
Appendix 

Al Fractional powers of nonnegative operators 

Let A be a nonnegative operator in a Banach space E, and let a E C with 
Rea> o. 

Definition ALl. (i) If A E L(E) and 0 E p(A), 

Aa .= _1 1 >.a R(>.· A)d>. 
• 211'i c ' , 

where the contour C surrounds u(A), avoiding the negative real axis and the 
origin, and >.a is taken to be positive for>. > o. 

(ii) If A E L(E) and 0 E u(A), 

Aa := lim (A + c)a. 
e ..... O+ 

(iii) If A ¢ L(E) and 0 E p(A), 

Aa := [(A- 1tr 1
• 

(iv) If A ¢ L(E) and 0 E u(A), Aa is defined by 

Aau:= lim (A + t:)au, u E V (Aa) , 
e ..... O+ 

where V (AQ) is the set of all u E E for which the above limit exists. 

Theorem Al.2. V [(A + t:)a] = V (Aa) for each c > O. 

Theorem Al.3. Aa is a closed linear operator in E. 

Theorem AlA. If a E N, then Aa is the usual power of A. 

Theorem ALS. (i) For 0 < Rea < 1, u E V(A), 

Aau = sin a 11' 100 >.a-1(>. + A)-1 Aud>'. 
11' 0 
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(ii) For 0 < Rea < 2, '1£ E V(A2), 

AOu = sin7ra7r 100 Ao-1 l(A + A)-l - A(1 + A2)-1] AOOA + sin (~1r) Au. 

Theorem A1.6. Let Rea, Re{3 > O. Then 

AO+,8 = A,8 AO = AO A,8. 

Theorem A1.7. Let 0 < a < 1. Then AO is a nonnegative operator and for 
{3 E C with Re{3 > 0 we have 

Theorem A1.9. Let 0 < a < 1. Then 

IIAoull ~ const (aOliuli + ao-1IlAull) 

for all '1£ E V(A), a> o. 

Definition A1.tO. If 0 E p(A), 

A-o := (Ao)-l . 

For details on fractional powers of nonnegative operators, please see, e.g., 
Balakrishnan [1], Martinez-Sanz-Marco [1], Fattorini [6, 7] and pazy [2]. 

A2 Strongly continuous semigroups and cosine 
functions 

Definition A2.1. Let E be a SCLCS. A family {T(t)h>o of continuous linear 
operators on E is a (exponentially equicontinuous) strongly continuous (opera­
tor) semigroup if 

(i) T(O) = I, T(s + t) = T(t)T(s) (t, s ~ 0), 
(ii) lim T(t)u = '1£ ('1£ E E), 

t-+O+ 
(iii) there exists w > 0 such that {e-wtT(t)i t ~ O} is equicontinuous. 

The generator A of a strongly continuous semigroup {T(t)h~o is defined by 

Au = lim -hI [T(h)u - '1£], '1£ E V(A). 
h-O+ 

where V(A) is the set of all '1£ E E for which the above limit exists. 
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A strongly continuous (operator) group (as well as its generator) is defined 
analogously, with the parameter t running over R instead of R+ (with h -+ 0 
instead of h -+ 0+). 

Condition (iii) is implicitly contained in conditions (i) and (ii) in the case 
when E is a Banach space. 

Definition A2.2. Let E be a SCLCS. A family {C(t)h>o of continuous linear 
operators on E is a strongly continuous cosine (operator) function if 

(i) C(O) = I, 2C(t)C(s) = C(s + t) + C(ls - tD (t, s ~ 0), 
(ii) lim C(t)u = u (u E E), 

t-O+ 
(iii) there exists w > 0 such that {e-wtC(t)j t ~ O} is equicontinuous. 

The generator A of a strongly continuous cosine function {C(t)h>o is defined 
by 

Au = lim ~ [C(t)u - u], u E V(A), 
t-O+ t 

where V(A) is the set of all u E E for which the above limit exists. Clearly, 
condition (iii) is implicitly contained in (i) and (ii) in the case when E is a 
Banach spacej a strongly continuous cosine function {C(t)h>o can be extended 
to the real axis R by defining -

C(t) = C(-t), t < 0 

such that {C(t)heR satisfies 

2C(t)C(s) = C(s + t) + C(s - t), t, s E R. 

Theorem A2.3. Let A be a closed linear opemtor in a SCLCS. Then the 
following statements are equivalent. 

(i) A genemtes a strongly continuous semigroup T(t). 
(ii) The Cauchy problem for u'(t) = Au(t) (t ~ 0) is wellposed (with the 

propagator T(t». 
(iii) {A E Cj ReA > w} C p(A) for some w > 0 and 

A 1-+ R(Aj A) E LT - L(E) 

(with the determining function T( t» . 

Theorem A2.4. Let A be a closed linear opemtor in a SCLCS. Then the 
following statements are equivalent. 

(i) A genemtes a strongly continuous cosine function C(t). 
(ii) The Cauchy problem for u"(t) = Au(t) (t ~ 0) is wellposed (with the two 

propagators C(t), J~ C(s)ds). 
(iii) {A2j ReA > w} C p(A) for some w > 0 and 
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(with the determining function C(t». 

In the sequel, we assume that E is a Banach space. 

Definition A2.S. Let {T(t)h>o be a strongly continuous semigroup on E. 
(i) T(t) is a semigroup of c;ntractions on E if 

IIT(t)1I $ 1, for all t ~ O. 

(ii) T(t) is an analytic semigroup of angle 8 (8 E (0, j]) if it extends to a 
seroigroup {T(z)j Z E Ee}, analytic (in the norm ofL(E» in Ee and satisfying 
that 

T(z)u -- u, as Z -- 0 (z E Eel), 

for each u E E and each fixed 8' E (0, 8). 
(iii) T(t) is a differentiable semigroup (or differentiable for t > 0) iffor every 

u E E, t 1--+ T(t)u is differentiable for t > O. 

Theorem A2.6 (Phillips' perturbation theorem). Let A be the generator 
of a strongly continuous semigroup on E. If B E L(E), then A + B is also the 
generator of a strongly continuous semigroup on E. 

Theorem A2.7 (Stone). A is the generator of a strongly continuous group of 
unitary operators on a Hilbert space if and only if iA is self-adjoint. 

Theorem A2.S. Let A generate a strongly continuous semigroup T(t) on E. 
Then T(t) is norm continuous at t = 0 if and only if A E L(E). 

For the proofs, please see Davies [1, Section 1.3] and Pazy [2, Section 1.1]. 

Theorem A2.9. Let A generate a strongly continuous semigroup on E. Then 
-(-A)t generates an analytic semigroup of angle j. 

Please see Fattorini [6, Section 6.4] for a proof. 

Theorem A2.10. Assume A is the generator of a strongly continuous cosine 
function {C(t)h>o on E. Then A generates an analytic semigroup {T(t)h>o of 
angle j, given by the abstract Weierstrass formula -

1 100 
2 T(t)u = --.L e-~C(s)uds, 

(1I"t)2 0 
t > 0, u E E. 

Please see Fattorini [7, §VI.2] for a proof. 

Definition A2.11. A linear operator A in E is dissipative iffor every u E V(A) 
there is a u* E E* with (u*, u) = lIull2 = lIu* 112 such that Re (u*, Au) $ O. 
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Theorem A2.12. A linear opemtor A in E is dissipative if and only if 

II(A - A)ull ~ Allull, u E V(A), A > O. 

Theorem A2.13. Let A be a dissipative opemtor in E. 
(i) If A is closable, then A is also dissipative. 
(ii) IfV(A) = E, then A is closable. 

Please see Pazy [2, Section 1.4] for a proof. 
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Theorem A2.14 (Lumer-Phillips). Let A be a densely defined linear opemtor 
in E. If A is dissipative and there ezists a AO > 0 such that 'R.(AO - A) = E, 
then A is the genemtor of a strongly continuous semigroup of contmctions on 
E. 

Theorem A2.1S. If A genemtes a strongly continuous semigroup of contmc­
tions on a Hilbert space H, then so does A * . 
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