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Appendix

Lemma 13.0.3. (Peetre’s inequality) Let n P N˚, s P R and k, k1 P Rn. Then

p1` |k|2qs{2
ď 2|s|{2p1` |k ´ k1|2q|s|{2 p1` |k1|2qs{2. (13.0.1)

Proof. If s ě 0, it follows that

p1` |k|2qs{2
ď r1` p |k ´ k1| ` |k1| q2ss{2 ď r1` 2|k ´ k1|2 ` 2|k1|2ss{2

ď r 2p1` |k ´ k1|2qp1` |k|2q ss{2

“ 2s{2
p1` |k ´ k1|2qs{2

p1` |k1|2qs{2.

If s ď 0, it follows from the previous inequality by exchanging k and k1 that

p1` |k1|2q|s|{2 ď 2|s|{2 p1` |k ´ k1|2q|s|{2 p1` |k|2q|s|{2

and hence that

2´|s|{2p1` |k ´ k1|2q´|s|{2 p1` |k1|2q|s|{2 ď p1` |k|2q|s|{2

and, finally, that

2|s|{2p1` |k ´ k1|2q|s|{2 p1` |k1|2qs{2
ě p1` |k|2qs{2.

[\

Lemma 13.0.4. (Sobolev’s inequalities) Let n P N˚, p P R such that 1 ď p ă n
and m P N˚ such that n{m ą p. Then

} f }np{pn´mpq ď

«

m
ź

m1“1

ppn´ 1q
npn´ m1pq

ff

ÿ

αPNn,|α|“m

›

›

›

›

Bm f
Bxα

›

›

›

›

p
(13.0.2)

for all f P C80 pR
n,Cq.
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Proof. For this, let n P N˚, f P C1
0pR

n,Cq and j P t1, . . . , nu. We define f j : Rn´1 Ñ

R by

f jpx1, . . . , x j´1, x j`1, . . . , xnq :“
ż 8

´8

| f, jpx1, . . . , xnq| dx j

for all px1, . . . , x j´1, x j`1, . . . , xnq P R
n´1. Obviously, f j is continuous with a com-

pact support and

| f px1, . . . , xnq| “

ˇ

ˇ

ˇ

ˇ

ż x j

´8

f, jpx1, . . . , x j´1, t, x j`1, xnq dt
ˇ

ˇ

ˇ

ˇ

ď f jpx1, . . . , x j´1, x j`1, . . . , xnq

for all px1, . . . , xnq P R
n and j P t1, . . . , nu. Hence it follows that

| f px1, . . . , xnq|
n{pn´1q

ď

n
ź

j“1

r f jpx1, . . . , x j´1, x j`1, . . . , xnqs
1{pn´1q

for all px1, . . . , xnq P R
n, which by integration and application of the generalized

Hölder inequality for pn´ 1q-factors leads to
ż

R

| f px1, . . . , xnq|
n{pn´1q dx1

ď r f1px2, . . . , xnqs
1{pn´1q

ż

R

n
ź

j“2

r f jpx1, . . . , x j´1, x j`1, . . . , xnqs
1{pn´1q dx1

ď r f1px2, . . . , xnqs
1{pn´1q

n
ź

j“2

ˆ
ż

R

f jpx1, . . . , x j´1, x j`1, . . . , xnq dx1

˙1{pn´1q

for all px2, . . . , xnq P R
n. Note that only n ´ 1 of these factors in the last expression

depend on x2. Hence it follows by integration, Fubini’s theorem and application of
the generalized Hölder inequality for pn´ 1q´factors that

ż

R2
| f px1, . . . , xnq|

n{pn´1q dx1 dx2

ď

ˆ
ż

R

f1px2, . . . , xnq dx2

˙1{pn´1q

¨

ˆ
ż

R

f2px1, x3, . . . , xnq dx1

˙1{pn´1q

¨

n
ź

j“3

ˆ
ż

R

f jpx1, . . . , x j´1, x j`1, . . . , xnq dx1dx2

˙1{pn´1q

for all px3, . . . , xnq P R
n. Repeating these previous steps pn´ 2q´times leads to

ż

Rn
| f |n{pn´1q dvn

ď

n
ź

j“1

ˆ
ż

Rn´1
f j dvn´1

˙1{pn´1q

“

˜

n
ź

j“1

} f, j}1

¸1{pn´1q

ď

˜

1
n

n
ÿ

j“1

} f, j}1

¸n{pn´1q
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and hence, finally, to

} f }n{pn´1q ď
1
n

n
ÿ

j“1

} f, j}1. (13.0.3)

Now let p P R such that 1 ă p ă n,

r :“
ppn´ 1q

n´ p
“ 1`

pp´ 1qn
n´ p

ą 1

and f P C1
0pR

n,Cq. Note that | |r P C1pR2,Rq. Obviously, since | |r “ p| |2qr{2, it
follows that | |r|R2ztp0,0qu P C1pR2ztp0, 0qu,Rq. Further,

lim
hÑ0,h‰0

|ph, 0q|r

h
“ lim

hÑ0,h‰0

|p0, hq|r

h
“ lim

hÑ0,h‰0

|h|
h
|h|r´1

“ 0.

Hence | |r is partially differentiable with continuous partial derivatives p | |rq,1,
p | |rq,2 : R2 Ñ R given by

p | |
r
q,1px, yq “

#

x
|px,yq| |px, yq|

r´1 if px, yq ‰ p0, 0q

0 if px, yq “ p0, 0q.

p | |
r
q,2px, yq “

#

y
|px,yq| |px, yq|

r´1 if px, yq ‰ p0, 0q

0 if px, yq “ p0, 0q.

for all px, yq P R2. As a consequence, | f |r P C1
0pR

n,Rq and by (13.0.3) and Hölder’s
inequality

`

} f }np{pn´pq
˘r
“ } | f |r}n{pn´1q ď

1
n

n
ÿ

j“1

}p| f |rq, j}1

“
r
n

n
ÿ

j“1

} | f |r´2
|Rep f ˚ f, jq| }1 ď

r
n

n
ÿ

j“1

} | f |r´1
| f, j| }1

ď
r
n

n
ÿ

j“1

} | f |r´1
}p{pp´1q } f, j}p “

r
n

`

} f }np{pn´pq
˘r´1

n
ÿ

j“1

} f, j}p,

where we use the conventions that the arguments of } }1 are zero in all zeros of f ,
and hence

} f }np{pn´pq ď
ppn´ 1q
npn´ pq

n
ÿ

j“1

} f, j}p. (13.0.4)

For the final step, let p P R such that 1 ď p ă n and m P N˚ such that n{m ą p.
Then

} f }np{pn´mpq ď
rppn´ 1q{nsm

śm
m1“1pn´ m1pq

ÿ

αPNn,|α|“m

›

›

›

›

Bm f
Bxα

›

›

›

›

p
(13.0.5)

for every f P C80 pR
n,Cq. The proof proceeds by finite induction over m. The case

m “ 1 is a special case of the previously proved. Now let m P N
˚ be such that
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n{m ą p and such that (13.0.5) is true for every f P C80 pR
n,Cq. Then, if n{pm`1q ą

p, it follows for f P C80 pR
n,Cq

ppn´ 1q
nrn´ pm` 1qps

n
ÿ

j“1

} f, j}np{pn´mpq

ď
rppn´ 1q{nsm`1

śm`1
m1“1pn´ m1pq

n
ÿ

j“1

ÿ

αPNn,|α|“m

›

›

›

›

B

Bx j

Bm f
Bxα

›

›

›

›

p

“
rppn´ 1q{nsm`1

śm`1
m1“1pn´ m1pq

ÿ

αPNn,|α|“m`1

›

›

›

›

Bm`1 f
Bxα

›

›

›

›

p
.

We define p̄ :“ np{pn´ mpq. Then

p̄ “ p`
mp2

n´ mp
ě p ě 1, p̄ “

n
n
p ´ m

ă
n

pm` 1q ´ m
“ n.

Hence it follows by (13.0.3), (13.0.4)

} f }np̄{pn´p̄q ď
p̄pn´ 1q
npn´ p̄q

n
ÿ

j“1

} f, j}p̄

and therefore, since

p̄pn´ 1q
npn´ p̄q

“

np
n´mp pn´ 1q

n
´

n´ np
n´mp

¯ “
ppn´ 1q

nrn´ pm` 1qps

np̄
n´ p̄

“

n2 p
n´mp

n´ np
n´mp

“
np

n´ pm` 1qp
,

it follows that

} f }np{rn´pm`1qps ď
rppn´ 1q{nsm`1

śm`1
m1“1pn´ m1pq

ÿ

αPNn,|α|“m`1

›

›

›

›

Bm`1 f
Bxα

›

›

›

›

p
.

[\
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Index of Notation

Ran f , range of a map f , 1
ker f , kernel of a linear map f , 1
idS The identity map on a set S , 1
N, Set of natural numbers, 1
R, Set of real numbers, 1
C, Set of complex numbers, 1
N
˚,Nzt0u, 1

R
˚,Rzt0u, 1

C
˚,Czt0u, 1

strictly positive, 1
strictly negative, 1
e1, . . . , en, canonical basis of Rn, 1
Mpnˆ n,Kq, nˆ n matrices, 1
det A, determinant of a matrix A, 1
CkpM,Kq, 1
Ck

0pM,Kq, 1
Ckp M̄,Kq, 1
f, j, 1
f,α, 1
f 1pxq, derivative of f in x (matrix), 2
∇ f , gradient of f , 2
1, ordinary derivative, 2
BCpRn,Cq, 2
C8pRn,Cq, 2

vn, Lebesgue measure on Rn, 2
Lp
C
pM, ρq, weighted Lp-space, 2

} }p, Lp-norm, 2
x | y2, L2-scalar product, 2
L8
C
pMq, 3

} }8, Infinity-norm, 3
LpX,Yq, Bounded linear operators, 3
} }Op,X,Y, Operator norm, 3
CpU,Yq, 3
LippU,Yq, 3
ψξ, Spectral measure, 6
A1{2, Square root of A, 9
´�, Negative Laplace operator, 10
J0, Bessel function of order 0, 11
J1, Bessel function of order 1, 11
K0, Macdonald function of order 0, 11
K1, Macdonald function of order 1, 11
} }XˆY, 13
x | yXˆY, 13
DpAq, Domain of A, 14
GpAq, Graph of A, 14
A Ă B, B is a linear extension of A, 14
B Ą A, B is a linear extension of A, 14
Ā, Closure of A, 14
} }A, 15
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A˚, Adjoint of A, 17
s´lim, Strong limit, 22
ρpAq, Resolvent set of A, 24
RA, Resolvent of A, 24
exp(A), Exponential of A, 36
�, Contradiction, 38
Wn
C
pIq, Sobolev space of order n, 78

Dk
I , k-th weak ordinary derivative, 78
B α, α-th weak partial derivative, 97
Wn
C
pRnq, Sobolev space of order n, 98

x , yk, 98
˚, Convolution product, 98

w´lim, Weak limit, 108
~~k, Sobolev norm of order k, 133
C˚pK, LpX,Yqq, 138
PC˚pI, LpX,Yqq, 138
} }8, Infinity norm, 138
�pIq, 138
rUBVs, 138
voltpU, Bq, 138
lnpAq, Natural logarithm of A, 181
F2, Fourier transformation, 199
Kpn{2q´1, Macdonald function, 205
F1, Fourier transformation, 236



Index of Terminology

Boundary condition
Engquist-Majda, 78, 127
Sommerfeld, 78, 124

Chains, 146
finitely generated, 148
juxtapositions, 147

Commutator estimates, 186, 199, 246
Commutator function, 9
Conventions, 1
Couette flow, 74

Difference method, 78

Equation
abstract evolution

linear, 171
quasilinear, 221

Burgers, 235
Dirac, 103
Klein-Gordon

in Minkowski space, 11
on the real line, 10

Maxwell’s equations, 132
wave, 8, 84

Evolution operator, 149
associated differential equations, 150
finitely generated, 151
for the linear evolution equation, 165
uniqueness, 150

Exponential function, 35

Group
strongly continuous, 63

associated differential equation, 63
infinitesimal generator, 63, 65

Inequalities
Elementary, 235
Peetre’s, 265
Sobolev, 236
Sobolev’s, 265

Infinitesimal generators, 42
bounded, 42
bounded perturbations, 61
characterization, 51
exponential formula, 155
fractional powers, 180
homogeneous IVP, 42
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inhomogeneous IVP, 66, 67
logarithm, 180
maximality, 42
resolvent estimates, 42
resolvent representation, 42
spectrum property, 42
uniqueness, 42

Integration
Bochner, 30
Pettis, 26
weak, 26

existence, 26, 27
Fubini’s theorem, 30
properties, 27
substitution rule, 34

Intertwining relation, 112
equivalent conditions, 114
sufficient conditions, 115

Kernels, 137
Convolution, 137
Volterra, 137

approximation, 145
distance, 143

Volterra equation, 137
Kreiss condition, 78

Linear operators, 14
1st resolvent formula, 24
2nd resolvent formula, 24
accretive, 54

characterization, 55
closability, 56

adjoint, 17
closable, 14
closed, 14
core, 14
densely-defined, 14
essentially self-adjoint, 17
extension, 14

weak vs strong, 100
graph, 14
mollifiers, 98
non-closable, 16
quasi-accretive, 54

closability, 56

resolvent, 24
resolvent set, 24
self-adjoint, 17

maximality, 17
spectrum, 24
symmetric, 17
unbounded, 16

Nonexpansive homomorphisms
properties, 117

Numerics of PDEs, 78

Quantum system
conservation of probability, 7
example, 7
Hamilton operator, 6
measurement, 5

probabilities, 5
observables, 5

expectation value, 6
spectral measure, 6
spectrum, 5

quantization of a classical system, 5
representation space, 5
Schrödinger equation, 7
states, 5
superposition principle, 6
time evolution

unitary, 6

Regularity, 105

Scalar field
in black hole background, 178
in Minkowski space, 11
on the real line, 10, 78, 123, 127

Semigroup
strongly continuous, 42

approximation, 54
associated differential equation, 42
contraction, 56
infinitesimal generator, 42
integral representation, 59
quasi-contraction, 56

uniformly continuous, 42



Index of Terminology 283

Spaces
admissible, 109

sufficient condition , 112
Banach

direct sum, 13
Hilbert

direct sum, 13
Sobolev, 98

Stable families of generators,
155

bounded perturbations, 162
criterion, 160
equivalent conditions, 158

Systems
Hermitian hyperbolic

linear autonomous, 103

linear non-autonomous, 199
quasi-linear, 246

Tangent functionals
normalized, 54

Theorem
Banach fixed point, 215

variation, 216
Closed graph, 14

application, 17
E. Noether, 113
Hellinger-Toeplitz, 17
Hille-Yosida-Phillips, 51
Inverse mapping, 14
Lumer-Phillips, 56
Mazur, 108
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Porous Media and Industrial Applications. Cetraro 1998.
Editor: A. Fasano. 2000.
Vol. 1735: D. Yafaev, Scattering Theory: Some Old and
New Problems (2000)
Vol. 1736: B. O. Turesson, Nonlinear Potential Theory and
Weighted Sobolev Spaces (2000)
Vol. 1737: S. Wakabayashi, Classical Microlocal Analysis
in the Space of Hyperfunctions (2000)
Vol. 1738: M. Émery, A. Nemirovski, D. Voiculescu,
Lectures on Probability Theory and Statistics (2000)
Vol. 1739: R. Burkard, P. Deuflhard, A. Jameson, J.-L.
Lions, G. Strang, Computational Mathematics Driven
by Industrial Problems. Martina Franca, 1999. Editors:
V. Capasso, H. Engl, J. Periaux (2000)
Vol. 1740: B. Kawohl, O. Pironneau, L. Tartar, J.-P. Zole-
sio, Optimal Shape Design. Tróia, Portugal 1999. Editors:
A. Cellina, A. Ornelas (2000)
Vol. 1741: E. Lombardi, Oscillatory Integrals and Phe-
nomena Beyond all Algebraic Orders (2000)
Vol. 1742: A. Unterberger, Quantization and Non-
holomorphic Modular Forms (2000)
Vol. 1743: L. Habermann, Riemannian Metrics of Con-
stant Mass and Moduli Spaces of Conformal Structures
(2000)
Vol. 1744: M. Kunze, Non-Smooth Dynamical Systems
(2000)
Vol. 1745: V. D. Milman, G. Schechtman (Eds.), Geomet-
ric Aspects of Functional Analysis. Israel Seminar 1999-
2000 (2000)
Vol. 1746: A. Degtyarev, I. Itenberg, V. Kharlamov, Real
Enriques Surfaces (2000)
Vol. 1747: L. W. Christensen, Gorenstein Dimensions
(2000)
Vol. 1748: M. Ruzicka, Electrorheological Fluids: Model-
ing and Mathematical Theory (2001)
Vol. 1749: M. Fuchs, G. Seregin, Variational Methods
for Problems from Plasticity Theory and for Generalized
Newtonian Fluids (2001)
Vol. 1750: B. Conrad, Grothendieck Duality and Base
Change (2001)
Vol. 1751: N. J. Cutland, Loeb Measures in Practice:
Recent Advances (2001)
Vol. 1752: Y. V. Nesterenko, P. Philippon, Introduction to
Algebraic Independence Theory (2001)
Vol. 1753: A. I. Bobenko, U. Eitner, Painlevé Equations in
the Differential Geometry of Surfaces (2001)
Vol. 1754: W. Bertram, The Geometry of Jordan and Lie
Structures (2001)
Vol. 1755: J. Azéma, M. Émery, M. Ledoux, M. Yor
(Eds.), Séminaire de Probabilités XXXV (2001)
Vol. 1756: P. E. Zhidkov, Korteweg de Vries and Nonlin-
ear Schrödinger Equations: Qualitative Theory (2001)



Vol. 1757: R. R. Phelps, Lectures on Choquet’s Theorem
(2001)
Vol. 1758: N. Monod, Continuous Bounded Cohomology
of Locally Compact Groups (2001)
Vol. 1759: Y. Abe, K. Kopfermann, Toroidal Groups
(2001)
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