
Appendix 

ITERATED SOUSLIN FORCING AND ~(w) 

In [Jn Jo], Jensen and Johnsbr&ten give a generic construction of a non- 

constructible A I 3 set of integers by means of an w-iteration of Souslin 

forcing. Their construction is a specialisation of an earlier construc- 

tion which Jensen developed in order to show that iterated Souslin forc- 

ing over L must introduce new reals. For the convenience of the rea- 

der, and because the construction in [Jn Jo] is (necessarily) fairly 

cumbersome, we outline here a simplification which just gives the above 

result. 

In L, we define a sequence <T n In<w> of wq-trees such that: 

(i) T ° is Souslin; 

(ii) if b o is an L-generic branch of T ° , then we can canonically 

define a subtree ~I of T I in Lib o] such that ~I is Sous- 

lin in Lib o] 

(iii) if b I is an Lib o] - generic branch of ~I , then we can cano- 

nically define a subtree ~2 of T 2 in L[bo,b I] such that 

~2 is Souslin in L[bo,b q] ; 

(iv)...< (w) similar~ 

(w) if (bo,b~,...) is any such sequence of branches of the respec- 

tive trees T°,T I,..., then L[<bo,bl,... 7] = L[a] for some 

a C W° 

This shows that, regardless of what we do at limit stages, if we try to 

obtain SH by forcing over L~ iteratively destroying Souslin trees, 

if the method we use to destroy Souslin trees results in their being 

given a branch, then the iteration must introduce new reals. 

As we proceed given x E T n we shall define a subtree t x of T n+1 

such that: 

(i) t x is a ht(x)-tree 
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(ii) 

(iii) 

(iv) 

-, l h t  ; x <ny t x = ty 

if x,y are incomparable in T n and z is the largest 

z <nX,Y in T n, then txO ty = t z (unless ht(z) = O, when 

t A t  : [<n+1>]) ; x y 

T n+1 = U t x . 
xET n 

Each T n will consist of ~-sequences of natural numbers, and the or- 

dering, ~n ' will be the usual one. We define T°I1 first, then TI11, 

then T211, .... then T°I2, then TI12, then T212,..., etc. 

Fix some canonical, recursive bijection {-,-~ : w xw ~w . 

Stage O. For each n E w , set Tno: [<n>] , t(n ) = ~. 

n Sta~e 1. For each n E ~ , set T 1 = [(n,i) I iEw] , t(n,i > = [<n+l>] . 

Stage a+2 For each n E w , set T n = [x~<i) Ix E~ &iEw] and 
• ~+2 +1 ' 

for x E ~+1 , i Ew , set tx^<i > : txU [y~(~i,j>> I yet x & ht(y) = 6 

& jE®]. 

Stage a ~lim(6). We first define T ° Let ~ = ~o be least such 6" ,6 

that T°16 E LO, L~ ~ ZF-, and lal LO = w. For each x E T°16, let 

b x be the <L- least L - generic branch of T°16 through x, and let 

T6O = [Ub x Ix E T°I a] . Assume now that T n6 is defined. Define tx for 

x E Tna by tx = Uy< nxty" Let ~ = ~n+I,6 be least such that Tnl~+1, 

x E T n = in L~ as follows. The elements of a' define a poset ~ ~x 

are finite maps f with dom(f) ~ w and ran(f) ~ t x , such that 

i,j E dom(f) ~ ht(f(i)) = ht(f(j)). The ordering is defined by f' 

f- dom(f')~ don(f) & (ViEdom(f))(f'(i)~n+qf~)) . Let G = G x be 

the <L-least L~-generic subset of ~ . Set bSl = If(i) I f EG], each 

i E w . Clearly, each b~ is a branch of t , i # j - b~ I b~ and 
1 X i 8' 

t X c UiEmb ~ Set T n+1 [Ub[IxET n & i E w] _ ° ~ = ~ ° 
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n Sta~e a+1~ lim(a). For each n E w , set T na+1 = {x~< i> I x ETa& i Ew]. 

Let x E T n a' i E w. We define tx~<i ) as follows: tx~<i > = 

t xU [Ub~i j~ I J E m] , where b x . , k are as above. By the genericity of the 

construction of T n+1 (above), we clearly have t c U x for x -- jE~b~i,j~ 

each fixed i E ~, and i ~ j ~ txqi)N tx~<j > = t x. 

That completes the construction. Clearly, T ° will be a Souslin tree 

in L. Suppose b ° is any branch of T ° (necessarily L-generic, of 

course) Define ~I ~ T 1 in L[b o] by Tq • = UxEbotx . Note that as 

T ° is Souslin in L, ~ [b°] = w~, so ~1 is clearly an wq-tree in 

L[bo] . We show that, in fact, Tq is Souslin in L[b~. Work inL~.Write T 

for ~I . Assume A _c T is a maximal antichain. Let M~ L~2[b o] be 

the smallest M such that A,T E M. Set a = ~I oM" Let 

:N ~ L~[bo~a] . Then ~(w I) = a, w(T) = Tla , ~(A) = AN (TI~) , and 

AN (TIa) is a maximal antichain of TIa in L~[bo~]. Now, a is 

uncountable in L~[bo~a] , hence also in L~ . But ~ is countable in 

L~1,a Hence ~ < ~1,m" But look, T°la+1 E L~I , so bo~EL~q 

Thus L~[bo~ ] _c L q,m But then AN (TI~) lies in L~1,a, whence 

~n (~I~) ±s ~i~al in TI~+~, and hence in T. Thus A = An (TI~), 

and we are done Similarly, if b I is a branch of Tq ~2 • , then = 

UxEbltx is a Souslin tree in L[bo,b I] , etc. 

Suppose now that bo,bq,.., is an arbitrary sequence of branches, b o 

a branch of T ° b I a branch of ~I , = UxE b t x, etc. We show that 
o 

L[<bo,b q .... >] = L[a] for some a ~ w. 

In L, define a function f as follows: Given n E ~, x E T n+q , 

ht(x) ~ q , let f(x) = the Tn-least y E T n such that x E ty. It 

is easily seen that f is well-defined, and that ht(f(x)) = ht(x) + q 

for all x. 

Let a = [~n,i~ I (n,i> EbnnT ~] . Clearly, L[a] _~ L[<bo,b q .... >] . 

Conversely, we show that L[<bo,bl,...)] _c L[a] . 
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Working in L[a] , define a sequence <b~In<w> of sets as follows: 

(i) Let < = <n>, each n E w • 

rl 
(ii) Let xq = that pair <n,i> such that ~n,i~ E a, each n E w. 

(iii) Let ~+q f, n+J = LX~ ) , each n E w , whenever ~ < wq and each 

x~+1 is defined. 

(iv) Let x n~ be the unique sucessor of [x~I ~ <~] on T n~ when- 

n mn ever [x~ I ~ <6] is a branch of TnI~ which extends on _a, 

each n E w, when a < wq , lim(~) , and each x~, ~ < ~, is 

defined. 

(v) L 
Let y < wq be the first point where the above definition 

! = breaks down, and set b n [ xn I ~ < ¥] - 

But a simple induction on 6, (•nE w)Cx~Ebn).'" ~ " Hence y = wT, by 

and b'n = bn for each n . . . .  Thus <bo,bq, > EL[a] , and we are done. 
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GLOSSARY OF NOTATION 

SYMBOL 

V 

Va 

dom(f) 

f~A 
IXl 
(p(x) 
2 ~ 

2<a. 

On 

lim(a) 

CH 

GOH 

ZF- 

A p-qo 

f :A ~==> B 

A~B 

A-~B 

LST 

F"X 

Def(X) 
L 

L 

V = L  

<L 

APPROXIMATE MEANING PAGE 

the universe 

the a'th level in the cumulative 
hierarchy 

domain of the function f 

the restriction of f to A 

the cardinality of the set X 

the power set of X, i.e. [Y I Y_cX] 

If I f : a ~ 2] or the cardinality of 
this set~ according to context 

U!3<a 2 tB 

the set of all ordinals 

is a limit ordinal 

the rational and real numbers (as ordered sets) 

the continuum hypothesis 

the generalised continuum hypothesis 

the theory ZF without the power set axiom 

A is a model of 

f is an isomorphism between A and B 

A is isomorphic to B 

A is an elementary submodel of B 

the language of set theory I 

the "F-image" of X I 

the set of all "definable" subsets of X I 

the constructible universe 2 

the a'th level in the constructible 2 
hierarchy 

the axiom of constructibility 2 

the canonical well-ordering of L 2 
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T,[A],T,[A],V =S[A] 

p l q ,  = iy  

C.C.C. 

c.t.m. 

M [ G ]  

BA(:~)  

[ p ]  

n(m) 
v 

II~oll 

ll- 
lub (A) 
gZb(A) 
SH 
£ 

ht(x), ht(~) 
Tc~ 

~1~ (or ml~) 

~IC (or mlC) 
T x 

O. 

O* 
<>+ 
BA 

N.A 

[] 
, (~) Hm I Hmfl 

relative constructibility concepts 

incompatibility, incomparability in 
posets 

countable chain condition 

countable transitive model 

the generic extension of M by G 

the boolean algebra determined by the 
poser 

the ~-valued extension of M 

the canonical map of N into N (~) 

the boolean value o£ 

a name for a in the forcing language 

the forcing relation 

the least upper bound of A 

the greatest lower bound of A 

the Souslin hypothesis 

the height of x, 

the ~'th level of T 

UB<a T B 
<~I~, _<~n (~I~)2> 
U~E C T a , for C c m 1 

<TIC, _<Tn (TIC)2> 
[y~m I x<_y] 

complete boolean algebra 

Nartin' s axiom 

2 

3, 11 

3 

4 

4 

4 

4 

4 

5 

5 

5,6 

8 

8 

9 

11 

11 

11 

11 

11 

38 

38 
11 

23 

25 
25 
56 
62 

75 
80 
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the "closed set forcing" poset 97 

I05 
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antichain, qq 

antilexicographic automorphism, 40 

Aronszajn tree, ql 

atomless poset, 3 

automorphism of a poset, 32 

-dense poset, 6 

direct union, 57 

direct limit, 58 

m- distributed, 63 

(~,oo)-distributive, 68 

(e-) basic projection, 69 

(a-) branch, 11 

cardinal absolute, 6 

chain, 11 

countable chain condition 
(c.c.c.), 3 

- chain condition, 3 

closed set, c. interval, 8 

closed set of ordinals, 23 

closed set algebra, 97 

closed set forcing, 97 

- closed poser, 6 

comparable, 11 

compatible, 3 

complete ordered set, 8 

conditions, 7 

condensation lemma, 2 

constructible hierarchy, c. uni- 
verse, axiom of constructibility, 2 

cut, 8 

X- embeddable tree, 15 

final section of a poset, 3 

forcing language, f. relation, 5 

generic branch of a tree, 19 

generic extension, 4 

generic set, 4, 98 

-happy, ~- happiness, 70 

height of x in T, 11 

homogeneous tree, 32 

homogeneous line, 39 

initial section of a poset, 3 

interval, 8 

inverse limit, 7J 

iteration lemma, 86 

killing a Souslin tree, 55 

Dedekind completion, 8 

dense subset of a poset, 3 

densely ordered set, 8 

~'th level of T, ql 

length of T , 11 

lexicographic automorphism, 40 
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Martin's axiom, 62 

maximal branch, m. antichain, 11 

neat cover, 69 

neatly ~ -closed, 68 

nice subalgebra, n. embedding, 85 

normal tree, 12 

normalised boolean universe, 5 

tree, 11, 54/55 

well-distributed, 63 

open set, o. interval, 8 

ordered continuum, 8 

product lemma, 7 

reversible line, 39 

rigid line, 48 

rigid poser, 46 

root of a tree, 12 

separable, 8 

Souslin algebra, 52, 82 

Souslin hypothesis, 9 

Souslin line, 10 

Souslin property, 9 

Souslin tree, 11 

Souslinisation, 82 

special Aronszajn tree, 15 

splitting poser, 3 

standard tree, 39 

stationary set, 23 


