A. The Bochner Integral

This chapter is a slight modification of Chap. A in [FKO1].
Let (X, ] ||) be a Banach space, B(X) the Borel o-field of X and (Q,F, )

a measure space with finite measure p.

A.1. Definition of the Bochner integral

Step 1: As first step we want to define the integral for simple functions
which are defined as follows. Set

5::{f:QeX‘f:ZxklwakeX,Ake}',1<kz<n,neN}
k=1

and define a semi-norm || ||¢ on the vector space € by

WWﬁ=/WWM,f68

To get that (5 Al ||5) is a normed vector space we consider equivalence classes
with respect to || ||. For simplicity we will not change the notations.

For f €&, f =Y 1_,zkla,, Ax’s pairwise disjoint (such a representation
is called normal and always exists, because f = >"}'_ zxla,, where f(Q) =
{z1,..., 21}, x; # xj, and Ay := {f = x1}) and we now define the Bochner
integral to be

/f dp =Y zpp(Ay).
k=1

(Exercise: This definition is independent of representations, and hence linear.)
In this way we get a mapping

int: (& lle) — (X011
£ [rau
which is linear and uniformly continuous since || [ f du|| < [|f|| du for all
feé.

Therefore we can extend the mapping int to the abstract completion of £
with respect to || ||¢ which we denote by £.
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106 A. The Bochner Integral

Step 2: We give an explicit representation of &.

Definition A.1.1. A function f : Q — X is called strongly measurable if it
is F/B(X)-measurable and f(€) C X is separable.

Definition A.1.2. Let 1 < p < co. Then we define
LP(Q,F, 5 X) o= LP(p; X)

= {f 00— X ‘ f is strongly measurable with

respect to F, and /||f||p dp < oo}

and the semi-norm

1

1l = (/fll” du) " FerrQ, o X).

The space of all equivalence classes in £P(Q, F, u; X) with respect to || ||» is
denoted by LP(Q, F, u; X) := LP(u; X).

Claim: L'(Q,F,u; X) =E&.

Step 2.a: (LY(Q,F,pu; X),|| ||11) is complete.
The proof is just a modification of the proof of the Fischer—Riesz theorem
by the help of the following proposition.

Proposition A.1.3. Let (2, F) be a measurable space and let X be a Banach
space. Then:

(i) the set of F/B(X)-measurable functions from Q to X is closed under
the formation of pointwise limits, and

(i) the set of strongly measurable functions from Q to X is closed under the
formation of pointwise limits.

Proof. Simple exercise or see [Coh80, Proposition E.1, p. 350]. O

Step 2.b: €& is a dense subset of L*(€2, F, u; X) with respect to || ||z1.
This can be shown by the help of the following lemma.

Lemma A.1.4. Let E be a metric space with metric d and let f : Q — FE
be strongly measurable. Then there exists a sequence f,, n € N, of simple E-
valued functions (i.e. fy, is F/B(E)-measurable and takes only a finite number
of values) such that for arbitrary w € Q the sequence d(fn(w), f(w)), n €N,
is monotonely decreasing to zero.
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Proof. [DPZ92, Lemma 1.1, p. 16] Let {ex | ¥ € N} be a countable dense
subset of f(Q). For m € N define

(W) := min{d(f(w),ek) | k< m} ( = dist(f(w), {ex, k < m})),

ki (w) == min{k < m | dp(w) = d(f(w), ex) },

fm(w) = ekwt(w)'

Obviously fn, m € N, are simple functions since they are F/B(E)-measurable
(exercise) and

fm(Q) - {61a€27 .. -aem,}-

Moreover, by the density of {ex | & € N}, the sequence d,,(w), m € N, is
monotonically decreasing to zero for arbitrary w € Q. Since d(fm(w), f(w)
dp(w) the assertion follows.

»n

0o

Let now f € L'(u; X). By the Lemma A.1.4 above we get the existence of
a sequence of simple functions f,, n € N, such that

[ fa(w) = fw)|| L0 forallw e Qasn— oco.

n—oo

Hence f,, —— fin || |1 by Lebesgue’s dominated convergence theorem.

A.2. Properties of the Bochner integral

Proposition A.2.1 (Bochner inequality). Let f € LY(Q,F,u; X). Then

H/fduH < /IIfH dp.

Proof. We know the assertion is true for f € £, i.e. int : £ — X is linear,
continuous with [[int f|| < [|f[|e for all f € £, so the same is true for its unique
continuous extension int : £ = L*(u; X) — X, i.e. for all f € LY(X, u)

|/ 7] = w0 < 151 = [0 an 0
Proposition A.2.2. Let f € LY(Q, F, u; X). Then

fesiei( 14

holds for all L € L(X,Y'), where Y is another Banach space.

Proof. Simple exercise or see [Coh80, Proposition E.11, p. 356]. O



108 A. The Bochner Integral

Proposition A.2.3 (Fundamental theorem of calculus). Let —o00 < a <
b< oo and f € C'([a,b]; X). Then

_ [y ) Tl f(u) du if s <t
f(t) f(s) - /s f (U) du := {_ f 1[t’5] (u)f/(u) du  otherwise

for all s,t € [a,b] where du denotes the Lebesgue measure on B(R).

Proof. Claim 1: If we set F(t) = f: f'(uw) du, t € [a,b], we get that F'(t) =
f'(¢) for all t € [a,b].
For that we have to prove that

HEETEEOENIC )

To this end we fix t € [a, b] and take an arbitrary e > 0. Since f’ is continuous
on [a,b] there exists § > 0 such that || f/(u) — f’(t)HX < ¢ for all u € [a,]
with |u — ¢| < 0. Then we obtain that

|+ erm—ray-rw| =[5 [ 0w rw) ]
< [T - sl an<

ift+h € [a,b] and |h| < 4.
Claim 2: If F € C'([a,b]; X) is a further function with F' = F' = f’ then
there exists a constant ¢ € X such that F — F = c.

For all L € X* = L(X,R) we define gy, := L(F — F). Then g, = 0 and
therefore gy is constant. Since X™* separates the points of X by the Hahn—
Banach theorem (see [Alt92, Satz 4.2, p. 114]) this implies that F — F itself
is constant. O



B. Nuclear and Hilbert—Schmidt
Operators

This chapter is identical to Chap. B in [FKO01].

Let (U, (, )U) and (H7 (, >) be two separable Hilbert spaces. The space of
all bounded linear operators from U to H is denoted by L(U, H); for simplicity
we write L(U) instead of L(U,U). If we speak of the adjoint operator of
L € L(U, H) we write L* € L(H,U). An element L € L(U) is called symmetric
if (Lu,v)y = (u,Lv)y for all u,v € U. In addition, L € L(U) is called
nonnegative if (Lu,u) > 0 for all u € U.

Definition B.0.1 (Nuclear operator). An element T € L(U, H) is said to
be a nuclear operator if there exists a sequence (a;),en in H and a sequence
(bj)jeN in U such that

Tx = ZQj<bj,I>U forall z € U

j=1

and
> gl 1bsllo < oc.
JEN
The space of all nuclear operators from U to H is denoted by Li(U, H).

IfU =H,T e Li(U, H) is nonnegative and symmetric, then 7" is called trace
class.

Proposition B.0.2. The space L1 (U, H) endowed with the norm

oo
17wy s= nf{ > llasll - b5l | To = > a;(bs, 200, @ € U}
j=1

JEN
is a Banach space.

Proof. [MV92, Corollar 16.25, p. 154]. O

Definition B.0.3. Let T' € L(U) and let ey, k € N, be an orthonormal basis
of U. Then we define

trT = Z<T€k’ €k>U
keN

if the series is convergent.
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110 B. Nuclear and Hilbert—Schmidt Operators

One has to notice that this definition could depend on the choice of the
orthonormal basis. But there is the following result concerning nuclear oper-
ators.

Remark B.0.4. If T € L1(U) then tr T is well-defined independently of the
choice of the orthonormal basis ey, k € N. Moreover we have that

tr T < T, v)-

Proof. Let (aj)jen and (b)) en be sequences in U such that

Tx = Z aj<bj, J}>U
JEN
for all z € U and ZH%‘HU bl < oo.
JEN
Then we get for any orthonormal basis e, k € N, of U that

(Ter,ex)v = _(er, a;)v - (ex,bj)u
jEN

and therefore

Z|<T6k,€k>U| < ZZ|<ek’aj>U : <€kabj>U|

keN N re
3 1
Kl ()
jE€N keN Py
= ZHGJ'”U bjllu < oo.
JEN

This implies that we can exchange the summation to get that
> (Terer)o =YY Aew aj)u - (e bj)u = > _(a;,b;)u,
keN jeN keN jEN
and the assertion follows. O

Definition B.0.5 (Hilbert—Schmidt operator). A bounded linear opera-
tor T': U — H is called Hilbert—Schmidt if

Z||Tek||2 < 0

keN

where ey, k € N, is an orthonormal basis of U.
The space of all Hilbert—Schmidt operators from U to H is denoted by
L2 (U7 H)
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Remark B.0.6. (i) The definition of Hilbert-Schmidt operator and the
number

1%, e = DN Texll?
keN

does not depend on the choice of the orthonormal basis ex, k € N, and we
have that | T||r,w,my = 1T* | Lo (1,0 - For simplicity we also write ||T'|,
instead of HT||L2(U7H).

(i) | T\ w.my < N || pow,m)-

(iti) Let G be another Hilbert space and S1 € L(H,G), Sy € L(G,U), T €
Lo(U, H). Then SiT € Ly(U,G) and TS, € Ly(G, H) and

1517 || L, w,ey < IS1llocar,ay T || Ly, i)

1T S22, (c,my < T\l m)1S2ll o0

Proof. (i) If e, k € N, is an orthonormal basis of U and fx, k € N, is an
orthonormal basis of H we obtain by the Parseval identity that

SiTerl? =3 S [ Tew )" = SIT 513

keN keN jeN JEN
and therefore the assertion follows.

(ii) Let z € U and fi, k € N, be an orthonormal basis of H. Then we get
that

|T|* =Y (T, fi)* < ll2llf DI fullt = 1717, 0 - Il
kEN keN

(iii) Let eg, k € N be an orthonormal basis of U. Then

YIS Terll < ISil . I o w,my-
keN

Furthermore, since (T'S2)* = S3T™*, it follows that by the above and (i)
that T'Sy € Lo(G, H) and
ITS2| L (6,m) = (T52) (Lo,
= 197" Lo (r0)
< 82wy - 1Tl Lo w,m)-
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Proposition B.0.7. Let S,T € Lo(U, H) and let ex, k € N, be an orthonor-
mal basis of U. If we define

<T, S>L2 = Z<Sek,T€k>

keN

we obtain that (LQ(U, H),(, >L2) 18 a separable Hilbert space.
If fx, k € N, is an orthonormal basis of H we get that f; Qey, := fi{ex, - )u,
j,k €N, is an orthonormal basis of Lo(U, H).

Proof. We have to prove the completeness and the separability.

1. Ly(U, H) is complete:
Let T,,, n € N, be a Cauchy sequence in Lo(U, H). Then it is clear that it is
also a Cauchy sequence in L(U, H). Because of the completeness of L(U, H)
there exists an element T' € L(U, H) such that ||T, — T,z — 0 as

n — 00. But by the lemma of Fatou we also have for any orthonormal basis
ex, k € N, of U that

T = TN7, =Y ((Tn = T)ex, (Tn — T)ex)

keN
=" liminf||[(Ty, — T)ex|”
m— 00
keN
<timinf 3| (T = To)er|” = lim inf | T, = Tl <2

keN
for all n € N big enough. Therefore the assertion follows.
2. Ly(U, H) is separable:
If we define f; ® eg := fj{ex, - )u, j,k € N, then it is clear that f; ® e, €
Ly(U, H) for all j, k € N and for arbitrary T € Ly(U, H) we get that
(fi®er, T, = Y (ensen)u - (f5: Ten) = (£, Tex).
neN

Therefore it is obvious that f; ® e, j,k € N, is an orthonormal system.
In addition, T" = 0 if (f; ® e, T)r, = 0 for all j,k € N, and therefore
span(f; @ e | 4,k € N) is a dense subspace of Lo(U, H). O

Proposition B.0.8. Let (G,( , )¢) be a further separable Hilbert space.
IfT € Ly(U,H) and S € Lo(H,G) then ST € L1(U,G) and

15T w.c) < ISllzs - (Tl z,-

Proof. Let fi, k € N, be an orthonormal basis of H. Then we have that

STx = (Tx, fy)Sfr, €U

keN
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and therefore

STl Ly w.ey < D_IT* fillor - 1S felle:

keN

<(SIT ) - (SISAIE) = 18I 1T O

keN keN

Remark B.0.9. Let e, k € N, be an orthonormal basis of U. If T € L(U)
is symmetric, nonnegative with ), «(Tex,ex)y < oo then T € Ly(U).

Proof. The result is obvious by the previous proposition and the fact1 that
1

there exists T2 € L(U) nonnegative and symmetric such that ' = T2T2 (see

Proposition 2.3.4). Then Tz € Ly(U). O

Proposition B.0.10. Let L € L(H) and B € Ly(U,H). Then LBB* €
Li(H), B*LB € Ly(U) and we have that

tr LBB* = tr B*LB.

Proof. We know by Remark B.0.6 (iii) and Proposition B.0.8 that LBB* €
Li(H) and B*LB € Li(U). Let e, k € N, be an orthonormal basis of U
and let fr, £ € N, be an orthonormal basis of H. Then the Parseval identity
implies that

> S [(fes Bew) - {fi. LBey)|

keNneN
<Y (It Ben ) (I LBen)|?)
neEN keN keN
= Y IBeall- ILBeall < Ll - 1 BIE,-
neN

Therefore, it is allowed to interchange the sums to obtain that

tr LBB* = Z<LBB*fk7fk> = Z(B*me*L*wa

keN keN
=SB fren)v  (B'L froen)y = D > Afis Ben) - (i LBey)
keNneN neN keN
=Y (Ben,LBey) =Y (en, B*LBey)y = tr B*LB. O

neN neN



C. Pseudo Inverse of Linear
Operators

This chapter is a slight modification of Chapter C in [FKO01].
Let (U,(, )u) and (H,(, )) be two Hilbert spaces.

Definition C.0.1 (Pseudo inverse). Let T' € L(U, H) and Ker(T) := {z €
U | Tx = 0}. The pseudo inverse of T is defined as

T~V = (T ey ) T(Ker(T)*) = T(U) — Ker(T)™ .

(Note that T is one-to-one on Ker(T')*.)

Remark C.0.2. (i) There is an equivalent way of defining the pseudo in-
verse of a linear operator T € L(U,H). Forx € T(U) one sets T 'z € U
to be the solution of minimal norm of the equation Ty =z, y € U.

(ii) If T € L(U, H) then T~ : T(U) — Ker(T)* is linear and bijective.
Proposition C.0.3. Let T € L(U) and T~ the pseudo inverse of T.
(i) If we define an inner product on T(U) by
(z,y)rw) == (T 'z, Ty for all z,y € T(U),
then (T(U),(, )r@)) is a Hilbert space.

(ii) Let ey, k € N, be an orthonormal basis of (Ker T)*. Then Tey, k € N,
is an orthonormal basis of (T(U),(, )rw)-

Proof. T : (KerT)* — T(U) is bijective and an isometry if (KerT)* is
equipped with (, )y and T(U) with (, 7). O

Now we want to present a result about the images of linear operators. To
this end we need the following lemma.

Lemma C.0.4. Let T € L(U,H). Then the set TB:(0) (= {Tu | u €
U, llullv < ¢}), ¢ =0, is convex and closed.

Proof. Since T is linear it is obvious that the set is convex.

Since a convex subset of a Hilbert space is closed (with respect to the norm)
if and only if it is weakly closed, it suffices to show that T'B.(0) is weakly
closed. Since T': U — H is linear and continuous (with respect to the norms
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116 C. Pseudo Inverse of Linear Operators

on U, H respectively) it is also obviously continuous with respect to the weak
topologies on U, H respectively. But by the Banach—Alaoglou theorem (see
e.g. [RS72, Theorem IV.21, p. 115]) closed balls in a Hilbert space are weakly
compact. Hence B.(0) is weakly compact, and so is its continuous image, i.e.
TB.(0) is weakly compact, therefore weakly closed. O

Proposition C.0.5. Let (Uy,(, )1) and (Uz,(, )2) be two Hilbert spaces.
In addition, we take Ty € L(Uy,H) and To € L(Ua, H). Then the following
statements hold.

(i) If there exists a constant ¢ > 0 such that ||Tyz|1 < o|T5z||2 for all
x € H then {Tlu | u € Uy, |lullh < 1} C {Tgv | v € Uy, ||v|2 < c}. In
particular, this implies that ImT7; C Im T5.

(i) If |Tizlly = |T5x|o for all x € H then Im Ty = Im Ty and ||T} ‘2|, =
|T5 |2 for all z € Im T .

Proof. [DPZ92, Proposition B.1, p. 407)
(i) Assume that there exists ug € U; such that

luoll1 €1 and Tiug ¢ {Tgv | v € Us, ||v]2 < c}.

By Lemma C.0.4 we know that the set {Tgv | v € Uy, |v]l2 < c} is
closed and convex. Therefore, we get by the separation theorem (see
[Alt92, 5.11 Trennungssatz, p. 166]) there exists © € H, x # 0, such that

1 <{z,Thug) and (x,Trv) <1 for all v € Uy with ||Jv||2 < ec.

Thus ||T7z|1 > 1 and ¢||T5z|2 = sup |(Tyz,v)2| < 1, a contradiction.

llvll2<e
(ii) By (i) we know that Im 77 = Im T5. It remains to verify that
| T 2|y = || Ty tz|le for all 2 € Im Ty

If 2 = 0 then |7, 0], =0 = || T 0.

If z € Im T \ {0} then there exist u; € (KerT})* and uy € (Ker Th)*
such that x = Tyu; = Toug. We have to show that ||uq |1 = [Jusz|2-

Assume that ||uq]|; > |juzl|2 > 0. Then (i) implies that

T ZTz( Us )
[|uzl|2 l|uz2

€ {TQU ‘ v € Uy, ||U||2 < 1} = {Tlu | u € Uy, ||u||1 < 1}

o =T () |
[|uzll2 [[uall2

But
U1

> 1,
[[uall2

1
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u

therefore, there exists 41 € Uy, ||t < 1, so that for dy := ”u21||2 S
(Ker Ty )+ we have

T, = —— =Tiuy, ie. u; —us € KerTy.

[[uzll2

Therefore,

0 = (U1 — U, Ug)y = (T, )1 — ||E2]|]

< a1 [|azlly = a2l = (1 = llazlly)[[az]:

This is a contradiction. O

Corollary C.0.6. Let T € L(U,H) and set Q := TT* € L(H). Then we
have

ImQ? =Im7T and HQ_%‘fH =T 2|y for allz € ImT,
where Q*% is the pseudo inverse of Q%.

Proof. Since by Lemma 2.3.4 Q% is symmetric we have for all x € H that

1. % 2 1
l@bya| = @be] = @u,2) = (TT*w,0) = |70

Therefore the assertion follows by Proposition C.0.5. O



D. Some Tools from Real
Martingale Theory

We need the following Burkholder—Davis inequality for real-valued continuous
local martingales.

Proposition D.0.1. Let (N¢)icpo,r] be a real-valued continuous local mar-
tingale on a probability space (2, E, P) with respect to a normal filtration
(Ft)tepo,r)- Then for all stopping times 7(< T)

E( sup |Ni|) < 3E((N)Y?).
te[0,7]

Proof. See e.g. [KS88, Theorem 3.28]. O
Corollary D.0.2. Let ¢,d €]0,00[. Then for N as in Proposition D.0.1

3
P(sup [Ni| > ) < SE((N)y/* A d) + P((N);/* > 4).
te[0,T] €

Proof. Let
7i=1inf{t > 0| (N)}/* > 6} AT.

Then 7(< T) is an Fy-stopping time. Hence by Proposition D.0.1

P sup [Ny >=e
t€[0,T)

_P( sup |N¢| > e, 7= T) +P< sup |[N¢| 2 e,7< T)
te[0,T] te[0,T]

Lo+ p( s (N> W > 6)
€ t€[0,T
3

ggE«Nﬁ/? AS) + P((NVH? > 6).
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E. Weak and Strong Solutions:
the Yamada-Watanabe
Theorem

Let (2, F, P) be a complete probability space with normal filtration F;, ¢t €
[0, 00[. Below we shall call ((2, F, P, (F3)) a stochastic basis. Let d,dy € N and
let M(d x d1,R) denote the set of all real d x d;-matrices equipped with the
norm (3.1.2). Let

W= C([0, 00] — R?) (E.0.1)

and
W= {w € Ww(0) = 0}. (E.0.2)

W is equipped with metric

o(wy,ws) 1= 22_"’( max |wi(t) — wo(t)| A1), wi,ws € W?, — (E.0.3)

oo
f 0<t<k

which makes it a Polish space. Its Borel o-algebra is denoted by B(W?).
Let B;(W?) denote the o-Algebra generated by all maps 7, 0 < s < t,
where 75(w) := w(s), w € W< Let A%% denote the set of all B([0,00]) ®
B(W)/B(M(d x dy,R))-measurable maps « : [0,00[ xW9¢ — M(d x di,R)
such that for each t € [0, oo[ the map

W3 w— alt,w) € M(d x di,R)

is B(W%)/B(M(d x dy,R))-measurable.

E.1. The main result

Fix 0 € A%% and b € A%' and consider the following stochastic differential
equation:
dX(t) =b(t, X)dt + o(t, X) dW(t), te€]0,00[. (E.1.1)

Definition E.1.1. An R%valued continuous, (F;)-adapted process X(t), t €
[0, oo[, on some stochastic basis (Q, F, P, (F)) is called a (weak) solution to
(E.1.1), if
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122 E. Weak and Strong Solutions: Yamada—Watanabe Theorem
() t
/ |b(s, X)| ds < 0o P-a.e. for all ¢ € [0, c0].
0

(i)
¢
/ lo(s, X)||? ds < oo P-a.e. for all t € [0, 00].
0

(iii) There exists an R%-valued standard (F;)-Wiener process W (t),t €
[0, 00[, on (2, F, P) such that P-a.e.

¢ ¢
X(t)= X(O)—|—/ b(s, X) ds—|—/ o(s,X)dW(s), te0,00[. (E.1.2)

0 0
Remark E.1.2. (i) Clearly, by the measurability assumption on elements
in A%4 gt follows that if X is a solution, then [0,t] x Q 3 (s,w) —
o(s, X (w)) is B([0,t) @ F /B(M (dxdy,R))-measurable and o (t, X ) is F;-
measurable for t € [0, 00[. Likewise for b(-, X). The (F;)-adaptedness for

(-, X) and b(-, X) follows since the (F;)-adaptiveness of X is equivalent
to the F;/By(W?) measurability of X.

(#) Below we shall briefly say (X, W) in Definition E.1.1 is a (weak) solution
to (E.1.1) not always mentioning explicitly the stochastic basis, that
comes with it.

Definition E.1.3. We say that (weak) uniqueness holds for (E.1.1) if when-
ever X and X’ are two (weak) solutions (with stochastic bases
(QF, P, (F)), ¥, F P (F])) and associated Wiener processes W(t),
W'(t), t € [0,00[) such that

PoX(0)'=PoX'(0)7,
(as measures on (R?, B(R?))), then
PoX '=Po(X)!
(as measures on (W9, B(W1))).

Definition E.1.4. We say that pathwise uniqueness holds for (E.1.1), if
whenever X and X’ are two (weak) solutions on the same stochastic basis
(Q,F,P,(F,)) and with the same (F;)-Wiener process W (t), t € [0,00[ on
(Q, F, P) such that X(0) = X’(0) P-a.e., then P-a.e.

X(t)=X'(t), t €[0,00].

To define strong solutions we need to introduce the following class & of
maps:
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Let &€ denote the set of all maps F : R?% x Wéil — W such that for every prob-

®pPW
ability measure p on (R?, B(R?)) there exists a B(R4) @ B(W(‘)jl)ﬂ /B(W%)-
measurable map F), : R? x Wéjl — W9 such that for p-a.e. x € R?

F(z,w) = F,(z,w) for PY-a.e. w e W,

w
Here B(RY) ® B(ng)#(@P denotes the completion of B(R?) @ B(W{") with
respect to pu ® PW, and PW denotes classical Wiener measure on
(W5, BWg")).
Let F € £. For an F/B(R%)-measurable map ¢ : Q@ — R? on some prob-
ability space (2, F,P) and an R -valued, standard Wiener process W (t),
t €10,00[, on (2, F, P) independent of &, we set

F(ga W) = -FPOE—1 (57 W)

Definition E.1.5. A (weak) solution X to (E.1.1) on (Q,F, P, (F;)) and
associated Wiener process W(t), t € [0, o0l is called a strong solution if there

~ P— =
exists F € € such that for z € RY w — F(x,w) is By(W) /Bi(W%)-
measurable for every ¢ € [0, co[ and
X =F(X(0),W) P-ae.,
w

where B,(W¢*)  denotes the completion with respect to PV in B(W).

Definition E.1.6. Equation (E.1.1) is said to have a unique strong solution,
if there exists F' € £ satisfying the adaptiveness condition in Definition E.1.5
and such that:

1. For every R%-valued standard (F;)-Wiener process W (t), t € [0, 00[, on
a stochastic basis (Q, F, P, (¥;)) and any Fo/B(R?)-measurable £ :  —
R? the continuous process

X =F(¢W)

satisfies (i), (ii) and (E.1.2) in Definition E.1.1, i.e. (F({, W), W) is a
(weak) solution to (E.1.1), and X (0) = ¢ P-a.e..

2. For any (weak) solution (X, W) to (E.1.1) we have
X = F(X(0),W) P-ae..

Remark E.1.7. Since X(0) in the above definition is P-independent of W,
thus
Po(X(0),W) ' = o PV,

we have that the existence of a unique strong solution for (E.1.1) implies that
also (weak) uniqueness holds.
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Now we can formulate the main result of this section.

Theorem E.1.8. Let 0 € A%% and b € A%, Then equation (E.1.1) has a
unique strong solution if and only if both of the following properties hold:

(i) For every probability measure pu on (R B(RY)) there exists a (weak)
solution (X, W) of (E.1.1) such that p is the distribution of X(0).

(ii) Pathwise uniqueness holds for (E.1.1).

Proof. Suppose (E.1.1) has a unique strong solution. Then (ii) obviously

holds. To show (i) one only has to take the classical Wiener space
w

QP
(W, BOWE), P'V) and consider (R x W, B(RY) & BOWH) o PV)
with filtration

() o(BRY) & B e(Wi),N), >0,
e>0

p@P
where N denotes all p ® PW-zero sets in B(Rd)® B(Wdl) . Let
E:RIX W = R and W : R x W — W be the canonical projec-
tions. Then X F(&, W) is the desired weak solution in (i).

Now let us suppose that (i) and (ii) hold. The proof that then there exists a
unique strong solution for (E.1.1) is quite technical. We structure it through
a series of lemmas.

Lemma E.1.9. Let (Q,F) be a measurable space such that {w} € F for all
w € Q and such that

D ={(w,w)|weQ}leFF

(which is e.g. the case if Q is a Polish space and F its Borel o-algebra).
Let Py, Py be probability measures on (2, F) such that Py ® Py(D) = 1. Then
Py, = Py = 4,, for some wy € (L.

Proof. Let f : Q — [0,00[ be F-measurable. Then
/f (w1)Pr(dwr) / fw1)Pr(dwy)Pe(dws)
— [[ 1o(rwa)(n) Prldon) Patdon)
— [[ th(r w0 fen) Prldon) Pelden) = [ Fla)Pa(don)

so P, = P,. Furthermore,

1= / / 1 (w1,w2) Py (dwy) P (dew) = / Py ({ws}) Pa(dws),

hence 1 = Py ({ws}) for Py-a.e. wo € Q. Therefore, P, = 4§, for some wy € €.
O
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Fix a probability measure p on (R, B(R?)) and let (X, W) with stochastic
basis (Q, F, P, (F;)) be a (weak) solution to (E.1.1) with initial distribution p.
Define a probability measure P, on (R4xW9ex W, B(RH)@B(WH)@B(W)),
by
P, == Po (X(0),X, W),

Lemma E.1.10. There ezists a family K,((z,w),dw;),r € R*, w € ng, of
probability measures on (W, B(W?)) having the following properties:

(i) For every A € B(WY) the map
R x W 3 (z,w0) — K, ((x,w), A)
is B(RY) @ B(W)-measurable.

(it) For every B(RY) @ B(WY) @ B(WS")-measurable map f : R x W x
W — [0, 00[ we have

/f(x,wl,w)P#(dx dwy dw)
[ [ i) K w),dun) Pdw)uds).
re Jwt Jwe
(i4i) If t € [0,00[ and f: W% — [0, 00][ is B;(W?)-measurable, then

RY X Wi 3 (2, w) /f(wl)Kﬂ((x,w),dwl)

_ TP TP
is B(RY) @ By (W§*) -measurable, where B(R?) @ By, (W) de-

notes the completion with respect to p @ PV in B(RY) @ B(WJ").

Proof. Let II : R? x W x ng — R9x ngl be the canonical projection. Since
X (0) is Fp-measurable, hence P-independent of W, it follows that

P,oll™' =Po(X(0),W) ' =puePV.

Hence by the existence result on regular conditional distributions (cf.e.g.
[IW81, Corollary to Theorem 3.3 on p.15]), the existence of the family
K, ((z,w), dw;), € R w e WS, satisfying (i) and (ii) follows.

To prove (iii) it suffices to show that for ¢ € [0, c0[ and for all Ay € B(R?),
Ay € B[((W%), Ae B, (W) and

AI = {7Tr1 — Tt € Blw"vﬂ-rk — Tt € Bk}’

t<T1<...<7’k,Bl,...,BkEB(Rdl),
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/ / Lan (0) K (2, w), Ay) PY{dw)p(d)
Ao Jw

:/A /Wdl Lanar (w)Eugpw (K, (-, A1) |[BRY) @ By(Wi) P dw) u(dz),
0 (E.1.3)

since the system of all AN A’, A € B,(Wg"), A" as above generates B(W™).
But by part (ii) above, the left-hand side of (E.1.3) is equal to

/ Ly (&) Lanas () La, (w1) P (da duwsy du)
— [ L4 (X)L, (LWL (W) P (E.14)

- / Lao (X(0)) 14, (X)14 (W) Ep (Lo (W)|F,) dP.
But 14/(W) is P-independent of F;, since W is an (F;)-Wiener process on

(Q,F,P), so
Ep(la(W)|F) = Ep(1a/(W)).

Hence the right-hand side of (E.1.4) is equal to
PW(A')/1,40(3:)1,4(10)1,41(wl)PH(dxdwl dw)
=PV [ Kl a0 PYau)n(a
=PV ) [ [ B (0, ANIBRY & BUOWE) (0 0)
P¥{dw)p(dz)
[ [ Lana @ o (5, ADBRY @ BW)) (2, 0)
Ao Jwh

PMdw)u(dz),
since A’ is PW-independent of By (W¢"). O

For z € R? define a measure Q, on

(R x W x W x W, BRY) @ BW) @ BW) @ BW))

QI(A) - Ad /ng /Wd' /Wd 1A(Z,w1,w2’w)

K, ((z,w),dwy) K, ((z,w), dws) PMdw)s,(dz).

by
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Define the stochastic basis

Q:=RIx Wex W x W

= B(RY) & BW) @ BIV) & BV

Fi = () o(BRY) @ Brye(W?) @ Brye (W) © Brae (W), No),
e>0

where
N = {N € F*|Qu(N) = 0},
and define maps
My : Q@ — RY, (2, w1, wa, w) —
I : Q — W, (z, w1, wo, w) — w; € W, i=1,2,
;: Q — ng, (2, w1, we, w) —w € ng.

Then, obviously,
Q. oIyt =6, (E.1.5)
and

Quollz' =PV (=PoW™). (E.1.6)

Lemma E.1.11. There exists Ny € B(R?) with u(No) = 0 such that for all
x € N§ we have that T3 is an (FF)-Wiener process on (Q, F*,Q,) taking
values in R,

Proof. By definition Il3 is (.7}{“ )-adapted for every z € R Furthermore, for
0<s<t,yecRY and Ay € B(RY), A; € B(W%), i =1,2, Az € By(W),

[ B explit Ta(t) = () Lageay st ()

/R/ exp(i{y, w(t) — w(s)))1a, ()1, (w)
K, ((z,w), A1) K, ((z,w), Ag)PMdw) p(da)

= [ exmplity (o) - woNPdw) [ Qu(do x Ay x Az x Adulde),
W(;il R
where we used Lemma E.1.10(iii) in the last step. Now the assertion follows

by (E.1.6), a monotone class argument and the same reasoning as in the proof
of Proposition 2.1.13. O
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Lemma E.1.12. There exists Ny € B(R?), Ny C Ny, with u(Ny) = 0 such
that for all x € Ny, (II;,[3) and (Ily,1l3) with stochastic basis
(Q,F*, Qu, (FF)) are (weak) solutions of (E.1.1) such that

I1,(0) =15(0) =z Q-a-e.,
therefore, 111 = Iy @, -a.e.

Proof. For i = 1,2 consider the set 4; € F* defined by

Ai ::{Hi(t> — HZ(O) = /0 b(S,Hi) ds +A O'(S,Hi) ng(S)
for all ¢ € [0, oo[} A {IL;(0) = I, .

Define A € B(R%) ® B(W4) @ B(W") analogously with IT; replaced by the
canonical projection from R% x W% x VVOd1 onto the second and Iy, I3 by the
canonical projection onto the first and third coordinate respectively. Then by
Lemma E.1.10 (ii) for i = 1,2

//d/ / La, (2, w1, w2, w)
re Jwi Jwa Jwa

K, ((z,w), dwy) K, ((x, w), dwy) P dw)u(dz)
=P

w(A) = P({(X(0), X, W) € A}) = 1.

(E.1.7)

Since all measures in the left-hand side of (E.1.7) are probability measures, it
follows that for p-a.e. z € R¢

1= Qx(Az) = Qx(Ai,x)’

where for ¢ = 1,2

Apy = {Hi(t) = /Ot b(s, II;) ds + /Oto(s,l_[i) dlls(s), Vt € [o,oo[}!.

Hence the first assertion follows. The second then follows by the pathwise
uniqueness assumption in condition (ii) of the theorem. O

w

®P
Lemma E.1.13. There ezists a B(R9) ®B(W§1)M /B(W®)- measurable
map

F, R x Wi — we

such that
KM((J?,U}), ) = 6Fu(w,w)

(= Dirac measure on B(W®) with mass in F,(z,w))
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for n ® PW-ae (z,w) € R? x ng. Furthermore, F, s

@pP"
B(Rd)®l3’t(Wéh)M /B(W%)-measurable for all t € [0,00[, where
w

H@P
B(R?) ®Bt(W0dl) denotes the completion with respect to pu @ PV in
B(R?

RY) @ By (W).

Proof. By Lemma E.1.12 for all z € N{, we have
1= Q.({IIy =1l2})
— [ L] ot e (). dun) K (o), du) P,
wh Jwa Jwa

where D := {(wy,w;) € W¢ x We|w; € W?}. Hence by Lemma E.1.9 there
exists N € B(R?) @ B(W{") such that u® PV (N) = 0 and for all (z,w) € N¢
there exists F),(z,w) € W such that

K, ((z,w),dw) = 5FM(I@)(dw1).
Set F,(z,w) := 0, if (z,w) € N. Let A € B(W?). Then
{Fue A} =({F, € A}NN)U({Ku(-,A) =1} NN°)
and the measurability properties of F}, follow from Lemma E.1.10. O

Having defined the mapping F), let us check the conditions of Definition
E.1.5 and Definition E.1.6. We start with condition 2.

Lemma E.1.14. We have
X =F,(X(0),W) P-a.e.
Proof. By Lemmas E.1.10 and E.1.13 we have
PX = F.(X(0),W)})
z/ / / 1{wl:FH(m’w)}(a:,wl,w)5Fu(z,w)(dwl)PW(dw)u(dx)
R 1 W
=1.
O

Now let us check condition 1. Let W’ be another R% -valued standard (F})-
Wiener process on a stochastic basis (', F/, P/, (F/)) and ¢ : Q' — R? an
4/B(R%)-measurable map and p := P’ 0 (71, Let F, be as above and set

X' = F‘/L(E? W/)
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Lemma E.1.15. (X', W’) is a (weak) solution to (E.1.1) with X'(0) = ¢
P-a.s..

Proof. We have
P'({&=X"(0)}) = P'({¢ = FL(&, W)(0)})
= p® PV ({(z,w) € R x W[z = Fy(z,w)})
= P{X(0) = FL.(X(0), W)(0)}) = 1,

where we used Lemma E.1.14 in the last step.
To see that (X', W') is a (weak) solution we consider the set A € B(RY) ®
B(W4) @ B(W{") defined in the proof of Lemma E.1.12. We have to show that

P'{(X'(0), X"\ W') € A}) = 1.

But since X’(0) = & is P’-independent of W', we have

/ 14(X'(0), F(X'(0), W), W') AP’

o RICLACE R
Rd JWH

:/ /d/ La (2, w1, w)SF, (2,0 (dwr) PMdw) pu(dz)
Rd JWt Jwd

= / 1a(z, w1, w)P,(dz dw dw)

=P({(X(0),X,W) € A}) =1,
where we used E.1.10 and E.1.11 in the second to last step. O

To complete the proof we still have to construct F' € € and to check the
adaptiveness conditions on the corresponding mappings F),. Below we shall
apply what we have obtained above now also to J, replacing u. So, for each
r € R? we have a function Fs,. Now define

F(z,w) := Fj5,(z,w), z € RY, w e W (E.1.8)
The proof of Theorem E.1.8 is then completed by the following lemma.

Lemma E.1.16. Let p be a probability measure on (R%, B(RY)) and F,, :
R? x WOUI1 — W% as constructed in Lemma E.1.13. Then for u-a.e. x € R?

F(z,")=F,(z,-) P" —ae.

w
t € [0,00[, where B,(W*)  denotes the completion of B;(W™) with respect
to PV in B(W).

pW
Furthermore, F(z,-) is B{(W{") /By(W?)-measurable for all z € R
P
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Proof. Let ~
Q=R x W x W
F = B[R @ BW) @ BW)
and fix 2 € R?. Define a measure Q, on (Q, F) by

) = Z,W1,w Z, W w i w z
@y= [ [ [ 14w 0w de) P )

with K, as in Lemma E.1.10. Consider the stochastic basis (Q, 7%, Q,, (F¥))
where

x

F o= B(RY) @ BWd) @ BWS) ™
Fi= () o(BRY) @ Biye (W) @ Byye (W), No),

e>0

where A, := {N € ﬁx\ngN)_: O}_. As in the proof of Lemma E.1.12 one
shows that (IT,1I3) on (2, 7%, Q., (F{)) is a (weak) solution to (E.1.1) with
I1(0) = z Q,-a.e. Here

Iy : RY x W x VV(‘)i1 — R (2, wy,w) —
II:R% x W x VV(’)i1 — W (z,w1,w) — wy,
3 : R x W x ng Hng, (z, w1, w) — w.

By Lemma E.1.15 (Fjs, (x,1I3),113) on the stochastic basis (€, %, Q,, (F¥))
is a (weak) solution to (E.1.1) with

Fs, (z,115)(0) = z.
Hence by our pathwise uniqueness assumption (ii), it follows that
Fs (z,1I3) =11 Q.-a.s.. (E.1.9)
Hence for all A € B(R?) @ B(W?) @ B(W{") by Lemma E.1.13 and (E.1.9)

/ / /d La (@, w1, )6 F, (4,0 (dw1) P dw) p(dz)
R Jwd Jwt
— [ Qu(A)uda)
R4
- / / La (g, Fy, (1, T13), Tls) dQupu(d)
Rd JQ
- / / La(w, B, (2, w), w) PYdw)u(dx)
R J W

:/ /d/ IA(‘T’wl’w>§F51(w7w)(dw1)Pm/(dw)u(dz)7
R4 WO1 wd
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which implies the assertion.
Let z € R t € [0,00[, A € B;(W?), and define

Fgm = 1{z}><Wd1 F5I.

0

Then B
Fs, =F5, 0,9P" —ae,
hence
_ = 5, PV
{Fs, € A} € B(RY) @ B, (W) . (E.1.10)
But

{Fs, € A} = {a} x {Fs,(z,-) € A} U (R"\{z}) x {0 € A},
so by (E.1.10) it follows that

w

{Fs,(z,-) € A} € B,(Wg")



F. Strong, Mild and Weak
Solutions

This chapter is a short version of Chapter 2 in [FK01]. We only state the
results and refer to [FK01], [DPZ92] for the proofs.

As in previous chapters let (U, ||||y) and (H, ||||) be separable Hilbert spaces.
We take @ = I and fix a cylindrical Q-Wiener process W (t), t > 0,in U on a
probability space (Q, F, P) with a normal filtration F3, ¢t > 0. Moreover, we
fix T' > 0 and consider the following type of stochastic differential equations
in H:

dX(t) =[CX(t)+ F(X(¢))]dt + B(X(t)) dW(t), te€]l0,T], (F01)
X(0)=¢, N
where:

e C: D(C) — H is the infinitesimal generator of a Cy-semigroup S(t),
t > 0, of linear operators on H,

e F': H— H is B(H)/B(H)-measurable,
e B:H— L(U H),
e ¢ is a H-valued, Fy-measurable random variable.

Definition F.0.1 (mild solution). An H-valued predictable process X(t),
t €[0,T], is called a mild solution of problem (F.0.1) if

X(t) = S@)¢ +/0 S(t—s)F(X(s))ds
(F.0.2)

+/ S(t—s)B(X(s)) dW(s) P-as.
0

for each t € [0,T]. In particular, the appearing integrals have to be well-
defined.

Definition F.0.2 (analytically strong solutions). A D(C)-valued pre-
dictable process X(¢), ¢t € [0,7], (ie. (s,w) — X(s,w) is Pr/B(H)-
measurable) is called an analytically strong solution of problem (F.0.1) if

X(t) :f—l—/o CX(s)+ F(X(s)) ds—l—/o B(X(s))dW(s) P-as. (F.0.3)

133
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for each t € [0, T)]. In particular, the integrals on the right-hand side have to be
well-defined, that is, CX(t), F(X(t)), t € [0,T], are P-a.s. Bochner integrable
and B(X) S NW

Definition F.0.3 (analytically weak solution). An H-valued predictable

process X(t), t € [0,T], is called an analytically weak solution of problem
(F.0.1) if

(X(1),¢) = (6.0) + / (X(5),C*¢) + (F(X(5)),C) ds
0 (F.0.4)

+/ (¢, B(X(s))dW(s)) P-as.
0

foreach ¢t € [0,T] and ¢ € D(C*). Here (C*, D(C™)) is the adjoint of (C, D(C))
on H.

In particular, as in Definitions F.0.2 and F.0.1, the appearing integrals have
to be well-defined.

Proposition F.0.4 (analytically weak versus analytically strong so-
lutions).

(i) Every analytically strong solution of problem (F.0.1) is also an analyti-
cally weak solution.

(i) Let X(t), t € [0,T], be an analytically weak solution of problem (F.0.1)

with values in D(C) such that B(X (t)) takes values in Lo(U, H) for all
t € [0,T]. Besides we assume that

T
P (/0 ICX(t)] dt < oo> ~1
T
P (/O IF(X ()] dt < oo) —1
T
P (/0 IBEX ()R, dt < oo) ~ 1

Then the process is also an analytically strong solution.
Proposition F.0.5 (analytically weak versus mild solutions).

(i) Let X(t), t € [0,T], be an analytically weak solution of problem (F.0.1)
such that B(X(t)) takes values in Lo(U,H) for all t € [0,T]. Besides
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P</0T|X<t>||dt<oo> -1
(/ IF(X |dt<oo):1
(/ IBOX@)IE, dt<oo> -1

Then the process is also a mild solution.

we assume that

(it) Let X (t), t € [0,T], be a mild solution of problem (F.0.1) such that the
mappings

(t,w) /O S(t — $)F (X (s,w)) ds

(t,w) /0 S(t — $)B(X(s)) dW (s)(w)

have predictable versions. In addition, we require that
/||F N dt < o0)=1

[ B S BN 05 <

for all ¢ € D(C*).
Then the process is also an analytically weak solution.

Remark F.0.6. The precise relation of mild and analytically weak solutions
with the variational solutions from Definition 4.2.1 is obviously more difficult
to describe in general. We shall concentrate just on the following quite typical
special case:

Consider the situation of Subsection 4.2, but with A and B independent of t
and w. Assume that there exist a self-adjoint operator (C, D(C)) on H such
that —C > const. > 0 and F : H — H B(H)/B(H)-measurable such that

A(x) =C(x)+ F(z), z¢€V,
and )
V= D(-0)h).

equipped with the graph norm of (—C)%. Then it is easy to see that C' extends
to a continuous linear operator form V to V*, again denoted by C such that
forzeV,ye D(C)

v+ (Cz,y)y, = (x,Cy). (F.0.5)
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Now let X be a (variational) solution in the sense of Definition 4.2.1, then
it follows immediately from (F.0.5) that X is an analytically weak solution in
the sense of Definition F.0.3.
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