Appendix

HEREDITARITY MAJORIZABLE FUNCTIONALS OF FINITE TYPE

W. A. Howard

The purpose of the following is ¥ to show that the Dislecitica interpreta-
tion (chapter III, § 5) of the simplest nontrivial case VygEg(y) of the
axiom of extensionality cannot be carried out by use of a primitive recursive
functional (theorem 3.2). To accomplish this we introduce the notion of
hereditary majorizahbility and show that if a functional is hereditarily
majorizsble, then it does not satisfy the functional interpretation of the
axiom of extensionality (§ 2). Then we show that every primitive recursive
funetional is hereditarily majorizable (§ 3).

The functional interpretation of the next most simple ease Vijﬁ(y) of
the axiom of extensionality is diseussed briefly in § 4. In contrast with
the ease of @yZE?(y) y Ehe existence of s functionazl satisfying the function-
al interpretation of Vy’Ej(y) depends strongly or the c¢lass of functiocnals
over which the variables are taken to range. Indeed, if the variables are
taken to range over the c¢lass of ordinary set-theoretic functionals, then the
existence of a funetional providing the functional interpretation of
WyEa(y) implies the axiom of choice for sets of number-theoretic function-
als (theorem 4.1). Hence by known results, there are models of Zermelo -
Frzenkel set theory (without the axiom of choice) in which there is no

functional satisfying the functional interpretation of WjEé(Y) .

§ 1. Extensionelity.

Supposing X, W, 21""’25 to be variables *¥

sueh that ij...Zs and
qu,u.zs are termg of type 0, let X =0 W denote extensional equality,

namely, (UZ.]...ZS)(XZ,l...ZS = Wg 7 ) (as in 2.7.2). Now let KirenasX

qreely

k

*
References with three numbers refer %o this volume outside this appendix.

References such as 4.1, § 2 ete, refer to this uppendix.

*¥
In this appendix also capitals are used ag variables for objects of finite

type.
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be variables of types 31,...,ck, respectively, and let o denote
(Gﬁ)(sq),.. {sk}ﬁ). A functiomal ¢ of type ¢ is said to be extensional
if

Vif = - G = rew
(1.1} (Ve 2 ) (W (VX = W] Tyeeadl = 6%, W),

where V}[Xi::ewi} denotes the conjunction of Xﬂ = W1,.u,,Xk = Wk' Let
us abbreviate (1.%1) by EU(G). The zziom of extens 1ora11%3 for functionals

of type ¢ (2.7.2) isg here taken in the form v E, (¥} . 'The simplest non-

trivial case of the axiom of extensionality is Ty Eogy) namely,
(1.2) TaB(vu[ou = Bu] - Ya = YB),
where o ard B have type 1 and Y has type 2. A functional F of

type (2)(1)(1) @ satisfies the Dialectiecs functional interpretation of (1.2)
if

(1.3) VWaB[ Yo d YB - oFYas) £ B(FYas)] .

We will work in @éw (1.6.15). We use the formalism of typed combinators
because it simplifies the exposition of § 3. The X\-operator is assumed to
be defined by the rules of 1,6,8.

As 2 point of methodology we note here that the three theorems of &2,
snd all instances of the two theorems of § Y 3, are derivable in gﬁw (see
remark %.1), Thus the theorems of §§ 2.3 are velid for 21l models of g&w:
in particular {ef. chapter II): the sef-theoretical model, the models HREO
and EHEEC Ybased on partisl recursive function application, the models ICF
and ECF based on continuous function application, the term models CTM and
CTNF, and Kleene!s general recursive functionals (ef. 2.8.2). Not that the
theoremz which deal dirvectly with the functional interpretation of the axiom
of extensionality {mnamely, theorems 2.2, 2.3 and 3.2) are of much intersst
in thz case of nonextensicnal functionals :after all, the negation of the
axiom (1.2} of entensionslity implies the negation of the functional inter-
pretation of {1.2) %trivially. But theorems 2,71 and 3.7 ou boundedness and
hersditary majorizability appear %o be of independent interest. (ilse, the

intensional continuous functionals of types 1 and 2 are extensional.)

A4 relation F* maj F (F¥ hereditarily majorizes F) will now be defined
*
between functionals F  and F of the same type o . The definition is by
induction on T. If @ dis ©, then F* ané F are numbers n and m:

we define nmaj m %o mean nrm. If ¢ is (r)p then F' maj F means
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Fre{e® maj ¢ = F¥C¥ ms3 FG). We say that a functional F is hereditarily
majorizable if there exists a functional F& such that F maj ¥.

The follewing three remarks are easily verified,
Remark 2.1, If F* maj ¥ and & maj G, then F'G¥ maj F&.
Remark 2,2, If G:_ maj G, for 0 <r<p, then G;G;.,.G; maj Golaeeely
Remark 2,3. Suppose Hxﬂe..Xp has type 0. TIf E*Xio.,xg > HX1,.uXP for
all xt,...,x;, XyseensX,  such that X5 maj X, for 4 <{rp, then
¥ maj H.

In the following theorem, Xr and 21""’Ze[r) are variables such that

XrZ1...ZS(r) has type 0.

Theorem 2.1, Suppose a functional F of type (o ) P (ap)o is heredi-

1 2
tarily mzjorizable. Let Xk be fixed and, for 1 {r {p, let Er denote
the set of functionals Xr of type o such that

ki 3 ‘
( 21....zs(r),(xrz1..,zs(r)gk) . Then

1

Proof. By zssumption there exists F* sueh that ¥* maj F. PFor 1¢r<p,

(2.1) m(vx,leg).n.(mcpelgp)(m ~...ngm).

* 1 o * N
let GX denote “21'“‘23{;})'"“ Then (Wre—‘r!:‘r)(ﬂr maj X_.) by remark 2.3.

Hence

* Y -
> FX,...%
p= p>

by remark 2.2, Thus F*G:,,.G; is the required number m.

- ’ aka ¥
(Hﬁeg”.uﬁﬂp€ﬁy(rG1“.G

Theorem 2.2, For r = 1,2, 1let Er denote the set of functionals X of
type r such that VZ(XZ2<1). Let F be a functionzl of type (2)(1)(1)0

such that

(2.2 TV e N,) (Vae §,)[FYa(Mu.0) <u] .

Then F does not satisly the functional interpretation (1.3} of the axiom
of extensionality.

Proof. It is easy to define a primitive recursive functional An.Yn such
that, for 211 wo,

17 if (Wm<n){eu-=0) and an=1,

Yna = {
O otherwise.

Also it is easy to define a functional Rﬂ.an such that
0 if u<dn
au = |

1 if u > on.

Assume (1,3) and take B +o be Au.0. Denote AYa.FYe(iu.0) by &.
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Clearly xn(?m,o) = 0. Hence Ypan_,éo - aF(GYﬁar) £0 by (1.3). But
H Y 7 fini f .
1. Hence an(Gann)% 0. Hence GY o 2 by the definition of aq
But Y €X, and o, €N,. Thus the bypothesis (2.2} has been contradicted,
)

has been refuted. Q. E. D.

Theorem 2.3. Suppose a functional of type (2)(1)(1)0 is hereditarily
majorizable. Then F does not satisfy the functiomal interpretation (1.3)
of the axiom of extensionality.

Proof. By theorem 2.1 (for k=1) =nd theorem 2.2,

Remark 2.4. By inspection of theorems 2,1-2.3 we see that actually the
following sharp form of theorem 2.3 has been proved. There are primitive
recursive functionals ln,Yn and kn.an such that, for all F and 7y
if F*¥ maj F, then

!‘ ri s N
Y0, # Y8, = oy (YaeuB0) £ B (Y e 800 ],

where B, is Au.0 and d = (Ao 1) (M. 0) (Ma.0) .

Indced, the above proofs go through for relastive hereditary majorization:

all that is asssumed of the zet A of majorizing functionals and the set B

of functionals being majorized is that A and B =are closed under zpplica-

tion and contain certsin simple primitive recursive functionals.

Construetion 2.1. Given F and F* of sype {(0)o such that
Ya(F*n maj Fn), to find H* such that H*¥ maj F. Soluticn: take H* 1o be
(M. ...% Yo 3T o, ... 1 s where X,y...44k are variables of types such

e tglep B E b By 1 k

<
that F*mX1.:1Xk has type O. We denote this ®* by (F¥)".

§ 3. Primitive recursive functionals,

We indicate extensional eguality of F and G by ¥ =_ G as in § 1.

- - ] 3 . L3 T w
By applying universal quantifiers ito the appropriate azioms for éé we

obbain :

(3.1) (way)[mxy - %],

(3.2) (VXYZ)[ EXYE = XE(YE) ],
(3.3) (Y)[RXYO - %],

(3.4) (VXYu) [ REY(Su) o Y(REYu)u] .

The set P of all primitive recursive functionals is defined with refer-
ence to a given notion of funectional, In the case of the set-theoretic
notien (2.4,6) there is no problem since in this case the eguations (3.1) -

(3.4) pick out fumctiomals O, £ and R of 2ll approprists types from the
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supply in a unigque way. Hence we define [P inductively by the following two

clauses :

(a) ? contains zerc, the successor function, arnd the funetionals I, ¥ and
R of all appreopriate types.
(b) If FeP and GeP, them FGeP,

In the case of the model ICF there is some choice as to which associate
is t0 be named by the constant II: the equation (3.1) deces not pick out an
associate from the supply [CF irn a unique way. Similarly for the constants
L and R. Also, the operation of application does not determine uniquely
the corresponding operation on zssociateg. Similar remarks apply to the case
of HRO. Fortunately these sources of nonuniqueness do not cause any trouble

in the present paper. We merely add the following cleause to (a) and (b):

(e} If FeP and H=_F, then HelR.

Theorem 3.1, Every primitive recursive functional has a primitive recursive
hereditarily majorizing functional. I

Proof. We shall indicate, for each of the clauses (a) - (¢), how the majoriz-
ing functional O¥ for U is obtained when I« arises by use of the given
clause. In the case of clause {(b), H is FC so we can take H¥* +to be
F*3* by remark 2.1. The case of clause {c¢) is handled by the observation
that if H = 7 and F¥ maj F, then F¥ maj H. It remains to treat the
case of clause (a) 3 namely, we must verify theorem 3.1 for each of the
generating functionals €, S, I, L and R. Obvicusly we can take ©% and
8% to be 0 and S, respectively, By remarks (2.2) - {2.3) and equations
(3.1) - (3.2) we can take II*¥ and =% +to be T and =, respectively.
Similarly, by remarks (2.2) - (2.3), equations (3.3) - (3.4) and induction on
n, we find RX*Y*n maj RX¥n whenever X* maj X, Y* maj Y. Hence we can

take R* to be MY.(RXY)T as in construetion 2.1.

Theorem 3.,2. There is no Dialectica interpretation of the axiom of extension-
ality (1.2) by a primitive rTecursive functional.

Proof. By theoremg 2.3 and 3.1,

Corollary. E- E&w does not have & Dislectica interprefation in itself.

This corollary follows from the Tact that E-HA" can be axiomatized as
ggw + VyEc(y) for all ¢, and it has a model by primitive recursive function-
als. TFor such a medel we can use any of various classes of functionals
mentioned in § 1: the set-theoretiec functionals, the extensional continuous

functionals, or the extensionzl effective operations. We can even use the

minimal term model consisting of the closed terms of Eéw since these terms

act extensionally on themselves.
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Remark 3,1. To treat theorem 3,1 by use of E&w let us consider first the
case of a primitive recursive functional defined by use of clauses (a) and
(v) alone. Then the functionsl will be represented by a closed term F.
Inspection of the proof of theorem 5.7 provides a corresponding term F¥
together with a derivation, in Eéw, of the formula F* maj F. In the
case of a primitive recursive functional defined by the use of clause (¢} as
well as clauses (a) - (b), the functional will be deseribed in géw by the
use of variables. For illustration suppose that clause (¢} has been applied
only at the last step of the definition. Then the formula tc be derived in
%&w is VX(X::EF‘W ¥ maj X) . {This shows, by the way, that the majorizing
functionals in theorem 3.1 can be chosen from the functionals generated by
clauses (a) - (b} alone.) Thus each instanee of theorem 3,1 is derivable in
na®,

- A similar remark applies to theorem 5,2, Also, remark 2,4 and the proof
of thecrem 3.2 provide an effeetive procedure which when applied te the
definition of # by use of clauses (a) - (¢) yields primitive recursive T ,

o, and 50 such that

T / —
[Te £YB, aﬁ{FYnﬂnSO) £ B(FYnaﬂﬁc_)] .
Thus if a funetional H sgrees with a primitive recursive functional at zll

primitive recursive arguments, them H does not satisfy the functional inter-

pretation of the axiom (1.2) of extensionality.

Remark 3.2, There exists a functional F satisfying the funcitional inter-
pretation (1.3) of the axiom VYEZ(Y) of extensionality which is general
recursive in the sense of Kleene 1959 (ef. 2,8,2), where it is understood
that Y, &« and B range over all set-theoretic functionals of types 2, 1
and 1, respectively. Namely, the instructioms for calculating FYaf are
as follows. If Yo = YB, take FYof %o be 0. If Yof¥YB, examine om
and Pn successively for n = 0,1,2,..., and take FYaf to be the least n
such that an# Bn . Since Y 1is extensional, the required n exists. Thus
T is W - recursive (Kleene 1959, p. 45).

Exactly the same definition yields F satisfying (1.3) when Y, o and B
are understood o range over extensional continuous functionals, Hence, by
thesrem 4 of Kleene 19594 ,p. 94, the funetienal F is itself continuous
{which is also easy to see directly).

If Y, ¢ and P are understood %o range over (extensional} effective
operations, then ¢learly the above definition yields an effective operation
T satisfying (1.3).



The axionm Vij(y) is
(4.1) YORW( Tol Xor = Ya] — YX = YW) ,

where X and W have type 2, and ¥ has type 3 (i.e., (2)0). The

functional interpretation of (4.1) is
(4.2) VYXW[ YX £ YW ~ X(FYXW) £ W(ETXW)] .

If ¥, X and W are taken to range over extensional continuous function-
als, then there exisis a Kleene general recursive functional TF satisfying
(4.2): we merely gereralize the definition of ¥ given in remark 3,2, using
the fact that the extensional continuocus funectionals of a given type have a
recursively dense base {2.6.16). Let h@’hi"'°’hn’°" be a recursively
dense base for the functionals of type 1. If YX = YW, take FYEW 1o be
hO' IT YX 4 YW, take FYXW +to be hk , where k = minn(th;£Whn).

These considerations obviously generalize te the case of VyE (y) for
arbitrary o, where all varisbles are taken to range over extensional con-
tinuous functionals.

In the following theorem, Y, X and W are taken to range over set-

theoretic functionals,

Thecrem 4.1. From s functional F satisfying (4.2) we can construct, in
set theory, & function ¢ defined on all sets ¥ of functions of type 1,
such that Me M for all nonempty M.

Proef. Let ¢M denote the characteristic function of M. That is to say:
for all o of type 1, ¢My is 1 or O according as to whether o is in
¥ or not. Let H of type 3 be defined by the condition that HX dis O
or 1 according ss to whether Va(Ka:O) or not, Define Wﬂ to be

FH(@M) (r@.0) . Then clearly yMe}M for every nonempty M.

Let ZF denote Zermelo - Fraenkel set theory and let ZFC denote ZF ex-
tended by the addition of the axiom of choice., In Rosser 1969, pp. 113 - 115,
it is shown that there are models of gg in which there is no well-ordering
of the real numbers. Or the other hand, a well-ordering of the real numbers
can be defined in &E, with the help of the choice function ¢ of theorem

4,1, Hence we obtain :

Corollary 1. There are models of ZF in which there is no functional satis-
fying the functional interpretation (4.2) of VyEE(y).
Similarly, from the fact that there are models of ZFC in which no

S

formula well-orders the real numbers (Rosser 1969, p. 89), we obtain
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Covollary 2. There are models of ZFC in which ne functional definable by
e formula of ZF satisfies the functionzl interpretation (4.2) of ‘i’yEa(y) .
0f course the existence of a functional satiefying the functional inter-
pretation of Wy EB(;;) follows immediately from the axiom of choice.

From corollary 2 and Kleene 1959, p. 32 we obtain:

Corollary 3, There are models of ZFC in which no Kleene general recursive

———

funetional satisfies the functional interpretation (4.2) of Wy EB(}") .
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ACo  1.9.18, 3.4.7 ACR 3.7,1 BR, 1.9.26
AChy  1.9.718, 3.4.7 BI, 3.5.19 BE 1.9.26
ACG,T 3.4.7 BID 1.9.20 CA  1.9.4



C-" 1.9.19

A~ CON 1.9.10
CON{A) 5.2.17
w- CON(A) 5.2.17
CR 3.7.1

CRy 1107, 3.7.7
CT 1,11.7

CTO 1177

D 1.11.3

DC, 1.9.22

DNS  t.11.4

DP 1.11.2, 3.7.1

EBI, 1.9.21

D
ECR, 3.7.1
ECT, 3.2.14

ED 1.11.2, 3.7.1
ED' 1.11.2, 3.7.1
ES 1.1.3

BXT 1.9.5

EXT, o 247.2, £.7.1
EXT-R 1.6.12
EXT -R' 1.6.12
FAN 1.9.24

FI 6.3.5

FR 6.3.5

31-5 2,4.10
6¥1-5 2.6.26

GC 3.3.9

GCR 3.7.9
B, 2.5.1
IE, 2.3.6

I 1.3.3, 1.3.6

Por &1, VIT, VI

11
see 1,1,74 for ‘\121,
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TP 111,56

1p7 3,4.18, 3.6.18
¥ 3.4.7

TP, 1.11.6

TP 3.6.18

I, 3.5.10

IPS 3.1.11

IPPR 1.11.6

1P§R 1.11.6

IPR 3.1.15, 3.7.1
IPR'  3.7.1

pr’ 3.1.7

IPEY 3,7.1

PR'Y 3,7.1

K1-3 1.9.18

ELS  2.6.15

KLSH 549.9

KLSR_ 3.9.11

oG E

M 1,115

w3618
w

¥ 3.5.10

MC 2,6,3

WP 5,4.3 (end)
MPR 1. 11.5
M;E 1.11.5
l_‘MPP. 5.8.1

KR 1,11.5

WY 2.8.1
MRy 1.11.5

Mg 3.9.M

¥UC 2.6.4
Pot-3 6.7.4

vi, EI, /\1,

2

P1.1'—3' 6.8.1
?2,1*_5' 6.8
PCA  1.9.4

PL 1-9 1.1.3
PL 10-13 1.7.4
Q=4 1.1.3
Q,.1,Q,.2 6.2.2

Q,.1, Q.2 £.2,2

Q. 18, @10, Q.2 6.8.1
Q,.1e, Q,.10, Q.2 £aB.1
QF - AC  3.6.10

QF.-ACOO 1.9.10, 3.6,10
QF - AC 3.6.10

) r.v,'r‘,..,f,,'rrI
RDC, 1.9.78

REC  1.,9.10

RF{4} 1,9.2, 5.2.17
RFN(A) 1.9.2, 5.2.17
RFN'(A) 5.2.17

Eule - BR, 3.5.19
81-9 2.8.2

C’< 3,4,22
PI(<) 1.9.2
I, 6.3.5
TI, £.3.5
TR, £.3.5
M, £.3.5
TP 3,.2.31
WC-N 1.9.19
WCR 1.711.7
WeT  5.4.15.

&E,, &E,, =B, VE, &L
VzE, AI, AE see 4,5.2.



478

C) Syntactical variables (in order of appeéarance)

There are many local deviations in the use of variables. O0ften new variables
are made by adding sub- or super-scripis reserved for variables of a certain

category.

Ky Fy Zy Uy ¥y, W 1,%.2 (i1) 3 eof. 6.2.1, 6.3.3
a, b, ¢ 1.%1.2 (ii) s ef. 6.2.1

Ly By Oy ove .1.2 (i)

t, s 1.1.2 (iii), 6,2,1, 3 ef. 1.6.5, 6.3.5

.
3
Ty By Xy Fy 2y W vy, ¥ 1.3.9 D

-
Q
]
w1
°
2
°
A

Xy ¥y 2o Uy Yo ¥ 165
KL L, U N T 16
gy ty T 1.6.5
7, 17 1,65

1o

.3
2yt 2 Wt v e 1910

@y By ¥y oee 1.9.10; cof. 6.3.3

e, £, ety 8", ey se., T, £, L0, 1,9.25 3 ef. £.2.7
s I, Iy I, el 4.2

21, cee 41,2

‘3"7 E 0’19 E'1 6-5-
aiz, 52 £.3.3
f([))'1’ f(‘l),i 6 5-5

Ty, 8, t, u, v, t
8, @ &.4.1
&, ¥, ¥', ... 6.8.1.

D} Other symbols

The symbols are primarily listed in order of appearasnce, some very similar

ones are grouped together.

&, v, T, ¥, =, A 1.1.2 (1) t[x], t[x,y] 1.1.2 (3ii)
= = I, 5 e, c 1.1.2 (1) = 1,1.2 (vi)
Zep 14702 (i) — 1.1.2 (vi)

= 1.1.2 {i) [x/t]B 1.1.2 (vii)



x(g) 1.1.2 (x)
r], LHP] 112 (x)
£, Lx], £X,¥] 6.2.1

£y £[P] 6.7.1

Zal, fa,], £o], o] 6.2.2
Fm{H}, Fmy 1.2 (%}, of. 5.1.6
Thm(H), Thmg  1.1.2 (x)
BHEA, bgb 12702 (x)
&I, VI, VIy, =1, VI,
VE, ~E, VE, IE 1.1.7
VI, V,E 4.5.2

AI, AE 4.5,2

A LT

0 1.%.2, 1.6.2, 1.6.53

S 1.3.2, 1.6.5 (ef. 4.1.1)
= 1.3.2, 1.6.3

I, 134

prd 1.3.9 4, 1.7.2

= 1.3.9 4, 1.7.2

sg 1.3.,9 A

|x-y| 1.3.9 4

1.3.9 &

1.3.9 A

1.%3.9 B, 1.58.7
1.5.9 C

IT 1.

max
min
B PR PR PN
vx(t1,,..,tn)
if(8) 139 c
$Egreeeyx > 13,9 C
14349 C
1.%3,9 C
1th(t) 1.3.9 C
2 < Zy 7 1.3.9¢C

(ef. 2.2,2,2.2,29,
(n)i 1.3.9 C
t1{n) 1.3.9 C
ProofH(x,y) 1.3.9 D
Prg(x) 1.3.9 D
LT 1.3.9 D
rA(iﬁ,...,iﬁ)1
2 (), Ixi)
t o= 4 10

A
X

*

=

1.3.9 D
13,96
1.3,
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1.7

4.1.4)

't 1.3.10

SRED 1.9.3, 2.3.11
1.6.2

1.6.16

1.8.9

1.9.25

1.9.27

£.5.1

1.6.2
o 1e6.3

il 1.6.
1

w O

B iite BN B LR I

Qo
—
=

i}

Ty T 5
6,3
ef, 6.%3.1

z

PyT,T
RO 1.6.3
Baboeeat 14605
Vxh, x4 1.6.5
1.6.5

t 1.6.5, 6.5.5

*
H

tec

1.6.8
1.6, 11
1.6.13
¢ xT 1,6.16
,7? D;,T’ Ds,'r 1.6.16, 6.7.2
, DU, D 1.6,16, 6.7.2
for 1=0,1,2;:
1.7.2
B OAT.5

T,y ¥, 1.9.3
lxﬂ...xn.ﬁ(x1,.°.,xn) 1.9.9
B 1.9.790 (cf. 1.6.3, 6.3.1)
20, ax  1.9.11
e n 1.9.11
Iqes Jpas J{eB)
(e, 1.9,

1.9.11

6.7.2
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w =@ 1,9.12
@B 1.9.12
olp) 1.9,12

volegsea,a ) 129,12

cp[(ca1,...,wu} 1.9.13
o)
Je 19,
k; 1.9.13
A%, My 1.9.47
Ke, ale 1.9.17
@ % ' 1.9.21
Boreeer >y <1 109,21
1th{g) 1.9.21%
T 1.9.25
I, I' 1,9.27
By 2y, 8, 1.9.25
?c 1.9.25
Bo 1.9.26
[e] 1.9.26
§T, DT 1.9.27
0, = 0% 1.9.27,2.2.7(i4),2.2. 14,
5.5.6
To1,10.2
t contr tv 2.2.2,2,2.28,2.3.1,
2.3.742.3.8,6.4.1
t<y b 57, B0 2.2.2, 2.2.29,
oo
t Sttt >4t 2,2,2, 2,2,29,
6.4.1

Comp, Gompa, Comp?, Compc';,
2.2.5, 2.3.7
2.2.1%, 2.2.30, 6.5.1
s0®  2,2.31
apy’, Ap
o 2.4,4
w2404
HRO 2.4.8
2R0Z  2.9.7
HRO, 6.6.4

2
[71y 21, [R], [s1, [E]

Comp", Comp;

sc, SCa

2.4.2, 6,6,1

2.4.8, 2.5.5

T, 2.4.8, 2.9.5 (ef. 2.6.2, 2.6.22)
B, LI 2.4.10
W, I, 2.4.71, 2.4.19, 2.9.5
(ef, 2.6.5, 2.6.22)
HEO 2.4.11
2
2.9.7

HEO
HEQ, 6.6.4

2

.
[*)imo [#1gmo
A-HRO 2.4,18
(o], [»], ["]
CTM,  2.5.1
CINF,  2.5.1
CTM  2,5.7, 2.5.2
CTNF  2,5.1, 2.5.2
CTM! 2.5.2
CTNE!  2,5,2
CTNF, 6.6.4
TCF, ICF(U) 2.6.2
V) 2.6.2 (ef. 2.4.8, 2.6.22)
Poe 2.6.5%
Pue i.6.4
W L, 2.6.5 {ef. 2.6.22, 2.4.11)
ECF, ECF(U) ?2.6.5
(#]1opr [tlgpp 2-6.11
B(V) 2.6.14

r . iy .
ICPQU), ECF {3, ICF, BCFT  2,6,22
T T, .
Vos wg, I 2.6.22
1CcF", ECFY 2.6.23
* * z
¥, 851 2.6.26

2aba 13

2.4.19

F§ ¢ 5.1.2, 5.1.12
ElC 3.1.13
hmA 3.1.16
tgPA 3,2.2
trd 3.2.3, 3.2.29
t&A 3.2.3
$,(a) 3.2.11, 3.3.8
eri 4 3.3.2
er1h 3.3.2

1

eg's 3.3.2



481

tmrph 3.4.3 Pes & 5ete2
bmZA 3,403, 6,7.1 E, 9513
Eom’%A 5423 Vi Gy By 5.1.6
By Rz 3.4.3, 6.7.1 Poy, Sny  5.1.6
A%, Ax 3,403 (Z 1) 5.0.9
¢ 3.4.22 E' 5.1.9
Y 5.4.22 Ky 5.2.7
Dy 3.4.27 P 5.2.11
&%, AL 3.5.2, 3.5.21, 6.8.3, 6.8.9 M W 5.3.9
AT, A, 3.5.17 (z:i gli)* 5.6.1, 5.6.7
Tor Too Toy TW T s I'pr 5.6.% B, 5.6.26
tph, tppd 3.9.2 R, 6.2.7
s 4.1.1 jah’ 6.2.1
([a1, {A], I, & 4.1.2 -
1 A4 Bys bys by, b 6.2,2
{m [ij [gj 3] 412 12,25 120,15 52,0 |+ {224] 6.2.2
- E o, ) (v=1,2) 6.2,2
(+), =(%) 4.1.2 950 9, Q@ 6.2.2
T contr I 4.1.3 (a)2 6,2.2
I >1 m, o < o 4.1.4 T;ﬂ_r, f.g‘m 2,5.1
0>, T <3 4,4,.4 07, 0', ¢ 6.3.1
I>0, I<O 4,1,4 Sg» Sys Sy, 6.3.1
Rps Kao K s &’S, s’?c ete., 4,1.5 EO 1 By o P‘z,T’ Ry, By B, 6.3.1
Rule(l) 4.1.8 (2}, 4.4.1 (a) CTT, oT 6.4.1
Con{ll) 4.1.8 (b), 4.4.1 NF 6.4.1
Premiss(0) 4.1.8 (b), 4.4.1 €. 6.4.4
Rapp(H) 4.1.8 (o), 4.4.1 [t]o €.4.10
Paran(l}) 4.1.8 (c), 4.4.1 t > %' (stromgly) 6.5.1
Aes(U)  4.1.8 (&), 4.4.1 Ty {7}, b, th, teT, t€ S0 £.5.5
Perm(1) 4.1.8 (8), 4.4.1 W 6.6.1 ST =
Subst{a,t,0} 4.%.8 (f), 4.4.1 M, 6.6.7
Sub(a,I,07,0) 4.1.8 (g), 4.4.1 Val,, Val 6.6.1
PED(T)  4.1.8 (B}, 4.4.1 =y 6.6.1
Pra, (1) 4.7.8 (h), 4.4.1 [#]y 6.6.3
SV(I)  4.1.9, 4.3.2 4y 6.6.4
Red,(Mr,m) 4.4.1 (v) [t] 6.6.2
Red(nt',n) 4.4.1 (e) 1221 6.6,2
V,[(n m} 4.4.1 (d) Pys By 6.7.1
SV, 0LT) 4.5.3 = 6.7.1

"— 5.1.2 Bgqr Yggs Typ 6.7.2



doqr Gz dozr 6.7.2
oy dpe T, 6702
<, >, m,om 67,2

<gsh>, n), w0 6,702

17 "
1 70

2
EosB98p7 Mo Moy M5 6742

II. List of notions

abstraction operater 1.1.2 (ix)
abstraction operator, defined -
absurdity 1.71.2 (i)

Aczel slash 5.1.12

admissible rule 1,11.1

almost negative (formula) 3.2.9
applicative set 2.1.1
arithmetical comprehension 1.9.4

assumption 1,1.7

assumption class 1.1.7
bar induction 1,9.20
bar recursion 1.9.26

1e3.6

basic rule

basis (for an applicative set) 2,1.1
bracketing conventions 1,1.2 (v)
Cartesian product type 1.6.16

Church's rule 1.11.7
Church's thesis 1.11.
¢losed assumption 1.1.
closed deduction 1.71.7
compact funetional 2.8.6
completeness 5.1.6
composition 1.3.4
comprehension schema
computability 2,2.5,
2.9.6, 6.4.4
computable, see computability
concatenation 1,3.9 C
conclusion (of a deduction)
conservative extension 1.2.2
conservative over 1.2.2, 3.6.4
continuity 1.9.19
contractible subterm (in HA ) 1.5.3
contraction of terms) 1.5.3, 2.2.2,
2.2.28, 2.3.1, 2.9.2
contraction (of a deduction) 4.1.3,
4e3.1
contraction (&r-, &1—,

-, VE-, HE-) 4.%1.3
(A&'y AV"’ A—'—ﬁ /\V'!

7
T

1.9.4
2.9.2, 2.9.4,

1.7

W=y Vo-s vy -

contraction

AE) 4.1.3
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1.6.8

’

2,0 6.1
o, 6.8.1

|gv(w1,w2,...)| (v=1,2) 6.8.1
® 6.8.3

Q1! Q2 a2, 6.2.2.
contraction (A=) 4.1.3
contraction (VEs-, EEs-) 4.71.3
contraction éIP-) 4.3.1
contraction V- A=) 4.5.2
deducibility 1.1.2 (viii)

defined abstraction operator 1.6.8

defining axioms (for constants of
finite type) 1.6.7

defining axioms (for primitive
recursive functions) 1.3.4

definitional extension 1.2.4

de Jongh's theorem 5.3.2

dependence (of a formula occurrence
on assumptions) 1.1.7

derivable from null assumptions 1.11.1
derived rule 1.11.,1

diagonal seguence 5,3.8 A

Dialectica interpretable EM-) 3.5.5
Dizlectica interpretable (H,M-) 3.5.5

Dialectica interpretation 3.5.2, 6.8.9
Dialectica translation 3.5.2, 6.8.3

Diller - Nahm variant 3,5.17
disgcharged assumption 1.1.7
digjunction property 1.11,2
effective operations 2.6.14

E-IP-part 4.3.4

elimination part 4.2.4, 4.2.6, 4.3.4

elimination rule 1.1.7

embedding (for models) 2.4.3

E-part 4.2.4, 4.2.6, 4.3.4

equational calculus 1.6.14

E-rule 1.1.7

expansion 1.2,3

explicit definability property

extended bar induction 1.9.21

extended Church's thesis 3.2.14

extensionality 1.9.5, 1.6.12

extensionality axiom (for species)
2.7.2

extensionality rule 1.6.12

extensional equality 2.7.2

extensional model 2,4,

extension theorem 5.3.6

1.11.2
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fan functional 2.6.4 ¥2.6.6

fan theorem 1,9,24

finite tree theorem 5.3.4
floating product topology 2.7.1%0
force, to - (a forces A) 5.71.2
formula oceurrence 1,1.7
funetional (in &4 or A ) 6.8,1

generzlized inductive definition

1.9,2
Girard's functionals 1,9.27
godelnumbers 1,3,9 D

Godel - Rosser - Mostowaki - Kripke -
¥yhill theorem 5.,3%.11

gédelsentence 1.%.9 D
Godel's system 1,1.4
Harrop formula 1.1C.5

hereditarily continuous functiomals
(ECF) 2.6.5, 2.9.8

hereditarily effective operations
(HBO)  2.4.711, 2,9.5, 2.9.7

heredibary extensional equality 2.7.2

hereditary extensionality,
axiom of « 2.7.2

hereditarily majorizable functionals
2.8.6, Lppendix

hereditarily recursive operations
{HRO)Y 2.4.8, 2.9.5, 2.9.7

Hilbert - Bernays completeness theorem
5.6,9

homomorphism 2.4.3%

impredicative comprehension 1.9.4
independence-of~-premiss schema 1.11.6

independent sentence 1.%,%3 D
induction eontraction 4.1.3
induction lemms 1.7.10

induction on T 6.4.4

induetion on Cp 6€.4.4

induction on M 6.6.3

induction on B5Cp 6.5.1

induction on t € O 6.4.4
induction on % € SCq 6.5.7
induetion reduction 4.1.3
induction rule 1.3.5, 1.6.13 (ii)
induction schema 1.3.3%

inductive definition (in HA )} § 1.4
inductive premiss 1.3.06

I-part 4.2.4, 4.2.6, 4.3.4

immediate simplification

I~7rule 1.%.7

intensional continuous functionals
(ICF) 2.6.2, 2.9.8

intensional equality 1.6.10

introduction part 4.2.4, 4.2.6, 4,3.4

intreduction rule 1.1.7

inverses (left-) 6.7.2

iterator 1,7.11

4.1.3

Jaskowski secuence 5.3.8 B
Jongh's theorem, de « 5.3.2

Xleene's primitive recursive

funetionals 2.8,2
Kleene stroke 3,1.2
Kleene'!s gsystem 1.7.6

Kripke model 5.1.2

language 1.1,2 {viii)

leftmost minimal redex 2.2.2

length gof a sequence) 1.3.9 C

length (of 2 reduction tree) 2.2.17,
4.1.4

local reflection principle 1.9.2

majorizing technioue 6.8.4, 6.8.6 (b),

Appendix

major premiss 1.1.7, 1.3.8
Markov'ts zrule 1.11.5
Markov's schema 1.,711.5

maximal formula {occurrence} 4.%1.4

mazimal segment 4.%1.4

minimum part 4.2.4, 4.2.6

minor premiss 1.1.7, 1.3.6

model (for N-HAY) 2.4.1

modified Jaskowski sequence 5.3.8

modified realizability & 2.4, 6.7.

modified realizability predicate
3.4.2, 3.4.4, 3.4.27

nodulus~ofwcontinuity functional
2,6.3

modulus~of~uniform~continuity

¢
1

functional 2.6.4
natural deduction system 1.1.7
negative formula 1,10.6
node {of a Kripke model) 5.1,2
non-logical axioms 1.2.1
normal (term) 2.2.,2, 2.2.29, 6.4,1
normal (deduction) 4.1.4
normal form (of a term) 2.2.2, 2.2,29,

6.4.1

normal form (of a deduction) 4.1.4
rwormal form theorem 4,7.5
normalizable 6.4,1

normal medel 2.4.1, 5.1.22

number selection operator 6.8.3

aumeral 1.3.9 D, 5.,2.3
numerical type 1.8.9

open 1.1.7
origin

agssumption

5.1.25

pairing 1.3%.9 By, 1.6.16-17, 1.8.2,
2,4.19, 2,6,25, 6.7.2

parameter 1,1.7

partial reflection principle 1.5.6

partial truth definition 1.5.4
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path 4£.2.2
permutative contraction 4.1.3
permutative reduction 4.1.3%
p - funetor 1.,9.12
p-term 1.3.10
pme 5.1.2
positive {in x ) 2.2
positivity (in X} 6.2.2
ith
1 1

predicate calculus wi
intuitionistic - .
predicative comprehension 1.9.4
primitive recursive functions 1.3.4
product topology 2.7.9
product type 1.8.2, 1.6,.16
proof-predicates 1.3.9 D
proper contraction 4.1.3
propositional model structure

quality,

5e1.2

provability predicate 1.3.9 D
pure type 1.8.5
gmns  5.1.2
gquantificational model structure 5.7.7
guantifier-free systems 1.5.8
realizable ggg-g S5ede3y 344427
realizatble {mg - 3.4.3
reslizability (P-) 3.2.2
realizability (p-) 3.9.2
reglizability prédicate 3,3,
realizability Eq-) 3,2,3
realizability (Qt -) 3.3.2
realizability (- 3.2,3%
reslizability §§1-) 3.3.2
realizability g} =) 3.3.2
realizable E-mr -, H‘“@”) 3.4.10
realizable (M-Zr-, M-mg-) 3.4.10
realizable (H-g-, H-g=-) 3.2.17
realizable (H,M-mr-, H,M-mg-
3.4,70 - 0 =
recursion 1.3.4

recursion theorem 1.3,10, 1.9.16
recursive functionals 2,8.2

recursively dense basis 2.5.14

redex 2,2,2

red, szeg. 6.4.1

reduce, %o - to (for terms) 2.2,2,
5.4.1

reduction (&,.-, & -, V-, Vp-, -,
-, VE-, 38} 2.7.3

reduction (A&-, AV-, A= -, Al-,
AZ-) 4.1.3

reduction (A -) 4.1.3

reduction {VEs-, EEs-) 4,1.3

reduction (of a deduction) 4.1.3

reduction (¥,-, A=) 4.5.2

reduction secuence (of a term) 2.2.2,
2.2.28, 6.4.1

reduction

gsequence (starting from) 4.1.4 type structure

reduciion seguence Ifrom %t not
affecting %+ 6.5.5 -
reduction tree (of a term) 2.2.17

reduction tree (of = deduction)
4.1.4
redundant parameter 4.1.3

result-extracting function 1.3.9 4

rosgersentence 1.3,9 D

saturated (M-) 5.1.7

segment 4£.1.4

sequence coding 1.%.9 OC

sequent ecalculus 1.1,13

A-set 2.1.4

Shoenfield's variant 3.5.18

simultaneous recursion 1.6.16,
175, 1.7.7

s~-m-n theorem 1,3,10, 1.9.15

Spectorts system 1.1.3

spine 4,2.3, 4,3.%

SepeP. 1,710,595

standard computability 2.2.5, 2.%.1,
2437

standard normzlizable 6.4.1
standard reduction {sequsnce)
2.7.29, 2.%.1, 6.4.1
std reduction sequence 6.4.7
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