APPENDIX
In this appendix we are going to describe briefly the connection between opositive functions on the one hand and projective cyclic unitary representations on the other hand. Suppose a projective continuous unitary representation
given. Let

x , with Ilxll=l

g
Ug with Ug 1 Ugz=o(gl,gZ)Ug1gZ is
, be a cyclic vector for this representa-

tion. Then we have

Lemma 1:
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• Then
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be the expectation value of

with respect to

is opositive.

Proof:
The continuity of
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is obvious, and we immediately obtain
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q.e.d.

II L:
i=1

Remar/<.:
If 0=1 then we obtain the well known fact about positive definite
functions.
Rather more interesting is the fact that a converse to Lemma 1 exists.
We recall that a central extension
1
Gc •' = GXS

Go

of

G

is defined by

as a set, with

where Go (cf. I.3) is furnished with the product topology (note that
we assumed

0

to be continuous!). This central extension allows us to

consider "genuine" representations of

Go

instead of projective rep-
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resentations of

G.

Indeed, let

U
g

g

be as above; we set

and obtain as is readily verified a "genuine" representation for
with cyclic vector

Ga

x . Thus we can state

Lemma 2:

Let

be apositive on

f

g ... U
g

tation

with

satisfying

Moreover

and

x

G . Then there exists a projective represen-

U u
U
g 1g 2
g 1 g 2=a(g1,g2)

and cyclic vector

x

are determined up to unitary equivalence.

Proof:
We first set

f 1 (g,t): = t f(g)
Then

f1

is positive definite on
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ctict j f 1((gj,t j)
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since we have:

·(gi,t i))

-1
1
1
ctict j f 1 (gj gi,t j t i a(gj ,gil )


1
1
(ctit i) (ctjtj)a(gj ,gi)f(gj gi);:O:

(The last inequality follows since
tive. )

f

a
is by assumption aposi-

The wellknown theorem concerning positive definite functions tells us
now that there exists a representation
cyclic vector x and
<V(g,t)x,x>

(g,t) ... V(g,t)

of

G

a

with
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where

V

and

f 1 (g,t)=t-f(g)

x

are determined up to unitary equivalence. Since
we must have

V(g,t)=t.U g

for some unitary operator

Ug . One verifies immediately that

q.e.d.

Remark:

The connection between a-positive functions and projective representations was probably first recognized by Araki. Since it is of crucial
importance in these notes we have given the description here again.
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