
Appendix A

Relative SNCD

Let f : X −→ S be a smooth morphism of schemes and let D be a relative
SNCD on X/S. Set U := X \ D and let j : U

⊂−→ X be the natural open
immersion. Set N(D) := OX ∩ j∗(O∗

U ) as in §2.1. In this appendix we prove
basic properties of D, M(D) and N(D):

(A) We determine the local behavior of the decomposition of D by smooth
components ((A.0.1)).

(B) We refine decompositions of D by smooth components as possible
((A.0.3), (A.0.7)).

(C) We prove the equality N(D) = M(D) if S is reduced at any point of
f(D) ((A.0.8) (1)).

(D) We show the inequality N(D) 
= M(D) if S is not reduced at f(x) for
a point x ∈ X ((A.0.8) (2)). In fact, we prove that the stalk (N(D)/O∗

X)x is
not finitely generated ((A.0.9)).

For a morphism Y −→ T of schemes, recall Div(Y/T )≥0 in §2.1. If T is
the spectrum of a commutative ring A with unit element, we often denote
Div(Y/T )≥0 simply by Div(Y/A)≥0 in this section. For a non-zero divisor
section y ∈ Γ (Y,OY ) such that Spec

Y
(OY /yOY ) is flat over T , we denote

by div(y) the effective Cartier divisor defined by the ideal sheaf yOY of OY .
Let us take a diagram (2.1.7.2) (with S0 replaced by S) and a point z in

V ⊆ X. Then, we may assume that z ∈
⋂s

i=1{yi = 0} by shrinking V and
replacing s if necessary. Henceforth we always assume that z ∈

⋂s
i=1{yi = 0}

when we take a diagram like (2.1.7.2) and a point z in V .
In (2.1.7), there is no relation a priori between a decomposition of D

by smooth components and the diagram (2.1.7.2). Though the uniqueness
of the decomposition does not necessarily hold, the local decomposition is
determined by the diagram (2.1.7.2):

Proposition A.0.1. Let f : (X,D) −→ S be as in the beginning of this
section. Let ∆ := {Dλ}λ∈Λ be a decomposition of D by smooth components.
Let z be a point of D and assume that we are given a cartesian diagram
(2.1.7.2) (with S0 replaced by S, such that z ∈

⋂s
i=1{yi = 0}). Then, by
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250 A Relative SNCD

shrinking V , for any 1 ≤ i ≤ s, there exists a unique element λi ∈ Λ satisfy-
ing Dλi

|V = div(yi) in Div(V/S)≥0.

Proof. Set B := OX,z and Xz := Spec(B). Let D1, . . . , Dm be the elements
in ∆ which contain z and let di (1 ≤ i ≤ m) be elements of B such that
Di ∩Xz = div(di). Then we have the following equality

(A.0.1.1)
m∑

i=1

div(di) =
s∑

i=1

div(yi)

in Div(Xz/S)≥0 by the diagram (2.1.7.2). We have to prove that s = m and
that yiB = diB (1 ≤ i ≤ s) up to some renumbering of the indexes.

Case I: First consider the case S = Spec(κ), where κ is a field.
In this case, B is a regular local ring. By Auslander-Buchsbaum’s theorem

[63, §19, Theorem 48], B is a UFD. Since ODi,z = B/diB is also a regular
local ring, the ideal diB of B is prime. Since yi 
∈ B∗ (1 ≤ i ≤ s) (because
z ∈

⋂s
i=1{yi = 0}), the ideal yiB of B is also prime. Since B is a UFD, the

equality (A.0.1.1) implies the equalities s = m and diB = yiB (1 ≤ i ≤ s) up
to some renumbering of the indexes. This completes the proof in the Case I.

Case II: Next consider the case S = Spec(A), where A is an integral
domain.

Set K := Frac(A) and let η be the generic point of S. For a scheme
T over S, set Tη := T ×S η. Set BK := B ⊗A K and for a point w in
Xz,η := Spec(BK), denote by (BK)w the localization of BK at the prime
ideal corresponding to w. Then Spec((BK)w) is nothing but the localization
of Xη at w, where we identify w with its image in Xη.

Fix an index i (1 ≤ i ≤ m) for the moment. Since Di ∩Xz is flat over S,
there exists a point w ∈ Di ∩Xz such that w is sent to η by the structural
morphism Xz −→ S (Indeed, we may assume that S is local; in this case the
morphism Di ∩Xz −→ S is faithfully flat.). Then w ∈ Di,η. By the result in
the Case I, there exists an index j (1 ≤ j ≤ s) such that

(A.0.1.2) di(BK)w = yj(BK)w.

Denote by ϕ the composite morphism B −→ BK −→ (BK)w and by ϕ
the induced morphism B/yjB −→ (BK)w/yj(BK)w by ϕ. Then ϕ is flat.
Consider the following commutative diagram

(A.0.1.3)

0 −−−−→ B
yj×−−−−→ B −−−−→ B/yjB −−−−→ 0

ϕ

⏐⏐� ϕ

⏐⏐� ϕ

⏐⏐�
0 −−−−→ (BK)w

yj×−−−−→ (BK)w −−−−→ (BK)w/yj(BK)w −−−−→ 0.
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Because the upper horizontal sequence in (A.0.1.3) is exact and because ϕ is
flat, the lower horizontal sequence is also exact. The morphisms B −→ BK

and B/yjB −→ BK/yjBK are injective. Because BK and BK/yjBK are
regular, they are integral domains. Hence the morphisms BK −→ (BK)w and
BK/yjB −→ (BK)w/yj(BK)w are also injective. Thus the vertical morphisms
in the diagram (A.0.1.3) are injective. By an easy diagram-chasing, we have
an equality yjB = ϕ−1(yj(BK)w). Similarly we have an equality diB =
ϕ−1(di(BK)w). Hence diB = yjB by (A.0.1.2).

For each i (1 ≤ i ≤ m), we may take j(i) with 1 ≤ j(i) ≤ m such that
diB = yj(i)B. Then we obtain the following equality

s∑
j=1

div(yj) =
m∑

i=1

div(yj(i)) in Div(Xz/S)≥0.

Set Y :=
⋂m

i=1 div(yj(i)) ⊂ Xz. Since z is contained in Y and since Y is flat
over S, there exists a point w ∈ Y such that w is sent to η by the structural
morphism Xz −→ S. Hence w ∈ Yη. If we define (BK)w as before, we have the
equality

∑s
j=1 div(yj) =

∑m
i=1 div(yj(i)) in Div(Spec((BK)w)/K)≥0. Since

(BK)w is a UFD and since yj 
∈ (BK)∗w (1 ≤ j ≤ m), we obtain s = m and
div(di) = div(yi) up to some renumbering of the indexes.

Case III: Next consider the case where S is a noetherian scheme.
Let t be the image of z by f . Then we may assume that S is the spectrum

of a noetherian local ring A with closed point t. Let m be the maximal ideal
of A. Let p be a prime ideal of A. By the result in the Case II, we have
s = m and di(B/pB) = yi(B/pB) (1 ≤ i ≤ s) up to some renumbering of the
indexes. Note that the correspondence di ↔ yi is independent of the choice
of p. Indeed, di(B/pB) = yi(B/pB) implies di(B/mB) = yi(B/mB), and
hence yi is uniquely determined by the result in the Case I.

Now let ψ : B −→ B/pB be the projection and by ψ the induced morphism
B/yiB −→ (B/pB)/yi(B/pB) by ψ. Consider the following diagram

(A.0.1.4)
0 −−−−→ B

yi×−−−−→ B −−−−→ B/yiB −−−−→ 0

ψ

⏐⏐� ψ

⏐⏐� ψ

⏐⏐�
0 −−−−→ B/pB

yi×−−−−→ B/pB −−−−→ (B/pB)/yi(B/pB) −−−−→ 0.

Since yi is a non-zero divisor in B and in B/pB, the horizontal sequences
are exact. Because Ker(ψ) = (pB + yiB)/yiB, an easy diagram-chasing
gives an equality ψ−1(yi(B/pB)) = yiB + pB. Similarly we have an equality
ψ−1(di(B/pB)) = diB+pB, and hence we have an inclusion diB ⊂ yiB+pB,
that is,

(A.0.1.5) di(B/yiB) ⊂ p(B/yiB)
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for any 1 ≤ i ≤ s and for any prime ideal p of A. Let n be the nilpotent radical
of A and let n =

⋂q
k=1 pk (q ∈ Z>0) be the primary decomposition of n, where

pk is a prime ideal of A. Then, by (A.0.1.5) for p = pk (1 ≤ k ≤ q), we obtain
di(B/yiB) ⊂

⋂q
k=1 pk(B/yiB) = n(B/yiB), where the last equality follows

from the flatness of B/yiB over A. Hence we obtain diB ⊂ yiB + nB for
1 ≤ i ≤ s.

Now we prove the inclusion diB ⊂ yiB (1 ≤ i ≤ s). To prove this, it
suffices to prove the inclusion diB ⊂ yiB + neB (1 ≤ i ≤ s) for any positive
integer e since ne = 0 for some e. We prove this inclusion by induction on e.
We have already proved the inclusion for the case e = 1. Assume that we
have the inclusion diB ⊂ yiB +neB (1 ≤ i ≤ s) for a positive integer e. Then
there exists an element ui (resp. εi) of B (resp. neB) such that di = uiyi + εi.
By the diagram (2.1.7.2), we have

(A.0.1.6) (
s∏

i=1

yi)B = (
s∏

i=1

di)B = (
s∏

i=1

(uiyi + εi))B.

By reducing the equality (A.0.1.6) modulo n, we obtain

(
s∏

i=1

yi)(B/nB) = (
s∏

i=1

ui)(
s∏

i=1

yi)(B/nB).

Since
∏s

i=1 yi is a non-zero divisor in B/nB, each ui is invertible in B/nB,
and hence so is in B. Replacing di by u−1

i di, we may assume that ui = 1 for
any i. Fix an index i0 (1 ≤ i0 ≤ s) and consider the equation (A.0.1.6) (with
ui = 1) modulo yi0B +ne+1B. Then we see that εi0

∏
i�=i0

yi ∈ yi0B +ne+1B.
Because the following diagram

(A.0.1.7)

B/ne+1
(
∏

i�=i0
yi)×

−−−−−−−−→ B/ne+1

yi0×
⏐⏐� ⏐⏐�yi0×

B/ne+1
(
∏

i�=i0
yi)×

−−−−−−−−→ B/ne+1

is cartesian (because B/ne+1B is flat over (A/ne+1)[y1, . . . , yd]), εi0 ∈ yi0B +
ne+1B. Hence, for any i (1 ≤ i ≤ s), εi ∈ yiB + ne+1B and consequently
di ∈ yiB + ne+1B. Therefore we obtain the inclusion diB ⊂ yiB + ne+1B,
in fact, the inclusion diB ⊂ yiB. By the last inclusion and the equality
(
∏s

i=1 di)B = (
∏s

i=1 yi)B, we can easily deduce the equality diB = yiB. We
complete the proof in the Case III.

Case IV: Finally we prove the proposition in the general case. By shrinking
V , the structural morphism V −→ S fits into the following cartesian diagram
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V −−−−→ V⏐⏐� ⏐⏐�
S −−−−→ S

satisfying the following conditions:
(1) S is a noetherian scheme and V −→ S is smooth.
(2) There exists an effective Cartier divisor Di = div(di) (1 ≤ i ≤ m) on

V which is smooth over S satisfying Di ×S S = Di|V . Set D :=
∑m

i=1 Di.
(3) There exists a cartesian diagram

D
⊂−−−−→ V⏐⏐� ⏐⏐�g

Spec
S
(OS [y1, . . . , yd]/(y1 · · · ys)) −−−−→ Spec

S
(OS [y1, . . . , yd]),

over S which is compatible with the diagram (2.1.7.2), where g is an etale
morphism. Let z be the image of z in V . Then, by the result in the Case III
to (V ,D), s = m and div(di) = div(yi) (1 ≤ i ≤ s) in Div(Spec(OV ,z)/S) up
to some renumbering of the indexes. Then div(di) = div(yi) (1 ≤ i ≤ s) in
Div(Xz/S). This equality completes the proof of the proposition. ��

To study the global behavior of decompositions of a relative SNCD
by smooth components, we introduce the notion of the refinement of a
decomposition by smooth components.

Definition A.0.2. (1) Let f : (X,D) −→ S be as in the beginning of this
section and let ∆ := {Dλ}λ∈Λ and ∆′ := {D′

σ}σ∈Σ be decompositions of
D by smooth components. Then we say that ∆′ is a refinement of ∆ if, for
any λ ∈ Λ, there exists a subset Σλ of Σ with Σ =

∐
λ∈Λ Σλ such that

Dλ =
∑

σ∈Σλ
D′

σ.
(2) We say that a closed and open set of a topological space is clopen.

If X is locally noetherian as a topological space, we can prove the existence
of the finest (hence canonical) decomposition of a relative SNCD by smooth
components:

Proposition A.0.3. Let f : (X,D) −→ S be as in the beginning of this sec-
tion. If X is locally noetherian as a topological space, then there exists a
unique decomposition of D by smooth components which is a refinement of
any decomposition of D by smooth components.

Proof. Let T be a locally noetherian topological space and let T =
⋃

i∈I Ti

(Ti ∩ Tj = ∅ for i 
= j) be the decomposition into the connected components
of T . Then we claim that Ti is open. Let O be any noetherian open subset
of T . Set I ′ := {i ∈ I | O ∩ Ti 
= ∅}. Then O =

⋃
i∈I′(O ∩ Ti). We claim that

I ′ is finite. Indeed, if not, we have a union O = O1∪· · ·∪Or (r ∈ Z>0) of the
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irreducible components of O since O is noetherian. Then there exist a positive
integer s (s ≤ r) and i 
= i′ (i, i′ ∈ I ′) such that Os∩Ti 
= ∅ and Os∩Ti′ 
= ∅.
Since Os is irreducible, Os is connected. Hence Os∪Ti∪Ti′ is also connected.
However, this union contains both Ti and Ti′ ; this contradicts the definition
of Ti. Thus we see that I ′ is finite and that Ti∩O = O\(

⋃
i′∈I′\{i} Ti′) is open

in T . Now we see that Ti is open since T is locally noetherian. In conclusion,
the disjoint sum T =

⋃
i∈I Ti is the disjoint sum of clopen subspaces of T .

Take a decomposition ∆ = {Dλ}λ∈Λ of D by smooth components and
let Dλ =

⋃
σ∈Σλ

Dλ,σ be the decomposition of Dλ into the connected com-
ponents. Since X is locally noetherian, so is Dλ. Hence, by the previous
paragraph, we have the decomposition Dλ =

∐
σ∈Σλ

Dλ,σ into clopen sub-
schemes. In particular, each Dλ,σ is smooth over S and we have an equality
Dλ =

∑
σ∈Σλ

Dλ,σ in Div(X/S)≥0. Therefore ∆0 := {Dλ,σ}λ∈Λ,σ∈Σλ
is a

refinement of ∆.
We say that a decomposition of D by smooth components is very fine if

each member of the decomposition is connected as a topological space.
It is clear that ∆0 is very fine. Hence we have shown that any decompo-

sition of D by smooth components admits a refinement by a very fine one.
To prove (A.0.3), it suffices to prove that there exists only one very fine
decomposition of D by smooth components.

Let ∆ = {Dλ}λ∈Λ and ∆′ = {D′
λ′}λ′∈Λ′ be very fine decompositions of D

by smooth components. Fix an index λ ∈ Λ. For each point z in Dλ, take an
open neighborhood Uz of z in X such that ∆Uz

= ∆′
Uz

((A.0.1)). Then there
exists a unique λ′(λ, z) ∈ Λ′ such that Dλ ∩ Uz = D′

λ′(λ,z) ∩ Uz.
We claim that λ′(λ, z) does not depend on z. Let V be a subset of Dλ

defined as follows:

V :=
{

w ∈ Dλ

∣∣∣∣∃ sequence of points z = z0, z1, . . . , zn = w in Dλ

satisfying Dλ ∩ Uzj
∩ Uzj+1 
= ∅ (0 ≤ j ≤ n− 1)

}
.

Then, if w is a point of V , Dλ ∩ Uw is contained in V ; V is an open set
of Dλ. On the other hand, if w ∈ Dλ is not contained in V , the points in
Uw are not contained in V ; V is a closed set of Dλ. Since Dλ is connected
and V is non-empty (since z ∈ V ), Dλ = V . Let w be a point of Dλ. Then
there exists a sequence of points z = z0, z1, . . . , zn = w in Dλ satisfying
Dλ ∩ Uzj

∩ Uzj+1 
= ∅ for all 0 ≤ j ≤ n− 1. Since Dλ ∩ Uzj
= D′

λ′(λ,zj)
∩ Uzj

and Dλ ∩ Uzj+1 = D′
λ′(λ,zj+1)

∩ Uzj+1 ,

Dλ ∩ Uzj
∩ Uzj+1 = D′

λ′(λ,zj)
∩ Uzj

∩ Uzj+1 = D′
λ′(λ,zj+1)

∩ Uzj
∩ Uzj+1 .

This implies the equality λ′(λ, zj) = λ′(λ, zj+1) since Uzj
∩Uzj+1 is non-empty

and that ∆Uzj
∩Uzj+1

= ∆′
Uzj

∩Uzj+1
. Hence we have

λ′(λ, z) = λ′(λ, z0) = · · · = λ′(λ, zn) = λ′(λ,w).
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Thus we have proved the claim. We denote this index by λ′(λ). Then we have

Dλ =
⋃

z∈Dλ

(Dλ ∩ Uz) =
⋃

z∈Dλ

(D′
λ′(λ) ∩ Uz) ⊂ D′

λ′(λ),

and we see that Dλ is an open subscheme of D′
λ′(λ). On the other hand, Dλ is

a closed subscheme of D′
λ′(λ) since it is closed in X. Since D′

λ′(λ) is connected,
Dλ = D′

λ′(λ).
It is clear that the map λ 
→ λ′(λ) is injective. This fact and the equality∑
λ∈Λ Dλ = D =

∑
λ′∈Λ′ D′

λ′ imply the bijectivity of the correspondence
λ 
→ λ′(λ). ��

In the case where X is not locally noetherian as a topological space, there
exists an example of a relative SNCD which does not have the finest decom-
position by smooth components:

Example A.0.4. Let k be a field and let A :=
∏

n∈N k be the countable product
of k. Set S := Spec(A), X := Spec(A[x]) and let D be a relative SNCD on X
over S defined by the ideal (x) ⊂ A[x]. Then D

∼−→ S. Let ∆ := {Dλ}λ∈Λ

be any decomposition of D by smooth components. Then each Dλ is closed
in D and it is open in D because the composite morphism Dλ

⊂−→ D
∼−→ S

is smooth. Since Dλ is closed in D � Spec(A), Dλ is quasi-compact.
For a subset T of N, define eT := (eT,n)n∈N ∈ A by eT,n = 1 (resp. 0) if

n ∈ T (resp. n /∈ T ). Then the sets UT := {p ∈ Spec(A) | eT /∈ p} (T ⊂ N)
forms an open basis of Spec(A)(= S � D). It is easy to see that, for a
finite number of subsets T1, T2, . . . , Tl of N, we have

⋃l
i=1 UTi

= U⋃l
i=1 Ti

; if
T1 ∩ T2 = ∅, then UT1 ∩ UT2 = ∅.

Because Dλ is open in D and quasi-compact, Dλ is a union of a finite
numbers of open sets of the form UT . By the fact in the previous paragraph,
Dλ

∼−→ UTλ
for a non-empty subset Tλ of N.

If � Tλ = 1 (∀λ ∈ Λ), then we can deduce an equality Spec(A) =⋃
n∈N U{n}. However, a maximal ideal of A containing the ideal

{(xn)n∈N ∈ A | xn = 0 for except finite numbers of n’s}

does not belong to
⋃

n∈N U{n} and it is a contradiction. Thus, for some λ ∈ Λ,
the cardinality of Tλ is greater than 1. Then we have a disjoint sum Tλ =
T ′ ∐ T ′′ of Tλ with T ′ 
= ∅ and T ′′ 
= ∅. Hence we have a refinement of ∆ by
factorizing Dλ as Dλ = UT ′ + UT ′′ . Thus ∆ is not the finest decomposition.
Hence, in this case, there does not exist the finest decomposition of D by
smooth components.

As we have seen in the above, we cannot have the finest decomposition of
D in general. However, we can prove that any two decompositions admit a
common refinement in the following way.
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Let ≤ be a partial order in Div(X/S)≥0 such that E1 ≤ E2 if and only if
there exists an effective Cartier divisor F on X over S such that E2 = E1+F .
Then we have the following lemma:

Lemma A.0.5. Let f : X −→ S be as in the beginning of this section and let
∆ = {Dλ}λ∈Λ be a family of smooth effective Cartier divisors on X/S. For
nonnegative integers n1,λ and n2,λ (λ ∈ Λ),

∑
λ∈Λ n1,λDλ ≤

∑
λ∈Λ n2,λDλ if

and only if n1,λ ≤ n2,λ for all λ ∈ Λ.

Proof. It suffices to prove the ‘only if’ part. For a point t ∈ S and for a
scheme T over S, set Tt := T ×S t. Then

∑
λ∈Λt

n1,λDλ,t ≤
∑

λ∈Λt
n2,λDλ,t,

where Λt := {λ ∈ Λ | Dλ,t 
= ∅}. Since the assertion is well-known in the case
where S is the spectrum of a field, n1,λ ≤ n2,λ for λ ∈ Λt. Since any λ ∈ Λ
belongs to Λt for some point t ∈ S, n1,λ ≤ n2,λ for all λ ∈ Λ. ��

Using (A.0.5), we define the operation ∧ for the elements in DivD(X/S)≥0

as follows:

Proposition A.0.6. Let the notations be as above. Then the following hold:
(1) For two elements E1 and E2 in DivD(X/S)≥0, there exists a unique

element E1 ∧ E2 ∈ DivD(X/S)≥0 satisfying the following equality:

E1 ∧ E2 = max{F ∈ DivD(X/S)≥0 | F ≤ E1 and F ≤ E2}.

(2) Let E and F be elements in DivD(X/S)≥0. If E is smooth over S,
then E ∧ F is clopen in E. In particular, E ∧ F is smooth over S.

(3) Let E be an element in DivD(X/S)≥0. Let {Fσ}σ∈Σ be a family of
elements in DivD(X/S)≥0 of locally finite intersection such that Fσ∧Fσ′ = 0
for any σ, σ′ ∈ Σ with σ 
= σ′. Then

E ∧ (
∑
σ∈Σ

Fσ) =
∑
σ∈Σ

(E ∧ Fσ).

Proof. (1): Take a decomposition {Dλ}λ∈Λ of D by smooth components.
Then, by the definition of DivD(X/S)≥0, there exists an open covering X =⋃

j∈J Xj of X such that Ei|Xj
=

∑
λ∈ΛXj

ni,j,λ(Dλ|Xj
) (i = 1, 2) for some

nonnegative integers ni,j,λ, where ΛXj
is the set {λ ∈ Λ | Dλ|Xj


= ∅}. Define
Fj ∈ DivD|Xj

(Xj/S)≥0 by Fj :=
∑

λ∈ΛXj
min{n1,j,λ, n2,j,λ}(Dλ|Xj

). Then it
is easy to see (by using (A.0.5)) that Fj ≤ Ei|Xj

(i = 1, 2) and that Fj is the
maximum element among the elements F ’s in DivD|Xj

(Xj/S)≥0 satisfying
F ≤ Ei|Xj

(i = 1, 2). By using this characterization, one can see that there
exists a unique element F ∈ DivD(X/S)≥0 such that F |Xj

= Fj for any
j ∈ J . Set E1 ∧ E2 := F . Then E1 ∧ E2 satisfies the equality in (1).

(2): Since E∧F is closed in E, it suffices to prove that E∧F is open in E.
Since the problem is local, we may assume that F =

∑
λ∈Λ nλDλ (nλ ∈ N).

Moreover, we may assume, by the smoothness of E, that there exists an
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element λ0 ∈ Λ satisfying E = Dλ0 . Then, E ∧ F = E (resp. 0) if nλ0 ≥ 1
(resp. nλ0 = 0). In both cases, E ∧ F is open in E.

(3): Since the problem is local, we may assume that Σ is a finite set and
that

E =
∑
λ∈Λ

nλDλ, Fσ =
∑

λ∈Λσ

mσ,λDλ,

where nλ,mσ,λ are nonnegative integers and Λσ is a subset of Λ satisfying
Λσ ∩ Λσ′ = ∅ for σ 
= σ′. Then

E ∧ (
∑
σ∈Σ

Fσ) =
∑
σ∈Σ

∑
λ∈Λσ

min{nλ,mσ,λ}Dλ =
∑
σ∈Σ

(E ∧ Fσ).

��

Using (A.0.6), we can prove that any two decompositions of a relative
SNCD by smooth components have a common refinement:

Proposition A.0.7. Let f : (X,D) −→ S be as in the beginning of this
section. Let ∆ = {Dλ}λ∈Λ and ∆′ = {D′

λ′}λ′∈Λ′ be two decompositions of D
by smooth components. Then there exists a decomposition ∆′′ of D by smooth
components which is a refinement of ∆ and ∆′.

Proof. By (A.0.6), Dλ ∧D′
λ′ is smooth over S (possibly empty) and we have

the following equalities

Dλ =
∑

λ′∈Λ′,Dλ∧D′
λ′ �=0

Dλ ∧D′
λ′ , D′

λ′ =
∑

λ∈Λ,Dλ∧D′
λ′ �=0

Dλ ∧D′
λ′ .

Set Λ′′ := {(λ, λ′) ∈ Λ× Λ′ | Dλ ∧D′
λ′ 
= 0}. Then it is easy to see from the

above equalities that ∆′′ := {Dλ ∧D′
λ′}(λ,λ′)∈Λ′′ has a desired property. ��

Lastly we discuss log structures on X associated to D. Though we always
consider log structures in the Zariski topos of X, (A.0.8) and (A.0.9) below
remain valid if we consider log structures in the etale topos of X.

By (2.1.9), (X,M(D)) is a fine log scheme; in fact, it is log smooth over S.
Let us recall N(D) := OX ∩ j∗(O∗

U ) with structural morphism N(D) ⊂−→
OX . From the local expression of M(D) given in (2.1.9), there exists a natural
inclusion M(D) ⊂−→ N(D). Both M(D) and N(D) have U as the maximal
open subscheme where they are trivial. By [55, (8.2), (11.6)], they coincide in
the case where S is regular. However we prove M(D) � N(D) in general, in
fact, we give an equivalent condition for the equality M(D) = N(D) ((A.0.8)
below) and show that N(D) is not a fine log structure in general ((A.0.9)
below):

Proposition A.0.8. Let f : (X,D) −→ S be in the beginning of this section.
Then the following hold:

(1) If S is reduced at the points of f(D), then M(D) = N(D).
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(2) If S is not reduced at some point of f(D), then M(D) 
= N(D).
Consequently, the log structures M(D) and N(D) coincide if and only if

S is reduced at the points of f(D).

Proof. Let z be a point of X. Set B := OX,z and Xz := Spec(B). Take an
open neighborhood V of z which admits the diagram (2.1.7.2).

(1): It suffices to prove the surjectivity of the homomorphism M(D) ⊂−→
N(D). To prove this, we may work locally. By (2.1.9), it suffices to prove
Γ(Xz, N(D)) = B∗yN

1 · · · yN
s . Here we denote the pull-back of N(D) to Xz by

the same symbol. We may assume that S is noetherian because we can reduce
the general case to the noetherian case by the well-known technique similar
to that of Case IV in the proof of (A.0.1). Furthermore, we may assume that
S is the spectrum of a noetherian local ring A and that t = f(z) is the closed
point of S. By the assumption, A is reduced.

Let g be an element of Γ(Xz, N(D)) = B ∩ B[(y1 · · · ys)−1]∗. Because yi

is a non-zero divisor of B (1 ≤ i ≤ s), there exist an element h ∈ B and a
nonnegative integer a satisfying gh = (y1 · · · ys)a in B.

For a prime ideal p of A, consider the equation gh = (y1 · · · ys)a in the
ring B/pB. Then, since yi(B/pB)’s (1 ≤ i ≤ s) are different prime ideals of
an integral domain B/pB, there exist unique integers bp,i (1 ≤ i ≤ s) with
0 ≤ bp,i ≤ a satisfying g ∈ y

bp,i

i B + pB and h ∈ y
a−bp,i

i B + pB for any prime
ideal p of A. Let m be the maximal ideal of A. Then g ∈ y

bp,i

i B+mB and h ∈
y

a−bp,i

i B + mB. By the uniqueness of bm,i, we can conclude that bp,i is inde-
pendent of p. Set bi := bp,i. Then g ∈

⋂
p∈Spec(A)(y

bi
i B+pB). Because B/ybi

i B

is flat over A and because A is a reduced noetherian ring,
⋂

p∈Spec(A)(y
bi
i B +

pB) is equal to ybi
i B. Because B is flat over A[y1, . . . , ys],

⋂s
i=1(y

bi
i B) =

(
∏s

i=1 ybi
i )B. Hence g ∈ (

∏s
i=1 ybi

i )B. Similarly, h ∈ (
∏s

i=1 ya−bi
i )B. Define

g′ := g/(
∏s

i=1 ybi
i ) and h′ := h/(

∏s
i=1 ya−bi

i ). Then g′h′ = 1. Consequently
Γ(Xz, N(D)) = B∗yN

1 · · · yN
s .

(2): Let t be a point of f(D) where S is not reduced at t. To prove (2),
we may assume that S is the spectrum of a nonreduced local ring A with the
closed point t. Denote by m the maximal ideal of A and by κ the residue field
A/m.

Consider a point z in Dt such that D is smooth at z. Then there
exists an open neighborhood V of z which admits the cartesian diagram
(2.1.7.2) for the case where s = 1, S0 = S = Spec(A) and g(z) is equal
to the maximal ideal mA[y1, . . . , yd] + (y1, . . . , yd). The induced morphism
g∗ : A[y1, . . . , yd] −→ B by g is ind-etale. In the following, we denote the
image g∗(a) of an element a ∈ A[y1, . . . , yd] by a by abuse of notation.

To prove (2), it suffices to prove that Γ(Xz, N(D)) 
= B∗yN
1 . Set y := y1

for simplicity of notation. Take an element ε of A satisfying ε 
= 0 but ε2 = 0.
Then we have (y + ε)(y − ε) = y2 in B. Hence y + ε ∈ Γ(Xz, N(D)). Assume
that y + ε ∈ B∗yN. Then there exists a nonnegative integer n and an element
u ∈ B∗ such that
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(A.0.8.1) y + ε = uyn.

Apply the projection B −→ B/(y) = OD,z to the equality (A.0.8.1). If n = 0,
ε = u in B/(y); this is a contradiction. If n ≥ 1, ε = 0 in B/(y); this
contradicts the choice of ε since the natural ring homomorphism A −→ B/(y)
is faithfully flat. In conclusion, y + ε ∈ Γ(Xz, N(D)) does not belong to
Γ(Xz,M(D)). ��

Proposition A.0.9. Let the notations be as in the proof of (A.0.8) above.
Then Γ(Xz, N(D))/O∗

X,z is not a finitely generated monoid.

Proof. Keep the notation in the proof of (A.0.8) (2). Assume that
Γ(Xz, N(D))/B∗ were finitely generated. Since (yn + ε)(yn − ε) = y2n

(n ∈ Z>0), yn + ε is an element in Γ(Xz, N(D)). Fix a surjective homomor-
phism ϕ : Nr −→ Γ(Xz, N(D))/B∗ of monoids for some r and for each posi-
tive integer n, take an element hn ∈ Nr satisfying ϕ(hn) = yn +ε. Then there
exist elements an ∈ Q (1 ≤ n ≤ r + 1) with (a1, a2, . . . , ar+1) 
= (0, 0, . . . , 0)
such that

∑r+1
n=1 anhn = 0 in Qr. By multiplying an’s by some integers, we

may assume that an’s are integers with gcd{ai | ai 
= 0, (1 ≤ i ≤ r + 1)} = 1.
Set

{n | 1 ≤ n ≤ r + 1, an > 0} =: {n1, n2, . . . , nq},
{n | 1 ≤ n ≤ r + 1, an < 0} =: {nq+1, nq+2, . . . , nq+s},

mi :=
{

ani
, (1 ≤ i ≤ q),

−ani
, (q + 1 ≤ i ≤ q + s).

Then we obtain the equality
∑q

i=1 mihni
=

∑q+s
i=q+1 mihni

in Nr. By applying
ϕ to this equality, we see that there exists an element v ∈ B∗ such that

(A.0.9.1) v

q∏
i=1

(yni + ε)mi =
q+s∏

i=q+1

(yni + ε)mi

in B.
Define integers P and Q by P :=

∑q
i=1 mini and Q :=

∑q+s
i=q+1 mini,

respectively. Since ε2 = 0, we obtain the following equality

(A.0.9.2) v{yP + (
q∑

i=1

miy
P−ni)ε} = yQ + (

q+s∑
i=q+1

miy
Q−ni)ε.

Let κ[y]loc be the localization of the polynomial ring κ[y] at the prime ideal
(y). Let β′ be the composite morphism A[y, y2, . . . , yd] −→ κ[y] −→ κ[y]loc,
where the first homomorphism sends a ∈ A (resp. y, yi (2 ≤ i ≤ d)) to
a mod m (resp. y,0) and the second homomorphism is the localization. Then
the ring C := B ⊗A[y,y2,...,yd],β′ κ[y]loc is a local ring which is ind-etale over
κ[y]loc. Hence C is a discrete valuation ring with uniformizer y. Denote the
natural homomorphism B −→ C by β and apply β to the equality (A.0.9.2).
Then we obtain P = Q since β(v) ∈ C∗. Hence we obtain the equality
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(A.0.9.3) v{yP + (
q∑

i=1

miy
P−ni)ε} = yP + (

q+s∑
i=q+1

miy
P−ni)ε.

Let p ≥ 0 be the characteristic of κ. For a positive integer L, let (C)L be
the claim that mi is a multiple of p for i’s with ni ≥ L. We prove that (C)L

holds for any L by descending induction. If L > ni for any 1 ≤ i ≤ q+s, (C)L

obviously holds. Assume that (C)L+1 is true. Then, if there is no integer i with
ni = L, (C)L obviously holds since (C)L is equivalent to (C)L+1. Assume that
there exists an integer i0 with ni0 = L. We may assume that 1 ≤ i0 ≤ q. Let
γ′ be the homomorphism A[y, y2, . . . , yd] −→ (A/pεA)[y]/(yP−L+1) which
sends a ∈ A (resp. y, yi (2 ≤ i ≤ d)) to the class of a (resp. y, 0). Then the
ring R := B⊗A[y,y2,...,yd],γ′ (A/pεA)[y]/(yP−L+1) is a local ring which is ind-
etale over the local ring (A/pεA)[y]/(yP−L+1). Denote the homomorphism
B −→ R by γ and apply γ to the equality (A.0.9.3). Then we obtain an
equality mi0y

P−Lε = 0 in R by the induction hypothesis. Since R is faithfully
flat over (A/pεA)[y]/(yP−L+1), the equality mi0y

P−Lε = 0 in R implies that
in (A/pεA)[y]/(yP−L+1). Hence we have mi0ε = 0 in A/pεA. This implies
that there exists an element a ∈ A such that (mi0−pa)ε = 0 in A. Hence mi0

is equal to the zero in κ, and consequently mi0 is a multiple of p. Therefore
the claim (C)L holds. Now, by the descending induction, (C)1 holds and all
mi’s (1 ≤ i ≤ r) are multiples of p. This contradicts gcd{mi | mi 
= 0, (1 ≤
i ≤ r)} = 1. In conclusion, Γ(Xz, N(D))/O∗

X,z is not a finitely generated
monoid. ��

The proposition (A.0.9) tells us that N(D) is far from nice in general. This
is the reason why we have considered only M(D) in the text.
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C. R. Acad. Sci. Paris Sér. I, Math. 297, (1983), 179–182.
35. Guillén, F., Navarro Aznar, V.: Sur le théorème local des cycles invariants. Duke
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ture Notes in Math. 225, Springer-Verlag, (1971).

44. Hartshorne, R.: Residues and duality. Lecture Notes in Math. 20, Springer-Verlag,
(1966).

45. Hartshorne, R.: Algebraic geometry. Graduate Texts in Math. 52, Springer-Verlag,
(1977).

46. Hyodo, O., Kato, K.: Semi-stable reduction and crystalline cohomology with loga-
rithmic poles. Périodes p-adiques (Bures-sur-Yvette, 1988). Astérisque 223, (1994),
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IHÉS Publ. Math. 57, (1983), 73–212.

53. Kato, F.: Log smooth deformation theory. Tôhoku Math. J. 48, (1996), 317–354.
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