → R
N×N with

Λ(t, τ)ξ = λ(t, τ, ξ) for all t, τ ∈ I and ξ ∈ R
N ,

where λ denotes the general solution of (A.2), is called transition operator
of (A.2). In case (A.2) is autonomous, i.e., A = A(t) for all t ∈ I = R with
a matrix A ∈ R

N×N , the matrix exponential function eA· : R → R
N×N is

defined by
eAt := Λ(t, 0) for all t ∈ R .

Inhomogeneous linear differential equations are solved by the variation of con-
stants formula.

Proposition A.6 (Variation of constants formula). Let I ⊂ R be an
interval, and consider the nonautonomous inhomogeneous linear differential
equation
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ẋ = A(t)x + b(t) (A.3)

with continuous functions A : I → R
N×N and b : I → R

N . Let λ denote the
general solution of (A.3) and Λ denote the transition operator of ẋ = A(t)x.
Then we have the representation

λ(t, τ, ξ) = Λ(t, τ)ξ +
∫ t

τ

Λ(t, s)b(s) ds for all t, τ ∈ I and ξ ∈ R
N .

This equation is called the variation of constants formula.

Proof. See, e.g., Coppel [54, p. 45]. ��

For the analysis in the vicinity of a given reference solution, the differential
equation of perturbed motion is of great importance.

Proposition A.7 (Differential equation of perturbed motion). For
given D ⊂ R×R

N , let f : D → R
N be a locally Lipschitz continuous function,

and consider the nonautonomous differential equation

ẋ = f(t, x) (A.4)

with a solution λ : I → R
N , I an interval. Then the so-called differential

equation of perturbed motion

ẋ = f
(
t, x + λ(t)

)
− f
(
t, λ(t)

)
(A.5)

has the following properties:

(i) If ν : J → R
N is a solution of (A.4) and J ⊂ I, then µ := ν − λ is a

solution of (A.5) on J.

(ii) If µ : J → R
N is a solution of (A.5) and J ⊂ I, then ν := µ + λ is a

solution of (A.4) on J.

A.2 Useful Lemmata

The following lemma, which goes back to Gronwall [71], plays a central role
in obtaining estimates for solutions of differential equations.

Lemma A.8 (Gronwall’s inequality). Let a ≥ 0 and u, b : [τ−, τ+] → R
+
0

be continuous functions, and suppose that

u(t) ≤ a +
∫ t

τ−

b(s)u(s) ds for all t ∈ [τ−, τ+]

is fulfilled. Then

u(t) ≤ a exp

(∫ t

τ−

b(s) ds

)

for all t ∈ [τ−, τ+] .
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Proof. See, e.g., Abraham & Marsden & Ratiu [1, Theorem 4.1.7, p. 242].
��

The following lemma provides a triangle inequality for the Hausdorff-semi
distance, which has been introduced in Section 2.1.

Lemma A.9 (Triangle inequality for the Hausdorff semi-distance).
Let X be a metric space and d denote the Hausdorff semi-distance. Then, for
all nonempty sets A,B,C ⊂ X, the relation

d(A|C) ≤ d(A|B) + d(B|C)

is fulfilled.

Proof. Obviously, for all nonempty sets M1,M2 ⊂ X, the Hausdorff semi-
distance fulfills

d(M1|M2) = inf
{
δ > 0 : M1 ⊂ Uδ(M2)

}
.

Hence, for all ε > 0, we have

A ⊂ Ud(A|B)+ε/2(B) and B ⊂ Ud(B|C)+ε/2(C) .

This implies A ⊂ Ud(A|B)+d(B|C)+ε(C) and finishes the proof of this lemma.
��

Lemma A.10. Let A,B,C be linear subspaces of the R
N such that A ⊃ C.

Then the relation
A ∩ (B + C) = (A ∩ B) + C

is fulfilled.

Proof. See Siegmund [171, Hilfssatz 2.36, p. 58]. ��

A.3 Projective Spaces

In this section, the real projective space P
N−1 of the vector space R

N is
introduced, and some basic properties are derived. Here, the R

N is equipped
with the Euclidean norm ‖ · ‖ and the Euclidean scalar product 〈·, ·〉 (cf. Sec-
tion 2.1). We say, two nonzero elements x, y ∈ R

N are equivalent if there
exists a real number c ∈ R such that x = cy. The equivalence class of x ∈ R

N

is denoted by Px, and we call the set of all equivalence classes the projective
space P

N−1. Equipped with the metric dP : P
N−1 ×P

N−1 →
[
0,
√

2
]
, given by

dP(Pv, Pw) = min
{∥∥
∥
∥

v

‖v‖ − w

‖w‖

∥
∥
∥
∥ ,

∥
∥
∥
∥

v

‖v‖ +
w

‖w‖

∥
∥
∥
∥

}
for all v, w ∈ R

N ,
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the projective space is a compact metric space. For any v ∈ P
N−1, we define

P
−1v :=

{
x ∈ R

N : Px = v
}
∪ {0}.

Lemma A.11. For all ε > 0, there exists a δ ∈ (0, 1) such that for all nonzero
v, w ∈ R

N with
〈v, w〉2

‖v‖2‖w‖2
≥ 1 − δ ,

we have
dP(Pv, Pw) ≤ ε .

Proof. This is a direct consequence of Colonius & Kliemann [50, Lemma
B.1.17., p. 538]. ��

Lemma A.12. Let V,W ⊂ R
N be linear subspaces of the R

N with V � W .
Then

dP(PW |PV ) =
√

2 .

Proof. The linear subspace V ⊥ ∩ W , where

V ⊥ :=
{
x ∈ R

N : 〈x, v〉 = 0 for all v ∈ V
}

,

is obviously nontrivial. Let w be a nonzero element of V ⊥ ∩ W . Then, for all
v ∈ V , we have

dP(Pw, Pv) = min
{∥∥
∥
∥

v

‖v‖ ± w

‖w‖

∥
∥
∥
∥

}

= min

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

√√
√
√
√

〈
v

‖v‖ ,
v

‖v‖

〉

︸ ︷︷ ︸
=1

+
〈

w

‖w‖ ,
w

‖w‖

〉

︸ ︷︷ ︸
=1

±2
〈

v

‖v‖ ,
w

‖w‖

〉

︸ ︷︷ ︸
=0

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=
√

2 .

Since dP(x, y) ≤
√

2 for all x, y ∈ P
N−1, this implies the assertion. ��
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141. Pötzsche, C., and Rasmussen, M. Taylor Approximation of Invariant Fiber
Bundles of Nonautonomous Difference Equations. Nonlinear Analysis. Theory,
Methods & Applications 60, 7 (2005), 1303–1330.
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mathematisch-naturwissenschaftliche Schriften. Wißner-Verlag, 1999. (in
German).

172. Siegmund, S. Dichotomy Spectrum for Nonautonomous Differential Equa-
tions. Journal of Dynamics and Differential Equations 14, 1 (2002), 243–258.

173. Siegmund, S. Reducibility of Nonautonomous Linear Differential Equations.
Journal of the London Mathematical Society II 65, 2 (2002), 397–410.

174. Sienz, T. Der Attraktorbegriff in dynamischen Systemen. Thesis, University
of Augsburg, 2002. (in German).

175. Smale, S. Differentiable Dynamical Systems. Bulletin of the American Math-
ematical Society 73 (1967), 747–817.

176. Sri Namachchivaya, N. Stochastic Bifurcation. Applied Mathematics and
Computation 38, 2 (1990), 101–159.

177. Steinkamp, M. Bifurcations of One-Dimensional Stochastic Differential Equa-
tions. Logos Verlag, Berlin, 2000.

178. Strauss, A., and Yorke, J. A. On Asymptotically Autonomous Differential
Equations. Mathematical Systems Theory 1 (1967), 175–182.

179. Thieme, H. Asymptotically Autonomous Differential Equations in the Plane.
Rocky Mountain Journal of Mathematics 24, 1 (1994), 351–380.

180. Vanderbauwhede, A. Center Manifolds, Normal Forms and Elementary Bi-
furcations. In Dynamics Reported, U. Kirchgraber and H. O. Walther, Eds.,
vol. 2. Wiley & Sons, B. G. Teubner, Stuttgart, 1989, pp. 89–169.

181. Wanner, T. Invariante Faserbündel und topologische Äquivalenz bei dynamis-
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Vol. 1836: C. Nǎstǎsescu, F. Van Oystaeyen, Methods of
Graded Rings. XIII, 304 p, 2004.
Vol. 1837: S. Tavaré, O. Zeitouni, Lectures on Probabil-
ity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXI-2001. Editor: J. Picard (2004)
Vol. 1838: A.J. Ganesh, N.W. O’Connell, D.J. Wischik,
Big Queues. XII, 254 p, 2004.
Vol. 1839: R. Gohm, Noncommutative Stationary
Processes. VIII, 170 p, 2004.
Vol. 1840: B. Tsirelson, W. Werner, Lectures on Probabil-
ity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXII-2002. Editor: J. Picard (2004)
Vol. 1841: W. Reichel, Uniqueness Theorems for Vari-
ational Problems by the Method of Transformation
Groups (2004)
Vol. 1842: T. Johnsen, A. L. Knutsen, K3 Projective Mod-
els in Scrolls (2004)

Vol. 1843: B. Jefferies, Spectral Properties of Noncom-
muting Operators (2004)
Vol. 1844: K.F. Siburg, The Principle of Least Action in
Geometry and Dynamics (2004)
Vol. 1845: Min Ho Lee, Mixed Automorphic Forms, Torus
Bundles, and Jacobi Forms (2004)
Vol. 1846: H. Ammari, H. Kang, Reconstruction of Small
Inhomogeneities from Boundary Measurements (2004)
Vol. 1847: T.R. Bielecki, T. Björk, M. Jeanblanc, M.
Rutkowski, J.A. Scheinkman, W. Xiong, Paris-Princeton
Lectures on Mathematical Finance 2003 (2004)
Vol. 1848: M. Abate, J. E. Fornaess, X. Huang, J. P. Rosay,
A. Tumanov, Real Methods in Complex and CR Geom-
etry, Martina Franca, Italy 2002. Editors: D. Zaitsev, G.
Zampieri (2004)
Vol. 1849: Martin L. Brown, Heegner Modules and Ellip-
tic Curves (2004)
Vol. 1850: V. D. Milman, G. Schechtman (Eds.), Geomet-
ric Aspects of Functional Analysis. Israel Seminar 2002-
2003 (2004)
Vol. 1851: O. Catoni, Statistical Learning Theory and
Stochastic Optimization (2004)
Vol. 1852: A.S. Kechris, B.D. Miller, Topics in Orbit
Equivalence (2004)
Vol. 1853: Ch. Favre, M. Jonsson, The Valuative Tree
(2004)
Vol. 1854: O. Saeki, Topology of Singular Fibers of Dif-
ferential Maps (2004)
Vol. 1855: G. Da Prato, P.C. Kunstmann, I. Lasiecka,
A. Lunardi, R. Schnaubelt, L. Weis, Functional Analytic
Methods for Evolution Equations. Editors: M. Iannelli,
R. Nagel, S. Piazzera (2004)
Vol. 1856: K. Back, T.R. Bielecki, C. Hipp, S. Peng,
W. Schachermayer, Stochastic Methods in Finance, Bres-
sanone/Brixen, Italy, 2003. Editors: M. Fritelli, W. Rung-
galdier (2004)
Vol. 1857: M. Émery, M. Ledoux, M. Yor (Eds.), Sémi-
naire de Probabilités XXXVIII (2005)
Vol. 1858: A.S. Cherny, H.-J. Engelbert, Singular Stochas-
tic Differential Equations (2005)
Vol. 1859: E. Letellier, Fourier Transforms of Invariant
Functions on Finite Reductive Lie Algebras (2005)
Vol. 1860: A. Borisyuk, G.B. Ermentrout, A. Friedman,
D. Terman, Tutorials in Mathematical Biosciences I.
Mathematical Neurosciences (2005)
Vol. 1861: G. Benettin, J. Henrard, S. Kuksin, Hamil-
tonian Dynamics – Theory and Applications, Cetraro,
Italy, 1999. Editor: A. Giorgilli (2005)
Vol. 1862: B. Helffer, F. Nier, Hypoelliptic Estimates and
Spectral Theory for Fokker-Planck Operators and Witten
Laplacians (2005)
Vol. 1863: H. Führ, Abstract Harmonic Analysis of Con-
tinuous Wavelet Transforms (2005)
Vol. 1864: K. Efstathiou, Metamorphoses of Hamiltonian
Systems with Symmetries (2005)
Vol. 1865: D. Applebaum, B.V. R. Bhat, J. Kustermans,
J. M. Lindsay, Quantum Independent Increment Processes
I. From Classical Probability to Quantum Stochastic Cal-
culus. Editors: M. Schürmann, U. Franz (2005)
Vol. 1866: O.E. Barndorff-Nielsen, U. Franz, R. Gohm,
B. Kümmerer, S. Thorbjønsen, Quantum Independent
Increment Processes II. Structure of Quantum Lévy
Processes, Classical Probability, and Physics. Editors: M.
Schürmann, U. Franz, (2005)
Vol. 1867: J. Sneyd (Ed.), Tutorials in Mathematical Bio-
sciences II. Mathematical Modeling of Calcium Dynamics
and Signal Transduction. (2005)



Vol. 1868: J. Jorgenson, S. Lang, Posn(R) and Eisenstein
Series. (2005)
Vol. 1869: A. Dembo, T. Funaki, Lectures on Probabil-
ity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXIII-2003. Editor: J. Picard (2005)
Vol. 1870: V.I. Gurariy, W. Lusky, Geometry of Müntz
Spaces and Related Questions. (2005)
Vol. 1871: P. Constantin, G. Gallavotti, A.V. Kazhikhov,
Y. Meyer, S. Ukai, Mathematical Foundation of Turbu-
lent Viscous Flows, Martina Franca, Italy, 2003. Editors:
M. Cannone, T. Miyakawa (2006)
Vol. 1872: A. Friedman (Ed.), Tutorials in Mathemati-
cal Biosciences III. Cell Cycle, Proliferation, and Cancer
(2006)
Vol. 1873: R. Mansuy, M. Yor, Random Times and En-
largements of Filtrations in a Brownian Setting (2006)
Vol. 1874: M. Yor, M. Émery (Eds.), In Memoriam Paul-
André Meyer - Séminaire de probabilités XXXIX (2006)
Vol. 1875: J. Pitman, Combinatorial Stochastic Processes.
Ecole d’Eté de Probabilités de Saint-Flour XXXII-2002.
Editor: J. Picard (2006)
Vol. 1876: H. Herrlich, Axiom of Choice (2006)
Vol. 1877: J. Steuding, Value Distributions of L-Functions
(2007)
Vol. 1878: R. Cerf, The Wulff Crystal in Ising and Percol-
ation Models, Ecole d’Eté de Probabilités de Saint-Flour
XXXIV-2004. Editor: Jean Picard (2006)
Vol. 1879: G. Slade, The Lace Expansion and its Applica-
tions, Ecole d’Eté de Probabilités de Saint-Flour XXXIV-
2004. Editor: Jean Picard (2006)
Vol. 1880: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems I, The Hamiltonian Approach (2006)
Vol. 1881: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems II, The Markovian Approach (2006)
Vol. 1882: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems III, Recent Developments (2006)
Vol. 1883: W. Van Assche, F. Marcellàn (Eds.), Orthogo-
nal Polynomials and Special Functions, Computation and
Application (2006)
Vol. 1884: N. Hayashi, E.I. Kaikina, P.I. Naumkin,
I.A. Shishmarev, Asymptotics for Dissipative Nonlinear
Equations (2006)
Vol. 1885: A. Telcs, The Art of Random Walks (2006)
Vol. 1886: S. Takamura, Splitting Deformations of Dege-
nerations of Complex Curves (2006)
Vol. 1887: K. Habermann, L. Habermann, Introduction to
Symplectic Dirac Operators (2006)
Vol. 1888: J. van der Hoeven, Transseries and Real Differ-
ential Algebra (2006)
Vol. 1889: G. Osipenko, Dynamical Systems, Graphs, and
Algorithms (2006)
Vol. 1890: M. Bunge, J. Funk, Singular Coverings of
Toposes (2006)
Vol. 1891: J.B. Friedlander, D.R. Heath-Brown,
H. Iwaniec, J. Kaczorowski, Analytic Number Theory,
Cetraro, Italy, 2002. Editors: A. Perelli, C. Viola (2006)
Vol. 1892: A. Baddeley, I. Bárány, R. Schneider, W. Weil,
Stochastic Geometry, Martina Franca, Italy, 2004. Editor:
W. Weil (2007)
Vol. 1893: H. Hanßmann, Local and Semi-Local Bifur-
cations in Hamiltonian Dynamical Systems, Results and
Examples (2007)
Vol. 1894: C.W. Groetsch, Stable Approximate Evaluation
of Unbounded Operators (2007)
Vol. 1895: L. Molnár, Selected Preserver Problems on
Algebraic Structures of Linear Operators and on Function
Spaces (2007)

Vol. 1896: P. Massart, Concentration Inequalities and
Model Selection, Ecole d’Eté de Probabilités de Saint-
Flour XXXIII-2003. Editor: J. Picard (2007)
Vol. 1897: R. Doney, Fluctuation Theory for Lévy
Processes, Ecole d’Eté de Probabilités de Saint-Flour
XXXV-2005. Editor: J. Picard (2007)
Vol. 1898: H.R. Beyer, Beyond Partial Differential Equa-
tions, On linear and Quasi-Linear Abstract Hyperbolic
Evolution Equations (2007)
Vol. 1899: Séminaire de Probabilités XL. Editors:
C. Donati-Martin, M. Émery, A. Rouault, C. Stricker
(2007)
Vol. 1900: E. Bolthausen, A. Bovier (Eds.), Spin Glasses
(2007)
Vol. 1901: O. Wittenberg, Intersections de deux
quadriques et pinceaux de courbes de genre 1, Inter-
sections of Two Quadrics and Pencils of Curves of Genus
1 (2007)
Vol. 1902: A. Isaev, Lectures on the Automorphism
Groups of Kobayashi-Hyperbolic Manifolds (2007)
Vol. 1903: G. Kresin, V. Maz’ya, Sharp Real-Part Theo-
rems (2007)
Vol. 1904: P. Giesl, Construction of Global Lyapunov
Functions Using Radial Basis Functions (2007)
Vol. 1905: C. Prévôt, M. Röckner, A Concise Course on
Stochastic Partial Differential Equations (2007)
Vol. 1906: T. Schuster, The Method of Approximate
Inverse: Theory and Applications (2007)
Vol. 1907: M. Rasmussen, Attractivity and Bifurcation for
Nonautonomous Dynamical Systems (2007)
Vol. 1908: T.J. Lyons, M. Caruana, T. Lévy, Differential
Equations Driven by Rough Paths, Ecole d’Eté de Proba-
bilités de Saint-Flour XXXIV-2004 (2007)
Vol. 1909: H. Akiyoshi, M. Sakuma, M. Wada,
Y. Yamashita, Punctured Torus Groups and 2-Bridge
Knot Groups (I) (2007)
Vol. 1910: V.D. Milman, G. Schechtman (Eds.), Geo-
metric Aspects of Functional Analysis. Israel Seminar
2004-2005 (2007)
Vol. 1911: A. Bressan, D. Serre, M. Williams,
K. Zumbrun (Eds.), Hyperbolic Systems of Balance Laws.
Lectures given at the C.I.M.E. Summer School held in
Cetraro, Italy, July 14–21, 2003 (2007)
Vol. 1912: V. Berinde, Iterative Approximation of Fixed
Points (2007)

Recent Reprints and New Editions
Vol. 1618: G. Pisier, Similarity Problems and Completely
Bounded Maps. 1995 – 2nd exp. edition (2001)
Vol. 1629: J.D. Moore, Lectures on Seiberg-Witten
Invariants. 1997 – 2nd edition (2001)
Vol. 1638: P. Vanhaecke, Integrable Systems in the realm
of Algebraic Geometry. 1996 – 2nd edition (2001)
Vol. 1702: J. Ma, J. Yong, Forward-Backward Stochas-
tic Differential Equations and their Applications. 1999 –
Corr. 3rd printing (2007)
Vol. 830: J.A. Green, Polynomial Representations of
GLn, with an Appendix on Schensted Correspondence
and Littelmann Paths by K. Erdmann, J.A. Green and
M. Schocker 1980 – 2nd corr. and augmented edition
(2007)




