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Problem 

(Harvard Exam., Jan. 1965- Time: 3 hours) 

In what follows k denotes a field, and g a 3-dimensional Lie algebra over 
k, with basis {x,y,z} and relations: 

[x,y) = z, [x,z) = [y,z) = 0. 

The universal algebra U g of g is denoted by U. 

I 

1. Determine the center of g. Prove that g is nilpotent. 

2. Let A be the center of U. Show that z E A. If k is of characteristic p =!= 0, 
show that A also contains xP and yP, and that z, xP, yP are algebraically 
independent. 

3. Give an example of an analytic group (over some complete field k) having 
a Lie algebra isomorphic to g. 

II 
In this section V is a vector space over k, and I! : g -+ End(V) is a Lie 

algebra homomorphism (so that Vis a g-module). 

4. For any .X E k, let V.\ be the set of v E V such that e(z)v = .Xv. Show that 
v.\ is a g-submodule of v. 
5. Assume k algebraically closed, and V irreducible<•> of finite dimension. 
Show that there exists .X E k such that e( z) = .X, scalar multiplication by .X. 
Assume moreover that char( k) = 0; show that .X = 0 and classify all irreducible 
g-modules of finite dimension. 

6. We now take for V the vector space k[T] of polynomials in one indeterminate 
T. Show that there exists a structure of g-module on V such that, if P E k(T): 

e(x) · P = dP(T)fdT, e(y) · P = T · P(T), e(z) · P = P. 

Prove that Vis irreducible if char(k) = 0. 

(•) A g-module V is said to be irreducible if V :/= 0 and if the only g-submodules 
ofV are 0 and V. 
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III 
In this section, k is algebraically closed of char. p 'f= 0. 

7. Let V be the .9-module defined in question 6. Show that the s-submodules 
of V are of the form Vp = P(TP) · V, with P E k[T). Show that VfVp is 
irreducible if and only if deg(P) = 1. 

8. Let W be an irreducible s-module, and let ew : .9 -+ End(W) be the corre­
sponding homomorphism. Show that W is isomorphic to one of the modules 
VfVp defined above if and only if the following two conditions are satisfied: 
ew(z) = 1, and ew(x) is nilpotent. 

9. Let again w be an irreducible s-module of finite dimension, and assume 
dim(W) > 1. Show that dim(W) = p, that ew(z) is equal to a scalar .\ #= 0, 
that ew(x) has only one eigenvalue JJ, and that ew(y) has only one eigenvalue 
11. Show that, for any (.\,JJ,v) with,\ 'f= 0, there exists a corresponding W, 
and that it is unique, up to isomorphism. 

10. Prove that the center A of U is the polynomial algebra generated by z, xP, 
yP. If k' is an extension of _k, and <p : A -+ k' any homomorphism such that 
<p( z) 'f= 0, show that U ®A k' is a central simple algebra over k' of rank p2 • 

Prove that this remains true even if k is not algebraically closed. 

11. Prove that every irreducible s-module is finite-dimensional. 
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LLie Algebras and Lie Groups

p.23, line 16. Replace H2 = {x, y} by H2 = {xy}.
p.120, exercise 2 b). In the denominator of the formula, (i + j− k) should


