Appendix

We review some basic facts and standard definitions and notations from
the theory of differentiable manifolds and differential topology. Proofs will
be omitted and can be found in [La] and [Hi].

Manifold will always mean a paracompact, smooth (meaning C°°) man-
ifold satisfying the second axiom of countability, and modeled on a hilbert
space of finite or infinite dimension. Only in the final chapters do we deal
explicitly with the infinite dimensional case, and before that the reader who
feels more comfortable in the finite dimensional context can simply think of
all the manifolds that arise as being finite dimensional. In particular when we
assume that the model hilbert space is V, with inner product ( , ) then the
reader can assume V =R" and {z,y) =z -y = ., z:¥i.

The tangent space to a smooth manifold X at z is denoted by T X, and
if F: X — Y is a smooth map and y = F(z) then DF, : TX, — TY,
denotes the differential of F' at . If Y is a hilbert space then as usual we
canonically identify 7Y, with Y itself. With this identification we denote
the differential of F at z by dF : TF, — Y. In particular if f : X — R
is a smooth real valued function on X then, for each z in X its differential
df; : TX, — R is an element of T*X, , the cotangent space to X at z.
Also if X is modelled on V and & : O — V is a chart for X at p, we
have an isomorphism d®, : TX, — V. A Riemannian structure for X is an
assignment to each z in X of a continuous, positive definite inner product
{, )2 on TX,, such that the associated norm is complete. If $: O — Visa
chart as above then for each z in O there is a uniquely determined bounded,
positive, self-adjoint operator g(x) on V such that for u,v € TX,,

(u, v, )I = (g(w)d@(u), d@(v»v

where ( , ) is the inner product in V. The Riemannian structure is smooth
if for each chart ¢ the map z — g¢(z) from O into the Banach space of
self-adjoint operators on V is smooth. (When V' = R™ this just means that
the matrix elements g;;(x) are smooth functions of z.)

For a Riemannian manifold X there is a norm preserving duality 1so~
morphism £ — £ of T*X, with TX,, characterized by £(u) = (u,),.
particular if f : X — R is a smooth function, then the dual (df;) of dfjr is
called the gradient of f at z and is denoted by V f. The vector field V f plays

a central role in Morse theory, and we note that its characteristic property is

that foreachY in 7X,, Y f o df (Y'), the directional derivative of f at z in

the direction Y, is given by (Y, V ;). It follows from the Schwarz inequal-
ity that if df, # 0 then, among all the unit vectors Y at z, the directional
derivative of f in the direction Y assumes its maximum, ||V f||, uniquely for

Y = &y VF.
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We recall that given a smooth map F : X — Y a point z of X is called
a regular point of F if DF, : TX, — TYp(,) is surjective. Other points of
X are called critical points of F. A point y of Y is called a critical value of
F if F~1(y) contains at least one critical point of F. Other points of ¥ are
called regular values. (Note that if y is a non-value of F), ie., if F71(y) is
empty, then y is nevertheless considered to be a “regular value” of F.) By
the Implicit Function Theorem if z is a regular point of F' and y = F(z),
then there is a neighborhood O of z in X such that O N F~(y) is a smooth
submanifold of X (of dimension dim(X)—dim(Y) when dim(X) < oo).
Thus if y is a regular value of F' then F~1(y) is a (possibly empty) closed,
smooth submanifold of X.

If X is an n—dimensional smooth manifold, then a subset S of X is said
to have measure zero in X if for each chart & : O — R" for X, ®(SNO)
has Lebesque measure zero in R™. Note that it follows that .S has no interior.

Morse-Sard Theorem. [DR, p.10] If X andY are finite dimensional smooth
manifolds and F : X — Y is a smooth map, then the set of critical values of
F has measure zero in Y and in particular it has no interior.

Corollary. If X is compact then the set of regular values of F' is open and
dense inY.

If f: X — R is a smooth function and df, # 0, then since R is one-
dimensional, df, : TX, — R must be surjective, i.e., = is a regular value of
f. Thus for a real valued smooth function the critical points are exactly the
points where df, is zero. Of course when X is Riemannian we can equally
well characterize the critical points of f as the zeros of the vector field Vf.

Let X be a smooth Riemannian manifold, and M a smooth submanifold
of X with the induced Riemannian structure. If F : X — R is a smooth
function on X and f = F|M is its restriction to M then, at a point z of
M, df, is the restriction to TM, of dF,, and it follows from this and the
characterization of the gradient above that V f, is the orthogonal projection
onto TM, of VF,. Thus z is a critical point of f if and only if Vf, is
orthogonal to T'M,. Now suppose c is a regular value of some other smooth,
real valued function G : X — Rand M = G7*(c). Then TM, =ker(dG,) =
VG, hence in this case TM;- is spanned by VG,. This proves:

Lagrange Multiplier Theorem. Let F and G be two smooth real valued
functions on a Riemannian manifold X, ¢ a regular value of G, and M =
G~Y(c). Then z in M is a critical point of f = F|M if and only if VF, =
AV for some real M.

Let Y be a smooth vector field on a manifold X. A solution curve for Y
is a smooth map o of an open interval (a, b) into X such that o'(t) = Y,y
for all t € (a,b). It is said to have initial condition = if a < 0 < b and
o(0) = z, and it is called maximal if it is not the restriction of a solution
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curve with properly larger domain. An equivalent condition for maximality
is the following: either b = oo or else o(t) has no limit points as £ — oo,
and similarly either a = —oo or else o(¢) has no limit points as ¢ — —oo

Global Existence and Uniqueness Theorem for ODE. If Y is a smooth
vector field on a smooth manifold X, then for each x in X there is a unique
maximal solution curve of Y, o, : (a(z),(z)) — X, having = as initial
condition.

For t € R we define D(p;) = {z € X | a(z) < t < B(z)} and
et D(pi) = X by @i(x) = o.(t). Then D(¢py) is open in X and ¢ is
a difeomorphism of D(¢y,) onto its image. The collection {.} is called the
flow generated by Y, and we call the vector field Y complete if « = —oo and
B = oo. In this case ¢ — ¢, is a one parameter group of diffeomorphisms of
X (i.e., a homomorphism of R into the group of diffeomorphisms of X.
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critical level 182

critical point 182

critical value 182

curvature distributions 111
curvature equation 11, 26
curvature normal 111
curvature normals 70
curvature of a connection 5
curvature, constant sectional 12
curvature, Gaussian 11

curvature, Ricci 12

curvature, scalar 12

curvature, sectional 12

deformation retraction 213

distance function 210

distribution 20

distribution, integrable 20

Dynkin diagram 82

Einstein metric 12

Einstein summation convention 243
endpoint map of submanifolds 67
equivariant map 75

equivariant normal field 86

Euler Formula 220

Euler-Lagrange equations 233
fiber mean curvature vector field 136
first Bianchi identity 11

first fundamental form 25

flat connection 6
focal hyperplane
focal point 211
focal point of multiplicity m 69
focal set 69

focal submanifolds 162

focal surfaces 51

frame field 3

Fredholm action 75

Fredholm map 75

Frenet frame 32

Frobenius Theorem 20

full immersion 112

fundamental class 229
Fundamental theorem for submanifolds
G-action 73

G-invariant partition of unity 78
G-manifold 73

Gauss equations 28

Gauss map 209

generalized Weyl group 97

70, 113

geodesic 33, 243
globally flat 6
gradient 182

h-projectable submersion 136
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270 Index

hang up at the level ¢ 223 Morse chart 199

harmonic map 248 Morse Function 197

height function 210 Morse Index Theorem 212
Hessian bilinear form 197 Morse Inequalities 220

Hilbert Theorem 55 Morse Lemma 199

Holder continuous 253 Morse numbers 216
holomorphic quadratic differential 46 mountain range 189

holonomy group 7 non-critical interval 192
homotopy spherical complex 216 non-critical neck 192
horizontal deformation 136 Non-Critical Neck Principle 194
horizontal lifting 90 non-degenerate 197

horizontal subbundle 89 non-focal point 69

horizontal vector field 90 non-linear eigenvalue problem 192, 252
immersion 73 normal bundle, flat 29
integrable Riemannian submersion 92 normal connection 26

integral submanifold 20 normal curvature 28

interior derivative 22 normal map of submanifolds 67
invariant function 75 normal slice 85

irreducible isoparametric submanifold 124  orbit space 75

isometry 23 orbit type 75

isoparametric map 107 orbit-like submanifold 103
isoparametric submanifold 102 orthogonal bundle 8

isothermal coordinates 43 parallel foliation 131

isotopy 193 parallel section 6

isotropy representation 85 parallel surface 62

Lagrangian function 233 parallel translation 7

Laplacian 16 perfect Morse Function 153, 221
Laplacian of a tensor 17 T-invariant deformation 136
Levi-Civita connection 11 m-paralle]l 92

Lie derivative 22 polar G-manifold 98

line congruence 51 polar representation 98

line of congruence 51 polar variety 63

line of curvature coordinates 43 positive sectional curvature 12
linking type 227 principal curvature 31, 211
Lipschitz-Killing curvature 150 principal directions 43
L¥-norm 252 principal horizontal distribution 95
Lusternik-Schnirelman Theory 189 principal isotropy type 75
Maurer-Cartan equation 6 principal orbit 75

mean curvature 31 projectable deformation 136
minimal immersions 31 projectable vector field 90
minimax 188 proper 77

Minimax Principle 188 proper action 77

minimaxing 186 pseudo-spherical congruence 51



Index

quasi-homogeneous submersion 136
reflection hyperplane 79

regular level 182

regular point 76, 182

regular values 182

Ricci curvature, positivity 12
Ricci equations 28

Riemann tensor 11

Riemannian submersion 89

root 79

second fundamental form 26, 211
section 95

shape operator 25, 209

simple root system 80

singular point 76

slice for a G-manifold 76

slice representation 85

Sobolev Embedding Theorems 254
Sobolev Inequality 237

Sobolev spaces 236

spherical complex 216

structure equations 11, 26
submersion 89

taut immersion 152, 153
Tchebyshef coordinates 55
Tchebyshef curvature coordinate 54
tight immersion 150, 152
torsion tensor 9

total absolute curvature 150
totally geodesic 33

totally umbilic 35, 37

tubular neighborhood 85
umbilic point 43

VBN 239

vector bundle neighborhood 239
vector field, Killing 23

vertical subbundle 89

vertical vector field 90
Weingarten surface 43

Weyl chamber 80

Weyl group 81

Weyl tensor 14

Yamabe Problem 256
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