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Introduction

A.1 Preamble

These lectures describe some combinatorial properties of the set I(n,r) of all
“words” i1is .. .1, of length r, whose “letters” iy,1is,...,%, are drawn from the
“alphabet” n = {1,...,n}. Clearly I(n,r) is a finite set, with n” elements.

Let A(n,r) be the set of all vectors 8 = (041,..., 3,) whose coefficients are
non-negative integers satisfying > _ 3, = r. The elements 8 € A(n,r) are
sometimes called weights (see section 3.1). Let AT (n,r) be the subset of A(n,r)
consisting of all 8 which are dominant, i.e. which satisfy 51 > --- > (,(> 0).
A dominant weight in this sense is often referred to as a partition of r with
no more than n parts.

ven

Example. AT(2,4) = {(4,0),(3,1),(2,2)}.

The set I(n,r) plays a humble rdle in the representation theory of the
general linear group GL(n, K) (see section 2.6), because it indexes the basis
{vi=v;, ® --®w;, : i€ I(n,r)} of the r-fold tensor power V®" of a vector
space V of dimension n, with respect to a given basis {v1,...,v,} of V.

But the present work is not based on linear algebra. We shall see that I(n,r)
has a rich combinatorial structure in its own right, based on two operations
which may be performed on any word i € I(n,r); namely

(A.1a) the Robinson—Schensted algorithm, and

(A.1b) the application of maps é, f. which are essentially Littelmann’s
“root operators” eq, fo (see [35] and (A.3g)(2)).

Peter Littelmann uses the root operators as foundation of a remarkable
theory [35], sometimes called the “path model” of the classical representa-
tion theory of GL,; this is more combinatorial, and simpler in some ways,
than the classical theory. Our work is an attempt to understand this “proto-
representation theory” of GL,,.
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A striking feature of Littelmann’s theory is that it applies to arbitrary
complex, symmetrizable Kac-Moody algebras. Our work, which applies only
to sl,, is therefore restricted to the special case of algebras of type A,_;.
But there is some advantage in this restriction; Littelmann’s “paths” become
“words”, and we may work in the familiar combinatorial context of this set
of lecture notes.

(A.1a) and (A.1b) will be described briefly in §A.2, §A.3, and discussed in
more detail later.

A.2 The Robinson-Schensted algorithm

This algorithm (henceforth referred to as the Schensted process) turns a word
i € I(n,r) into a triple (A(7), P(7), Q(4)), where

(A.2a) A(i) = (A1(d),...,An(4)) is a dominant weight; i.e. A(¢) is a partition
of r into at most n parts,

(A.2b) P(i) is a standard tableau of “shape” A(7) (see section 4.2 and (4.5a)).
The entries in the tableau P(¢) are the letters i1,i2,...,4, in the word 4,
permuted in such a way that P(i) is standard, i.e. so that the entries in each
row of P(i) are weakly increasing (<) from left to right, and the entries in
each column are strictly increasing (<) from top to bottom.

(A.2c) Q(i) is a standard tableau of “shape” A(7), whose entries are the
integers 1,...,r permuted in such a way that Q(i) is standard?!.

Schensted calls P(i) and Q(¢) the P-symbol and the Q-symbol (respec-
tively) of the word i (see [46, p. 181]).

Schensted’s rules which define A(7), P(z) and Q(¢) will be given in §B.2.
But it may be useful to look at the special case r = 2, where A(¢), P(4)
and Q(i) are easy to describe.

Take r = 2, and n any integer > 2. A typical word in I(n,2) is i1i2. The
only dominant weights are (2,0,0,...,0) and (1,1,0,...,0). The only values

for Q(i) are the tableaux and .

Table A.1 below (which is made using the rules in §B.2; see (B.4b)) pro-
duces a partition I(n,2) = Iz5mU I, where

(A.2d) Igy={i€l(n,2) :d; <iy}and I:{iGI(n,Z) D > g )

'Standard tableaux were first defined by A. Young [59] in his representation
theory of the symmetric group Sym{1,...,r}. For this reason, standard tableaux
are often called Young tableauz, or generalized Young tableauz [34].
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From this table we see that the set Iz is the set of all i € I(n,2) such

that Q(i) =[1]2], and I is the set of all ¢ € I(n,2) such that Q(i) = .
These sets are therefore the equivalence classes for the equivalence =~ which
we shall define in §A.4. The general case will be discussed in §C.1.

i AG) P | Q)

i < i (2,0,0,...,0)

11 > 19

(1,1,0,...,0)

Table A.1. The Schensted process in case n > r = 2.

A.3 The operators e, f.

Let a,b € n, a # b, and let g = (0,...,0,1,0,...,0,—1,0,...,0) denote
the element of Z"™ which has 1, —1 at the places a, b respectively, and zero
at all other places. These n(n — 1) vectors are called the roots of a system of
type Ap—_1. Define ¥ = {a12,a23,...,&,—1,,}. This is a subset of the set of
all roots; its elements are called the simple roots.?

Choose an element ¢ € {1,2,...,n—1}. To define Littelmann’s operators &,
and f, we need some preliminary definitions.

o Define the map w = weeq1 : » — Z by the rule w(v) = 1, —1 or zero,
according as v =c,v=c+1,or v ¢ {c,c+ 1}.
e Define the map k' : {0,1,...,r} — Z by the rule:

(A.3a) hi(0)=0,and hi(t) = w(i1) + - +w(i) forall t € {1,...,r}.
This means for any t € {1,...,r},

(A.3b) hi(t) is the number of ¢’s in the initial segment iqis...4; of the
word 4, minus the number of ¢ + 1’s in this segment.?

e Next let M = M! denote the largest of the integers h’(0), h%(1),...,hi(r).
Notice that M} is always > 0 since h’(0) = 0.

2To read this Appendix, it is not necessary to know the theory of roots and root
systems!
3Kl is sometimes called the height function.
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e There may be several values of ¢t € {0,1,...,r} such that hi(t) = MY let
q = ¢’ be the least of these values, and let ¢ = g’ be the greatest.

(A.3c) Lemma. (i) If ¢ # 0, then i, = c.
(ii) If g # r, then ig41 = c+ L.

Proof. (i) Suppose ¢ # 0. We know that hi(q) = M. Let u = hi(qg — 1).
By (A.3a) M = hi(q) = p+ w(iy). The possible values for w(i,) are 1, —1
and 0. But if w(iy) = —1 then M = p— 1, hence p > M against the definition
of M. If w(iy) = 0, then p = M, against the definition of ¢, which says that ¢
is the least value of ¢ for which h%(t) = M. Hence w(i,) = 1, which implies
that ¢, = c. The proof of (ii) is similar, and is left to the reader.

(A.3d) Definition (see [35, §1]). With the notation given above, define
maps €., fo : I(n,r) — I(n,r) U {oco} as follows.

(A.3e) If M’ =0, define f.(i) = co (or say “f.(i) is undefined”). If M? # 0,
define f.(i) to be the word s € I(n,r) given by s, = ¢, if t # ¢, and s, = c+1.

(A.3f) If M* = hi(r), define é.(i) = oo (or say “é.(i) is undefined”). If
M? # hi(r), define é.(i) to be the word s € I(n,r) given by s; = i, if
t?éQ‘f' 1, and Sg+1 = C.

(A.3g) Remarks.

(1) We have labelled these operators with the index ¢, rather than with the
corresponding simple root o = o 1.

(2) Let B : I(n,r) — I(n,r) be the operator which turns each word 414z . ..,
into its “reverse” 4,4,_1 ...12%1. Then the maps just defined are related to
Littelmann’s “root operators” f,, e, (see [35, §1]) as follows: f. = Bf.B,
é. = Be,B.

(3) Let i € I(n,r). Then each of f,, & takes i either to oo, or to a word which
is identical to i except at one place. At this “critical place”, fc(z) changes
the entry from ¢ to ¢ + 1, and é.(i) changes the entry from ¢ + 1 to ¢
(see (A.3c)).

(4) The weight wt(i) of a word i € I(n,r) is the vector § € Z"™ defined
as follows: for each v € n, B, is the number of places ¢ € r for which
i, = v (see section 3.1). Then (3) shows that wt(f.(i)) = wt(i) — c.ct1,
if fo(i) # oo. Similarly wt(é.(i)) = Wt(i) + aecy1, if €.(i) # co.

(5) The maps f., é. are “inverse” to each other in the sense: if fp(z) # 00,
then é.f.(i) = i, while if é.(i) # oo, then f.é.(i) = i.

(6) Concatenation. If i € I(n,r) and j € I(n,s), define the concatenation of i
and j to be the word i | j = (i1,...,%r,J1,.--,Js) € I(n,r + s). Then for
any ¢ € {1,...,n — 1} we have

F (il s fc(l)lj if M¢ > hi(r)+ MI, and
fc(l|]): e . . .
i] fe(y) if MY <hl(r)+ M,
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and ] . .

i1 ) €c(i) | j if Mg > he(r) + M7, and
€\l ])])= ) ) .
e i M2 < G + M.

All of the statements in (A.3g) are due (and in much greater generality)
to Littelmann; see [35, §2]. However these statements are also easily verified
directly from the definitions above.

As an example, we prove the second of the two statements in (A.3g)(5),
namely

(5%) Ifi e I(n,r)and c € {1,...,n—1} such that é.(i) # oo, then f.é.(i) = i.

Proof. To calculate é.(i), we first calculate the height function h%. This func-
tion was defined in (A.3a): h1(0) = 0, and hi(t) = w(iy) + -+ + w(i;) for all
t € {1,...,r}; it is given as the third line of table A.2 below. Let M = M¢;
recall the definition of § = g’ (see (A.3b) and (A.3c)), and notice that in our
case § < T, because €.(i) # co. By (A.3¢)(ii), ig+1 = ¢+ 1. In the fourth row
of table A.2 are inequalities (e.g. h(t) < M) which, taken together, express
that q is the largest value of ¢ such that h’(t) = M.

t 0 1 2 =79’ g+1 r

it i1 iz ig g =c+ 1 ir

he(t) w(i) | w(i) +w(iz) M = M M1 he(r)
<M M <

St 21 19 ig c Ty

Rhi(t) <M+ M+1 <M4+1

fe(s)e i1 i e iz c+1 ir

Table A.2. The height functions of ¢ and s = é.().

According to definition (A.3f), the word s = é.() coincides with i except
at the place g+ 1. At this place ig41 = ¢+ 1, and sg11 = ¢. To calculate fc(s),
we must know the function h$. Clearly hi(t) = hi(t) for all t € {0,...,q}, and
it is easy to see that hi(t) = hi(t) +2forallt € {g+1,...,r}.

Now hi(g+1) = hi(q)+w(igs1) = M —1, hence hi(g+1) = M +1. We may
now check the inequalities in the penultimate line of table A.2. These show
that M = M +1 > 0, and that ¢° = g+ 1. But then f.(s) = f.(é.(i)) = i, as
required.
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A.4 What is to be done

The Schensted process associates to each i € I(n,r) a triple (A(¢), P(%), Q(i)).
In §C.1 we shall define two equivalences on the set I(n,r).

Definitions.
(A.4a) i~ j means that P(i) = P(j), and
(A.4b) i~ j means that Q(:) = Q(j).

Donald Knuth [34] introduced the relation ~, and proved that ~ is the
equivalence on I(n,r) generated by a collection of basic moves i — j; see §C.3.
The main result of these lectures is the following analogue to Knuth’s theorem:

(A.4c) Theorem A. Let i,j € I(n,r). Then i = j if and only if there is a
finite sequence of words (elements of I(n,r)):

such that i(1) = 4, i(s) = j and for each adjacent pair i(v), i(v 4 1) either
there exists an element ¢ € {1,...,n — 1} such that f.(i(v)) = i(v + 1), or
there exists an element c € {1,...,n — 1} such that é.(i(v)) = i(v + 1).

Expressed less formally, Theorem A says that & is the equivalence relation
on I(n,r) generated by a collection of basic moves ¢ = j, where i = j means
that é.(i) = j for some ¢ € {1,2,...,n — 1}, or that f.(i) = j.

Theorem A will be proved in §D.2. Chapter D also contains some notes
on the representation theory of the “Littelmann algebra” L(n,r), which is an
analogue of the Schur algebra S(n,r).

The proof of Theorem A depends on the following

(A.4d) Proposition B. Letc € {1,2,...,n—1}. Then the operation f. com-
mutes with the Schensted process, in the following sense:

(A.4e) KP(f.(i)) = f.(KP(:)) for all i € I(n,r).
To explain the symbols K P which appear in (A.4e), we need the
Definition. Suppose given a standard tableau
Y11 Y12 Tt T Y1,

Y21 Y22 cee Y2,x;
P =

Ym,1 0 Ym,
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of shape A\ € At(n,r), with all its entries y,, € n. Define the “Knuth
unwinding” of P to be the following word:

KP = Ym1  Ym A Ym—1,1"""Ym A1 " Y11 Y10 5

see §C.2, or [34, page 173]. This is an element of I(n,r), therefore we can

apply the operators f., é. to it, and (A.4e) makes sense?.

Proposition B will be proved in §C.4.

4Some authors identify the tableau P with the word K P, but to be cautious, we
shall not make this identification in this Appendix.
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The Schensted Process

B.1 Notations for tableaux

Choose a dominant weight A € A*(n,r). The shape of \ is the following subset
of Z x Z (see, for example, section 4.2):

(B.1a) [N :={(a,b) : 1<a<n, 1<b< A, }

A A-tableau, or a tableau of shape A, is a map U : [\] — Z. We may
think of U as a “partial matrix”, with U((a,b)) as the entry in U at the
place (a,b). These entries are elements of Z, and U has entries only at the
places (a,b) € [A]. The entry U((a, b)) is often denoted wug,p.

We usually assume that a tableau U = (uap)(a,b)e[n 18 standard; i.e. that
each row (a) is weakly increasing from left to right: ug1 < ug2 < -+ < wuga,,
and that each column (b) is strictly increasing from top to bottom: uj;, <
ugp < -+ < ug,p (Bp is the length of column (b)). Notice that the latter
condition implies that if the entries u, of a tableau U all lie in n, then the
number of rows of U cannot exceed n.

B.2 The map Sch : I(n,r) — T(n,r)

Let T'(n,r) be the set of all triples (A, P,Q) such that A € AT(n,r), P is a
A-tableau whose entries are drawn from the set n = {1,2,...,n}, and Q is a
A-tableau whose entries are 1,2,...,7 in some order. (The r entries of @) are
distinct; the r entries of P may include repetitions.)

The subject of this chapter is Schensted’s map [46, pp. 180-181]

(B.2a) Sch:I(n,r) — T(n,r).

We shall define Sch in §B.3, and prove in §B.6 that it is bijective [46, p. 182].
The map Sch is defined by induction on r. For r = 1, let
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(B.2b) Sch(i) = ((1,0,...,0),,)

for any one-letter word i = iy in I(n,1). Note that [i1], are tableaux of
shape (1,0, ...,0), which means that each can be regarded as a 1 x 1 matrix.

From now on we assume r > 1.

Insertion. Fundamental for Schensted’s work [46] is a process (or algorithm)
which “inserts” a given element x; of n into a given tableau U. The result of
this process is a tableau U < x1 whose entries are the entries of U (although
perhaps in a different order), together with one extra entry x.

Example. Using the methods to be explained in §B.4, we shall show that if
3] 1[1]
and x; = 1, then U « x; is the tableau |2|  (see (B.4b)).
4

U =

1
4]

The insertion process will be described in the next section; see (B.3b)
and (B.3d).

Now suppose U is the middle term of an element (u, U, V') of T'(n,r — 1).
As soon as we have calculated P = U « x1, we shall be able (see (B.3e)) to
construct a dominant weight A € AT (n,r), and also a A-tableau @, such that
(A, P, Q) is an element of T'(n, r). We shall denote this element (u, U, V') « ;.
See also [46, p. 181] and [34, pp. 712, 713].

The process provides the inductive step needed to define Sch(i) for any
i =114 ... 4p—1%r € I(n,7) (r > 1), namely

(B.2c) Definition. Sch(i) := Sch(¢’) < i,, where i’ = iyig...0p_1.

Therefore we have a formula (which can also be used as a definition of Sch(),
see [46, p. 181]).

(B.2d) Formula. Sch(i) := (--- ((Sch(i1) « i2) «—i3) -+ )« ip.

B.3 Inserting a letter into a tableau

Suppose we have (1) an element (u,U,V) of T(n,r — 1), where » > 1, and
(2) an element x; of n. In this section we define the element (u,U, V) «— x;
of T'(n,r). To do this, we first define the tableau U « .

Schensted does this by modifying U row by row. For this purpose, it is con-
venient! to supplement each row (a) of U with two “virtual entries” u, o = 0
and g, +1 = 00. Note that (a,0) and (a, 1, + 1) are not elements of [u], and
therefore uq 0 and wu, ,,+1 are not true entries in row (a).

Take any y € n. Even though y may not be equal to any of the entries u, x
of row (a), we may “position” y into row (a), using the following elementary
lemma.

'See [34, p. 711].
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(B.3a) Lemma. For any y € n and any a € n, there is a unique element
k(a) = k(a,y) in {1,2,..., fta, pta + 1} such that ug gay)—1 < Y < Uq k(ay)-

Proof. Define k(a,y) to be the smallest k € {1,2,..., g, ta + 1} such that
Y < Uq,k-

Example. Suppose y, = 5, and that row (a) (including the virtual entries)
is
(0)22237 (c0).

If y = 2, then k(a) = 4, because ug 3 < 2 < Ug 4.

If y =1, then k(a) = 1, because ug0 < 1 < ug 1.

If y = 4, then k(a) = 5, because ug 4 < 4 < Ug 5.
7.

The situation k(a,y) = pg +1 = 6 occurs if and only if u,5 < y < oo,
that is, if and only if y >
The insertion sequence. Let € AT (n,r), let U be a u-tableau whose
entries all lie in n, and let 21 € n. In order to define P := U « x first make
the “insertion sequence”

(B.3b) 1, k(1), 9, k(2), ..., ., k(2),
which contains all the data needed to construct U « x7.

Definition of the insertion sequence.

Step 1.
e 1 is the given element of n.
o k(1) is the smallest k € {1,..., 1, pu1 + 1} such that z1 < uq . Equiv-
alently, k(1) is the unique element of {1,...,u1,u1 + 1} such that
Uy k(1)—1 < T1 < ugk(1)- The case k(1) = pg + 1 occurs if and only if
Uy 1) < 21 (< 21 p1)41 = 00), Le. if and only if 21 > uy ,,, (hence x;
is > all entries in row (1) of U).
o If k(1) = p1 + 1, the sequence is ended.
Step 2. Now assume that k(1) # p1 + 1. Then continue the definition of the
insertion sequence.
® I9 = uljk(l).
o k(2) is the smallest k € {1, ..., g, u2 + 1} such that x5 < ug . Equiv-
alently, k(2) is the unique element of {1,...,ua,us + 1} such that
Uz k(2)—1 < T2 < Ugk(2)- The case k(2) = po + 1 occurs if and only if
Ty 2> Ug y(2)-
o If k(2) = uy + 1, the sequence is ended.
Step 3. Now assume that k(2) # pug + 1. Then continue
® I3 = Ugy(2), €tC.
Inductive Step. The general step is as follows: after z,_1 (:= uq—2 k(a—2))
and k(a — 1) have been defined, then
o If k(a—1) = pe—1 + 1, the sequence is ended.
Now assume that k(a — 1) # pe—1 + 1, and proceed to define
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Lo = Ug—1,k(a—1)>
k(a) is the least k € {1,..., pta, fta + 1} such that z, < u, k. Equiva-
lently, k(a) is the unique element of {1,..., f4, pta + 1} such that

(B.3C) Uq, k(a)—1 <z, < Ug,k(a)-

Definition of z. For each a such that k(a — 1) # pe—1 + 1, (B.3c) shows
that 7, < Ug k() = ZTat1. Therefore the sequence 1 < wo < --- is finite
(21, a, ... are all elements of n). Define z to be the largest element of n such
that k(z — 1) # p,—1 + 1. Then we must have k(z) = p, + 1 (otherwise we
could go on to define k(z+1)), and u, ,, <z, (< 00), L.e. z, is > every entry
in row (z) of U.

(B.3d) Definition of U « x3. Let A\ = u + £,, where ¢, is the n-vector
with 1 in place z, and zero at all other places. We shall show in (B.5b) that
A € At(n,r). Define U « 1 to be the M-tableau P = (pa3)(a,p)c[n] Whose
entry pgp is identical with the corresponding entry u,, of U, except

1° at the places (a,k(a)) for a = 1,2,...,z — 1. At these places we define
Pak(a) = Ta (whereas Uq,k(a) = Zat1), and

2° at place (z,pu. + 1), where U has no entry, we define P to have entry
Pz +1 = Tz

The shape of Pis A=p+e, = (1, fboet1s bz + 1, fzg1, - - -, fin), because
row (a) of P has the same length as row (a) of U, for all a # z, while the
length of row (z) of P is one more than the length of row (z) of U.

Note that, for all a > z, the row (a) of P is identical to row (a) of U.

(B.3e) Definition of (u, U, V) «— x;. Let (¢, U, V) € T(n,r —1), and let a;
be an element of n. Let P be the tableau U « z1 defined in (B.3d). Let A
be the weight p + ¢,. Define Q by enlarging the p-tableau V', giving it a
new entry r in place (z,pu, + 1). Then (u,U, V) «— x; is by definition the
triple (\, P, Q).

(B.3f) Exercise. Prove that k(1) > k(2) > -+ > k(z) in any case.

[Hint. Let ¢ € {2,...,2z}. We must prove that k(a) < k(a — 1). By defini-
tion k(a) lies in {1,..., e + 1}, therefore k(a) < u, 4+ 1, which is < k(a — 1)
if k(a—1) > pg+ 1. But if k(a — 1) < pe + 1, ie. k(a — 1) < pg, then
there exists an entry u, g(q—1) in row (a) of U. Column standardness of U
shows that ug ka—1) > Ua—1,k(a—1). Therefore x, = Uuq_1 pa—1) < Ua k(a—1)-
But k(a) is the least k € {1,..., 1e + 1} such that x, < ug . It follows that
k(a) < k(a—1).]

Note. We have not yet proved that the triple (A, P,Q) belongs to T'(n,r).
For this we must show that A € A*(n,7), and that P, @ are standard. These
things will be proved in §B.5, but we first look at some examples.
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B.4 Examples of the Schensted process

The basic operation for the Schensted process is the insertion of a letter
into a tableau. So suppose r > 1, let u be an element of A*(n,r — 1),
let U be a p-tableau, and let x; be any element of n. We want to find the
tableau P = U « x1.

The tableau P = U « z; (see (B.3d)) can be made by modifying the rows
(1),(2),...of U, in turn. First “position” z; (which may or may not be equal
to one of the entries of U) into row (1) of U (see Lemma (B.3a)). This means,
find the (unique) element k(1) such that u; y1)—1 < 21 < uy g(1). Assume
that k(1) # g1 + 1. Let @3 := uq g(1). Now let 21 “bump”? z5 into row (2),
which means:

(i) change the entry x2 = uy (1) in place (1,k(1)) to x1 = py k1), and then
(ii) “position” zo into row (2), that is: find the unique index k(2) such
that U p(2)—1 < To < Usg k(2)-

Then row (1) of U, changed by (i), is row (1) of P.

Now we are ready to change row (2) of U into row (2) of P. In general,
when row (a — 1) of U has been changed into row (a — 1) of P, we define
T4 := kg1 p(a—1) and “bump” z, into row (a). This process goes on until we
reach row (z), where k(z) = u, + 1. Then row (z) of P is made by adjoining
an entry z, to row (z) of U, in the new place (z,pu, + 1) (which was not a
place for U). All subsequent rows of P are the same as the corresponding rows
of U.

It is sometimes better to use a slightly different “technology”, to construct
U « z; from U. Here one makes the parameters x1,k(1),x2,k(2),... as
before, and records these on the tableau U; for each a we put bracketed
(z,) between the entries g p(q—1) and u, p(q) of row (a). We do not change
any of the entries of U. The resulting diagram (it is not a tableau in
our sense) is called “U prepared for insertion of z1”. We pass from this
diagram to P = U « x; by replacing ... (z4) Tq+1-.- Dy ... 24 ..., for each
ac€{l,...,z—1}; for row (2), replace ... u, ,, () by ... us . @..

(B.4a) Example. Suppose we want to insert x; = 2 into the tableau U shown
in the left-hand column of table B.1 below. The second column shows U “pre-
pared” for this insertion. This means that we have put bracketed (z,) between
the entries u, k(a)—1, Ua,k(a) fOr each a = 1,2,..., z; we have not yet changed
any of the entries of U. Once U has been prepared, make P = P(i) from U by
changing the entry ug k(s) = Tat1 t0 Pak(a) = Ta, for all a=1,2,...,2 -1,
ie. the term z, in the bracketed (z,) replaces its right-hand neighbour
Tq41 = Uq(q)- This procedure determines row (z), namely it is the first
row where (z.) does not have a right-hand neighbour. The row (z) of P, is

2The verb “bump” was introduced, in this context, by Knuth [34, p. 713]. Alter-
natives would be “dump”, or even “jump”.
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found by replacing (z,) by .. In the example shown, we have x1 = 2, x5 = 3,
z =2, k(1) =5, k(2) = 3. Note that 3 in row (1) of U, is bumped into row (2).

U U prepared for insertion of 2 P=U<+2
1 2]2]3] 1]1]2]2]@)3] 1 2] 2]
313 31313 3133
4] 4] 4]

Table B.1. Example for the insertion process.

(B.4b) Example. Consider two “extreme” possibilities.

(1) It can happen that, for some a, the element z, < uq 1. In that case k(a) =1,
and (B.3a) shows that 0 < x, < uq,1. When U is “prepared” as above,
row (a) looks like this:

(xa) Uq,1 Ua,2 * " ua,;L,,, .

(ii) It can happen that, for some a, we have k(a) # po+1, and pia41 = 0. This
means that we must “bump” 411 (= g k(q)) into an empty row (a + 1).
We have 0 < x,41 < oo, which allows us to say that k(a + 1) = 1.
Then k(a+ 1) = pgr1 + 1. So a +1 = z, and P has an entry x,4; in
place (a +1,1).

The following example illustrates both possibilities (i) and (ii). Suppose we

112
insert ©; = 1 into the tableau U = 1 ‘ Prepared for this insertion, U
1] 2] 1]1]
becomes |(2)| 4 .Hence P=U «—1=|2 . In this example x1, T2, x3
(4) 4

are 1, 2, 4, respectively, z = 3; and k(1) =2, k(2) =1, k(3) = 1.

We are now in a position to calculate the P-symbol P(i) and the Q-sym-
bol Q(i) of a given word ¢ € I(n,r). To find P(i) = P(iyis,---i,), we must
calculate, successively, the P-symbols of the words i1, 7192, ..., @192+ -4y,
starting with P(i;) = [i1], and using the insertion process

P(ilig'“it) = P(ilig-"’itfl) — it.
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It follows that the entries of P(i) are the entries 41,...,%4, of ¢, in some
order. The construction of Q(i) is different, Qi1 ---i;) is not made by
inserting 4; into Q (i1 - --4;—1); the construction follows definition (B.3e), see
Example (B.4c) below.

(B.4c) Example. Calculate P(i), where i = 14212. Calculate also A(7)
and Q(7).

First we must work out the successive tableaux P;(i) = P(iy ... i), for

t=1,2,...,5. We find (the operator Y, means “insert y into the tableau on
the left”)
Py(i) = [0 -5 Po(i) =[IT2) 2 o) = (L2
. 1] 1[1]2]
—>P4(i):l —>P5(i):P(i):l .
4 4

—~

At the same time we get the dominant weight at each stage, namely A(i; - - - i)
is just the shape of the tableau P;(i). In particular, A(i) = (3,1,1,0,...,0).
Now we make the tableaux Q:(i) = Q(i1 .. .14:) as follows: if we know Q;_1(7),
then @(¢) is got by putting “t” in the place which was new, when P;(i) was
constructed from P;_; (7). Thus

Qi) =0, Q) =[1T2].  Qu(i) =12

1]2] 1
Qi) =[3] , @s(i)=Q(>)=[3]
[4] [4]

2]5]

(B.4d) Example. Calculate A(i), P(i), Q(¢) for any word i = iyis € I(n,2),
and so verify the table given in §A.2.
To find P(i), we must insert iy into the tableau U = . When U is

prepared for this insertion, it becomes in case 17 < 49, and it be-

(i2) i1

comes

in case i1 > ig. Therefore P(i) = in case 11 < 1o,

and P(7) : in case i1 > iy. It follows that A(¢) is (2,0,0,...,0) or
i1
(1,1,0,...,0), in these respective cases.
To find Q(i), we must add 2 to V = Q(i1) = in the place (z, . +1).

In the case i1 < ip, we have z =1, so Q(i) = . In case i1 > i, we have

z=2, SOQ(Z'):.
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B.5 Proof that (u,U,V) «— x; belongs to T(n,r)

We keep the notations of §§B.2, B.3, B.4. Suppose that » > 1 and that
(1, U, V) € T(n,r — 1). Let 1 € n. The triple (A\,P,Q) = (u, U, V) «— 1
is defined in (B.3e). In this section we shall prove that (A, P,Q) € T'(n,r). For
this we must show that A € A*(n,r), and that P, Q are both standard.
Write ug,p for the (a,b)-entry of U, and p,p for the (a, b)-entry of P.

(B.5a) Proposition. The weight

)‘:/J’_FSZ = (lu’la"'a,uz—la,uz +151U’z+1a"'7,u'n)
is dominant. It follows that Q is standard.

Proof. We already know that gy > -+ > o1 > iy > pap1 > o0 > fin
because p is dominant. If A is not dominant, it must be that p, 1 = u,. But
this leads to a contradiction. We know that z, > u,,_, and that u,, >
u,_1,, because U is standard. But u._1,, > u,_jp=—1) = 7. (the last
equality is the definition of z,), and putting these inequalities together gives
the contradiction x, > x,.

By the definition (B.3e), @ is made by adding an entry r at the end of
row (z) of V. It is clear that @) is a standard A-tableau, whose entries are
1,2,...,r in some order.

(B.5b) Proposition. The A-tableau P is standard.

Proof. First we shall show that P is “row standard”, i.e. that

(1) Pa,h—1 Spa,h

for all adjacent pairs (a,h — 1), (a,h) of places in any row (a) of [}].

If (a,k(a)) is not one of (a,h — 1), (a,h) then by (B.5a) ps.n = ug,n and
Da,h—1 = Uq h—1, therefore (i) follows from the corresponding fact for row (a)
of U. If (a,h) = (a,k(a)) then pan—1 = Ugn—1 < Ta, and T4 = Pg k(a) = Pa,h;
thus (i) holds. There remains the case (a,h — 1) = (a,k(a)). Then (i) says
Pak(a) < Pa,k(a)+1- BUt D k(a) = Ta a0 Pg j(a)+1 = Ua,k(a)+1- Thus (i) follows
from z, < zq41 = Ug,k(a) < Uak(a)+1-

To complete the proof of Proposition (B.5b), we must show that P is
“column standard”, i.e. that if (a, h) and (a + 1, h) are adjacent places in the
same column of [A], then

(i) pa+ti1,h > Pa,h-

If h # k(a) and h # k(a + 1) then p, j, = uq,p and pai1,n = Uqt1,h, hence
(ii) follows from wg41,p > Ug,p, Which holds because U is column standard.
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If h = k(a), h # k(a+1) then ug n, = Uq k(a) = Tat1 > Ta- But g k) >
Uq,k(a) because U is column standard. Therefore po11 x(a) = Uat1,k(a) > Ta =
Pa,k(a), Which proves (ii) in this case.

Now suppose that h = k(a + 1), h # k(a). Then poi1 pat+1) = Tat1, and
Pak(a+1) = Ua,k(a+1)- 10 place (a,k(a)) of P we have z, (see (B.3d)). Since P
is “row standard” (just proved, above) and k(a + 1) < k(a) (see (B.3f)) we
have ug k(at+1) < Za; also 24 < Tag1 by (B.3b). S0 pg k(at1) = Ua,k(ar1) <
Tq < Tat1 = Pati,k(at1)- Lhis proves (ii) in case h = k(a + 1), h # k(a).

There remains only the case h = k(a) = k(a + 1). In this case pyt1,, =
Pat1k(a+1) = Tat1 a0d Pah = Pak(a) = Ta- But a1 > x4, therefore (ii)
holds. The proof of Proposition (B.5b) is now complete.

B.6 The inverse Schensted process

This section and the next are devoted to Schensted’s fundamental
(B.6a) Theorem (see [46, p. 182]; [34, pp. 715-716]). The map
Sch: I(n,r) — T(n,r)
is bijective.
This will be proved by constructing a map M : T'(n,r) — I(n,r) which is
a two-sided inverse to Sch (see (B.7b)).
If r = 1, it is easy to make a map M inverse to Sch. The only element

in At(n,1) is A = (1,0,...,0), hence any element in 7'(n,1) has the form

()\,,) for some x € n. We define M(()\,,)) to be x (regarded as
a 1-letter word). By (B.2b), Sch(z) = (A,[z],[1]). It is easy to check now
that M : T(n,1) — I(n,1) is a two-sided inverse to Sch : I(n,1) — T(n,1). It
follows that Sch is bijective in case r = 1.

From now on in this section, assume that r > 1.

The process given in §B.3 delivers a map, which we call insertion,

(B.6b) J:T(n,r—1)xn—T(n,r),

which takes a pair ((u, U, V), z1) to the element (u, U, V) « x1 of T'(n,r).
Next define another map, called extrusion,

(B.6¢c) E:T(n,r) = T(n,r —1) X n.

To make E, we need an “inverse Schensted process”, which will turn any

(A, P,Q) € T(n,r) into a pair consisting of a triple (u, U, V) € T(n,r —1) and

an element w; € n.

How to define E. Let (A\,P,Q) € T(n,r). Let (a,b) € [A] be the (unique)

place where ¢, = 7. Since @ is standard, » must be at the end of its row.

Therefore if a = z, then b must be A., so that ¢, », = r. But r is also at the
end of its column, which implies that A, > A\,;;. This proves
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(B.6d) The weight u = A\ — £, is dominant. Hence p € At (n,r — 1).

Definition of the extrusion sequence. We shall next define the extrusion
sequence

(B.6e) (z), w,, l(z—1), wy—q, ..., U(1), wy.

To make this sequence, we must know @) (which determines z) as well® as the
A-tableau P.

Step 1.
o l(z) =Xy
e w, := p, . (thisis the entry in P, at the place (2, ;) where @ has
entry r).
Step 2.

o I(z—1) is the largest | € {1,2,...,A,_1} such that p,_1; < w,.
Equivalently, I(z — 1) is the unique element in {1,2,...,X,_1} such
that Pz-11(2—1) <w, < Pz—11(z—1)+1-

® W1 '=DPz-1,i(2—1)-

Inductive Step. When l(a+1) and w11 = Pa+1,i(a+1) have been defined,
we go on to define

o I(a) is the largest [ € {1,...,A,} such that p,; < wey1. Equivalently,
I(a) is the unique element in {1,...,\,} such that

(B.6f) pai(a) < Wat1 < Paji(a)+1-

® Wgq = Pa,l(a)-

Note that if a < z there is always at least one [ € {1,2,...,\,} such
that pg; < we+1, namely | = I(a + 1); this is because P is column standard,
hence Py j(a+1) < Pat1,i(a+1) = Wa+1- S0 the extrusion sequence (B.6e) always
ends with ..., I(1), w;.

Final Step. The last two terms are as follows.
e (1) is the largest I € {1,2,..., A1} such that p;; < we, and
® Wi :=DP1,i(1)-

We say that the element w; € n has been “extruded”* from P (or more pre-
cisely from the given element (A, P, Q) in T'(n,r)). But the extrusion process
also defines an element (u, U, V'), see below.

(B.6g) Definition of E. Let (A\,P,Q) € T(n,r). Then E((), P,Q)) is the
pair ((4, U, V), w1), where

.,U/:)\_Ez:(/\lvuw)\th)\z_17)‘2+17'~~7>\n)7

3To define P = U «— z1, we did not need to know Q, because z is defined by the
insertion sequence; see (B.3c), (B.3d).

“In the way that a small amount (wi) of toothpaste is extruded from its
tube (X, P, Q).
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e V is (), with the entry g, », = r removed,
e wi is the extruded element of n defined above, and
o U = (Uap)(a,p)e]y is the following p-tableau: u,p = pap for all (a,b) € [u],
except
1° at the places (a,l(a)) for a = 1,2,...,2z — 1. At these places we define
Ug,l(a) = Wa+1 (Whereas Pa,i(a) = wa)a and
2° there is no entry in U at the place (2, A,), because U is a p-tableau and

(2,A2) & [1].
To complete the definition of E, the following lemma is required.
(B.6h) Lemma. The triple (u, U, V') belongs to T'(n,r — 1).

Proof. From (B.6d) we know that € AT (n,r — 1). It is clear that V is a
p-tableau whose entries are 1,2,...,r — 1, in some order. It remains only to
show that U is standard. The proof of this is very similar to that of Proposi-
tion (B.5b), and we leave to the reader.

(B.6i) Proposition. The maps J, E are inverse to each other.

Proof. We shall first prove that

(l) Eol= idT(’I’L,T*l)Xﬂ'
Take any element ((u, U,V),21) in T'(n,r — 1) x n. Let
(B‘Gj) L1, k(1)7 sy Tz, k(2)7

be the insertion sequence used to define (A, P,Q) = J((u,U,V),x1) =
(1, U, V) «— x1. Here z is such that k(z) = p, +1 = A,, where A = p + ¢,.
Note that @ has r in place (2, A,), and p, x, = z, (see (B.3d) and (B.3e)).

To prove (i) it is enough to show that E((\, P,Q)) = (i, U, V), x1). Now
E((\, P,Q)) is determined by the extrusion sequence (see (B.Ge))

(B.6k) i(z), w,, I(z—1), wo—q, ..., (1), wy.

The “z” which appears in (B.6k) indexes the row of @ which contains
the entry r, see (B.6d). Therefore this “z” is the same as the z in (B.6j).
From (B.6e) we have [(z) = A\, and w, = p, .. But from the definition of P,
Dz, )\, = Dz,u.+1 = 5. Therefore

(B.6l) I(z) =k(z) and w, = z,.

Our ambition is to prove

(B.6m) I(a) = k(a) and w, = x4

foralla € {z,2—1,...,1}. Suppose a < z and that (using “upward” induction)

(B.6n) l(a+1)=k(a+1) and wet1 = Tat1-
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By (B.3c), there holds x, < Zay1 = Ug g(a) < Ua,k(a)+1- However the defi-
nitions in §B.3 show that x4 = pg k@), and (B.6n) gives wqi1 = @qq1. So
Ta = Pak(a) < Wat1 < Uqk(a)+1 = Pa,k(a)+1- But comparing this with (B.6f),
we see that [(a) = k(a). Hence wa = Pa,i(a) = Pa,k(a) = Ta; thus (B.6m) holds
for all a. In particular, w; = x1, and we find easily that

E(J<((M7U7 V)axl)))) = E(()"PaQ)) = ((:uan V)7$1)§

in other words we have proved (i).
To complete the proof of (B.6i) we must prove

(11) JoE= idT(nﬂ‘)'

Take any element (A, P,Q) € T(n,r). Let (B.6k) be the extrusion sequence
which defines E((A, P,Q)) = (i, U, V), wy) (see (B.6g)). Let

(B.60) (w1 =) z1, k(1), 2, k(2), ..., z,, k(z)

be the insertion sequence which defines J((u, U, V), w1). In order to prove (ii)
we must show that J((u, U, V), w1) = (A, P, Q).
The first step is to prove

(B.6p) w, =z,

for all @ € {1,2,...,2z}. This holds for a = 1, by definition. Suppose
that (B.6p) holds for some a. By (B.6f), l(a) is the unique element of
{1,2,,..., 2} such that

(B.6q) Da,i(a) = Wa < Wat1 < Daji(a)+1-

From this follows that pgia)-1 < wa < weq1. Hence, using the defini-
tion (B.6g) of U, we have ug (q)—1 < Wa < Ug,(a), and since w, = 4, there
holds

Ug,l(a)—1 <z < Ug,l(a) +

However this proves that I(a) = k(a), from (B.3c). Consequently wqy1 =
Paji(a) = Pak(a) = Tat1 (see (B.3b); we are here using the insertion of z; into
(1, U, V). Now we can prove, by induction on a, that

(B.6r) w, =z, and l(a) = k(a), for all a € {1,2,...,z}.

Using (B.6r) and the definitions (B.3d) and (B.3e) (applied to the insertion
of 21 into (u, U, V)), it is quite easy to show that J((u, U, V), w1) = (A, P, Q).
This concludes the proof of Proposition (B.6i).

B.7 The ladder

We shall define a map M : T'(n,r) — I(n,r) inverse to Sch : I(n,r) — T(n,r),
and hence prove Schensted’s Theorem (B.6a). M will be given as the product
of maps Eg, Ey,...,E,._; displayed in table B.2 (“The ladder”) below.
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Set Typical element of set
I(n,r) 1192 . Gslsq1 - - Ir_1%r
b } -
T(n,1) x I(n,r —1) ((Al, PLQ1), i isisss . ..z’r,m)
Jo 1 Er—2
y
Js1 Er—st1

T(n,s—1) x I(n,r —s+1)

y

Js ET—S

T(n,s) X I(n,r —s)

y

J5+1 Ers1

E

T(n,r—1) x I(n,1)

E

T(n,r)

(()\5717 Psfly stl), isis+1 cee ’L"rflir)

(()\.97 Ps, Qs), is-‘,—l e ir—lir>

((AT_I,PT_l,QT_I),iT)

()\T7 PT7Q7‘)

Table B.2. The ladder.



94 B The Schensted Process
Notations and Explanations. To define
Es: T(n,r—s)xI(n,s) — T(n,r—s—1)xI(n,s+1),

first apply E to a typical element (A\._s, Pr_s, Qr—5) of the set T'(n,r — s):

this gives a pair (Ar—s—1, Pr—s—1,Qr—s—1),ir—s) Where i,_g is some element

of n. By definition, E, takes the element ((Ar—s, Pr—s, Qr—s); br_st1 - - - bp_1%r)

of T(n,r —s) x I(n,s) to (Ar—s—1, Pres—1, Qr—s—1)sfr—sipr—s41 - br—1s).
The map

Jr—s :T(nyr —s—=1)xI(n,s+1) — T(n,r —s) x I(n,s) :

takes (by definition)

((AT—S—lv Pr—s—l; Qr—s—l), ir—sir—s—i-l s ir—lir)

[— (()\rfsa PT*S7 Q'rfs)a Z-rferl e Z‘rflir)a

where ()\rfsv Prfsy Qrfs) = ()\7‘75717 Prfsfh Qrfsfl) — irfs~

Note. To explain the top step of the ladder, take T'(n,0) to be the
1-element set which contains only the triple (A, P, @), where A = (0,0,...,0)
and P, @ are empty tableaux. Then identify T'(n,0) x I(n,r) with I(n,r). In
the same way, the bottom step is T'(n,r) x I(n,0) = T(n,r), where I(n,0)
consists of the empty word only.

(B.7a) Exercise. Prove that J,_; = E;!. [Hint: use Proposition (B.6i).]

As we go up the ladder, the successive operators E4 erode T'(n,r), step by
step, until it becomes I(n,r). This progress is inverted as we go down from
I(n,r) to T(n,r), using the operators J;. But this “going down” is exactly
described by the formula (B.2c¢), which means that Sch = J, 0oJ,_10---0J;.
Define

(B.7b) M:=E,_j0---oE,.
By (B.7a), M is a two-sided inverse to Sch. This proves Theorem (B.6a).
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Schensted and Littelmann operators

C.1 Preamble

Schensted (see §§B.3, B.6) associates to every word ¢ € I(n,r) a unique
triple (A(2), P(2), Q(7)) € T(n,r). This provides the following decomposition
(disjoint union) of the set I(n,r):

(C.1a) I(n,r)= U In(n,r),

AeAT (n,r)

where I (n,r) is the set of all ¢ € I(n,r) such that A(¢) = A, for each dominant
weight A € A*(n,r). We define the shape of a word i to be the shape of P(i)
(which is also the shape of Q(7)). So Ix(n,r) is the set of all words of shape .
In a case where n, r are supposed known, we may write Iy (n,r) = Ij.

Example. The set I(3,3) is decomposed into three subsets I(300), I(210)
and I(111); this decomposition of I(3,3) is illustrated in §E.1.

Assume from now on that A € A (n,r) is fixed.
Definition. Define two equivalence relations ~ and ~ on I,: if 4, j € I then
(C.1b) i~ j means that P(i) = P(j), and
(C.1c) ¢ = j means that Qi) = Q(j).

We will use the following notation.

(C.1d) For any (standard) A-tableau P whose entries are drawn from the
set n, let I (P, ~) be the ~ equivalence class {i € I : P(i) = P}, and

(C.1e) For any (standard) A-tableau () whose entries are 1,2,...,r (in some
order), let I (Q,~) be the = equivalence class {i € I, : Q(i) =Q }.
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Remark. If either of the tableaux P, @) is given, its shape A is known. For
this reason we will usually omit the suffix A, and write I\(P,~) = I(P,~)

and I, (Q,~) = I(Q,~).

The equivalence relation ~ was introduced by Knuth, who proved that ~
is the equivalence relation on I generated by a certain collection of basic (or
“elementary”) moves ¢ — j, each of which affects only two places in ¢ and j.
Knuth’s theorem will be proved in §§C.3, C.4. This proof is based on Knuth’s
paper [34, Theorem 6, p. 723].

Littelmann defines a graph G, in a wider context than here [35, p. 504].
Theorem A (see (A.4c) and Chapter D) will show that (in our present context)
the equivalence relation determined by G is equal to ~. We regard Theorem A
as an analogue to Knuth’s theorem; it says that = is the equivalence relation
on I generated by a certain collection of elementary moves ¢ = j, where i = j
means that there exists ¢ € {1,2,...,n — 1} such that f}(z) = j or such
that é.(i) = j. Notice that if ¢ = j, then the words i and j differ in exactly
one place; see (A.3g)(2).

Example. The tables in §E.1 show the ~ and ~ classes for the case n = r = 3.
The = classes are given as vertical columns in these tables; for example

1( ; 3] %) — {211, 212, 311, 213, 312, 313, 322, 323},

and [ (, ~ > is the one-word set {321}. The ~ classes are given as hori-

zontal rows in the tables in §E.1; for example

I( é 3] ~) = {231, 213},

and I([1][1]2], ~ ) is the one-word set {112}. The one-word set {321} is
both a ~ and a = class.

C.2 Unwinding a tableau

To each tableau Y we shall associate a word K'Y, which may be called the
(Knuth) unwinding of Y, as follows (see [34, p. 723] or [18, p. 17]).

Let A € A™(n,r) be a dominant weight, and let m be the number of rows
of [A], so that Ay > A > -+ > A, > 0. Define the Knuth ordering < on [A]
as follows (see [34, p. 723]):

(C.2a) (m,1) < (m,2) <--- < (m,A\p)
<(m-1,1)<(m-1,2)<--<(m—1, \p_1)
< e
<(2,1) <(2,2) <--- < (2,A2)
<(1,1) < (1,2) < -+ < (1, A1).
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Now let Y = (Ya,b)(a,b)e[r] e any A-tableau. Define K'Y to be the word (C.2b)
of length r obtained by writing out the entries y,; according to the
order (C.2a):

(C.2b) KY = Ym1Ym2 - YmAmYm—1,1Ym—1,2 - - Ym—1,7p, 1
e Y2,1Y2,2 -0 Y2 00Y1,1Y1,2 - - YL N -
The word KY is (by definition) the unwinding of the tableau Y. So KY is

the word obtained by writing out the entries of each row of Y from left to
right, starting with the bottom row, and working up to the first row.

1[2]2]
3 , then K'Y = 3231122.

Example. If Y =

lww)—l

Suppose that ¢ € I(n,r). The Schensted process (see §B.3) constructs an
element (\(¢), P(i), Q(4)) of T'(n,r), where A € AT (n,r) and P(i) is a A-tab-
leau. Then the “unwinding” KP(i) of P(4) is a word, an element of I(n,r).
Thus we have an operation KP : I(n,r) — I(n,r), which takes each i
in I(n,r) to KP(i). However, if we apply the Schensted process to K P(i), we
just get P (i) again; this follows from Proposition (C.2c) below.

(C.2c) Proposition. Let A € AT (n,r) with Ay > -+ > A\, >0, and let Y be
a A-tableau.

(i) P(KY)=Y, and
(il) Q(KY) is completely determined by the shape A of Y'; it is the same for
all \-tableauz Y .

The tableau Q(KY') is described in (C.2h).

Proof of part (i) of Proposition (C.2c). We shall prove (i) by induction on
the number m of rows of Y. If m = 1, then Y is a one-rowed tableau

Yvi1|yie| -+ i of shape (A1,0,...,0), and KY = y11y12.. 91,2, -

We make P(KY) by successively inserting yi2,...,¥1,», into the tableau
y1,1| (see (B.2d) and (B.3d)). But since 11 < y12 < -+ < y1,,, each

insertion simply adds a new entry to the first row. Therefore P(KY) =
yia|vi2| -+ |y =Y. Thus (i) holds if m = 1. By the definition (B.3e),

we have Q(KY) = ; this proves that (ii) also holds.

Now suppose that m > 1 and that Proposition (C.2c) holds for any tableau
with m—1 rows. In particular it holds for the tableau X made by removing the
first row of Y; therefore P(KX) = X. It is clear that KY = KX |y1.1 - ¥1,0,5
hence P(KY) =P(KX) «—y11 - —Y1a =X Y11 — - < Y1,

Diagram C.1 shows X, and above it, in parentheses, are the entries of
row (1) of Y; these are not entries of X.
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(y1,1) (1,2) -+ (Wie—1) (yie) - (Wiag) -~ (Y1)

Y21 Y2,2 ccc Y2,i—1 Y2t Y2, c ¢ 0
Y3 Y32 - Ys,t—1 Y3t " Y3 g ottt 0
YBxy A2
X =
Ype,t
Y8;_1,t—1 0 - 0 0
y52,2
Y1 0 - 0 0 .- 0o .- 0

Diagram C.1. The tableau X, made by removing the first row from the tableau Y.

In diagram C.1, the number (3, denotes the length of column s, including
the term (y1,s). Therefore /1 = m, and 8 = (01, B2,...,0x,,0,...,0) can
be regarded as the partition of r conjugate to A = (A1, Ag2,...,Ag,,0,...,0).
There holds 81 > B2 > --- > 1 > B¢ > -+ > [B),, but for ease of drawing,
diagram C.1 illustrates a case where the (3, are distinct.

(C.2d) Definition. Let t € {0,1,2,...,A1}. Let X[0] := X, and if ¢ > 1, de-
fine X[t] to be the diagram obtained from diagram C.1 by removing the paren-
theses from (y1,1), (¥1,2),-- -, (y1,t), and then pushing columns (1), (2),...,(t)
down by one place.

(C.2e) Remark. For each s € {1,...,t}, column (s) of X[t] is the same as
column (s) of Y. In particular, X[\] =Y.

(C.2f) Lemma. Let t € {0,1,2,..., A\ }. Then
P(KX | y1,1y172 e yl,t) = X[t}
In particular, P(KY) = P(KX |yh1y12---Y1,0) = X[M] =Y.

Thus (C.2f) will complete the proof of part (i) of (C.2¢).

Proof of Lemma (C.2f). We use induction on ¢. If ¢ = 0, the lemma claims
that X = X|[0], which is true. So let ¢t € {1,2,..., A1}, and suppose that the
lemma is true when ¢ is replaced by ¢t — 1; that is P(KX |y11%1,2---Y1,6-1) =
X[t - 1] Now P(KX ‘ Y1,1Y1,2 - - .th) = P(KX | Y1,1Y1,2 - - ~y1,t—1) — Y1zt
So to prove Lemma (C.2f), it will be enough to prove that X[t — 1] « y1,
is the tableau X[t] defined in (C.2d). The tableau X[t — 1] is displayed in
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(o) -+ (W) - (yia)

Y1,1 Y1,2 o Yii—1 Y26 Y2.ae o 0
Y21 Y22 0 Y21 Y3k v Yz, - 0
Yy A2
Xt —1] =
YBe,t

YBo—1,2 " * yﬁt,l,tfl 0 0 O
Yg1—1,1 YBa,2
Ysa 0 ... 0 0O -~ 0 - 0

Diagram C.2. The tableau X[t — 1] = P(KX |y1,1¥1,2 - - - Y1,6—1)-

diagram C.2. We calculate X[t — 1] < y1 ¢ by the general insertion proce-
dure given in §B.3. To make the present notation conform with that in §B.3,
take U := X[t — 1], x1 := y1¢ and p to be the shape of U. Calculate the
insertion parameters x1, k(1), 22, k(2),... by the inductive rule: given the el-
ement x, = Yy, for some a > 1, define k(a) to be the unique element k
in {1,..., fta, pta + 1} such that

(1) ua,k—l S g < Ua,k .

Then define zq11 1= g k(a)-
Tt is very easy to find k(a) in our case. There holds

(2) Ya,t—1 < Yart < Yatits

for any a € {1, ..., 0;—1}; the inequalities in (2) follow from the fact that Y is
standard. But (2) is the same as (1), if we take k = ¢ and 2441 = Yq+1¢ This
shows that k(a) =t and g1 = Ya+1,¢- S0 starting with x; = y1,,, which is
given, we may find all insertion parameters for the insertion X[t — 1] « yq ;.
The result is given in table C.1 below. The parameter z (see the line un-
der (B.3c)) is equal to §;. Notice that all the k(a) are equal to ¢, which means

o [ [2 [ [[6 |
Tq Yie | Y2t | 0 | Yayt | - | YBest
k(a) || t t |t ot

Table C.1. Insertion parameters for the insertion X[t — 1] < y1¢.
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that all the x, lie in column ¢. Use (B.3d) to find X[t — 1] < y;; the result
is X[t] as claimed in Lemma (C.2f).

Proof of part (ii) of Proposition (C.2¢). We are dealing with the word j = K'Y,
whose letters are indexed by the set [A]. Fix an element (a, s) € [A]. Then the
segment j(m 1)J(m,2) ' ** J(a,s) Of J has length

(C.2g) ¥vM(a,s) = An+ -+ Aay1 +5.

This gives a bijective, order-preserving map ¢ = ™ : [A] — r. We may
regard ¢ = ¥ as the A-tableau whose “unwinding” K1 is the word!
123 --- (r—1) 7. Notice that the tableau 1) = 1M is, in general, not standard.

6[7]8
Example. If A = (3,3,2,0,...,0), then ¢» = ) =[34[5].
1[2

We shall prove part (ii) of Proposition (C.2¢) by proving the following much
stronger result:

(C.2h) Proposition (see [3, Appendix C]). Let Y be any A-tableau. Then
QUEY) =Q™,

where Q™) is the \-tableau given by Q™ (a,s) = N (Bs + 1 — a,s), for
all (a,s) € [A].

Expressed in words: Q) is obtained by reversing each column of the
tableau M),

ot

Example. If A = (3,3,2,0,...,0), then QW =

‘Unww
(][0
o

If Proposition (C.2h) is true, the tableau Q™) must be standard, since it
is the @-symbol of a word KY (see §B.5).

Proof of Proposition (C.2h). We use induction on m. The case m = 1 is easy;

ifY =|y1,1|y12| - Y1, then Q(KY) = , which is the

same as QWM (in this case we have QW) = M),

So now suppose that m > 1 and that Proposition (C.2h) is true when Y
is replaced by any tableau with m — 1 rows. In particular it is true for the
tableau X obtained by removing the first row from Y, so that Q(KX) = Q*"),
where \* = (A2, ..., A\, 0,...,0) € AT(n,r — A1) is the shape of X.

1This word belongs to I(r,r). To define 1/)</\>, we should regard A as an element
of A*(r,r), but notice that [\] = [\'] if \' is obtained from A by adding zeros:
N =1, Am,0,0,...,0).
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We proved part (i) of Proposition (C.2c), namely that P(KY) =Y, by
calculating in turn the P-symbols of the words

KX, KX|yi1, KX|yiin2 -, KX|yiayi2---yia = KY.

So we shall do the same for the Q-symbols.

The first step is to find Q(K X | y1,1). Use the procedure described in (B.3e),
taking U = X, 1 = y1,1 and r = ¢(1,1). (Notice that r is the length of the
word KX |y;1). To go from X = P(KX) to P(KX |y11) = X < y11 is
very easy; push down the first column of X by one place, and then put y; 1
into the top place of that column (see proof of part (i) of Proposition (C.2c)).
The tableaux X and X « y;1 are shown in table C.2. To find Q(KX |y1,1),
use the recipe in (B.3e). Our induction hypothesis gives Q(KX) = QX").

The \*-tableau X The (A" 4 €1)-tableau X «— y1,1
Y21 Y22 0 Y2, O Y11 Y22 0 Y2, O
Y31 Ys2 o Ysn, O Y2,1 ys2 o Yysa, O
Ybr,ha 0 : : YBryre O
Y2 - 00 | Yn2 - 00
Yy 0 - 0 0 ypr-11 0 0 0
Ysi,1 0 0 0

Table C.2. Inserting y1,1 into the tableau X (P-symbol).

Diagram C.3 shows 1/*"). To make Q") we reverse each column of 1»*"); this

¥(2,1) ¥(2,2) Y(2,22) 0
1/)(371) 1/)(372) 1/](37)‘2) 0
w(k*) = w(ﬁA27A2) 0 .
. . : 0
D (B2,2) 0 0
Y(B,1) 0 e 0 0

Diagram C.3. The tableau zp(v), where A* = (A2,...,Am,0,...,0).
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gives the left-hand pane in table C.3. Now follow the instructions in (B.3e): to

The @-symbol of the word KX The @-symbol of the word KX | y1,1

’¢'(ﬁ171) ¢(5272) ¢(5A27>\2) 0 w(ﬂlvl) w(ﬁ272) ¢(5A27)\2) 0

v(4,1) (3,2 ¥(3,22) 0 V(4,1) 1$(3,2) ¥(3,22) 0
¥(3,1) ¥(2,2) P(2,22) 0 P(3,1) ¥(2,2) P(2,22) 0
¥(2,1) 0 0 0 ¥(2,1) 0 0 0

w(I,1) 0 - 0 0

Table C.3. Inserting y1,1 into the tableau X (Q-symbol).

go from the left-hand pane to the right-hand pane, we adjoin a new place—this
must be the place which is new when we go from P(KX) to P(KX) <« y11,
namely the place (41,1). And in this place we must put “r”, which in our case
is ¢(1,1). This gives Q(K X |y1.1) shown in the right-hand pane of table C.3.

We go on to insert y12,...,¥1,x, in turn. At each insertion, say i ., we
adjoin ¥(1,t) to the bottom of column (¢). But the new column (¢) so made
is the same as column () of Q). When we have inserted y; », we have the
complete tableau Q). This finishes the proof of Proposition (C.2h).

Hence we have proved Proposition (C.2c).

(C.2i) Exercise. Let A € AT(n,r), and let i be any element of Iy(n,r).
Then i = K P(i) if and only if Q(i) = Q™). In other words, the ~ class of Q)
consists of all ¢ € Ix(n,r) which satisfy ¢ = K P(3).

[Hint. Let ¢ € I(n,r). Schensted’s Theorem (B.6a) tells us that

(i) ¢ = KP(4) if and only if Sch(i) = Sch(K P(7)).

Now assume that ¢ € Iy(n,r), which means that A(¢) = A (see (C.1a)). Hence
(i) Sch(i) = (X, P(i), Q(3)).

To calculate Sch(KP(i)) we take Y = P(i) in (C.2c). This shows that
P(KP(i)) = P(i). Since P(i) has shape A, it follows that A(KP(i)) = A.
But (C.2¢)(ii) and (C.2h) tell us that Q(K P(i)) = Q). Therefore

(iii) Sch(KP(i)) = (\, P(i), Q™).

Now (i), together with (ii) and (iii), give the desired result: i = K P(4) if and
only if Q(i) = QW ]
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C.3 Knuth’s theorem

(C.3a) Theorem (see [34, p. 723]). Let i, j be words in I(n,r). Theni ~ j
(i.e. P(i) = P(j)) if and only if there is a finite sequence of words

(C.3b) (1), i(2), ..., i(s)

such that i(1) = i, i(s) = j and each consecutive pair of words i(c — 1), i(o)
is connected by a basic (or elementary) move of type K’ or K".

These basic moves are as follows [34, p. 723].

Definition. A move of type K’ changes a word
(C.3¢c) ...bca... to ...bac...

where a, b, c are letters (i.e. elements of n) such that a < b <ec.
A move of type K" changes a word

(€.3d) ...acb... to ...cab...

where a, b, ¢ are letters (i.e. elements of n) such that a < b < ¢.

Remarks.

(i) Each basic move is assumed to be symmetric, i.e. if a move takes a word w
to another word w’, then it also takes w’ to w.

(ii) In (C.3c) and (C.3d), the symbol ... stands for a word (possibly empty)
which is not changed in the move. For example the type K’ move (C.3c)
changes BbcaC to BbacC', where B, C are fixed words. (By (i), this move
also takes BbacC to BbcaC.)

The “only if” part of Knuth’s theorem will be proved in this section, and
the “if” part will be proved in §C.4. So in this section (§C.3) we must prove

(C.3e) Ifi,j € I(n,r) are such that P(i) = P(j), then i can be connected
to j by a finite sequence of basic mowves.

The essence of this is that every insertion operation U to U «— x can be
broken down into a sequence of basic moves. The next proposition puts this
fact in a form suitable for our purposes; in (C.3p) it will be shown that (C.3f)
implies (C.3e).

(C.3f) Proposition. Let v > 1, p € AT (n,r — 1). Let U be any p-tableau
and x any element of n. Regard KU and x as words of lengths r — 1 and 1
respectively, so that the “concatenation” w = KU | x of these may be re-
garded as an element in I(n,r). Then there is a finite sequence of basic moves
in I(n,r) which takes w to the word K(U «— ).
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Proof. We shall give in (C.3i)—(C.3k) an explicit sequence of basic moves
which takes w to K (U «+ ).

It is desirable to fix first some notation for the words which will be used
in the proof of (C.3f).

(C.3g) Notation for words and places. All the words in this section have
length r, and their entries are labelled by the set of places []U{(r)}. Ther — 1
elements of [u] are arranged according to the Knuth order (see (C.2a)), and (r)
is the last place. Therefore if u = (u1,...,lm,0,...,0) € AT(n,r — 1)
(with g > -+ > py, > 0 and >"p; = r — 1), then a typical word looks
like this: ¥ = Ym,1 - Ym,pm -+ Y11+ Y101 Yr-

To resume the proof of (C.3f), write = z; and w = KU | z, so
that w = Um 1 .. Ump,, -+ U1,1...U1p T1. Recall from (B.3b) the “parame-
ters” of the insertion of z; into the tableau U: for each a € {1,..., z}, define
Ty 1= Ug_1k(a—1) if @ > 1, or if @ = 1 define 2y = . Define k(a) to be
the smallest k£ € {1,2,..., ftq, fta + 1} such that z, < uq . If k(a) = po +1
(which means that z, > ug,,,), then the insertion sequence stops at this
stage. Define z to be the first a such that x, > u,,,,. The tableau U « z; is
denoted P = (pab)(a,b)e[r]; Where X = p+ €. (see (B.3d)).

According to (B.3d), each row a > z of the tableau U, is identical to the
corresponding row of P = U « z7; and (B.3d)(1°) shows that also u, ; = p, ¢
for all t € {1,..., u.}. Therefore

(C.38h) wug ¢ = pq, for all places (a,t) < (z, ps).

Next define a sequence of words £(a, t), one for each place (a,t) € [p], which
will “interpolate” between the words w = KU | z; and KP = K(U « xz1).
Use the following notation: if 7 € [u], then 7+ (respectively 7—) denotes the
place immediately after (respectively immediately before) 7 in the order (C.3g)
of [u] U {(r)}. For example, if a € {2,...,z}, then (a,t)+ is (a,t + 1) for
all 1 <t < pg, and (a, pe)+ = (a —1,1).

Definition of the words &(a,t).
(C.31) If (a,t) < (z,u,), then define &(a,t) := KP.

(C.38j) If(a,t) > (z,uz) and k(a)+1 <t < pig, then define {(a,t)(q,1)+ = Ta,
&(a,t), :==u, if 7 < (a,t), and &(a,t), == pr— if 7> (a,t)+.

(C.3k) 1If (a,t) > (2z,p2) and 1 <t < k(a), then define £(a,t) () = Tat1,
&(a,t); == u, if 7 < (a,t), and &(a,t), = pr— if 7> (a,t).

2In fact the construction of these basic moves is an essential part of Knuth’s
proof of his theorem; see [34, end of p. 723, and first 7 lines of p. 724].
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(C.31) Pivot of &(a,t). Assume that (a,t) > (2, 1,). Then the word &(a,t)
can be described as follows: define the pivot of £(a,t) to be the pair (z,, (a,t)+)
in case (C.3j), and to be (2441, (a,t)) in case (C.3k). Then in both cases the
rule is: at every place 7 left of the pivot, let £(a,t), = u,, and at every place T
right of the pivot, let &(a,t), = p,—. At the pivot itself, £(a,t) has entry x,
in case (C.3j), or xg41 in case (C.3k). If a word is among the £(a,t), it is
completely determined by its pivot.

(C.3m) Proposition.

() €(lm) =w=KU |z,

(i) &(z—1,1) = KP = K(U « z1).

(iii) &(a, 1) = €(a+ 1, pat1), for alla € {1,...,m — 1}.

(iv) If k(a) + 1 <t < g, there is a basic move of type K' which takes £(a,t)
to {(a, t —1).

(v) If 2 <t < k(a), there is a basic move of type K" which takes &(a,t)
to {(a, t —1).

Proof. (i) The pivot of £(1, uy) is (z1, (1)), therefore £(1, p1) has u, in each
place 7 € [u], and z; in place (7). Hence £(1, 1) = KU | ;.

(ii) The pivot of {(z—1,1) is (x,, (z—1,1)) since 1 <t < k(z—1) for ¢t = 1.
Thus &(z —1,1) has x, at place (z —1,1). At a place 7 < (z — 1, 1), the entry
in £(z —1,1) is u,, and this equals p,, by (C.3h). At ¢ > (2 — 1, 1), the entry
is p;—. Therefore £(z — 1,1) = KP.

(iii) All that is needed, is to show that both £(a, 1) and £(a+1, pa+1) have
the same pivot (441, (a,1)). We leave this as an exercise for the reader.

(iv) Suppose that k(a) + 1 < ¢t < pgo. By definition (C.3j), the entries
of £(a,t) at the places (a,t)—, (a,t), (a,t)+ are u(q,¢)—, Ua,t, Ta, TESpectively.
If these entries are denoted b, ¢, a, then we shall prove that a < b < c¢. The
inequality b < ¢, i.e. U(q1)— < U(qy), follows from (a,t)— = (a,t — 1) and the
standardness of U (note that k(a)+1 < ¢ implies that 2 < t). To see that a < b,
use the inequality g p(a)—1 < Zo < Ugk(a) (see (B.3c)). Standardness of U
gives Ug (a) < Uayi—1, since k(a) + 1 < t. Therefore x4 < Ugp@a) < Uays
hence a < b.

We may now make a move of type K’ which interchanges a and c,
and leaves £(a,t) otherwise unchanged. At the places (a,t), (a,t)+, the
word K'€(a,t) has entries xq, uq. However u, i = po,. since t # k(a). It
is now easy to see that K'¢(a,t) = £(a,t — 1).

(v) The proof is on the same lines as that of (iv). Suppose 2 < ¢ < k(a).
By (C.3k) the entries in (a,t) at the places (a,t)— = (a,t — 1), (a,t), (a,t)+
are Ug¢—1, Ta+1, Pa,t, respectively. If these entries are denoted a, c, b, we
leave it to the reader to prove that a < b < c¢. This shows that there is a move
of type K" which interchanges a, ¢, and leaves £(a,t) otherwise unchanged.
Therefore the entries in K"€(a,t) at places (a,t — 1), (a,t), are To+1, Ugi—1-
But %g,t—1 = pa,1—1 because t—1 # k(a). It follows that K""¢(a,t) = £(a,t—1).

This completes the proof of Proposition (C.3m).
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And this proves Proposition (C.3f).

(C.3n) Example. Take u = (4,2,1,1) € A*(4,8), and U as given in (C.30).
Then U is a u-tableau. Now take z; = 1. We calculate P = U «— z; by
the methods of §B.4. This tableau also is given in (C.30). It is a A-tableau,
where A = (4,2,2,1) € AT(4,9).

1[1]2]2] 1[1]1]2]
_12]4 _12]2
(C.30) U—i ) P—34
[4] [4]

The parameters for the insertion of x; = 1 are as follows (see (B.3b)): z = 3
and

1 =1(=p1rq)), T2 =2 (= ur) = P2k2), T3 =4 (= U2 k(2) = P3,x(3))5
k(1) = 3, k(2) =2, k(3) = 2.

It is rather easy to display the words £(a,t), for all (a,t) € [u] (see table C.4).
By (C.3m)(i),(ii)) we know that £(1,4) = KU | x1, and £(2,1) = KP;
so write in these words. If (a,t) < (z,u,) then &(a,t) = KP by (C.3i),
and this gives us £(3,1) and £(4,1). If (a,t) > (2, p,), determine the pivot
of &(a,t), using (C.3j) or (C.3k) as appropriate. For example the pivot
of £(1,4) is (z1,(1,4)+) = (z1,(9)), and the pivot of £(1,2) is (z2,(1,2)).
For each &(a,t), we have underlined the first term (x, or z,41) in the pivot
of ¢(a,t) in table C.4.

Proof of the “only if” part of Knuth’s theorem. Suppose i € I(n,r), and
for each s € {0,1,...,r} define Ps(i) = P(i1...15) (take Py(i) to be the
empty tableau). Let s € {1,2,...,r} and let U = Ps_1(4) and = = is. Then
Proposition (C.3f) provides a sequence of words £(a,t), and hence a sequence
of basic moves taking the word K Ps_1(i) | is to the word K (Ps_1(i) < is) =
K P(i). Using the notation of §B.7 (the “ladder”), we may now construct
a sequence of basic moves taking KPs_1|isisy1 ... t0 KPs|igi1...0,; we
simply use the sequence of words £(a,t) |is41 .. . i, in place of the £(a, t). Since
we can do this for each s = 1,2,...,r, we deduce the following fundamental
proposition:

(C.3p) Proposition. Given i € I(n,r), there is a sequence of basic moves
in I(n,r) which takes i to KP(i).

It is now easy to prove (C.3e), which is the “only if” part of Knuth’s the-
orem (C.3a). For given i,j € I(n,r) such that P(i) = P(j), we use (C.3p)
to make two sequences of basic moves, one taking i to K P(i) and one tak-
ing j to KP(j) = KP(i). Then the first of these sequences, followed by the
“reverse” of the second, takes 7 to j.
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Place | (4,1)] 3,1)] @ 1] 22| ,1)| 1,2)] (1,3)| 1,4)| (9) || Move

U U u U U u U U T
£(1,4) 4,1 3,1 2,1 2,2 1,1 1,2 1,3 1,4 x1 K’

Uu U u U U u T T
£(1,3) 4,1 3,1 2,1 2,2 1,1 1,2 X2 1 P1,4 K"

=p1,3|=U1,4

U U u U U T
£(1,2) 4,1 3,1 2,1 2,2 1,1 X2 P1,2 P1,3 P1,4 K"
£(1,1) U4,1 u3,1 uU2,1 u2,2 X2 P11 P12 P13 P14 .

b)
=u1,

Uu U u T T

£(2,2) 4,1 3,1 2,1 X3 2 P11 P12 P13 P14 K"
=p2,2

£(2,1) ;0_4,1 1?,1 % P21 P22 P11 P12 P13 P14
=U4,1 | =U3,1 | =P3,2

£(3,1) P4 P31 P32 P21 P22 P11 P12 P13 P14

5(47 1) P41 P31 P3,2 P21 D22 P11 P1,2 P1,3 P14

Table C.4. The sequence of words associated to Schensted insertion.

C.4 The “if” part of Knuth’s theorem

Let n, r be positive integers. In this section we will prove the “if” part of
Knuth’s theorem (C.3a), that is: if i,j € I(n,r) can be connected by a se-
quence of basic moves as in (C.3b), then i ~ j (i.e. P(i) = P(j)).

Clearly it will be enough to prove:

(C.4a) Ifiand jin I(n,r) are connected by a basic move, then P (i) = P(j).
For a standard tableau U and letters x1, ..., x5, we write
Ue—zizgap=(((U—x) —a2) ) — a1
to ease the reading. We will prove the following

(C.4b) Proposition (see [34, pp. 721, 722]). Let U be a standard tableau
with entries drawn from n, and let a,b,c € n.

(1) Ifa<b<e, then U « bac = U « bca.

(2) Ifa<b<e, then U «— acb = U « cab.
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This proposition implies (C.4a), by means of a simple induction on the
length r of 4 and j.

Our proof of the proposition builds on Schensted’s original description of
the insertion process U <« x, which reads as follows. Let U be a u-tableau
and z be a letter.

If U is the empty tableau or w;,, < x (so that the insertion se-
quence (B.3b) has length z = 1), then U « z is obtained from U by appending
the letter x to the first row of U:

=]

U—z=

If U is not empty and = < uy,,, (so that the insertion sequence (B.3b) has
length z > 1), then choose k£ < p; minimal with © < u; ; and set y = uq 4.
The tableau U « z has first row (u1,1,...,2,...,%1,,,) (With 2 in column k),
while the remaining rows of U « x are given by U « y. Here U is the
“sub-tableau” of U obtained from U by removing the first row. In illustrative

terms:

U«—zx= U—y

Of course, this description of U « xz follows directly from our descrip-
tion (B.3d).

The idea of proof for the proposition is this. In either case (1) or (2),
check that the first rows of the two tableaux shown coincide. Then consider
the tableaux obtained by removing the first rows.

If any of the three letters a, b, ¢ does not bump a letter into the second
row, then it is fairly easy to see that these “sub-tableaux” are equal. If all
three letters a, b, ¢ bump letters into the second row—z, y, z, say—then the
letters x, y, z can be shown to satisfy either (1) or (2). We can then conclude
by induction on the number of rows of U.

Before we give the proof of (C.4b), let’s look at two examples.

Example 1. Let n = 5,a =1, b = 1 and ¢ = 3 (so that part (2) of the
proposition applies), and consider the tableau
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1[1]2]3]3]4]
U=[2[2]3]4
3[4]4]5
We have
~_[2]2]3]4
V=Gl

Let us concentrate on the first rows of U < acb and U < cab. We get

1[1]1]1]3]3]
U — 243

U«—acb=U +— 131 =

from Schensted’s inductive description, because a = 1 bumps « = 2 from the
first row of U, ¢ = 3 bumps z = 4 from the first row of U < a, and b = 1
bumps y = 3 from the first row of U < ac.

Similarly, we get

1[1]1]1]3]3]
U — 423

U« cab=U «+ 311 =

Applying (C.4b)(2), it follows that U « 243 = U « 423 (by induction on the
number of rows), hence also U «— 131 = U « 311.

Example 2. Let n = 5 again, ¢ = 1, b = 1 and ¢ = 2 (so that part (2) of
proposition (C.4b) applies again), and consider the tableau

111[3]3]3]3]
U=[2]3]4]4]4
4[5]5]5

We have

e
Il

In this case, we get

1[1]1]1]3]3]
U«—acb=U +— 121 = 7 339

from Schensted’s inductive description, because a = 1 bumps =z = 3 from the
first row of U, ¢ = 2 bumps z = 3 from the first row of U < a, and b = 1
bumps y = ¢ = 2 from the first row of U < ac. Similarly, we get

1[1]1]1]3]3]

UH323W

This time applying (C.4b)(1), it follows that U « 332 = U « 323 (by
induction on the number of rows), hence also U « 121 = U « 211.

U«—cab=U 211 =
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Proof of Proposition (C.4b). The proof is done by induction on the number m
of rows of U.
If m = 0, then U is the empty tableau and

a c‘:

(1) U« bac= D

U« becaifa <b<c,

alb]
=

U«—cabifa<b<e.

(2) U+« acb=

Thus (C.4b) holds in case m = 0.

Suppose m > 0. Let u denote the shape of U and write U = (uzy) (2,y)e[u]-
Furthermore, let U be the tableau obtained from U by removing the first row.

We shall prove the parts (1) and (2) separately.

Proof of part (1) of Proposition (C.4b). Assume we have a,b,c € n such
that a < b < ¢. We want to prove that U « bac = U « bca.

To find the tableau W := U « b, let b bump w4 ; into row (2), where [ is
the smallest element of {1,...,u1, 1 + 1} such that b < uq ;. This means:

(i) row (1) of W is the same as row (1) of U except at place (1,1),
where wy; = b, and

(ii) the tableau obtained by removing the first row of W, is W = U « y,
where y := uq ;. (If I = p1 + 1, so that y = oo, we make the convention
that inserting oo into row (2) has no effect on U.)

U«—y U —yx U—yz

Table C.5. Inserting b, a and b, ¢ into U when a < b < c.

To find the tableaux U <+ ba = W « a and U «— bc = W « ¢, define k to
be the smallest element of {1,..., u1, 1 +1} and p to be the smallest element
of {1,..., w1 +1, 1 + 2} such that a < wy  and ¢ < wy ,, respectively. (The
case p = p1 + 2 only occurs when k = pg + 1.)

Then

(iii) & <1 (because a < b= wi ), and
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(iv) I < p (because w1 =b < c < wip).

Make U « ba from W by letting a bump z := wy j into row (2); make U « bc
from W by letting ¢ bump z := wy , into row (2). The resulting tableaux are
shown in table C.5.

To find U « bac, insert ¢ into the tableau W’ := U « ba. First find the
smallest p’ in {1,..., p1, 1 + 1, 1 + 2} such that ¢ < wi’p,. But any p’ such
that ¢ < w) , is > [ (because w} ; = b < ), and all the entries w] ; in row (1)
of W’ such that s > [, coincide with the corresponding entries w; ¢ in row (1)
of W, because the process which takes W to W’ = W « a affects only the
part of row (1) to the left of (1,1). Therefore p = p’, and U « bac is shown in
the left pane of table C.6. An entirely similar argument gives U « bca, using
the fact that the process which takes W to W = W « b affects only the
part of row (1) to the right of (1,1); this tableau is shown in the right pane
of table C.6. We next prove that x < y < z. First, to prove x < y, observe

’ U « bac ‘ U « bca ‘
k l P k l P
[a] [b [a] [b
Unyz [~]eyzx

Table C.6. Inserting b, a, c and b, ¢, a into U when a < b < c.

that (iil) gives * = w1 < w1, = b < uz; = y. Second, to prove y < z, observe
that (iv) gives y = uw1; < w1, = z. This argument is also valid when y = oo,
because then z = 0o as well.

It follows that U « yrz = U — yzx by the induction hypothesis; and
table C.6 gives the desired result U < bac = U « bca.

There is still one “loose end” to be tidied up! Namely it can happen
that k& = [; the argument above still works, but we must re-draw the first
rows of the tableaux shown in table C.6. Each of these rows (which are equal)

looks like
k=1 p

L [af [€]

This concludes the proof of Proposition (C.4b)(1).

Proof of part (2) of Proposition (C.4b). We now assume that a < b < ¢
and show that U < achb = U « cab.

To find the tableaux U <« a and U « ¢, define k and p to be the smallest
elements of {1,...,u1, 1 + 1} such that a < w1 and ¢ < wuy p, respectively.
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As usual, make V := U « a from U by letting a bump x := u; j, into row (2),
and make W := U « ¢ from U by letting ¢ bump z := wu; , into row (2).
Then k < p (because a < ¢). We consider two cases:

Case 1. k < p. Then k < p1, hence the first row of V' has p; entries.
To find the tableau U < ac = V « c define p’ to be the smallest element
of {1,...,pt1, 1 + 1} such that ¢ < vy,. But any p’ with ¢ < vy, is > k
(because v1; = a < ¢), and all the entries vy s in row (1) of V with s > k,
coincide with the corresponding entries uy s of U (because the first rows of U
and V differ only at place (1,k)). It follows that p = p’, and ¢ bumps the
letter z = uy ;, of V' into row (2). An entirely similar argument shows that a
bumps the letter x = u; ; = wi  of W into row (2).

The tableaux V « ¢ and W « a are shown in table C.7.

’ Ve—c=U-+ac ‘ W—a=U « ca ‘
k p k p
[a] cl ]| [ _le] cl |
U« z2 U« zz

Table C.7. Inserting a, ¢ and ¢, a into U when a < b < c and k < p.

The first rows of V « ¢ and W « a coincide. Hence b bumps the same
letter y = v1; = wi, into row (2) of V « ¢ and W « a. Furthermore, it
follows from a < b < ¢ that kK < | < p. The tableaux U < acb =V «— c¢b
and U < cab =W « ab are displayed in table C.8.

’ U «— acb ‘ U « cab ‘
k l P k l P
[a] [b] [e] || [ Iel T[] [e] ]
U — zzy U — zzy

Table C.8. Inserting a, ¢, b and ¢, a, b into U when a < b < c and k < p.
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We next prove that z <y < z. First, we have z = uy ,, <wuj; =y if [ <p,
andx =v1 4 <vip_1 <c=yifl=p. Second, y=v1; <v1p=c<uip=-=2

It follows that U « zzy = U «— zay by the induction hypothesis; and
table C.8 gives U «— acb = U « cab in case k < p.

Case 2. k =p. Then x = u; ; = u1,, = 2. To find the tableau V « cin
this case, define p’ to be the smallest element of {1,..., 1 + 1, 41 + 2} such
that ¢ < v1. But v1 = a < ¢ < ui g < Up k+1 = U1 g+1, hence p =k + 1.
Therefore ¢ bumps the letter w = v1 g1 = w1 g+1 of V into row (2).

To find the tableau W « a, note that wi p—1 = u1p—1 < a < c = wip.
Therefore a bumps the letter ¢ = wy , of W into row (2).

The tableaux V « ¢ and W « a are shown in table C.9.

Vec=U-+«ac ‘ We—a=U + ca ‘

[ale] ] [a] |

U« zw U« zc

Table C.9. Inserting a, ¢ and ¢, a into U when a < b < c and k = p.

From v1; = a < b < ¢ = vy 41 it follows that b bumps the letter ¢ (in
column k + 1) of V « ¢ into row (2).

From w1, =a <b<c<upp < U g1 = Wikt it follows that b bumps
the letter w = uy g4+1 into row (2) of W «— a.

The resulting tableaux V < ¢b = U « acb and W «— ab = U « cab are
shown in table C.10.

U « acb ‘ U « cab ‘
k k
[a]b | [a]b |
U «— zwe U «— zew

Table C.10. Inserting a, ¢, b and ¢, a, b into U when a < b < c and k = p.
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It is clear that ¢ < z < w, because ¢ < U1 p = 2 < Uy pp1 = UL kg1 = W.
This argument is also valid when z = oo, for then w = oo as well. Therefore
part (1) of Proposition (C.4b) implies that U «— zwc = U «— zcw, and
so U « acb = U « cab.

This concludes the proof of Proposition (C.4b), hence of Knuth’s theo-

rem (C.3a).

C.5 Littelmann operators on tableaux

Suppose we have A € AT (n,7), ¢ € {1,2,...,n—1} and a A-tableau P. The op-
erator f. does not act on P, but it does act on the word K P. Theorem (C.5b)
below will show that there is a unique tableau P such that KP = fc(KP). It
is reasonable to define f.(P) to be P.

In (C.3g), we regarded the entries in the words KU | z; and K(U « 1)
as indexed by the r-element set [u] U {(r)}. More generally, we can take any
ordered r-element set T = {7y, 7,..., 7.} such that 11 < 7% < -+ < 7., and
use T to index the entries in a word 7 of length r. This means that if 7 is a word
of length r, we write ¢ =i, ir, ...%,. In this section, it will be convenient to
take T = [A], because [A] indexes the entries of the word K P (see §C.2).

For the moment, let T = {71,73,...,7.} be an arbitrary r-element set
with 7 < 75 < -+ < 7.. Then all the definitions for f. given in §A.3 translate
into definitions for words indexed by T in a trivial manner (we leave it to
the reader to make the analogous translations for é.). In case T = [\] these
definitions appear as follows.

First define weet1 = w:n — Z as in §A.3, so that w(v) =1, =1 or 0
according as v =¢, c+ 1l or v ¢ {¢,c+ 1}.

The map hEP = hEP . [\]U {0} — Z is given so that AP (0) = 0, while
for any ¢ € [A] we define

(C5a) W71 = Y wlpas).

(a,b)<t

the order < being that given by (C.2a).

Let M = MXP be the largest element of the set {0} U {hEF : ¢t € [\]}.
If M = 0 define f.(KP) := oo, or say that “f.(KP) is undefined”. If M # 0,
let ¢ = g7 be the least element t of [\] such that h*¥(¢) = M. Then there
must hold p,;, = ¢, where ¢ = (a,b); see (A.3c). In this case we define f.(K P)
to be the word obtained from K P by changing the entry p, s = c to ¢+ 1; all
other entries in K P are left unchanged.

The next theorem shows that if f.(KP) # oo, it is possible to define a
tableau, f.(P) in such a way that K(f.P) = f.(KP) 3

3Some authors identify the tableau P with the word KP, and view theo-
rem (C.5b) as justification of this practice. But in this Appendix we will be cautious
(perhaps over-cautious!) and we do not make this identification.
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(C.5b) Theorem. Let A € AT (n,r), c € {1,2,...,n— 1} and P be a \-tab-
leau. Using the definitions above, assume M # 0, and define ¢ = (a,b) to
be the least place (in the order (C.2a)) such that h((a,b)) = M. We know
from (A.8¢c) that pap = c. Then we have also

(1) If (a,b+ 1) € [A], then pgp+1 > ¢+ 1.

(2) If (a+1,b) € [A], then pay1p > c+ 1.

(3) If we change P to P by changing the entry Dab = C 10 Pap = c+ 1, and
leaving unchanged all the other entries in P, we get a A-tableau P which
is standard.

(4) KP = f.(KP).

Proof. (1) Since P is standard, pgp+1 > Pap = ¢ If papr1 < ¢+ 1, we would
have p,p+1 = c. This gives hF((a,b + 1)) = hEP((a,b)) + w(c) = M + 1,
contradicting the definition of M. So there must hold p, 41 > ¢+ 1.

(2) Since P is standard, we must have p,y15 > ¢. Unless poy15 > c+1, we
have pg41,56 = c+1. We shall show that this leads to a contradiction. Table C.11
shows the rows (a) and (a+1) of P, and their entries in certain columns. Let b’

[ AT (A B R (T
a ol <e c - le >c
a+1| - |Pat1pry1|c+1|--|c+1|>c+1

Table C.11. Rows (a) and (a + 1) of P.

denote the leftmost of all columns such that p, v = c. Since a > ¢ + 1, entries
in row (a + 1) to the right of column (b) are all > ¢+ 1. The entries in the
same row, in columns (b'),..., (b), are all equal to ¢+ 1. This is because such
an entry pgi1,p- is left of poy1p =c+ 1, and is also > p, v = c.

From the definition (C.5a) we deduce

(C.5¢) hEP(a,b) =hEP(a+ 1,0/ — 1)+ X +Y +Y* + Z,

where
X = 3 wparra) Y=Y wparia)
b <x<b bF1<e<Aat1
Yr = Z w(pa,w) Z = Z W(pa,w)~
1<a<b b <z<b

But for b+ 1 < 2 < A4 all the entries pg41,, are > ¢+ 1, hence all the
summands w(pg41,2) = 0, therefore Y = 0. Similarly Y* = 0 because all
the elements p,, (for 1 < z < b — 1) are < c¢. Finally X + Z = 0 be-
cause X + Z is a sum of pairs w(c) + w(c + 1) = 0. Therefore (C.5¢) im-
plies that h%¥ (a,b) = h%F(a + 1,0 — 1). But this contradicts our definition
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of (a,b) as the least place in [\] such that h* ¥ (a,b) = M. This proves part (2)
of Theorem (C.5b).

Part (3) is now proved, since (1) and (2) show that P is standard. Then (4)
follows.

(C.5d) Example. Let A = (2,2,0,...,0), regarded as an element of A*(n,4)

for some n > 4. Consider the M\-tableau P = § i . Then KP = 3422. Now
r 1 2 3 4
t (2,1) | (2,2) | (1,1) | (1,2)
(KP), 3 4 2 2
P (7) -1 -1 0 1
(fo(KP)), 3 4 2 3

Table C.12. Illustration of Theorem (C.5b).

let ¢ = 2. Calculate f.(K P) using table C.12. Notice that we have shown two
set 4 and [A], either of which can be used to index the letters of the word K P.

We see that ¢%F = 4, or equivalently, ¢®* = (1,2). Therefore fc(P) = :2} Z .

C.6 The proof of Proposition B

In this section we shall prove the fact, fundamental for our work, that the
operation K P commutes with all the Littelmann operators f.. In other words,
we shall prove the

Proposition B. Leti € I(n,r) andc € {1,2,...,n—1} such that foi) # 0.
Then f.(KP(i)) # oo and

(C.6a) [.(KP(i)) = KP(f(i)).

Fori,j € I(n,r) we write iK'j (respectively, i¢K" ) if i and j are connected
by a basic move of type K’ (respectively, K"'); see (C.3¢c), (C.3d). The proof
of Proposition B is based on the following two lemmas.

(C.6b) Lemma. Let i,j € I(n,r), and suppose that j is obtained from i by
a basic move, say,

i:(...,ik,ik+1,...)7 j:(...,ik+1,ik,...), U < Tk41 -

Then M = M7, and there are the following alternatives for ¢* and ¢’ :



C.6 The proof of Proposition B 117

(a) If ¢* ¢ {k,k + 1}, then ¢ = ¢'.

(b) If ¢ =k + 1, then ¢/ = k.

(c) If ¢* = k, then either iy 1 =c+1,iK"j and ¢ =k +2, oripy1 #c+1
and ¢ =k +1.

Proof. Set x := i and z := ig4+1, so that x < z. We observe that
(i) hi(v) = h'(v) for all v # k.

This follows directly from the definition (A.3a) of hl and the fact that the
words ¢ and j are identical at all places except v =k and v = k + 1.

Next we show that

(i) M* = M.
Suppose first that ¢* # k. Then M7 > hi(q") = hi(q") = M?, by (i). Assume
that M7 > M*. Then ¢/ = k, by (i). This implies z = cand x < ¢, by (A.3¢)(i).
It follows that M*® > hi(k+ 1) = hi(k + 1) = hi(k) = M7, a contradiction.
This shows M? = M7 in case ¢* # k.

Suppose now ¢' = k. Then z = ¢, by (A.3c)(i). Hence M* > M7, by (i).
Assume that M*® > MJ. Then M* > hi(k +1) = hi(k + 1) = M* + w.(z),
which implies z = ¢+ 1. If ¢K’j, that is, 2 < i,_1 < z, then ip_; = c+ 1
and thus hi(k) = hi(k — 2) + we(ix_1) + we(x) = hi(k — 2). This contradicts
the minimal choice of ¢*. If iK"'j, that is, if 2 < i34 < 2, then ip,o = ¢ and
thus M7 > hi(k +2) = hi(k +2) = hi(k) = M', again a contradiction. This
shows M*® = M7 also in case ¢* = k, and (ii) is proved.

Now, for the proof of (a), suppose that ¢* ¢ {k,k + 1}. Assume ¢’ # ¢,
then ¢/ = k, by (i), and thus z = c. It follows that z < c¢ and therefore,
by (i), hi(k+1) = hi(k) = M7 = M. This implies ¢* < k, since ¢* # k,k+1,
hence also ¢/ < k, by (i)—a contradiction. Part (a) is proved.

Now let ¢¢ = k+ 1. Then z = ¢ and * < ¢, and we get from (ii)
that hi(k) = hi(k+1)=hi(k+1)=M"= M. It follows that ¢/ < k. In
fact, by (i), ¢/ = k. This implies (b).

Consider finally the case where ¢* = k. Then z = ¢, and ¢/ > k, by (ii).

Suppose additionally that z # ¢+ 1. Then z > ¢+ 1, and it follows
that hi(k) < hi(k+ 1) = hi(k + 1) = hi(k) = M* = M. But this im-
plies ¢ =k + 1.

To conclude, let z = ¢ + 1. Assume iK'j, so that z < ip_1 < 2.
Then ix_1 = c+ 1 and Ai(k) = hi(k —2) +we(ix—1) +we(w) = hi(k—2). This
contradicts the minimal choice of ¢'. It follows that iK"j as asserted, that
is # < ipyo < 2. Hence ij4o = c. Direct verification gives hi(k) = hi(k) —2 =
M?—2=MI -2, hi(k+1) = M’ —1 and hi(k+2) = MJ. Therefore ¢/ = k+2
as claimed in (c).

(C.6c) Lemma. Leti,j € I(n,r), and suppose j is obtained from i by a basic
move. If f.(i) # oo, then f.(j) # oo, and f.(j) is obtained from f.(i) by a
basic move.

There is a corresponding statement (and proof), with é. replacing fc.
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Proof. Thanks to symmetry in ¢ and j, we may assume that either there exist
components y = ix_1, T = ik, 2 = ix4+1 of ¢ such that

(K/) Z.:(...,y71'72,...), j:("wyazawv"')v x<y§'za
or components = iy, 2 = ik4+1, Y = ix12 of ¢ such that
(K" i=(..,2,2,y,...), j=(..,z,2,9,...), x<y<z.

Suppose fo(i) # oo. Then M7 = M* > 0, by Lemma (C.6b). This implies
that f.(j) # oo as well.

We now consider the three cases listed in Lemma (C.6b).

Case (a). ¢' ¢ {k,k+1}. Then ¢' = ¢’, by Lemma (C.6b). Hence z and 2
remain unchanged when we apply fc to i and j. The claim follows directly
if y is not changed, either.

Suppose that y = ¢, iK'j and ¢* = k — 1. Then we get*

fC(i):(""@’xwzw"» fc(j):<"'7@)'zax7"')7 .'I}<C§Z.

However, we have z > ¢+ 1, since in case z = ¢ we get hi(k) = hi(k—1)+1,
and this contradicts the maximality of hi(q’). Hence f.(i)K'f.(j).
Suppose now that y = ¢, iK”j and ¢° = k + 2. Then we get

fe@)=(..,z,z,c+1,..), f(i)=(..,z,x,c+1,..), z<c<z

However, we have z > ¢+ 1, since in case z = ¢+ 1 we get hi(k) = hi(k +2),
and this contradicts the minimal choice of ¢°. Hence f.(i)K" f.(5).
Case (b). ¢' = k+ 1. Then ¢/ =k and z = ¢, hence

fc(i):(""mvﬂa“-)a fc(]):(7@7l”)

If iK"j, then x <y < z < ¢ + 1, therefore fe()K" fo(4). In case iK'j, we
get ¢ <y < z<c+1, hence f.(i)K'f.(5).

Case (c). ¢¢ = k. Here z = ¢, and we need to consider the alternative
given in Lemma (C.6b)(c).

Suppose first that z = ¢ + 1, that iK”j and ¢ = k + 2. Then y = ¢
since c=x <y < z=c+ 1. Hence

fC(i):("'a@76+1vca"')a fC(j):("'aC"f'va»@v"')'

We get that f.(j) K’ fe(i).
The case where z # ¢+ 1 and ¢/ = k + 1 remains. Here z > ¢ + 1 and

fc(i):("'vﬁvza'")’ fc(]):(azvﬁa)

Suppose iK"j, then y > ¢+ 1 since otherwise hl(k + 2) = h’(k) + 1. There-
fore c+1 <y <z and f.(i)K" fo(j). Similarly, if iK'j, then y > ¢+ 1, since
otherwise h%(k — 2) = h(k). Hence ¢+ 1 <y < z and f.(4)K' f.(j)-

4Those values which were changed by fc are underlined.
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We are now in a position to give the

Proof of Proposition B. From Proposition (C.2¢), we get P(KP(i)) = P(i).
Hence, by Theorem (C.3a), there exist words

i@ i@ =D R e ()

such that i(® =i, i¥) = KP(i), and i*) is obtained from i(**~1) by a basic
move. From Lemma (C.6¢), it follows that f.(i*)) # co and that f.(i*")) is
obtained from f.(i*~1) by a basic move, for all v € {1,...,k}.

Applying Theorem (C.3a) again, we get

P(f.(0) = P(£.0) = P(f.6)) = P(F(KPG),
hence

(x) KP(fe(i)) = KP(f(KP(i))).

There is a standard tableau P such that KP = fC(Kfi(z)), by Theo-
rem (C.5b)(4). And by Proposition (C.2¢)(i), KP(KP) = KP. Therefore (x)
becomes

KP(fo(i)) = KP = [.(KP(i))).



D

Theorem A and some of its consequences

In what follows, n, r are fixed positive integers.

D.1 Ingredients for the proof of Theorem A

We shall prove Theorem A in the next section, but we must first study some
words in I(n,r) which play a special role for the action of the Littelmann
operators. To describe these words, we need the following lemma, which is an
immediate consequence of the definitions in §A.3.

(D.1a) Lemma. Ifi € I(n,7) and c € {1,...,n — 1}, then
(i) fe(@) = oo if and only if
#Hrv<t:ii,=c}<#{v<t:i,=c+1}
forallt € {1,...,r}, and
(ii) é.(i) = oo if and only if
#Hrv>s:ii,=c}>#{v>s:i,=c+1}
forall s e {1,...,r}.
We are interested in the words which satisfy (i) for all ¢. So we set
T:={iel(n,r): fc(i):ooforallce{1,...,n—1}}.
Define an operator W : I(n,r) — I(n,r) by
Wivia...ip) = (n+1—i,n+1—is...,n+1—14,).
1

Then a word ¢ belongs to T if and only if W (i) is a “lattice permutation”*.

!This term is rather confusing, because we shall use it for words which may not
be permutations! A word j € I(n,r) is called a permutation if n = r and the entries
in j are 1,2,...,r in some order. Lattice permutations in this sense are used by
D.E. Littlewood in the character theory of the symmetric group Sym(r) (see [36,
page 67]). Lattice permutations in the present sense appear in [40] and [37].



122 D Theorem A and some of its consequences

Definition. A lattice permutation, in our language, is a word j € I(n,r) such
that

(D.1b) #{v<s:j, =1}
>##{v<s:j,=2}

Y

forall s € {1,...,r}.

For example, the word j = 11122132, an element of I(3,8), is a lattice
permutation. The word ¢ = 33322312 belongs to Y, because W (i) = j.

Similarly, we are interested in the words which satisfy condition (ii) in
Lemma (D.1a) for all ¢, and we set

T:={icl(nr):éli)=ocforalce{l,...,n—1}}.
In (A.3g)(2), the operator B : I(n,r) — I(n,r) was defined by
Blivia .. ip_1iy) = ipip_1 - iziy.
Thus a word ¢ belongs to T if and only if B(7) is a lattice permutation.
Define an operator C : I(n,r) — I(n,r) by C = BW = W B. Explicitly,
Clivig. . ir1iy) = (n+1—ipn+1—ir1,....,n+1—ig,n+1—1d).

Remarks.

(i) All these operators have square equal to the identity in I(n,r).

(ii) If ¢ € I(n,r) and Sch(i) = (A(7), P(i),Q(3)), then A(4) is the shape of 4
(see §C.1). The operator C preserves shape (i.e. A(Ci) = A(i), see (D.3g)),
but the operators B and W do not. For example, using the tables in §E.1,
we see that ¢ = 221 has shape (2,1,0), but B(i) = 122 and W (i) = 223
both have shape (3,0,0). However, C(i) = 322 has the same shape as i.

(D.1c) Lemma. The operator C induces a bijection T — Y. Hence |T| = |Y|.

Proof. Let ¢ € T. Then B(i) is a lattice permutation, and W(C(i)) = B(i).
This shows that C(i) € T. Prove similarly that ¢ € T implies that C(i) € T.

From now on in this section, we fix A € A*(n,r).
The tableaux T and Z). Define two A-tableaux as follows:
(D.1d) Ty = (Ts,t)(s,t)epn) Where T, ; = s for all (s,t) € [A]; we denote the
word KTy by i*.

(D.1e) Zx = (Zst)(s,p)e[n Where Z ;s =n — (B + s for all (s,t) € [A], and 3y
denotes the length of column ¢ of Zy; we denote the word K Z, by iy.
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Example. If A = (5,3,2,0,0) € AT(5,10), then

L[1[a]1]1] 3[3[4][5]5]
(D.1f) Th =[2]2]2 and Z, =(4[4|5 .
313 515

Notice that Ty is our old friend from (4.3b), where it is called T;. It is
useful to think of Z as the tableau obtained from T by subjecting it to two
successive operations: first reverse each column of Ty, and secondly replace
each entry z in the tableau by n 4+ 1 — x. In our example,

L[a[a]1]1] 3[3[2[1]1] 3[3[4]5]5]
T\ =[2]2]2 — [2]2]1 —  [4]4]5 = 7).
3[3 11 5[5

Notation. Define Q(\) to be the set of all (standard) A-tableaux whose en-
tries are 1,2,...,r in some order.

Recall from (C.le) that I(Q,=) is the set of all words i € I(n,r) such
that Q(i) = @, for each @Q € Q(\). These sets are the equivalence classes
for ~.

(D.1g) Theorem. Let Q € Q(X). Then:

(i) There is a unique word i € I(n,r) such that Q(i) = Q and i belongs to T.
Moreover P(i) = T).

(ii) There is a unique word i € I(n,r) such that Q(i) = Q and i belongs to Y.
Moreover P(i) = Z,.

(D.1h) Notation. For each Q € Q()\), denote the word i in (i) by 9, and
the word ¢ in (ii) by ig.

Proof of Theorem (D.1g). (i) By Schensted’s Theorem (B.6a) there is a unique
word 4 such that P(i) = T and Q(i) = Q. We claim that this ¢ belongs to T.

Let ¢ € {1,2,...,n}. From §A.3, we know that é.(i) = oo if and only if
the function h® attains its maximum M! at the last place in the word i,
ie. hi(r)= M. Now hi(r) is the sum of the w(i,) for v = 1,2,...,r
(see (A.3a)). But the r entries in the word KP(i) form a permutation of
the r entries of i. Hence hX7(r) = hi(r) = Mi. By Lemma (C.6b)
and Proposition (C.3p), the words ¢ and KP(i) give the same maximum,
i.e. Mg = MCKP(”. We can calculate MCKP(i) = MCKTA easily; it is A¢ — Act1,
and it is attained at the last place (1,\;) of KP(i). Therefore the maxi-
mum M of hi is also attained at the last place of i. This shows that é.(i) = oo
for all ¢, hence i € T.

Now we must prove uniqueness: if j € I(Q,~)NT, then j = i. It is enough
to prove that P(j) = Th. We know é.(KP(j)) = KP(é.(j)), by Proposi-
tion B, hence é.(KP(j)) = oo for all ¢. So the height function hEPED takes
its maximum value at “place 7, i.e. at place (1, A1) € [A].
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Consider the last entry ¢ in the first row of P(j); we must show that ¢ = 1.
If this is false, then ¢ > 1. Consider the height functions for ¢ = ¢t — 1. The
entry in P(j) at place (1 )\1) (which corresponds to place r in the word K P(j))
is ¢+ 1. So we have hl )( ) < hKP(J)( — 1), a contradiction.

Hence all entries of the first row of P(j) are equal to 1. Next consider the
last entry, ¢ say, in the s'" row of P(j). We have t > s since P(j) is standard.

Suppose t > s, and set ¢ =t — 1. As before, the height function hE PU) does
not take its maximum value at r: it is constant on the letters of rows 1 up
to s — 1, and its value at the last place of row s, say x, is less than its value
at the place immediately preceding this last place. This is a contradiction.
We have proved that P(j) = T, and since we have assumed Q(j) = @, the
words j and ¢ must be equal.

If we let A vary over all partitions in AT (n,r), then this shows that |T| is
equal to the number of standard tableaux having entries 1,2,...,r in some
order; this is also the total number of ~-classes in I(n,r).

(ii) By Schensted’s theorem (B.6a) there is a unique word i € I(n,r)
with Qi) = @Q and P(i) = Z. Using Lemma (C.6b) and Proposition B, as in
the proof of (i), it is quite easy to see that i € T.

Therefore each ~-class of words of shape A\ contains at least one element
of T. But as was noted above, if we let A\ vary, the number of =s-classes
is |T|, which is equal to | Y| by Lemma (D.1c). This implies that each ~-class
contains a unique element of Y; this must be the word i having P(i) = Z)
and Qi) = Q.

This completes the proof of Theorem (D.1g).

(D.1i) Proposition. i* = %™ and i\ = iq(y).

Proof. Taking Y = T in propositions (C.2c) and (C.2h), we get P(i*) = T>\
and Q(i*) = QW. However (D.l1g) and (D.l1h) say that P(i%%M) =
and Q(i%N) = Q. Therefore i* = iR by Schensted’s theorem (B.6a )
A similar proof, using Z in place of T}, gives iy = iq(x)-

D.2 Proof of Theorem A

We shall now prove the Theorem A described in the introduction (see (A.4a)):

(D.2a) Theorem A. Let i,j € I(n,r). Then i = j if and only if there is a
finite sequence of words (elements of I(n,r)):

such that i(1) =i, i(s) = j and for each adjacent pair i(v), i(v + ) either
there exists an element ¢ € {1,...,n — 1} such that f.(i(v)) = i(v + 1), or
there exists an element ¢ € {1,...,n — 1} such that é.(i(v)) = i(v +1).
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It is clear that the “if” part of this theorem is equivalent to the following

(D.2b) Proposition. If i,j € I(n,r) and ¢ € {1,...,n — 1} such that ei-
ther fe(i) = j, or éc(i) = j, then Q(i) = Q(j).

Proof. Suppose there is an element ¢ € {1,...,n — 1} such that j = fc(z)
This implies that f.(i) # oo.

(a) We claim that Q(i) and Q(j) have the same shape. Equivalently, we
claim that P(i) and P(j) have the same shape. Let P(i) have shape A. By
Proposition B (see (C.6b)) we know that K P(j) = KP(f.(i)) = f.(KP(i)).
Now take P = P(i) in Theorem (C.5b). This says that there is a A-tableau P
such that KP = f,(KP). Therefore K P(j) = K P. This shows that P(j) has
the same shape A as P, which is the shape of P(i). This proves claim (a).

(b) We shall use induction on r to prove that Q(i) = Q(j). If r = 1
then ¢ and j are one-letter words, and Qi) = Q(j) follows from (B.2b).
Assume now that r > 1. Write ¢« = ¢4, and 7 = j'j,, where i’ = 414,
and j' =41+ jr—1 liein I(n,r — 1).

There is a place g € {1,2,...,r} such that iy = ¢, j, = c+1 and i, = j, for
all v # ¢ (see (A.3e)). We either have ¢ < r, or ¢ = 7. If ¢ < r, then j' = f.(i’),
hence Q(i') = Q(j') by the induction hypothesis. If ¢ = r, then j' = i’ and
clearly Q(i') = Q(j").

It follows that Q(i") and Q(j') have the same shape, p say, in either case.
Let A be the shape of Q(i). By (a), A is also the shape of Q(j). To get Q(i)
from Q(¢’), one puts r into the unique place which, when added to [u], gives [A].
To get Q(j) from Q(j') = Q(¢’'), one puts r in the unique place which, when
added to [u], gives [A]. Hence Q(j) = Q(i). This completes the proof of Propo-
sition (D.2b); and this proves the “if” part of Theorem A.

Proof of the “only if” part of Theorem A. We assume that i,5 € I(n,r)
are such that Q(¢) = Q(j); we must prove that there exists a sequence of
words i = i(1),(2),...,i(s) = j with the properties listed in (D.2a). First
make the

(D.2c) Definition. Let ¢ € I(n,r). We define the size of 4, denoted sz(7),
by sz(i) := i1 412+ - - +1,. This is a positive integer, and from the definitions
of f., €. it is clear that if f.(i) # oo then sz(f.(i)) = sz(:)+1, and if é.(4) # oo
then sz(é.(7)) = sz(i) — 1.

We make the convention sz(oco) = 0.

Let A € AT (n,r)and Q € Q(\). Let w € I(Q, =) (see (C.1le)), and let S(w)
denote the set of all words of the form é.,é, ---é.,(w), where ¢1,ca,..., ¢
are arbitrary elements of {1,2,...,n — 1}. We allow that ¢ may be zero, in
which case €., é., - - €., (w) = w. In general, é., €., - - - &., (w) has size sz(w) —t.
Let S be minimal amongst the sizes of the elements of S(w), and choose
an element w' := €., €, - €., (w) of S(w) of size S (there may be many
such w’). Then é.(w') = oo for all ¢ € {1,2,...,n—1}, because if é.(w') # oo,
then é.(w’) would be an element of S(w) of size S — 1.
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By Proposition (D.2b), all the elements of S(w) lie in I(Q,~). But then
Theorem (D.1g) tells us that w' = &, &, (w) = i“. This implies

that w = f,, -+ fe, e, (i?). In other words, any element w € I(Q,~) can be

joined to i9 by a finite sequence of steps of the form i(v) 7, i(v+1); equiva-

lently i? can be joined to w by a sequence of steps of the form i(v+1) —— i(v).
So given i,j € I(Q, =), we can join i to j by a sequence of the type described
in the statement of Theorem A, by first joining i to i“ and then joining %
to j. This completes the proof of Theorem A.

The arguments just given, together with Theorem (D.1g), provide valuable
information on the ~-classes. We summarize this in the

(D.2d) Proposition. Let A € AT (n,r) and Q € Q()\). Then:
(i) There is a unique word i in [(Q, =) lying in T, i.e. such that &.(i) = oo
for all c € {1,...,n—1}. This word is specified by Sch(i?) = (A, T\, Q).
(i) There is a unique word iq in 1(Q,~) lying in Y, i.e. such that f.(i) = oo
forallc e {1,...,n—1}. This word is specified by Sch(ig) = (A, Zx, Q).
(iii) The following three conditions on a word i € I(n,r) are equivalent (i.e.
each condition implies the other two):
(1)iel(Q,=). i i
(2) There exist c1,...,c € {1,...,n — 1} such thati = f., --- f, (i%).
(3) There exist dy,...,ds € {1,...,n — 1} such thati = éq, -+ €4, (iQ)-
In (2) and (3), we allowt and s to be = 0, respectively. In these cases we
interpret fo, - fe,(i9) to be i9 and &4, - - - €q4,(ig) to be ig, respectively.

Proof. All the statements above can be deduced easily from Theorem (D.1g),
Theorem (D.2a) (i.e. Theorem A) and the proof of Theorem (D.2a).

Weights. Remember (see (A.3g)(3), or §3.1) that the weight wt(i) of a word i
is the n-vector (wy,...,w,), where for each v € n, w, is the number of p € r
such that ¢, = v. Classical representation theory of GL,,(C), which can be re-
garded as a sequel to classical invariant theory, uses weights extensively—they
describe the (polynomial) representations K of the diagonal subgroup 7,,(C),
see §3.2; then these are “induced” to give irreducible (polynomial) represen-
tations of GL,(C), see the end of Chapter 4.

(D.2e) Remark. It is clear that wt(i) = wt(j), if ¢,5 € I(n,r) are such
that j = 7 for some 7 in the symmetric group Sym(r) (the symmetric group
is denoted G(r) in §2.1). In particular, wt(i) = wt(K P(¢)) for any i € I(n,r),
because the entries in K P(i) are the same as the entries in 4, apart from a
place permutation = € Sym(r).

In the classical representation theory of GL, (C), which is essentially the
representation theory of the Schur algebra S(n,r), the (isomorphism types
of) simple modules are indexed by dominant weights, i.e. by the elements
of A*(n,r). We shall see in §D.4 that this holds also for the (isomorphism
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types of) simple modules for the Littelmann algebra L = L(n,r), although
the argument is different from that which applies to S(n,r).

The weights of the elements of I(Q, =) have properties given in the next
proposition.

(D.2f) Proposition. Let A € AT (n,r) and Q € Q()\), then

() wt(i®) =X = (A1,..., ),

(i) wt(ig) = (An,..., A1),

(i) i (respectively, ig ) is the only word in 1(Q, =) having weight (A1, ..., \y)
(respectively, (A, ..., 1)), and

(iv) the weight w of any word in 1(Q, =) satisfies the inequalities

(>\137>\n)‘2w2(>\na7>\1)

(If &,m € A(n,r), we write £ > i to mean that the difference £ — n lies in
the set U = > .y, Zya; see [33, page 3]).

= Tx. Therefore wt(i?) is

Proof. (i) From (D.1g)(i) we know that P(i9)
(D.2e)). It is very easy to see

the same as the weight of KTy (see Remark
that wt(KTy\) = (A1,..., Ap).

(ii) In the same way, we deduce from (D.1g)(ii) that wt(ig) is the same
as the weight (ug,...,u,) of KZy. So for each § € n, us is the number of
pairs (s,t) € [A] such that n — 3, + s = §. For each t € n, there is exactly one
entry 0 in column ¢ of Z,, if and only if 1 < 3; — (n — 0). Therefore us equals
the number of columns of Z) of lengths greater than or equal to n + 1 — 4.
But this number is A\j,11_5.

(iii) and (iv) Let ¢ be any word in I(Q,=). By (D.2d) we know that
there exist integers ¢i,...,¢ in {1,...,n — 1} such that i = f. --- fo, (i9).
From (A.3g)(3), we know that wt(i) = Wt(i?) — e c;41 — =+ — Qepcpt1-
Therefore 7 <179; moreover the case wt(i) = wt(i?) = (A1, ..., A,) occurs only
if t =0 i.e. only if i = i?. A similar argument shows that the weight of any
word ¢ € I(Q,~) is >wt(ig), with equality only if ¢ = ig.

D.3 Properties of the operator C

First we want to understand how the action of C is related to the action of
the Littelmann operators.

Comparing the height functions of i and Ci. Fix i € I(n,r), and consider
the height function A’ for some ¢ € {1,2,...,n — 1}. This depends on the i,
which are equal to ¢ or ¢+ 1. The operator C' turns c and ¢+ 1 inton —c+1
and n — ¢, respectively. This suggests comparing k! with hS® .

Take some s € {1,...,r}, then by definition

(D.3a) hi(s)=#{v<s:i,=c}—#{v<s:i,=c+1}.
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Now write C'i = j; ... j, for a moment and consider

(D.3b) K (r—s)=#{p<r—s: jy=n——c}
—#{p<r—s:j,=n—c+1}.

We have j, = n—i,_,41+1forall p € {1,...,r}. Furthermore, n—i,+1 = n—c
if and only if 4, = ¢+ 1, and n — i, = n — ¢ if and only if i, = ¢, for
all v € {1,...,r}. So (D.3b) gives

(D.3¢) WS (r—s)=#{v>s+1:i,=c+1}—#{v>s+1:4,=c}.
By using the notation:
M, :=#{vell :4,=0},

for every subset II of {1,...,s}, and every element b of n, formula (D.3c)
becomes

(i) hgﬂc(r—s) =—{s+1,...,r}ce+{s+1,...,r} 1.

Also, by definition of the height function A%, we have

(ii) Ri(s) ={1,...,8 e = {1,...,5}eq1-

If we subtract (i) from (ii) we get

(D.3d) Ifi € I(n,r) and Y = hi(r), then hi(s) — hS' (r —s) = Y for
all s €{0,...,r}.

Example. Let n = 3, r = 5, ¢ = 1, and consider i = 22111 € I(n,r).
Then Ci = 33322 and n — ¢ = 2. The height functions k% and h§? are
(B, BD), K@), KE) K@), KE)) =( 0,-1,-2,-1, 0, 1),
(h7(5). B (), KS"(3). S (), W' (1), W' (0)) = (~1,~2,=3,~2, -1, 0).

Note that h} has the maximum at place r and h$* has maximum value zero.

(D.3e) Lemma. Let ¢ € {1,2,...,n — 1}. Then, for each i € I(n,r), we
have C(€.(7)) = fu—c(C1) and C(f.(i)) = én—c(C7).

Proof. Since C? is the identity, the second part follows from the first. We
prove the first part.

By (D.3d), we have a geometric description of how the height functions are
related: given h = h’, then to find h = h€? ., one reflects the graph of h in the
vertical line z = r, and translates it in the “y-axis” direction so that h(0) = 0.
Explicitly, let s +¢ =7 and Y = hi(r), then

hyo(t) = hi(s) — Y.
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Since h is a reflection about a vertical line, the last maximum of h% (at
place ), becomes the first maximum of h$? . (at place r — §). Furthermore,
if ¢ = r then the maximum of h is zero. This shows that if é.(i) = oo
then f,_.(Ci) = co.

Assume now that ¢ < r. By (A.3c) we know that ig11 = ¢+ 1, and é.()
is obtained from ¢ by replacing iz41 = c+ 1 by c¢. We get the word

Cle(i)) = -+ (n—c+1)(n—ig+1) -

where the letters shown are at places r — g and r — g+ 1.

Now consider C(i) = ---(n—c¢)(n —iz+ 1)--- where the letters shown
are at places r — q and r — ¢ + 1. We know that h assumes its maximum at
place r —q for the first time. So fn_c(Ci) replaces the letter n—c at place r—q

by n — ¢+ 1. Hence f,_.(C%) is equal to C'(é.(7)).
From the definition of C' we see immediately the following.

(D.3f) Lemma. If a word i € I(n,r) has weight pn = (u1, ..., [tn), then the
word C'i has weight (fn, ..., p1)-

We want to show now:

(D.3g) Lemma. The operator C preserves the shape.

Proof. Let i € I(n,r) and Q(i) = @, and suppose @ has shape A.

Assume first that i = 9, then C(i) = i for some standard tableau R.
By (D.2f) we can identify the shapes of the words i? and i from their weights.
The weight of i% is A, hence the weight of C(i%) is (n*t, (n —1)*2,...). So ig
also has shape .

In general, by (D.2d)(iii), there are ¢y,...,¢; € {1,2,...,n — 1} such that

L= f01 '..fct(iQ)'

From (D.3e) it follows that C(i) = &, ., - - - €n_c, (Ci?). But we have already
seen that Ci9 has shape \; now Proposition B implies that C(i) also has
shape .

(D.3h) Remark. The operator C' does not preserve the Q-symbol in general.
But it gives a pairing on the set of standard tableaux of the same shape.

D.4 The Littelmann algebra L(n,r)

(D.4a) Let V be an n-dimensional vector space over a field F with ba-
sis v1, ..., v,. Then the r-fold tensor product V" has basis {v; : i € I(n,r)}.
(In §§1-6, V®" is called E®".) For each a € ¥, where a = .11 (see §A.3),
we let fc and €. act on the tensor space by linear maps, defining
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fevii=vg,  Ecvi = e

and using linear extension. We set vy, := 0.

Let L = L(n,r) be the subalgebra of Endp(V®") generated by these linear
maps f. and é,, for ¢ € {1,2,...,n — 1}. This algebra will be called the
Littelmann algebra.

(D.4b) As an F-space, the Littelmann algebra L is spanned the set of all
monomials m = myms ... m; of lengths ¢t > 1, where each m. is either fc or €.
(for some c € {1,2,...,n —1}).

We do not include the monomial m = 1g,q,ys- of length zero. But it may
happen that L does contain this element (see Proposition (D.4e), below).

(D.4c) An element H € Endp(V®") will often be described by its ma-
trix (H; ;)i jer(n,r), whose entries H; ; € F' are defined by the equations

(D.4d) Hvj =3 icrn,m Hijvis all j € I(n, 7).

We often identify H with its matrix (H; ;); jer(n,r), and we often identify fo, éc
with the elements of Endr(V®") defined by (D.4a).

(D.4e) Proposition. L has an identity element, viz. Dg, the diagonal matriz
having (Dg);; =1, 0 according as i € S or not; here S := I(n,r) \ (Y NT).

Reminder: from §D.1 we have
T={iel(nr): fe(i) = oo for all ¢ € {1,2,....,n—1}}

and
T={iel(nr):é(i)=o0foralce{l,2,...,n—1}}.

Proof of Proposition (D.4e). For any subset A of I(n,r), define D4 to be the

element of Endr(V®") whose matrix with respect to the basis {v; : i € I} is

diagonal, and (D4);; = 1 or 0, according as ¢ € A or i ¢ A. The following

facts are easily checked.

()  Din,r) is the identity element of Endp(V®7).

(ii) For any ¢, the matrix of f.é, is equal to Dy (), where Z(c) is the set of
all i such that é,(i) # oo. Similarly é.f. = Dy (), where Y (c) is the set
of all i such that f.(i) # oo.

(iii) If A, B C I(n,r), then DaDp = Danpg and Daup = Da+ Dp — Dans.

(iv) If Ay,..., A, C I(n,r) such that Dy, € L for all ¢t = 1,2,...,w,
then Dy € L where A=A UA;U...UA,.

Now check that I(n,r)\ T =J.Z(c) and I(n,r) \ T =J, Y (c), hence

S=Inn\(XnT)=JZ(cuJY().
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The partition I(n,7) = SU (YT NT) of I(n,r) allows us to decompose each
linear operator H € Endp(V®") in matrix form as

H(l’l) H(1,2)
0= H@D g2 )°
with HMD € Endp(S, S), HH?) € Homp(TNT,S), HZY € Homg(S, T NT)

and H??) ¢ Endp(Y NT). For each ¢ € {1,2,...,n — 1}, it is easy to verify
the following facts.

(v) tH=¢é,orif H= f., then H®:2) H@D  H(22) are all zero matrices;
also f. is the transpose of €.
(vi) If H € L, then H®2 | HZD H22) are all zero and

H®D 0
H= .
0 0

(vii) Dg is the matrix shown, with H(11) the identity matrix.
Proposition (D.4e) follows from these facts.

(D.4f) Example. If n = r = 2, then I(n,r) = {11,12,21,22} = SU(TNT),
where S = {11,12,22}, and YT N'T = {21}. We have
0 0 0 0

Ds =

o O O O
[ R
o O =

SO O = O
o O O O
o O O =
S O~ O
o = O O
o O O O

0
1
0

o O O

D.5 The modules Mg

Let A € AT (n,r). For each standard tableau @ in Q()\) we define My to be
the subspace of V®" which has F-basis all v; such that Q@ = Q(z), that is, all 4
in 1,(Q, ~). By Proposition B, this is an L-submodule of V®".

We get therefore a direct sum decomposition of the tensor space V®T

into L-submodules
e @ @ e
AEAT (n,r) QEQ(N)
(D.5a) Mg = Lv,e = Lv;,.

This follows from (D.2d).
For z = Y, &v; € VO, define the support of z to be

supp(z) ={i€I(n,r) : & #0}.
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(D.5b) Lemma. If z = Y, &v; and ¢ € {1,2,...,n — 1} such that é.z = 0,
then supp(z) lies in the set I(n,r)\ Z(c).

Proof. Let U = {i:é.(i)#00} = Z(c) and U" := {i: é.(i) =o0}.
Then z = 2’ + 2", where 2/ = Y, ;) vy and 2" = 37,10 &
We have by assumption

(*) Z §Z Uéc(i) = éCZ =0.

€U’

But for each i € U’, é.(i) # oo, hence fcéc(i) = i. Applying f. to (%),
we get 0 = >,y &vi. But the v; are linearly independent, so all the ¢;
(for ¢ € U’) are zero. Therefore z’ = 0 which shows that z = 2z’ has support
in U" =1(n,r)\ Z(c).

(D.5c) Corollary. If z € V@ is annihilated by all é., ¢ € {1,2,...,n — 1},
then supp(z) lies in (. I(n,r)\ Z(c) =I(n,7)\U.Z(c) =T.

Similarly, if z € V®" is annihilated by all fc, c € {1,2,...,n — 1},
then supp(z) lies in I(n,r) \ J,Y (c) = Y. There may be a word i € I(n,r)
such that v; is annihilated by the algebra L. According to Proposition (D.2d),
we must have i@ = i = ig in this case, and the ~-class of i consists of i alone.
From (D.2f), the shape A of @ has the property (A1,...,A\n) = (An,..., A1),
hence A = (k™) (and r = nk). In this case Mg = Fv;. There may be more
than one such i € Ix(n,r). For example, I(32)(2,4) contains i = (2211)
and j = (2121) in T NT.

As a consequence, we have to allow L-modules which are not unital.
An L-module M is then defined to be an F-space on which L acts by lin-
ear transformations so that xz(ym) = (zy)m, for all x,y € L and m € M.
The L-module M is defined to be simple (= irreducible) if either

(1) LM =0 and M is a simple F-space, that is, has F-dimension 1, or
(2) M # 0, the element Dg of L acts as the identity on M, and M has
no L-submodules except M and {0}.

We aim to show that the modules Mg are simple as L-modules. To do so,
it is helpful to exploit a subalgebra of L.

(D.5d) The involutory anti-automorphism J of L = L(n,r). At this
point we find a strong similarity with the involutory anti-automorphism .J
of S(n,r) defined in §2.7.

Define a symmetric bilinear map ( , ) on V®" by the rule (v;,v; ) = &;;
for all 4,5 € I(n,r). Given H € Endp(V®"), we defined in (D.4c), (D.4d) its
matrix (H; ;). Now define J(H) € Endp(V®") by the rule: the matrix of J(H)
is the transpose of the matrix of H.
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By (D.4d), H; ; = (Hvj,v; ) for all 4, j € I(n,r). Replacing H by J(H), we
get J(H);; = (J(H)vj,v; ). But by definition, J(H); ; = H;; = (Huv;,v;).
Therefore (Hv;,vj) = (J(H)vj,vi) = (v, J(H)v;) for all 4,5 € I(n,r).
Equivalently,

(D.5e) {Hv,w) = (v, J(H)w) for all v,w € V.

We may use (D.5e) as a definition of J(H) when H is given.

From the elementary properties of transposed matrices we see that the
linear map J : EndpV®" — EndpV®" is involutory (i.e. J? is the identity)
and is an anti-automorphism (i.e. J(H1Hs) = J(Hz)J(Hy) for all Hy, Hs).
But from our present viewpoint the important fact is

(D.5f) Forall ce{1,2,...,n—1} there holds J(f.) = é and J(&.) = f..

These facts follow from the properties stated in (A.3g)(4). We leave the details
as an exercise for the reader. But from (D.5f) we see that J maps L into itself,

S0 it gives a map J : L — L which is an involutory anti-automorphism of the
algebra L = L(n,r).

(D.5g) Take a (total) order < on the set I(n,r) such that sz(i) < sz(j)
implies that ¢ < j for all words 4, j in I(n, r). Using such an order, the matrix
of €. is upper triangular, and the matrix of f. is lower triangular.

We have therefore:

(D.5h) Corollary. Let Lt be the subalgebra of L, generated by the ele-
ments é., c € {1,2,...,n —1}. Then LT is nilpotent.

(D.5i) Lemma. The module Mq is simple.
Note that this holds for arbitrary fields F'.

Proof. This is clear if Mg is an 1-dimensional module which is annihilated
by L, so we assume that this is not the case.

We fix i = i9, then v; generates Mg as an L-module, by (D.2a).

Let 0 # = € Mg, it suffices to show that v; lies in the L-submodule
generated by x.

To do so, we consider the LT -submodule of Mg generated by z. By (D.5h),
this submodule contains some non-zero element z such that é.z = 0 for all c.
By (D.5c), the support of z lies in T. But it also lies in I(Q, =) since z € M.
It follows that z is a scalar multiple of v;, by (D.2d)(i). We assumed z is
non-zero, hence v;q lies in the submodule generated by x.

(D.5j) It follows by a well-known theorem on finite dimensional algebras (or
on rings with minimum condition; see e.g. [11, Theorem (25.2), page 164]),
that L is semisimple.
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Furthermore, every unital simple L-module M occurs as a submodule
(and hence as a summand) of V®". Take any non-zero element z € M.
Then M = Lz, and the map 6 : L — M which takes u +— wuz is an epi-
morphism of L-modules. But since L is semisimple, it follows that 6 maps
some simple submodule N of L isomorphically onto M. And the simple sub-
modules of L are submodules of V& = Drer+ () Pocony Mo (see the
displayed formula, above (D.5a)).

This shows that every unital simple L-module is isomorphic to Mg for
some @ € Q(\), for some A € AT (n,7).

To classify the simple L-modules we must find out when Mg and Mp, are
isomorphic.

D.6 The A-rectangle

Fix A € AT (n,r) and use the following notation:

(D.6a) P(A) ={P1,Ps,..., Py} is the set of all standard A-tableaux whose

entries all lie in n, and

(D.6b) Q(\) ={Q1,Q2,...,Qy,}is the set of all standard A-tableaux whose
entries are {1,2,...,7} in some order (see D.1).

Definition. If P € P(\) and Q € Q(\), let P : Q denote? the word i € I(n,r)
such that P(i) = P and Q(¢) = Q. In the notation of B.7,

(D.6c) P:Q=M()\P,Q)=Sch '(\PQ).

It is useful to display the set of words of shape A in the following “A-rec-
tangle”

Pr:Q1 Ph:Q2 - Pp:Qjy

P:Q1 P:Qq P2¢QfA
(D.6d)

Pd)\ :Ql Pd)\ :QQ Pd)\ :QfA

This rectangle has the following properties:

(D.6e) (i) Every element of Iy(n,r) appears once and only once in (D.6d)
(see (B.6a)).

(ii) The A*™ row {Py, : Qi,...,P, : Q} is the ~-class I (Py,~), for
each h € {1,...,dx} (see (C.1d)).

(iii) The k' column {P; : Qg,...,Pa, : Qi} is the ~-class I,(Qg,~), for
each k € {1,..., fa} (see (C.1le)).

2Not to be confused with the bideterminant (7} : T;) defined in (4.3a).
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(D.6f) From now on we shall arrange the notation in the A-rectangle (D.6d)
so that P, = Ty and Q; = Q™). Recall from (C.2i) that Q) € Q(\) has the
property: an element i € Iy(n,r) has Q(i) = QW if and only if i = K P(q).

D.7 Canonical maps

Fix A € AT (n,r) again. The entries P : @ in (D.6d) are elements of I(n,r).
From now on we shall make the

(D.7a) Convention. When convenient, we shall regard each ¢ € I(n,r) as
the element v; of V®7.

With this convention, the column of the rectangle (D.6d) corresponding
to a given @ € Q(A) is a basis of the L-module Mg (see §D.5).

(D.7b) Definition. If Q, R € Q(\), then the F-linear map vg r : Mg — Mg
which takes P, : Q — P, : R for each P, € P()\), is the canonical map
from Mg to Mpg.

Since any two columns in (D.6d) have the same length, the canoni-
cal map is an F-linear isomorphism. It is clear that vg rYs.Q = 7Ys,r
and vo.r = (Yr,g) ", for all @, R, S € Q()\). Our ambition in this section is
to prove that any canonical map is an isomorphism of L-modules (see (D.7f)
and (D.71)), and that any L-homomorphism Mg — Mg is a scalar multiple
of the canonical map v¢g,r (see (D.7h)).

(D.7c) Lemma. Let Q € Q(A) and P € P(\), and leti =P : Q. Then
KP(i) =P : Q™ =74 q (i)

In other words, the operation i — K P(i) is achieved (for i € I\(n,r)) by the
canonical map g ) -

Proof. By (C.3p) one may make a sequence of basic moves joining i to K P(i).
Since basic moves do not change P-symbols, we know that K P(i) = P : Q' for
some Q' € Q()\). But K P(i) equals KP(K P(i)), hence its Q-symbol is Q)
(see (C.2i)). Therefore KP(i) = P : QW.

Notice that this holds for any 4 in column @ of (D.6d), and in particular
it holds for f.(i), for any ¢ € {1,...,n — 1}. By Proposition B (see C.6) we
have f.(KP(i)) = KP(f.(7)), and in our case this gives

(D’7d) fc(P : Q(A)) = Kp(fc<7’))

or, as a commutative diagram,
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KP(i) —— i
(D.7e) l l
KP(fo) «——— feqi)

where v = 75 g and the vertical arrows indicate action of fc. Thus the action

of f. commutes with v, when applied to any 4 in the @-column of (D.6d). In
the same way, one has a diagram like (D.7e), with &, replacing f.. Then we can
replace fc in (D.7e) by any element of L and still have a commutative diagram,
since the elements fc and &, ¢ € {1,...,n — 1} generate L as F-algebra. So
we get a

(D.7f) Corollary to (D.7c). For each pair Q, R of tableauz in Q(N), the
canonical map vg,r : Mg — Mg is an isomorphism of L-modules.

Proof. The argument above shows that the corollary holds if R = Q™) and
this gives the general case, since yg r = fy;i’le’yQ)Qm.

(D.7g) Lemma. Suppose Q, R are both tableaux whose entries are 1,2,...,r
in some order (possibly of different shapes). If 1 : Mg — Mg is a homomor-
phism of L-modules, then ¥ (v;e) = av;r for some a € F.

Proof. Let z = ¢ (v;e), then é.(z) = (é.(v;e)) =0forallc € {1,2,...,n—1}.
Therefore supp(z) C T, by Corollary (D.5c). But also supp(z) C I(R,=~)
since z € Mg, hence supp( ) C TNI(R,~) = {if*} (see (D.2d)); this means
that z = aw;r for some o € F.

(D.7h) Corollary. Suppose Q, R are tableaux whose entries are 1,2,...,r in
some order. If Q, R have the same shape then Homp(Mq, Mg) = Fyg.r.

Proof. If ¢ € Homp, (Mg, MR), i.e. if ¢ : Mg — Mg is an L-homomorphism,
then ¥(v;e) = avr for some o € F. But in the present case we know
that vo.r : Mg — Mg also is an L-homomorphism, by (D.7f). Therefore
we have L-homomorphisms 1 and avyg r which take v;e to the same ele-
ment av;r. Since v;e is an L-generator of Mg, by (D.5a), the map % is equal

to avg,r-
The module Mg is simple, and Mg = Mg . For each A, let My = Mg .

(D.7i) Lemma. Let A\, p € AT (n,7), then My = M,, if and only if A = p.

Proof. Suppose that there is an isomorphism ¢ : My — M, of L-modules.
Then v (v;») = awviu for some o € F', by (D.7g). (Note that My = Mg and,
by (D.1i), i@ = i* and i@" = ir.)

If we apply repeatedly fi’s to i* then we replace each time the last 1 by
a 2, and we can do this A\; — Ay times, and the next time we get zero. Similarly
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if we apply fl to i* repeatedly, then we can do this p — po times before we get
zero. The isomorphism shows now that A\; — Ay = 1 — pue. The same argument
with fg shows that Ao — A3 = po — ps, and so on. Both A and p have degree r
which forces A = p.

Exercise 1. Let A = (5,4,2). Find fiv;x and verify that fiv, = ve = 0.
Find also fiv;» for t = 1,2,3.

Exercise 2. If A = (k,...,k), where kn = r, we have
Ty =

Check by direct calculation that f.(KTy) = oo = é.(KTy) for all c.

D.8 The algebra structure of L(n,r)

Each M) has endomorphism algebra F'. It follows now that L is isomorphic
to the direct sum of matrix algebras,

L= My, (F),
A

where the sum is taken over all A € AT (n,r) with A # (k"), and where d)
denotes the dimension of M. This follows from the Frobenius—Schur theorem,
see [11, Theorem 27.8, page 183], but we shall give a direct proof that the
representation I — Endp(M)) afforded by the simple module M) is surjective,
for all A € AT (n,7), X\ # (k™).

The problem is to give elements of L which realize the “matrix units”.
Fix A € At (n,7). The module M, is simple, it has F-basis {v; : i € I(\) }
where we set

IO :=I(QW,~) ={iely: KP(i)=1i}

(see (C.2i)). An element ® of Endp(M)) is regarded as a matrix (®;;); jer(n)
in the usual way,

(I)(Uj) = Z @ijvi, allj S I(/\)
1€I(X)

Monomials in fc, €. are often identified with the matrices of the linear trans-
formations which they determine on M.
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(D.8a) Lemma. Suppose ® is a monomial in the é. and fo.ce {1,...,n—1}.

Let (®45)ijcr(n) be the matriz of ® restricted to M.

(i) Fach row or column of the matriz has at most one non-zero entry (which
is then equal to 1).

(i) If (®ij)ijer(n) has rank 1, then it is a matriz unit.

Proof. For each i € I(\), ®(v;) is either zero, or a basis element. So all but
at most one entries of each column are zero, and if there is a non-zero entry
then it is equal to 1.

This implies part (i), since if & = myq - - - my, then J(®) = J(my) - J(mq)
is also a monomial. But (J(®)) is the transpose of (®) (see (D.5d)).

Part (ii) follows.

(D.8b) We want to show that every element of End(M)) can be represented
by some element of L, i.e. that the map L — Endg(M,) is surjective. And we
would like to do this by showing that each “matrix unit” E; ; € My, (F) can
be represented by some polynomial in the fc, €c-

It is enough to prove that I;, ;» can be represented by a monomial in L.

Namely, if s, € I()\) then by (D.2d) there are monomials p and ¢ in f’s
and €’s with p(v;, ) = v, and ¢(v¢) = v;». The linear map pE;, ;aq of V& has
rank at most 1 (the rank of E; ;»), so by (D.8a) it is equal to E, and this
is then also represented by an element in L.

The L-module My = Mg has basis {v; : i € I(\) = I(Q™), ) }. The dy
elements of I(\) can be arranged (see (D.1g) and (D.6d)) as

i) =@ = 02, ..., ildy—1), i(dy) =iqn = ix.

(D.8c) Proposition.

(i) There are c¢(1),...,c(b) € {1,...,n — 1} such that ® := fc(b) . "fc(l)
maps i to iy.

(ii) The number b in (i) is given by sz(i*) + b = sz(iy).

(iil) If d(1),...,d(s) € {1,...,n — 1} are such that fd(s) . ..fd(l)iA # 00,
then s <b.

(iv) @(via)) =0, for all a € {2,3,...,dx}.

This shows that the matriz of ® on M) is the matriz unit I; ;.

Proof. (i) is a direct application of (D.2d)(iii)(2). We recall the proof, because
it brings up useful information. ~

The idea is to apply operators f.(1), fc(2),-- - in succession to the word i,
in such a way that, for each t =1,2,...

fety -+ Feryi™ # oo

The word fc(t) e fc(l)i)‘ has size sz(i*) +t, by (D.2c). The sizes of words
in I(n,r) are bounded by rn. Hence, however we choose ¢(1),¢(2),..., we
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must reach b such that fc(b) e fc(l)f‘ # o0, but z = fc(b) e fc(l)f‘ has the
property f.(z) = oo for all ¢ € {1,...,n—1}. This implies z € T; however z €
I(\) = I(QW™, =), by (D.2b), hence z = iy by (D.2d)(ii). This proves parts
(i) and (ii) of (D.8c¢).

To prove part (iii), note that the argument above (replace ¢ by s) shows
that, applying further operators fy(s+1), facs+2)s - - -» fa@) t0 facs) - - fd(l)i/\ if
necessary, we must reach b’ such that

fd(b’) e fd(s+1)fd(s) e fdu)iA = ix.

Taking the size of each side of this equation, we get sz(i*) 4+ b’ = sz(iy); this
shows that &' = b. Therefore s < b’ = b.

(iv) If a € {2,3,...,dy}, then by (D.2d)(iii), i(a) = faq)--- fa)i
for some d(1),...,d(u) € {1,...,n — 1}, and u > 1. But this implies
that ®(i(a)) = few) - feq) Sau) - fd(l)iA. If this were # oo, it would contra-
dict (iii), since b 4 u > b. Therefore ®(i(a)) = oo, hence ®(v;(4)) = 0.

Remarks.

(i) In (D.8c)(i), there may be several ways of choosing c(1),..., c(b) so
that ® = f.p) ... fe(1) maps i* to iy. But by (i) the length b of any
such sequence is always the same, namely b = sz(iy) — sz(i*).

(ii) For any ® € L, the matrix of J(®) is the transpose of the matrix of ®.
This is true by definition if the matrices are defined in terms of the natural
basis {v; : i € I(n,7)} of VO (see (D.5d)), hence it is true also for the
matrices defined in terms of the basis {v; : i € I(A) } of M). Therefore,
if & = fc(b) . ~~fc(1) as in (D.8c), then the map J(®) = €. ...€.m) has

matrix Fj» ;.

Example (see chapter E). . Take A = (2,1,0) and Q) = 3 ‘ We can
take

i(1) =211, 4(2) =311, 4(3)=312, i(4) =322, i(5)=323.
Another possibility is to take

i(1) =211, (2) =212, i(3)=213, i(4) =313, i(5)=323.

D.9 The character of M,

The basis {v; : i € I(Q,=) } for Mg consists of eigenvectors for the diago-
nal matrices in the general linear group GL(n, F'). Hence My has a formal
character (as defined in §3.4), also when the field F is finite.

Explicitly, let (Mg)® = £, Mg (see §3), then the formal character of Mg
is by definition
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Cpr Xy, Xn) = Y dim(Mg)® X{* - Xon.
a€A(n,r)

The P-symbol preserves weights, hence dim(Mg)® = dim(My)®, where X
is the shape of Q. Therefore @7, = @y, , that is, the formal character of Mg
depends only on the shape of Q.

Let V) be the “Weyl module” associated to A; this is a module for the
Schur algebra, see section 5.2. The following is due to P. Littelmann, in far
more generality [35, Introduction].

(D.9a) Corollary. The modules My and V have the same formal character.

Proof. In (5.4a) we saw that (V)® has F-basis indexed by standard A-tab-
leaux of weight ar. We also know from the characterisation of My given above
that (M, )® has basis v; labelled by standard A-tableaux of weight . Hence M),
has the same formal character as V.

Note that it follows that ®»;, = ® M, if and only if A = p. (This is also
visible directly, by considering the “highest terms” of the formal characters.)

D.10 The Littlewood—Richardson Rule

Suppose A and p are partitions with A € AT (n,r), u € A" (n,s). Then
<I)VA . q)vu = ZCK#(I)VV.

The coefficients ¢§ , are non-negative integers, and the Littlewood-Richardson
rule is a combinatorial rule for computing these integers. As we have seen,
the L-module M) has the same formal character as the Schur algebra mod-
ule V). Then we have

_ v
(I)MA ’q)M“ = E C)\,/L(I)Mu'

v

Here the sum is taken over all v € AT (n,r + s). This leads to the following
combinatorial description of the coefficients.

(D.10a) Let W be the set of words i € I(n,r + s) of the form i = jk with
the following properties:

(a) KP(j) = j and P(j) has shape A,
(b) k=1, and
(c) the reverse B(i) of i is a lattice permutation of weight v.

Then cf ,, is equal to #WV, the number of elements of W.
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A number of proofs of (D.10a) exist, and Littelmann gives a wide rang-
ing generalization to cover any complex symmetrizable Kac-Moody Lie al-
gebra [35, Introduction]. The proof we give is the special case which applies
to gl(n) or to GL,.

Proof. By definition M) is a direct summand of V®", and M, is a direct
summand of V®3. Then M, ® M,, is a direct summand of V®(+9) as a vector
space, since v; @ v; = v;;. It is invariant under the linear maps fc and é.. For
example, fc(vij) is either VF (iyj OF V;f.(j)» OF Z€ro; and each of these belong
again to My ® M,,.

Furthermore, My ® M,, is the direct sum of L-modules Mg for some stan-
dard tableaux R with shapes in A*(n,r + s).

Therefore cf , is precisely the number of such R such that Mg occurs as
a direct summand in My ® M, and Mg = M,. Each Mg contains a unique
“highest weight vector” v; such that €.(i) = oo for all ¢, namely the basis
vector for i = i,

Hence 5, is equal to the number of words i = jk where

(i) 4 belongs to T (see §D.1), and P(i) has shape v;
(i) k= KP(k), and P(k) has shape y;
(iii) KP(j) =7 and P(j) has shape A.

We know ¢ € T if and only if B() is a lattice permutation (see (D.1b)).
For i € T, the shape is the same as the weight (see (D.2f)). Furthermore,
if B(i) is a lattice permutation then so is B(k), and since k = KP(k), we
have k = i#. This completes the proof of (D.10a).

(D.10b) Very often, the Littlewood-Richardson rule is stated in a different
form. It says that the coefficient c§ , is equal to the size of the set C of standard
(skew) tableaux T of shape v \ u and of weight A\ such that the word w(T)
is a lattice permutation. Here the word w(T') is obtained by reading T' from
right to left and from rows 1,2,3,....

We will now show directly that #C = #W, by means of a bijection from W
onto C.

Suppose i belongs to W, where i = jk as in (D.10a). Then always k = i*,
and we must consider the tableau P(j). Let r;s be the number of times the
letter s occurs in row t of P(j); since P(j) is standard, row ¢ of P(j) starts
with some letter > ¢, and it has the form

tre(t 4+ 1) " >0
Write the multiplicities r5; as an upper triangular matrix:

11 T12
T22 T23 ~ -
7"33...
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By transposing this matrix, we can define a skew tableaux T = ¥(U), de-
pending on i = jk, as follows: The t*™® row of T starts at position (¢, ju; + 1)
and has the multiplicities taken from the ¢! column of U, that is, row ¢ is

tre (e — 1) oL 1T,
The associated word is then
U}(T) = 1" (27“22 17"12)(37“33 9723 17"13) ..

We will show that T belongs to C, and that the map ¢ : U — T is a
bijection between W and C.
(1) The word j has weight v\ v if and only if for each s, the sum of the entries
in column s of the matrix U is equal to vy — pus. This means for the skew
tableau 7" that the sum of the entries in row s is equal to vy — g, for each s,
that is 7" has shape v \ p.
(2) The tableau P(j) has shape A provided row t of P(j) has \; entries, for

each t, that is
Z Tty = At .
v>t

This is equivalent with saying that the skew tableau w(7T) has weight .
(3) The tableau P(j) is standard if and only if

v+1 v
E Tstly < E Ts,y-:
y=s+1 Yy=s

for all s > 1 and all v > s. This means for the word w(T') that in each initial
section the number of entries equal to s is > the number of entries equal
to s + 1, for each s > 1. That is, P(j) is standard if and only if w(T) is a
lattice permutation.

(4) The word B(i) is of the form

(1H1282 Yo g™ o Q12T (1 g2 L QT22) (e gTSe L BT L

This is a lattice permutation if and only if for each s > 1 and each v

v v+1
,U/s + § Tys 2 Ns+1 + § Ty,s+1'
y:l y:l

This is equivalent with T being standard.

Combining (1) to (4), we see that if i = jk € W and if U is the matrix
encoding j, then the skew tableau T' = (U) belongs to C. Conversely if we
start with some T" € C, then T is the transpose of a matrix U, and this encodes
a word ¢ = jk in W. So % is a bijection.
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D.11 Lascoux, Leclerc and Thibon

This is a brief summary of Chapter 6 of the collective work “Algebraic combi-
natorics on words” [38]. This chapter is called “The plactic monoid”, and its
authors are A. Lascoux, B. Leclerc and J.-Y. Thibon. We refer to this chapter,
and to its authors, as LLT. Our main purpose is to show that LLT prove facts
which imply Theorem A and Proposition B (see (D.11h)).

Reference numbers for sections, propositions, etc. in LLT are enclosed in
square brackets (so that, for example, [6.1] stands for [38, 6.1]).

(D.11a) The background of LLT is work of M. P. Schiitzenberger, which ex-
presses the combinatoric background of work by A. Young, G. de B. Robinson,
D. E. Littlewood, etc. on the representation theory of the finite symmetric

group.

(D.11b) Words and tableaux. In LLT the set of all words on the alpha-
bet A= {1,...,n} is denoted A*. So in our language, A* =, -, I(n,7).

In LLT (page 3), a tableau® is a word i in A* such that i = K P for some
standard tableau P in the sense of section B.1. For example, i = 544135 is a
1[3]5]
tableau, because i = KP for P = 4|4 . If we know that ¢ is a tableau,
5
the corresponding tableau P (which LLT call its planar representation) is
uniquely defined. The shape A of i is, by definition, the shape of P. In the
example above, the shape is A = (3,2, 1,0,0).

(D.11c) In [6.1] the Schensted algorithm is described. It takes each word ¢ to
a tableau K P(i). We can take P(i) to be the tableau defined in (B.4b), (B.4c).
The equivalence ~ on A* is defined in [6.2, bottom of page 4]: if 4, j are
words, then ¢ ~ j means KP(i) = KP(j). The equivalence = on A* is
defined on page 5 to be the equivalence on A* generated by basic mowves
(see (C.3¢), (C.3d) and [6.2.3, 6.2.4]. LLT do not use the term “basic move”.)

(D.11d) Knuth’s theorem (C.3a), [6.2.5] says that = coincides with ~. This
is proved in [6.2], elegantly and economically, by a theorem of C. Greene [21].
Greene’s theorem itself is also proved in [6.2]. Now the main

(D.11e) Definition (see [6.2.2]). The plactid monoid PI(A) := A*/~ is the
quotient of A* by ~. Elements of PI(A) are the ~-classes, or “plactic classes”
in A*.

5We write tableau (underlined) for a word which is a “tableau in the sense of
LLT”. A tableau (not underlined) is a standard tableau in the sense of section B.1
of this Appendix. Later in LLT a tableau K P and its planar representation P are
often identified.
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Knuth shows that ~ is compatible with the product of words: if u, uv’, v, v’
are words, then u ~ «' and v ~ o' implies uu’ ~ wvv’ (see [34, Corol-
lary, page 724]). Product of words is by concatenation, so that uu’ = u | u';
see (A.3g)(6).

Therefore PI(A) is a monoid (i.e. a semigroup with identity): the product
of the ~-class of u with the ~-class of u’, is defined to be the ~-class of uu/'.
If w is any word, then u ~ K P(u) (see (C.3p), [6.2.3]). Every ~-class contains
exactly one tableau; see Theorem [6.2.5].

(D.11f) A main theme in LLT is that it is often useful to “lift” a symmetric
polynomial to Z[PI(A)]. Suppose that M is any monoid. Then Z[M], which is
the free Z-module with M as Z-basis, is a ring. In case M = A* we can identify
the ring Z[A*] with the tensor ring T(V) =Z &V & (VR V) ® --- over the
free Z-module V = Zv, & - - - ® Zv,,, by identifying each word ¢ = 47 - - -1, € A*
with the tensor product v; = v, ® --- ® v;, (compare with (D.4a)). Yet
another interpretation of Z[A*] is as the ring of all polynomials (over Z)
in non-commuting variables vq,...,v,; here one regards every tensor pro-
duct v; =v;, ® --- ® ;. as the monomial v;, - - - v;,.

Now suppose that &1,...,&, are commuting variables. Then there is an
epimorphism of rings k : Z[A*] — Z[&,...,&,] which takes v, — &, for
allo € {1,...,n}. And this map factors through the map = : Z[A*] — Z[PI(4)]
induced by the natural epimorphism A* — PI(A); this means that ¢ ~ j
implies (i) = k(j). (It is enough to check this in case i is connected to j by a
basic move.) So there exists a ring epimorphism 7 : Z[PI(A)] — Z[¢1, . . ., &)
such that x = nm. In section [6.4] LLT define a “plactic Schur function” Sy
in Z[PI(A)] which is mapped by 1 onto the classical Schur function in the
variables &1, ...,&, (see remark (iii) in section 3.5). Then they deduce the
Littlewood—Richardson rule from an identity in Z[PI(A)] (see Theorem [6.4.5]).

(D.11g) Returning to section [6.3]; LLT define Schensted’s @-symbol. So for
any i € A*, one defines the tableau Q(i) (or more correctly the tableau K Q(7))
which is a byproduct of the sequence of tableaux P(i1), P(i142),... which
is used to make P(i); see the example (B.4c), or the example in LLT
(page 7). By its construction, Q(i) is what LLT call a “standard” tableau,
ie. if ¢ € I(n,r), then the entries of Q(¢) are the numbers 1,2,...,r in some
order. The shape of Q(4) is the shape A of P(i). LLT prove the Robinson—
Schensted theorem [6.3.1], which says that the map p : i — (P(i),Q(2))
induces a bijection from the set I(n,r) of all words ¢ of given shape A
(see §C.1) to the set Tab(\, A) x STab(\). (In our notation, Tab(\, A) = P(})
and STab(A) = Q(\); see (D.6a) and (D.6b).) This is essentially the theo-
rem (B.6a) which says the map Sch is bijective. It is proved in the same way,
by constructing the inverse map p~!.

The rest of section [6.3] is devoted to applications to representations of
the symmetric group S(n). A permutation o of {1,...,n} is regarded as a
word ¢ = o71---0, of length n. Then G. de B. Robinson discovered and
Schiitzenberger proved the theorem [6.3.3]: Q(c) = P(c~!). LLT give a short
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proof of this fact, and also generalize it to obtain, for any word ¢, a description
of Q(i) as P(0~1) for a certain permutation o constructed from i (see [6.3.7]).
Then a further generalization, gives them a generating function for the num-
ber dy of plactic classes of given weight A (see [6.3.10]). Notice that dy appears
in the “A-rectangle” (D.6d).

(D.11h) In section [6.5], the set of all i € A* for which Q(7) is a given “stan-
dard” tableau @ is called a coplactic class. In our terminology (see section C.1)
this is the ~-class I, (Q, =), where = is the equivalence relation on A* defined
in (A.4b): i &~ j means Q(i) = Q(j). (LLT do not give a symbol for ~.)

In order to give “structure” to the coplactic classes, LLT introduce three
operations on words (which then induce linear operations on Z[A*]). For a
given ¢ € {1,...,n — 1}, the LLT operators are called e., f., o.. We shall
see in (D.11i) that e., f. are just the Littelmann operators &, f. defined in
section A.3. We do not have the operator o, in the Appendix, but it is used
extensively in the latter part of LLT.

Proof of Theorem A. Theorem [6.5.1(i)] says that if § is either e, or f,,
then Q(0i) = Qi) for any word ¢ such that #i # 0. This is Proposi-
tion (D.2b); it is the “if” part of Theorem A. The “only if” part follows
from Proposition [6.5.2(i)]; one defines a graph I" (called the Littelmann graph
in section E.2) to have for vertices all words ¢ € A*, with arrow ¢ =5
where f.i = j. If i, j are such that i = j, i.e. if 4, j are in the same coplactic
class, then [6.5.2(1)] says that 4, j are in the same connected component of T,
which means that we connect ¢ and j by a chain of links, each link being of
the form either — or «*. But this is “only if” for Theorem A.

Proof of Proposition B. Theorem [6.5.1(ii)] says that LLT operators are
compatible with the equivalence =. For example, if i,j € A* and if i = j,
then for any ¢ € {1,...,n — 1} there holds f.(i) = f.(j). (This includes
the statement f.(i) = 0 if and only if f.(j) = 0.) But this is essentially the
Lemma (C.6¢). To deduce Proposition B, we combine (C.6¢) with (C.3p),
which says that for any i there holds ¢ = K P(i). However LLT have proved
this in Proposition [6.2.3]. Therefore LLT have proved Proposition B.

(D.11i) We sketch the proof that the LLT operators e., f. are the same as
the Littelmann operators e, fc, respectively. Let ¢ € {1,...,n—1}, and keep
this fixed. To calculate é.(i) and f.(i) for a given word 7 of length p, use the
function hi(t) (see (A.3b)). This gives parameters M?*, ¢*, §', and these are
sufficient to determine é.(7) and f.(i). Let us say that words 4, j are isologous
if M?, ¢*, ' are equal to M7, ¢7, g7, respectively.

To calculate hi(t), one needs only the entries ¢, ¢ + 1 in i. We say that
letters other than c, ¢ + 1 are neutral. In the example below i = 235342233
is a word in I(5,9), and ¢ = 2. Our first move is to replace each neutral
entry by the empty square, indicated by a “-” in the third line of table D.1
below. Now we look for an adjacent (¢ + 1,¢) pair, i.e. entries i,, i of i
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it 1234567809
ill2 35342233
iWl23-3.2233
ill2 3 - - . . 233
ke || 2 3 3

Table D.1. Successive construction of isologous words.

such that i, = ¢+ 1, 4y, = ¢, a < b, and i, is neutral for all places z such
that @ < z < b, if there is any such place. In our example, (i4,ig) is an
adjacent (3,2) pair. Now replace both entries i,, 45 by neutral letters. It is
(very) easy to see that the resulting word j is isologous to i.

We next look for adjacent (¢ + 1,¢) pairs in j; in the example, (j2,j7) is
such a pair. Then “neutralize” this pair, etc. After a finite number of steps
we reach a word k that contains no adjacent (¢ + 1,¢) pair. In this word,
there may be r entries ¢, and they all occur before any of the s entries ¢ + 1.
(Either or both of r, s may be zero.) By construction k is isologous to i. But
it is very simple to describe the function h%(t): starting from the left, it
ascends by the r steps ¢, moves horizontally if there are some neutral entries
between the last ¢ and the first ¢+ 1, then descends by the s entries ¢ + 1. If
r =0 then M = M* =0, and if s = 0 we have hi(p) = h¥(p) = M*;if r > 0
then ¢* = ¢* is the last place with entry ¢, and if s > 0 then §* = g is the
place immediately before the first ¢+ 1. In the example given in table D.1, we
have exactly one c at place 1 in k, and two c+ 1’s at places 8, 9, respectively;
hence ¢' = 1 and g* = 7. We now have all that is needed to construct é(i)
and f.(i). )

We leave it to the reader to compare our construction of €., f. with LLT’s
construction of their operators e., f., and to show that the two constructions
are identical.
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E.1 Schensted’s decomposition of I(3,3)

Let n = 3 and r = 3. For each i € 1(3,3), the @-symbol Q = Q(i) of ¢ then
contains each of the numbers 1, 2, 3 exactly once. We write 1(Q) = 1(Q, =)
for all these tableaux (). Then

1(3,3) = I(300) U I (210) U Tany
= r([2[8) v I( [k 2y or(fLEh o r

Table E.1 below contains, for each A € At(3,3), the tableaux ™, Q)
(see (C.2g) and (C.2h)), the tableaux Ty, Zy, and the words i*, iy obtained
from these (see (D.1d) and (D.le)).

A ’lb(k) Q(’\) T i AN 75
3,0,0) || [1]2]3] | [1]2]3] | [1]x]1] | 111 333
(2,1,0) 2/3] L]3] L[1] 211 | [2]3] 323
) i 12] 12] i

3] 1] 1] 1]
(1,1,1) | [2] 2] 2] 321 | [2] 321
1] 3] 3] 3]

Table E.1. Various data associated with A € AT (3, 3).
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The elements of the sets I(Q) with their P-symbols and Q-symbols are
listed in table E.2.

A (3,0,0) (2,1,0) (1,1,1)
P(3) i P(3) i i
1[1]1
DRI ;1‘ 121211 591
112 —
1]2
129 l‘ 221|212
Llafs]) 113 N EN} (P
3
20| |2
1[3
123 3 ‘ 231|213
S 2]l 5y | 310
s3] [
233 ;3‘ 331 (313
333 2T2)
3 232|322
53‘ 332|323
Qi) 1[2] [1]3]
3] 2]

Table E.2. P-symbols and Q-symbols of the words i € I(3, 3).

E.2 The Littelmann graph 1(3,3)

Let n, r be positive integers. Following Littelmann [35, §2], we define the
structure of a graph on I(n,r) by saying that 4,j € I(n,r) are connected
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by an edge if there exists an element ¢ € {1,...,n — 1} such that fc(1) =7
or fu(j) = 1.

This graph is the Littelmann graph (it is the undirected form of the di-
rected graph T in (D.11i)). The connected components of this graph are pre-
cisely the coplactic, or ~-classes I(Q, =), where @ is a standard tableau with
entries 1,...,r in some order. This follows from Theorem A (and (A.3g)(5),
where we have seen that f.(i) = j if and only if é.(j) = i). Therefore we
can use these tableaux to label the connected components of the Littelmann
graph.

For n = r = 3, the Littelmann graph is shown in table E.3. In this display,
two words i, j are connected by a (directed) edge labelled by 1 or 2 according

as fl(z) =jor fa(i) = j.

2 i

[
E
[eo]eo] =]

111 121 211 321
N N
1 \ 2 1 \ 2
i / \ / \
N\ N\
112 221 131 212 311
N | |
/ \\2 2] ll 2| \Ll
N\ \ \
122 113 231 132 213 312
1 N 1 2] 1 2| 1
RN y y
222 123 331 232 313 322
I I / /
1 / /
21 2 / \ ,
v / v \ s 1 L2
223 133 332 323
N /
2\ 1
N\
233
|
2|
\
333

Table E.3. The four Littelmann graphs in I(3, 3).

Note that, if A € A*(n,r) and Q@ = Q™), then i* is at the top and iy is
at the bottom of the corresponding connected component of the Littelmann
graph (see table E.1 and (D.2d), (C.2c)).
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26
26
27
27
28
28
29
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dx,p decomp numbers

s(w) sign of w € G(n)

Sa Schur function
Chapter 4

BY shape of A

VR basic A-tableau

R(T) row stabilizer
C(T) column stabilizer
T, =ioT*

(T; : T;) bideterminant

Dy

PK EY" — Dk

D i = D(rp0,...,0),K
Daryx =Dq,. 10,0,k
M (n,7) right A-weight-space
8(i)

Chapter 5

Nk = Ker ok

VA K

Vi = Viro0,...,0),K
Vary,x  =Va,..10,...0,5
[X} = ZTFEX 71'

(X} =Yexs(mm

i =ef{C(T)}

b =&

Q

wE

0N

(ro) =gt

h, complete symm fct
Xz

Chapter 6

w =(1,1,...,1,0,...,0)
S = Sk(n,r)

S(e)  =¢&aS

fo Mgk (n,r) — mod S(«)

29
30
30

33
34
34
34
34
34
35
35
36
36
36
37
37

43
43
44
45
45
45
45
46
46
47

47
49
50
50
51

53
53
53
53

u =(1,2,...,7)

f Schur functor

Vie)

a mod S — mod S

h mod eSe — mod S
h* =aoh

G =G(r)

A =A"(n,7)

St K Specht module
SA,K = STA’K

Sr.x dual Specht module

Sax =Smx

Qs

K

d Mg (N,r)— Mgk (n,r)
a* = (o,0,...,0)
A(n,r)”

nx(V)  comp multiplicity
Chapter A

I(n,r) words

n ={1,2,...,n}
A(n,7)  weights

At (n,r) dominant weights
(%) shape of 4

P(3) P-symbol of i
Q1) Q-symbol of i

Qb root

w

ht height function

M maximal height

g

%

éc Littelmann operator
fc Littelmann operator
B reversing operator
€a root operator

fa root operator

wt(z) weight of ¢

54
54
55
55
56
56
57
57
58
58
59
59
60
63
65
65
65
68

73
73
73
73
74
74
74
75
75
75
75
76
76
76
76
76
76
76
76



i]J concatenation of i, j
~ P-equivalence

~ Q-equivalence

KP Knuth unwinding of P
Chapter B

BY shape of A

T(n,r) triples (A, P, Q)

Sch Schensted’s map

U «— x1 insertion

(1, U, V) = a1

k(a)

€z

J insertion map

E extrusion map

M inverse of Sch

Es

Chapter C

In(n,r) words of shape A

I =Ix(n,r)

In(P,~) ={iel,:P(i)= P}
I(Q,~) ={icI\:Q(i)=Q}
I(P,~) =I,(P,~)

1@~ =L(@Q,~)

Xt]

1/}(%)

QW

K’ basic move

K" basic move

&(a,)

fo(P) = fu(KP)

Chapter D

T

76
78
78

81
81
81
82
82
83
84
84
89
89
92
94
94

95
95
95
95
96
96
98
100
100
103
103
104
114

121

PI(A)
Z|M]

Index of symbols

size of 4
=0

Littelmann algebra

irr. L-module
support of z € V&

anti-auto of L

=#P()\)

=#Q(\)

=M\, P,Q) € I(n,r)
canonical map

= Mq

= I(Q(M? z)

matrix unit

words on A
=~

=A%/~
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121
122
122
122
122
122
122
123
123
123
125
130
130
130
130
130
131
131
132
134
134
134
134
135
136
137
138
140
141
143
143
143
144
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affine ring, 5
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basic move, 78, 103, 135
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basis for V) k, 46
bideterminant, 34
bump, 85, 86

canonical form, 21, 43
canonical map, 135
Carter-Lusztig basis, 45
Carter-Lusztig lemma, 38
Carter-Lusztig module, 43
character, 26, 139
formal, 26, 139
natural, 27
coalgebra, 3, 12
coefficient
function, 4
space, 4
column stabilizer, 34
column standard, 88
comodule, 5
completely reducible, 133

composition multiplicity, 68

concatenation, 76, 103
contravariant, 19
dual, 20
form, 20

decomposition number, 9, 17, 29, 69

defined over Z, 7, 14, 19
diagonal subgroup, 24
dominant weight, 23
Désarménien matrix, 45, 46, 48

entry

of a tableau, 81
equality rule, 13
equivalence =, 75, 78, 95
equivalence ~, 78, 95
equivalent

categories, 15

representations, 2
exterior power, 24, 36, 45
extrusion, 89

sequence, 90

finitary function, 3
Garnir relations, 38

Hecke ring, 54
height function, 75
hyperalgebra, 7

induced module, 42
insertion, 82

insertion parameters, 99, 104
insertion, sequence, 83
invariant matrix, 4, 17

involutory anti-automorphism, 132

James module, 40
James’s theorems, 63, 70
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KT'-bimodule, 21, 31, 35

KT-isomorphism, 2

KT-map, 2

KT-module, 2
irreducible, 28

K-space, 2

Knuth unwinding, 79, 96

Knuth’s theorem, 103

Knuth, Donald, 78, 96

L-homomorphism, 135

ladder, 92, 93

A-rectangle, 134

lattice permutation, 122, 140
letter, 73

Littelmann algebra, 130, 137
Littelmann, Peter, 73, 96, 140
Littlewood—Richardson rule, 140

Martins theorem, 69
matrix unit, 137, 138
modular reduction, 8, 16, 68
modular theory, 6, 16
module Mg, 131
Morita equivalent, 67
move

basic, 78
multi-index, 11

operator B, 76, 122
operator C, 122, 127
operators é., fc, 75

P-symbol, 74

partition, 23, 60
column p-regular, 60

path, 74

path model, 73

pivot, 105

place, 81

place permutation, 11

Proposition B, 78, 116

Q-symbol, 74

representation, 2

A-rational, 4

matrix, 4

polynomial, 5
Robinson—Schensted algorithm, 74

root, 75

simple, 75
root operator, 73, 76
row stabilizer, 34
row standard, 88

Schensted, 81
Schensted process, 74, 81

inverse, 89
Schensted’s

map, 81

theorem, 89
Schur algebra, 7, 13
Schur function, 30
Schur functor, 53, 54, 57
semigroup, 2
semigroup-algebra, 2
semisimple, 133
shape

of a tableau, 74, 81

of a weight A, 81

of a word, 95, 129
size

of a word, 125
Specht module, 58, 63

dual, 59, 62
standard, 81

column, 88

row, 88

standard tableau, 36, 74, 81
Steinberg’s tensor product theorem, 50

support, 131

symmetric function, 26
complete, 50
elementary, 26, 29
monomial, 26, 29
ring of, 27

symmetric group, 11, 53

symmetric power, 19, 36, 44

symmetric tensor, 44

tableau, 33, 74, 81
basic A-, 34
standard, 36, 74, 81
Young, 74

Theorem A, 78, 121, 124

unit
matrix, 137, 138
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dominant, 73
of a word, 76

Index

weight space, 23

Weyl group, 23

Weyl module, 10, 33, 43, 140
word, 73

Z-form, 7, 8, 16, 50

161



Lecture Notes in Mathematics

For information about earlier volumes

please contact your bookseller or Springer

LNM Online archive: springerlink.com

Vol. 1711: W. Ricker, Operator Algebras Generated by
Commuting Projections: A Vector Measure Approach
(1999)

Vol. 1712: N. Schwartz, J. J. Madden, Semi-algebraic
Function Rings and Reflectors of Partially Ordered
Rings (1999)

Vol. 1713: F. Bethuel, G. Huisken, S. Miiller, K. Stef-
fen, Calculus of Variations and Geometric Evolution Prob-
lems. Cetraro, 1996. Editors: S. Hildebrandt, M. Struwe
(1999)

Vol. 1714: O. Diekmann, R. Durrett, K. P. Hadeler, P.
K. Maini, H. L. Smith, Mathematics Inspired by Biology.
Martina Franca, 1997. Editors: V. Capasso, O. Diekmann
(1999)

Vol. 1715: N. V. Krylov, M. Réckner, J. Zabczyk, Stochas-
tic PDE’s and Kolmogorov Equations in Infinite Dimen-
sions. Cetraro, 1998. Editor: G. Da Prato (1999)

Vol. 1716: J. Coates, R. Greenberg, K. A. Ribet, K. Ru-
bin, Arithmetic Theory of Elliptic Curves. Cetraro, 1997.
Editor: C. Viola (1999)

Vol. 1717: J. Bertoin, F. Martinelli, Y. Peres, Lectures on
Probability Theory and Statistics. Saint-Flour, 1997. Edi-
tor: P. Bernard (1999)

Vol. 1718: A. Eberle, Uniqueness and Non-Uniqueness
of Semigroups Generated by Singular Diffusion Opera-
tors (1999)

Vol. 1719: K. R. Meyer, Periodic Solutions of the N-Body
Problem (1999)

Vol. 1720: D. Elworthy, Y. Le Jan, X-M. Li, On the Geo-
metry of Diffusion Operators and Stochastic Flows (1999)
Vol. 1721: A. larrobino, V. Kanev, Power Sums, Goren-
stein Algebras, and Determinantal Loci (1999)

Vol. 1722: R. McCutcheon, Elemental Methods in Ergodic
Ramsey Theory (1999)

Vol. 1723: J. P. Croisille, C. Lebeau, Diffraction by an Im-
mersed Elastic Wedge (1999)

Vol. 1724: V. N. Kolokoltsov, Semiclassical Analysis for
Diffusions and Stochastic Processes (2000)

Vol. 1725: D. A. Wolf-Gladrow, Lattice-Gas Cellular Au-
tomata and Lattice Boltzmann Models (2000)

Vol. 1726: V. Marié, Regular Variation and Differential
Equations (2000)

Vol. 1727: P. Kravanja M. Van Barel, Computing the Zeros
of Analytic Functions (2000)

Vol. 1728: K. Gatermann Computer Algebra Methods for
Equivariant Dynamical Systems (2000)

Vol. 1729: J. Azéma, M. Emery, M. Ledoux, M. Yor (Eds.)
Séminaire de Probabilités XXXIV (2000)

Vol. 1730: S. Graf, H. Luschgy, Foundations of Quantiza-
tion for Probability Distributions (2000)

Vol. 1731: T. Hsu, Quilts: Central Extensions, Braid Ac-
tions, and Finite Groups (2000)

Vol. 1732: K. Keller, Invariant Factors, Julia Equivalences
and the (Abstract) Mandelbrot Set (2000)

Vol. 1733: K. Ritter, Average-Case Analysis of Numerical
Problems (2000)

Vol. 1734: M. Espedal, A. Fasano, A. Mikeli¢, Filtration in
Porous Media and Industrial Applications. Cetraro 1998.
Editor: A. Fasano. 2000.

Vol. 1735: D. Yafaev, Scattering Theory: Some Old and
New Problems (2000)

Vol. 1736: B. O. Turesson, Nonlinear Potential Theory and
Weighted Sobolev Spaces (2000)

Vol. 1737: S. Wakabayashi, Classical Microlocal Analysis
in the Space of Hyperfunctions (2000)

Vol. 1738: M. Emery, A. Nemirovski, D. Voiculescu, Lec-
tures on Probability Theory and Statistics (2000)

Vol. 1739: R. Burkard, P. Deuflhard, A. Jameson, J.-L. Li-
ons, G. Strang, Computational Mathematics Driven by In-
dustrial Problems. Martina Franca, 1999. Editors: V. Ca-
passo, H. Engl, J. Periaux (2000)

Vol. 1740: B. Kawohl, O. Pironneau, L. Tartar, J.-P. Zole-
sio, Optimal Shape Design. Tréia, Portugal 1999. Editors:
A. Cellina, A. Ornelas (2000)

Vol. 1741: E. Lombardi, Oscillatory Integrals and Phe-
nomena Beyond all Algebraic Orders (2000)

Vol. 1742: A. Unterberger, Quantization and Non-
holomorphic Modular Forms (2000)

Vol. 1743: L. Habermann, Riemannian Metrics of Con-
stant Mass and Moduli Spaces of Conformal Structures
(2000)

Vol. 1744: M. Kunze, Non-Smooth Dynamical Systems
(2000)

Vol. 1745: V. D. Milman, G. Schechtman (Eds.), Geomet-
ric Aspects of Functional Analysis. Israel Seminar 1999-
2000 (2000)

Vol. 1746: A. Degtyareyv, I. Itenberg, V. Kharlamov, Real
Enriques Surfaces (2000)

Vol. 1747: L. W. Christensen, Gorenstein Dimensions
(2000)

Vol. 1748: M. Ruzicka, Electrorheological Fluids: Model-
ing and Mathematical Theory (2001)

Vol. 1749: M. Fuchs, G. Seregin, Variational Methods
for Problems from Plasticity Theory and for Generalized
Newtonian Fluids (2001)

Vol. 1750: B. Conrad, Grothendieck Duality and Base
Change (2001)

Vol. 1751: N. J. Cutland, Loeb Measures in Practice: Re-
cent Advances (2001)

Vol. 1752: Y. V. Nesterenko, P. Philippon, Introduction to
Algebraic Independence Theory (2001)

Vol. 1753: A. I. Bobenko, U. Eitner, Painlevé Equations in
the Differential Geometry of Surfaces (2001)

Vol. 1754: W. Bertram, The Geometry of Jordan and Lie
Structures (2001)

Vol. 1755: J. Azéma, M. Emery, M. Ledoux, M. Yor
(Eds.), Séminaire de Probabilités XXXV (2001)

Vol. 1756: P. E. Zhidkov, Korteweg de Vries and Nonlin-
ear Schrodinger Equations: Qualitative Theory (2001)



Vol. 1757: R. R. Phelps, Lectures on Choquet’s Theorem
(2001)

Vol. 1758: N. Monod, Continuous Bounded Cohomology
of Locally Compact Groups (2001)

Vol. 1759: Y. Abe, K. Kopfermann, Toroidal Groups
(2001)

Vol. 1760: D. Filipovi¢, Consistency Problems for Heath-
Jarrow-Morton Interest Rate Models (2001)

Vol. 1761: C. Adelmann, The Decomposition of Primes in
Torsion Point Fields (2001)

Vol. 1762: S. Cerrai, Second Order PDE’s in Finite and
Infinite Dimension (2001)

Vol. 1763: J.-L. Loday, A. Frabetti, F. Chapoton, F. Goi-
chot, Dialgebras and Related Operads (2001)

Vol. 1764: A. Cannas da Silva, Lectures on Symplectic
Geometry (2001)

Vol. 1765: T. Kerler, V. V. Lyubashenko, Non-Semisimple
Topological Quantum Field Theories for 3-Manifolds with
Corners (2001)

Vol. 1766: H. Hennion, L. Hervé, Limit Theorems for
Markov Chains and Stochastic Properties of Dynamical
Systems by Quasi-Compactness (2001)

Vol. 1767: J. Xiao, Holomorphic Q Classes (2001)

Vol. 1768: M.J. Pflaum, Analytic and Geometric Study of
Stratified Spaces (2001)

Vol. 1769: M. Alberich-Carramifiana, Geometry of the
Plane Cremona Maps (2002)

Vol. 1770: H. Gluesing-Luerssen, Linear Delay-
Differential Systems with Commensurate Delays: An
Algebraic Approach (2002)

Vol. 1771: M. Emery, M. Yor (Eds.), Séminaire de Prob-
abilités 1967-1980. A Selection in Martingale Theory
(2002)

Vol. 1772: F. Burstall, D. Ferus, K. Leschke, F. Pedit, U.
Pinkall, Conformal Geometry of Surfaces in §* (2002)
Vol. 1773: Z. Arad, M. Muzychuk, Standard Integral Ta-
ble Algebras Generated by a Non-real Element of Small
Degree (2002)

Vol. 1774: V. Runde, Lectures on Amenability (2002)
Vol. 1775: W. H. Meeks, A. Ros, H. Rosenberg, The
Global Theory of Minimal Surfaces in Flat Spaces. Mar-
tina Franca 1999. Editor: G. P. Pirola (2002)

Vol. 1776: K. Behrend, C. Gomez, V. Tarasov, G. Tian,
Quantum Comohology. Cetraro 1997. Editors: P. de Bar-
tolomeis, B. Dubrovin, C. Reina (2002)

Vol. 1777: E. Garcia-Rio, D. N. Kupeli, R. Vizquez-
Lorenzo, Osserman Manifolds in Semi-Riemannian
Geometry (2002)

Vol. 1778: H. Kiechle, Theory of K-Loops (2002)

Vol. 1779: 1. Chueshov, Monotone Random Systems
(2002)

Vol. 1780: J. H. Bruinier, Borcherds Products on O(2,1)
and Chern Classes of Heegner Divisors (2002)

Vol. 1781: E. Bolthausen, E. Perkins, A. van der Vaart,
Lectures on Probability Theory and Statistics. Ecole d’
Eté de Probabilités de Saint-Flour XXIX-1999. Editor: P.
Bernard (2002)

Vol. 1782: C.-H. Chu, A. T.-M. Lau, Harmonic Functions
on Groups and Fourier Algebras (2002)

Vol. 1783: L. Griine, Asymptotic Behavior of Dynamical
and Control Systems under Perturbation and Discretiza-
tion (2002)

Vol. 1784: L.H. Eliasson, S. B. Kuksin, S. Marmi, J.-C.
Yoccoz, Dynamical Systems and Small Divisors. Cetraro,
Italy 1998. Editors: S. Marmi, J.-C. Yoccoz (2002)

Vol. 1785: J. Arias de Reyna, Pointwise Convergence of
Fourier Series (2002)

Vol. 1786: S. D. Cutkosky, Monomialization of Mor-
phisms from 3-Folds to Surfaces (2002)

Vol. 1787: S. Caenepeel, G. Militaru, S. Zhu, Frobenius
and Separable Functors for Generalized Module Cate-
gories and Nonlinear Equations (2002)

Vol. 1788: A. Vasil’ev, Moduli of Families of Curves for
Conformal and Quasiconformal Mappings (2002)

Vol. 1789: Y. Sommerhiuser, Yetter-Drinfel’d Hopf alge-
bras over groups of prime order (2002)

Vol. 1790: X. Zhan, Matrix Inequalities (2002)

Vol. 1791: M. Knebusch, D. Zhang, Manis Valuations and
Priifer Extensions I: A new Chapter in Commutative Al-
gebra (2002)

Vol. 1792: D. D. Ang, R. Gorenflo, V. K. Le, D. D. Trong,
Moment Theory and Some Inverse Problems in Potential
Theory and Heat Conduction (2002)

Vol. 1793: J. Cortés Monforte, Geometric, Control and
Numerical Aspects of Nonholonomic Systems (2002)
Vol. 1794: N. Pytheas Fogg, Substitution in Dynamics,
Arithmetics and Combinatorics. Editors: V. Berthé, S. Fer-
enczi, C. Mauduit, A. Siegel (2002)

Vol. 1795: H. Li, Filtered-Graded Transfer in Using Non-
commutative Grobner Bases (2002)

Vol. 1796: J.M. Melenk, hp-Finite Element Methods for
Singular Perturbations (2002)

Vol. 1797: B. Schmidt, Characters and Cyclotomic Fields
in Finite Geometry (2002)

Vol. 1798: W.M. Oliva, Geometric Mechanics (2002)
Vol. 1799: H. Pajot, Analytic Capacity, Rectifiability,
Menger Curvature and the Cauchy Integral (2002)

Vol. 1800: O. Gabber, L. Ramero, Almost Ring Theory
(2003)

Vol. 1801: J. Azéma, M. Emery, M. Ledoux, M. Yor
(Eds.), Séminaire de Probabilités XXXVI (2003)

Vol. 1802: V. Capasso, E. Merzbach, B.G. Ivanoff, M.
Dozzi, R. Dalang, T. Mountford, Topics in Spatial Sto-
chastic Processes. Martina Franca, Italy 2001. Editor: E.
Merzbach (2003)

Vol. 1803: G. Dolzmann, Variational Methods for Crys-
talline Microstructure — Analysis and Computation (2003)
Vol. 1804: I. Cherednik, Ya. Markov, R. Howe, G. Lusztig,
Iwahori-Hecke Algebras and their Representation Theory.
Martina Franca, Italy 1999. Editors: V. Baldoni, D. Bar-
basch (2003)

Vol. 1805: E. Cao, Geometric Curve Evolution and Image
Processing (2003)

Vol. 1806: H. Broer, I. Hoveijn. G. Lunther, G. Vegter,
Bifurcations in Hamiltonian Systems. Computing Singu-
larities by Grobner Bases (2003)

Vol. 1807: V. D. Milman, G. Schechtman (Eds.), Geome-
tric Aspects of Functional Analysis. Israel Seminar 2000-
2002 (2003)

Vol. 1808: W. Schindler, Measures with Symmetry Prop-
erties (2003)

Vol. 1809: O. Steinbach, Stability Estimates for Hybrid
Coupled Domain Decomposition Methods (2003)

Vol. 1810: J. Wengenroth, Derived Functors in Functional
Analysis (2003)

Vol. 1811: J. Stevens, Deformations of Singularities
(2003)

Vol. 1812: L. Ambrosio, K. Deckelnick, G. Dziuk, M.
Mimura, V. A. Solonnikov, H. M. Soner, Mathematical
Aspects of Evolving Interfaces. Madeira, Funchal, Portu-
gal 2000. Editors: P. Colli, J. F. Rodrigues (2003)

Vol. 1813: L. Ambrosio, L. A. Caffarelli, Y. Brenier,
G. Buttazzo, C. Villani, Optimal Transportation and its



Applications. Martina Franca, Italy 2001. Editors: L. A.
Caffarelli, S. Salsa (2003)

Vol. 1814: P. Bank, F. Baudoin, H. Féllmer, L.C.G.
Rogers, M. Soner, N. Touzi, Paris-Princeton Lectures on
Mathematical Finance 2002 (2003)

Vol. 1815: A. M. Vershik (Ed.), Asymptotic Combina-
torics with Applications to Mathematical Physics. St. Pe-
tersburg, Russia 2001 (2003)

Vol. 1816: S. Albeverio, W. Schachermayer, M. Tala-
grand, Lectures on Probability Theory and Statistics.
Ecole d’Eté de Probabilités de Saint-Flour XXX-2000.
Editor: P. Bernard (2003)

Vol. 1817: E. Koelink, W. Van Assche(Eds.), Orthogonal
Polynomials and Special Functions. Leuven 2002 (2003)
Vol. 1818: M. Bildhauer, Convex Variational Problems
with Linear, nearly Linear and/or Anisotropic Growth
Conditions (2003)

Vol. 1819: D. Masser, Yu. V. Nesterenko, H. P. Schlick-
ewei, W. M. Schmidt, M. Waldschmidt, Diophantine Ap-
proximation. Cetraro, Italy 2000. Editors: F. Amoroso, U.
Zannier (2003)

Vol. 1820: F. Hiai, H. Kosaki, Means of Hilbert Space Op-
erators (2003)

Vol. 1821: S. Teufel, Adiabatic Perturbation Theory in
Quantum Dynamics (2003)

Vol. 1822: S.-N. Chow, R. Conti, R. Johnson, J. Mallet-
Paret, R. Nussbaum, Dynamical Systems. Cetraro, Italy
2000. Editors: J. W. Macki, P. Zecca (2003)

Vol. 1823: A. M. Anile, W. Allegretto, C. Ringhofer,
Mathematical Problems in Semiconductor Physics. Ce-
traro, Italy 1998. Editor: A. M. Anile (2003)

Vol. 1824: J. A. Navarro Gonzidlez, J. B. Sancho de Salas,
¢ — Differentiable Spaces (2003)

Vol. 1825: J. H. Bramble, A. Cohen, W. Dahmen, Mul-
tiscale Problems and Methods in Numerical Simulations,
Martina Franca, Italy 2001. Editor: C. Canuto (2003)
Vol. 1826: K. Dohmen, Improved Bonferroni Inequal-
ities via Abstract Tubes. Inequalities and Identities of
Inclusion-Exclusion Type. VIII, 113 p, 2003.

Vol. 1827: K. M. Pilgrim, Combinations of Complex Dy-
namical Systems. IX, 118 p, 2003.

Vol. 1828: D. J. Green, Grobner Bases and the Computa-
tion of Group Cohomology. XII, 138 p, 2003.

Vol. 1829: E. Altman, B. Gaujal, A. Hordijk, Discrete-
Event Control of Stochastic Networks: Multimodularity
and Regularity. XIV, 313 p, 2003.

Vol. 1830: M. I. Gil’, Operator Functions and Localization
of Spectra. XIV, 256 p, 2003.

Vol. 1831: A. Connes, J. Cuntz, E. Guentner, N. Hig-
son, J. E. Kaminker, Noncommutative Geometry, Martina
Franca, Italy 2002. Editors: S. Doplicher, L. Longo (2004)
Vol. 1832: J. Azéma, M. Emery, M. Ledoux, M. Yor
(Eds.), Séminaire de Probabilités XXXVII (2003)

Vol. 1833: D.-Q. Jiang, M. Qian, M.-P. Qian, Mathemati-
cal Theory of Nonequilibrium Steady States. On the Fron-
tier of Probability and Dynamical Systems. IX, 280 p,
2004.

Vol. 1834: Yo. Yomdin, G. Comte, Tame Geometry with
Application in Smooth Analysis. VIII, 186 p, 2004.

Vol. 1835: O.T. Izhboldin, B. Kahn, N.A. Karpenko, A.
Vishik, Geometric Methods in the Algebraic Theory of
Quadratic Forms. Summer School, Lens, 2000. Editor: J.-
P. Tignol (2004)

Vol. 1836: C. Nastdsescu, F. Van Oystaeyen, Methods of
Graded Rings. XIII, 304 p, 2004.

Vol. 1837: S. Tavaré, O. Zeitouni, Lectures on Probabil-
ity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXI-2001. Editor: J. Picard (2004)

Vol. 1838: A.J. Ganesh, N.W. O’Connell, D.J. Wischik,
Big Queues. XII, 254 p, 2004.

Vol. 1839: R. Gohm, Noncommutative Stationary
Processes. VIIL, 170 p, 2004.

Vol. 1840: B. Tsirelson, W. Werner, Lectures on Probabi-
lity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXII-2002. Editor: J. Picard (2004)

Vol. 1841: W. Reichel, Uniqueness Theorems for Vari-
ational Problems by the Method of Transformation
Groups (2004)

Vol. 1842: T. Johnsen, A.L. Knutsen, K3 Projective Mod-
els in Scrolls (2004)

Vol. 1843: B. Jefferies, Spectral Properties of Noncom-
muting Operators (2004)

Vol. 1844: K.F. Siburg, The Principle of Least Action in
Geometry and Dynamics (2004)

Vol. 1845: Min Ho Lee, Mixed Automorphic Forms, Torus
Bundles, and Jacobi Forms (2004)

Vol. 1846: H. Ammari, H. Kang, Reconstruction of Small
Inhomogeneities from Boundary Measurements (2004)
Vol. 1847: T.R. Bielecki, T. Bjork, M. Jeanblanc, M.
Rutkowski, J.A. Scheinkman, W. Xiong, Paris-Princeton
Lectures on Mathematical Finance 2003 (2004)

Vol. 1848: M. Abate, J. E. Fornaess, X. Huang, J. P. Rosay,
A. Tumanov, Real Methods in Complex and CR Geom-
etry, Martina Franca, Italy 2002. Editors: D. Zaitsev, G.
Zampieri (2004)

Vol. 1849: Martin L. Brown, Heegner Modules and Ellip-
tic Curves (2004)

Vol. 1850: V. D. Milman, G. Schechtman (Eds.), Geomet-
ric Aspects of Functional Analysis. Israel Seminar 2002-
2003 (2004)

Vol. 1851: O. Catoni, Statistical Learning Theory and Sto-
chastic Optimization (2004)

Vol. 1852: A.S. Kechris, B.D. Miller, Topics in Orbit
Equivalence (2004)

Vol. 1853: Ch. Favre, M. Jonsson, The Valuative Tree
(2004)

Vol. 1854: O. Saeki, Topology of Singular Fibers of Dif-
ferential Maps (2004)

Vol. 1855: G. Da Prato, P.C. Kunstmann, I. Lasiecka,
A. Lunardi, R. Schnaubelt, L. Weis, Functional Analytic
Methods for Evolution Equations. Editors: M. Iannelli, R.
Nagel, S. Piazzera (2004)

Vol. 1856: K. Back, T.R. Bielecki, C. Hipp, S. Peng,
W. Schachermayer, Stochastic Methods in Finance, Bres-
sanone/Brixen, Italy, 2003. Editors: M. Fritelli, W. Rung-
galdier (2004)

Vol. 1857: M. Emery, M. Ledoux, M. Yor (Eds.), Sémi-
naire de Probabilités XXXVIII (2005)

Vol. 1858: A.S. Cherny, H.-J. Engelbert, Singular Stochas-
tic Differential Equations (2005)

Vol. 1859: E. Letellier, Fourier Transforms of Invariant
Functions on Finite Reductive Lie Algebras (2005)

Vol. 1860: A. Borisyuk, G.B. Ermentrout, A. Friedman, D.
Terman, Tutorials in Mathematical Biosciences 1. Mathe-
matical Neurosciences (2005)

Vol. 1861: G. Benettin, J. Henrard, S. Kuksin, Hamil-
tonian Dynamics — Theory and Applications, Cetraro,
Italy, 1999. Editor: A. Giorgilli (2005)

Vol. 1862: B. Helffer, F. Nier, Hypoelliptic Estimates and
Spectral Theory for Fokker-Planck Operators and Witten
Laplacians (2005)



Vol. 1863: H. Fiirh, Abstract Harmonic Analysis of Con-
tinuous Wavelet Transforms (2005)

Vol. 1864: K. Efstathiou, Metamorphoses of Hamiltonian
Systems with Symmetries (2005)

Vol. 1865: D. Applebaum, B.V. R. Bhat, J. Kustermans, J.
M. Lindsay, Quantum Independent Increment Processes I.
From Classical Probability to Quantum Stochastic Calcu-
lus. Editors: M. Schiirmann, U. Franz (2005)

Vol. 1866: O.E. Barndorff-Nielsen, U. Franz, R. Gohm, B.
Kiimmerer, S. Thorbjgnsen, Quantum Independent Incre-
ment Processes II. Structure of Quantum Levy Processes,
Classical Probability, and Physics. Editors: M. Schiir-
mann, U. Franz, (2005)

Vol. 1867: J. Sneyd (Ed.), Tutorials in Mathematical Bio-
sciences II. Mathematical Modeling of Calcium Dynamics
and Signal Transduction. (2005)

Vol. 1868: J. Jorgenson, S. Lang, Pos,(R) and Eisenstein
Sereies. (2005)

Vol. 1869: A. Dembo, T. Funaki, Lectures on Probabil-
ity Theory and Statistics. Ecole d’Eté de Probabilités de
Saint-Flour XXXIII-2003. Editor: J. Picard (2005)

Vol. 1870: V.I. Gurariy, W. Lusky, Geometry of Miintz
Spaces and Related Questions. (2005)

Vol. 1871: P. Constantin, G. Gallavotti, A.V. Kazhikhov,
Y. Meyer, S. Ukai, Mathematical Foundation of Turbulent
Viscous Flows, Martina Franca, Italy, 2003. Editors: M.
Cannone, T. Miyakawa (2006)

Vol. 1872: A. Friedman (Ed.), Tutorials in Mathemati-
cal Biosciences III. Cell Cycle, Proliferation, and Cancer
(2006)

Vol. 1873: R. Mansuy, M. Yor, Random Times and En-
largements of Filtrations in a Brownian Setting (2006)
Vol. 1874: M. Yor, M. Emery (Eds.), In Memoriam Paul-
André Meyer - Séminaire de Probabilités XXXIX (2006)
Vol. 1875: J. Pitman, Combinatorial Stochastic Processes.
Ecole d’Eté de Probabilités de Saint-Flour XXXII-2002.
Editor: J. Picard (2006)

Vol. 1876: H. Herrlich, Axiom of Choice (2006)

Vol. 1877: J. Steuding, Value Distributions of L-
Functions(2006)

Vol. 1878: R. Cerf, The Wulff Crystal in Ising and Perco-
lation Models, Ecole d’Eté de Probabilits de Saint-Flour
XXXIV-2004. Editor: Jean Picard (2006)

Vol. 1879: G. Slade, The Lace Expansion and its
Appli- cations, Ecole d’Eté de Probabilités de Saint-Flour
XXXIV-2004. Editor: Jean Picard (2006)

Vol. 1880: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems I, The Hamiltonian Approach (2006)

Vol. 1881: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems II, The Markovian Approach (2006)

Vol. 1882: S. Attal, A. Joye, C.-A. Pillet, Open Quantum
Systems III, Recent Developments (2006)

Vol. 1883: W. Van Assche, F. Marcellan (Eds.), Orthogo-
nal Polynomials and Special Functions, Computation and
Application (2006)

Vol. 1884: N. Hayashi, E.I. Kaikina, PI. Naumkin, L.A.
Shishmarev, Asymptotics for Dissipative Nonlinear Equa-
tions (2006)

Vol. 1885: A. Telcs, The Art of Random Walks (2006)
Vol. 1886: S. Takamura, Splitting Deformations of Dege-
nerations of Complex Curves (2006)

Vol. 1887: K. Habermann, L. Habermann, Introduction to
Symplectic Dirac Operators (2006)

Vol. 1888: J. van der Hoeven, Transseries and Real Differ-
ential Algebra (2006)

Vol. 1889: G. Osipenko, Dynamical Systems, Graphs, and
Algorithms (2006)

Vol. 189o: M. Bunge, J. Funk, Singular Coverings of
Toposes (2006)

Vol. 1891: J.B. Friedlander, D.R. Heath-Brown, H.
Iwaniec, J. Kaczorowski, Analytic Number Theory, Ce-
traro, Italy, 2002. Editors: A. Perelli, C. Viola (2006)

Vol. 1892: A. Baddeley, I. Barany, R. Schneider, W. Weil,
Stochastic Geometry, Martina Franca, Italy, 2004. Editor:
W. Weil (2007)

Vol. 1893: H. HanBmann, Local and Semi-Local Bifur-
cations in Hamiltonian Dynamical Systems, Results and
Examples (2007)

Vol. 1894: C.W. Groetsch, Stable Approximate Evaluation
of Unbounded Operators (2007)

Vol. 1895: L. Molndr, Selected Preserver Problems on Al-
gebraic Structures of Linear Operators and on Function
Spaces (2007)

Vol. 1896: P. Massart, Concentration Inequalities and
Model Selection, Ecole d’Eté de Probabilitiés de Saint-
Flour XXXIII-2003. Editor: J. Picard (2007)

Vol. 1897: R. Doney, Fluctuation Theory for Lévy
Processes, Ecole d’Eté de Probabilitiés de Saint-Flour-
2005. Editor: J. Picard (2007)

Vol. 1898: H.R. Beyer, Beyond Partial Differential Equa-
tions, On linear and Quasi-Linear Abstract Hyperbolic
Evolution Equations (2007)

Vol. 1899: Seminaires de Probabilitiés XL. Editors:
C. Donati-Martin, M. Emery, A. Rouault, C. Stricker
(2007)

Vol. 1900: E. Bolthausen, A. Bovier (Eds.), Spin Glasses
(2007)

Recent Reprints and New Editions

Vol. 1618: G. Pisier, Similarity Problems and Completely
Bounded Maps. 1995 — 2nd exp. edition (2001)

Vol. 1629: J.D. Moore, Lectures on Seiberg-Witten Invari-
ants. 1997 — 2nd edition (2001)

Vol. 1638: P. Vanhaecke, Integrable Systems in the realm
of Algebraic Geometry. 1996 — 2nd edition (2001)

Vol. 1702: J. Ma, J. Yong, Forward-Backward Stochas-
tic Differential Equations and their Applications. 1999. —
Corr. 3rd printing (2005)

Vol. 830: J.A. Green, Polynomial Representations of
GL,, with an Appendix on Schensted Correspondence
and Littelmann Paths by K. Erdmann, J.A. Green and
M. Schocker. 1980 — 2nd corr. and augmented edition
(2007)





