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A.1 Introduction

Consider the map T = Tλ,µ of extended plane R̃
2 = R

2 ∪ ∞ into itself:
zn+1 = T (zn), z = (x, y), where T has the form

T :
x1 = (1 − λ)x + λµy(1− y),
y1 = (1 − λ) y + λµx(1 − x), (A.1)

and λ, µ — are real parameters.
The topology on R̃

2 is supposed to be induced by the Riemann sphere
topology, namely, various neighbourhoods of the point at infinity are the com-
plements of all possible compacts. We assume that ∞ is fixed point. The dy-
namical system generated by the map (A.1) was studied in [1,6]. The estimate
of the domain of attraction to the point at infinity was obtained. Among other
things it was proved that the outside of the disk

(x − r)2 + (y − r)2 ≤ 2r2, (A.2)

where r = 0.5(1 − λ + λµ)/λµ), is a neighbourhood of that point.
The map (A.1) has 4 fixed points: O0(0, 0), O1(1− 1

µ , 1− 1
µ ) lying on the

diagonal y = x, and O2(t, u), O3(u, t), where

t =
1 + µ−

√
(µ− 1)2 − 4
2µ

, u =
1 + µ +

√
(µ− 1)2 − 4
2µ

. (A.3)
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The point O0 is saddle for λ ∈ (0, 2
µ+1 ) and unstable node for λ ≥ 2

µ+1 .
Similarly, O1 is saddle for λ ∈ (0, 2

µ−1 ) and unstable node for λ ≥ 2
µ−1 .

The fixed points O2 and O3 have eigenvalues s1, s2 equal to 1 − λ ±
λi
√

(µ − 1)2 − 5 , so they are focuses for µ ≥ 1 +
√

5 or µ ≤ 1 −
√

5 and
nodes elsewise.

We explore the map in the focus O2 neighbourhood and consider the con-
ditions of appearance an invariant curve and periodic orbits in its vicinity.

A.2 Hopf Bifurcation

It is known that under some assumptions a bifurcation of a fixed point when
it is focus leads to the occurence of an invariant circle which is smooth for
parameters values in a neighborhood of the bifurcation point. The fixed point
changes its stability type when the absolute value of the eigenvalue of Jacobi
matrix in this point crosses a unit circle. Let the point on the unit circle be
s0 = ei2πp/q, with (p, q) in lowest terms. It is said that p/q resonance occurs
on the invariant circle if there is a pair of periodic orbits, one consisting of
saddles and the other of sinks, which rotation number is p/q.

The case q ≥ 5 is called weak resonance. An infinite number of periodic
orbits are created and destroyed on the circle immediately after the Hopf bi-
furcation. Given p/q, a pair of periodic orbits exists on the invariant circle
for parameters values lying in the narrow cusped region (“resonance horn” or
“Arnold tongue”) [5]. By Arnold’s method this horn can be constructed by
analytical methods. Unfortunately, such an approach is valued only for para-
meter when the invariant circle is smooth. In other case we need a computer
simulation.

The strong resonance, q = 1, 2, 3, 4 exhibits rather different behaviour,
the details of which are not yet fully understood. In this situation Arnold’s
method is not applicable as well. The articles [5, 7] are devoted to detailed
investigation of Hopf bifurcation for two-parametric families of plane maps.
We applied a combined approach to the map (A.1). It has been shown that
a transition to chaotic regime in the case of strong resonance is a result of
recurring Hopf bifurcation.

Arnold’s method for two-parameter families of plane maps.
V. Arnold suggested using the following scheme to investigate such families.
A map R

2 → R
2 can be written as a function of one complex variable, and

two real parameters can be written as a single complex parameter. Consider
a map

z → fµ(z) = µz + O(|z|2), (A.4)

where µ is a complex parameter.
Note that z = 0 is a fixed point of fµ for all µ. The eigenvalues at this

fixed point are µ and µ̄.
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It should be noted that almost any two-parameter family of maps having
a fixed point with complex eigenvalues can be transformed to the form (A.4)
as follows. First translate the fixed point to the origin. Then make a complex
linear change of coordinates which diagonalizes the linear part of the map.
Finally, introduce the eigenvalue at the origin as a new complex parameter.
It is necessary that the function which gives this eigenvalue in terms of the
original parameters should be invertible.

Thus, the fixed point z = 0 is stable for |µ| < 1 and unstable for |µ| > 1.
To study the bifurcation occuring for |µ| = 1 (loss of stability), consider the
point µ0 on the unit circle. We assume that µk

0 �= 1, k = 1, 2, 3, 4 and write fµ

in its normal form

fµ(z) = µz + c(µ)z|z|2 + O(|z|4). (A.5)

Let Re(µ̄0c(µ0)) < 0. Then under these assumptions, the Hopf bifurcation
theorem [4] states, that for µ near µ0 with |µ| > 1 the map fµ has an attracting
invariant circle surrounding z = 0. Moreover, the areas of existence of periodic
orbits (“resonance horns”) may be constructed by analytical methods.

Numerical methods of investigation for two-parameter families
of plane maps.
Arnold’s method is valued only in the case of weak resonance for parameter
values when the invariant circle is smooth. Hence to extend a resonance horn
into the parameter area where the circle losses continuity we need a computer
simulation. Given in [5] numerical method of construction of resonance horns
is based on the following scheme.

When the parameter is outside the horn, no periodic point of rotation
number p/q is present. When the parameter encounters the boundary of the
horn, q saddle-nodes appear on the invariant circle. As the parameter passes
into the interior of the horn, the saddle-nodes bifurcate forming saddle-sink
pairs. There are now two periodic orbits on the invariant circle, one consisting
of saddles and the other of sinks. The qth iterate of the map has 2q fixed
points, alternating between saddles and sinks around the invariant circle. As
the parameter continues to move across the horn, the saddles and sinks move
apart. As the parameter approaches the other boundary, these points form
different saddle-sink pairs. When the parameter approaches another boundary
of the horn, these new saddle-sink pairs combine to form saddle-nodes.

Consider a two-parameter family of plane maps Fa,b. Given a, b and a
number q, to find a q-periodic orbit of the map means to solve the equation
F q(z) = z, where z = (x, y). Let z0 be a solution of this equation. If the
determined orbit is saddle or sink, then the point (a, b) is in the resonance
horn. If there is 1 among eigenvalues of DF q(z0), then z0 is a periodic saddle-
node and the point (a, b) lies on the boundary of the resonance horn. These
boundary points are computed using Newton’s method to solve the system
equations: the above equation and the condition that 1 is an eigenvalue of the
periodic point.
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When the eigenvalue of the Jacobi matrix of the mapping F q in the fixed
point has absolute value 1, we can write it in the form

ei2πp/q = cos2πp/q + isin2πp/q = u(a, b) + iv(a, b).

That allows to detail a point on the unit circle where a resonance horn starts
to grow from.

For a case of strong resonance we apply a computer simulation and
Newton’s method to find periodic orbits and determine “horns”.

A.2.1 The Application to Double Logistic Map

For the case of the focus O2 these eigenvalues when crossing the unit circle
can be written as |s1| = (1 − λ)2 + λ2(µ2 − 2µ− 4) and

|s1| = 1 ⇐⇒ λ(λ(µ2 − 2µ− 3) − 2) = 0.

As λ > 0 , we have

(µ− 1)2 = 4 +
2
λ

. (A.6)

This relation determines a line (Hopf bifurcation line) on the plane of para-

meters (λ, µ) such that for 1 +
√

5 ≤ µ ≤ 1 +
√

4 + 2
λ the focuces O2, O3

are stable. When µ = 1 +
√

4 + 2
λ an invariant curve appears in a O2 (O3)

neighborhood, which is destroyed under the parameters changing.
In [2] the values of the parameter λ corresponding to an occurence of

invariant curve were obtained by computer simulation methods. Let a point
(λ0, µ0) is on the Hopf bifurcation line. Changing λ from λ0 by a step ε ,
we can find the parameter λ value when an invariant curve occurs(λb ) and
is destroyed ( λe ). The obtained data are shown in Table A.1. It should be
noted that the conditions µ ≥ 1 +

√
5 and (µ − 1)2 ≤ 4 + 2

λ are satisfied
simultaneously for λ ≤ 2 .

The following periodic orbits (weak resonance) were obtained by approxi-
mative method and specification using Newton’s method:

λ = 0.512603, µ = 4.11, p/q = 1/7;λ = 0.55260, µ = 4.11, p/q = 3/22.

As for p/q = 1/7 we have cos 2π
7 = 1−λ hence 1−λ ≈ 0.6239 and λ ≈ 0.3761.

So, 1/7-resonance occurs from the bifurcation line µ = 1 +
√

4 + 2
λ when

λ ≈ 0.3761 and µ ≈ 4.052. After the destroying of the invariant curve the
periodic orbit with p/q = 2/15 was found for λ = 0.57260, µ = 4.11. The
case of strong resonance means that q ∈ {1, 2, 3, 4} and (p, q) = 1. Hence
p/q ∈ {1, 1/2, 1/3, 1/4, 2/3, 3/4}. The correspondence between p/q, λ and µ
is given in the following table.
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Table A.1.

µ λ = 2
(µ−1)2−4

(λb(µ), λe(µ)) µ λ = 2
(µ−1)2−4

(λb(µ), λe(µ))

3.41 1.10613 1.11–1.2 3.56 0.783 0.797–0.905
3.42 1.07735 1.078–1.193 3.57 0.767 0.781–0.87
3.43 1.04992 1.061–1.15 3.58 0.75 0.79–0.86
3.44 1.02375 1.036–1.139 3.59 0.738 0.752–0.85
3.45 0.99875 1.011–1.13 3.6 0.724 0.739–0.85
3.46 0.9748 0.986–1.12 3.7 0.607 0.624–0.7
3.47 0.9519 0.966–1.08 3.8 0.52 0.536–0.667
3.48 0.93 0.945–1.05 3.9 0.4535 0.47–0.61
3.49 0.909 0.92–0.98 4.0 0.4 0.41–0.55
3.50 0.888 0.9–0.97 4.1 0.356 0.38–0.5
3.51 0.869 0.88–0.96 4.2 0.32 0.34–0.47
3.52 0.85 0.86–0.95 4.5 0.242 0.263–0.4
3.53 0.83 0.846–0.95 4.6 0.223 0.24–0.32
3.54 0.815 0.829–0.94 4.7 0.2 0.22–0.3
3.55 0.799 0.812–0.92 4.8 0.191 0.21–0.29

p/q 1 1/2 1/3 1/4 2/3 3/4

λ 0 2 3/2 1 3/2 1

µ ∀ 1 +
√

5 1 + 4
√

3/3 1 +
√

6 1 + 4
√

3/3 1 +
√

6

Since the case of p/q = 1(λ = 0) is singular and the fixed point O2 is focus
for λ ≤ 2, we investigate the cases when λ = 1 and λ = 3/2.

λ = 1.
On the bifurcation line (A.6) it corresponds to µ = 1 +

√
6. The eigenvalue is

equal ±i and eiα = cos α + i sin α, so α = π/2 and eiπ/2 = e2πi/4, i.e. p/q =
1/4. Nevertheless, there are no 4-periodic orbits in this case. The following
periodic orbits were found:

λ = 1.14, µ = 3.44, p/q = 1/11;

λ = 1.16, µ = 3.44, p/q = 1/17;

λ = 1.18, µ = 3.44, p/q = 1/7.

The behaviour of trajectories in a neighborhood of the invariant curve is
shown in Fig. A.1–A.2. Fig. A.1 shows an appearance of the invariant curve
and its deformation. Fig. A.2 illustrates recurrent Hopf bifurcation and, as a
consequence, transition to chaotic regime.

λ = 3/2.
In this case the situation is more complicated. The eigenvalue is equal −1/2+
i
√

3/2 and q = 3. Computer simulation shows the existence of a 3-periodic
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Fig. A.1. Strong resonance for the map (A.1): appearance of the invariant curve
for λ = 1.002, µ = 3.44949; x ∈ [0.825, 0.865], y ∈ [0.41, 0.46] and its deformation
for λ = 1.144, µ = 3.44949; x ∈ [0.8, 0.9], y ∈ [0.32, 0.56]

Fig. A.2. Strong resonance for the map (A.1): recurrent Hopf bifurcation for λ =
1.147, µ = 3.44949; x ∈ [0.8, 0.9], y ∈ [0.32, 0.56] and the transition to chaotic
regime for λ = 1.162, µ = 3.44949; x ∈ [0.8, 0.9], y ∈ [0.32, 0.56]

orbit: Fig. A.3 demonstrates a set, arizing in a vicinity of the focus O2 and
its detailed part, Fig. A.4 also illustrates this part for different values of the
parameter λ. It should be noted that this structure arises for λ < 3/2(≈ 1.49)
and persists with some modifications up to λ ≈ 1.50080.
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Fig. A.3. Strong resonance for the map (A.1), case λ = 3/2. The appearance of
3-periodic saddle orbit for λ = 1.4938, µ = 3.3094; x ∈ [0.7, 0.85], y ∈ [0.3, 0.62]
and the magnified middle part of the picture for λ = 1.4941, µ = 3.3094; x ∈
[0.8, 0.85], y ∈ [0.4, 0.5]

Fig. A.4. Strong resonance for the map (A.1), case λ = 3/2. The phase portrait
in a vicinity of 3-periodic oprbit for λ = 1.4955, µ = 3.3094; x ∈ [0.81, 0.83], y ∈
[0.44, 0.5] and for λ = 1.4956, µ = 3.44949; x ∈ [0.81, 0.83], y ∈ [0.44, 0.5]

A.3 Construction of Periodic Orbits

As was mentioned in the previous section, methods of computer simulation
were applied to investigate the complex behaviour of the map in a vicinity
of the invariant curve for Hopf bifurcation. λ, µ, for which an invariant curve
occurs in the focus vicinity was obtained. In particular, it was shown that for
λ = 0.512603, µ = 4.11 the 7-periodic orbits appear. The numerical method
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of the construction of a periodic orbit is a construction of an initial ap-
proximation of the periodic orbit and its following refinement by Newton’s
method.

A.3.1 Construction of the First Approximation

The following methods were applied to find an initial approximation of a
periodic orbit:

1. Methods of symbolic dynamics.
For the system under investigation its symbolic image is considered. It is
known that periodic paths on the symbolic image correspond to periodic
orbits of the system. So, we apply a method of the search of periodic orbits
with given period on a graph.

2. Lattice method.
A lattice with a step h is constructed on the set defined by the inequality
(A.2). Then the condition ||(T k(z) − z)|| < ε, where k is a given period
and ε ≥ h, is verified for every point z of the lattice. The points of the
lattice for which the above condition is fulfilled are the points of the first
approximation. Denote by P the set of such points. The value of ε is chosen
to satisfy the condition ε ≥ h. The sets P consructed for ε = 0.01228
and ε = 0.06 are shown in Fig. A.5. The circle shows a boundary for the
invariant set of the system, the dark background displays the invariant set
and blank squares depict the fixed points. The areas filled by the black
color show the sets P .

The set P contains the first approximations to the roots of the equation
T k(z)−z = 0. To refine the roots we apply Newton’s method, namely Theorem
25. In our problem F (z0) = T k(z0) − z0 and DF (z0) = DT k(z0) − I. Denote
by Cr the set of points for which Newton method is not defined, i.e. Cr =
{z, |DT k(z) − I| = 0}. Consider the set P1 = P \ (P ∩ Cr). This is the set

Fig. A.5. The sets P for ε = 0.01228 and ε = 0.06
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of the first approximations to the roots of the equation T k(z) − z = 0. As
the map T specifies a two-degree polinomial, the equation has the power 2k.
Hence, it is requared to find 2k roots of the equation F (z) = 0. The results of
numerical explorations show that not all points from the set P1 are the initial
approximation points for Newton’s method. Assuming that a point z0 ∈ P1 is
an initial approximation of a root of the given equation, we find its successive
aproximations by Newton’s method. It should be noted that even though the
process converges, the inequality KRL < 0.25 from Theorem 25 may not hold
for some z0 ∈ P1. In this case we take for x0 the iteration zl for which the
inequality holds.

If Newton’s process converges to a point z∗ we determine its stability type
calculating the eigenvalues of the matrix DT k(z∗) − I. One need find only
two points with different stability type which Newton’s process converges to.
Denote by z∗st the stable point and z∗sd the saddle one. Then their orbits may be
considered as the first approximations to the k-periodic orbits. Actually,using
this method we obtain an ε-trajectory with period k, where ε = ρ(z∗s , T k(z∗s ))
and ′′s′′ denotes either ′′st′′ or ′′sd′′.

A.3.2 Refinement of Periodic Orbits

Proposition 188. [3] 1. The derivative of the map T is Lipshitz with con-
stant L = 2λµ in U .

2. Providing that the conditions λ < 1, µ > 0 are fulfilled the derivative of
the map F (z) = T k(z) − z is Lipshitz with constant L = 2d(α + β)k in U ,
where α = 1 − λ, β = λµ, d = 2

√
2r.

Construct the periodic orbits SdOrb and StOrb starting from the points
z∗sd, z

∗
st (the initial approximations are equal to z1

0 and z2
0 respectively). Ac-

cording to the above proposition the derivative of the map F (z) is
Lipshitz. Calcucate the values R1, R2, where R1 = ||DF (z1

0)−1F (z1
0)||, R2 =

||DF (z2
0)−1F (z2

0)||. For the points from the sets SdOrb and StOrb find the
pair (saddle,sink) such that the distance between them (denoted by ρ) is min-
imal. Then the size of the vicinity where a root of the equation lies may be
chosen as min{R1, R2, ρ/2}. Hence, the points of the orbits of the first approx-
imation are enclosed by nonoverlapping neighbourhoods {Vi} and we can use
Theorem 26 to construct the true orbits. The 7-periodic orbits of the map T
were obtained for the following parameter values: λ = 0.51260309232291; µ =
4.11; h = 1/2000; ε = h.

The set of the first approximations P1 in a neighbourhood on of the non-
diagonal fixed points is given in Table A.2. The points from P1 (belonging
to the orbits of different kinds) for which Newton’s method converges are
given in Table A.3. For the first point the constants from Theorem 25 are the
following:

L = 2753.87180686379, K = 1.06329193217488,
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Table A.2.

The set of first approximation

x y x y

0.91519053028092 0.16117104015014 0.91954399154033 0.16291242465391
0.92999229856293 0.16813657816521 0.93434575982235 0.17074865492086
0.93956991333364 0.17423142392839 0.94305268234118 0.17684350068404
0.75759523269007 0.20818842175183 0.75672454043819 0.20905911400372
0.75585384818631 0.20992980625560 0.73321584963735 0.23866265056774
0.73147446513358 0.24127472732339 0.72973308062982 0.24388680407904
0.72799169612605 0.24649888083469 0.72625031162228 0.24911095759034
0.99007006394287 0.28655072442131 0.99007006394287 0.28742141667320
0.96656137314202 0.43805117624897 0.96569068089014 0.44066325300462
0.96307860413449 0.44762879101969 0.95698375837131 0.46678402056112
0.95611306611942 0.46939609731677 0.95524237386754 0.47287886632430
0.74192277215618 0.53121524720047 0.90474222325832 0.53208593945235
0.90474222325832 0.53295663170423 0.74366415665995 0.53382732395612
0.90387153100644 0.53382732395612 0.90387153100644 0.53469801620800
0.74540554116371 0.53643940071177 0.89516460848761 0.55472393800131
0.89516460848761 0.55559463025319 0.89429391623572 0.55733601475696
0.89429391623572 0.55820670700884 0.88819907047254 0.66007770047917
0.88732837822066 0.66094839273105 0.88645768596878 0.66181908498293
0.88732837822066 0.66181908498293 0.87426799444241 0.66617254624235
0.87513868669429 0.66617254624235 0.87600937894618 0.66617254624235

Table A.3.

The convergence points
initial point result

x y x y type

0.91519053028 0.16117104015 0.912391624536 0.160105567817 saddle
0.89429391623 0.55820670700 0.894754262324 0.556339195966 stable

R = 0.00021927999662, KRL = 0.642089036344767.

For the second point these constants are equal

L = 2753.87180686379, K = 0.76224726788667,

R = 0.00026423675833, KRL = 0.554667639692385.

So, R1=0.00021927999662, R2=0.00026423675833.
The approximate orbits constructed for the points from Table A.3 are

shown in Table A.4. As seen from the data, these orbits are (p, ε)-trajectories
with p = 7 and ε = 10−8.
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Table A.4.

Approximation of the saddle orbit Approximation of the stable orbit

x y x y

0.9123916245362 0.1601055678173 0.8947542623246 0.5563391959663
0.7280018183558 0.2464380117305 0.9561129376275 0.4695532838862
0.7460716663694 0.5372912311996 0.9907531588342 0.3172621741925
0.8874029104849 0.6610044350345 0.9392371359164 0.1739336957911
0.9046037737272 0.5326807061340 0.7604877264424 0.2050113035449
0.9653506381715 0.4414347801262 0.7140289360308 0.4836671372821
0.9899825159836 0.2856238007974 0.8741531580855 0.6659284970523
0.9123916199167 0.1601055624441 0.8947542806894 0.5563391822603

Table A.5.

The saddle 7-orbit The stable 7-orbit

x y x y

0.9123916150407 0.1601055603641 0.8741529679879 0.6659283848862
0.7280018132088 0.2464380194013 0.8947542480865 0.5563397417942
0.7460716722669 0.5372912400927 0.9561128010091 0.4695535736031
0.8874029121721 0.6610044334643 0.9907555556419 0.3172131322644
0.9046037758254 0.5326807028257 0.9392374323408 0.1739339535371
0.9653506398601 0.4414347751477 0.7604882250030 0.2050108805026
0.9899825157887 0.2856237952711 0.7140286530890 0.4836663837345

The points (0.887402910484926, 0.661004435034576) and
(0.874153158085516, 0.665928497052353) are the most close with ρ/2 ≈
0.00706. In line with Theorem 26, the size of Vi is min {2R1, 2R2, ρ/2} =
0.00044, ε is 10−8 and

a = 2.10828189573076, L = 4.21359741887862, K = 3.19327339144196,

σ = 0.00010611199917, LK2
(

ap−1
a−1

)2

ε = 0.118610200921989.
Table A.5 shows the refined orbits.

The obtained orbits are depicted in Fig. A.6. The periodic orbits in a vicin-
ity of the point O3 are shown as well, being circle signs mark saddles and filled
cirles mark sinks.

It should be noted that the results of the construction of the first approx-
imation both using symbolic dynamics methods and the lattice method with
the refinement by Newton’s method are practically the same. The value of ε
when constructing the set P is in the interval (0.0001,0.001). Newton’s method
for orbits converges for 4-5 iteration. The orbit is obtained with accuracy 10−9.
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y

x

Fig. A.6. 7-periodic orbits in a vicinity of the invariant curve
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Implementation of the Symbolic Image
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The construction of the symbolic image is the basic task for investigations
based on symbolic analysis. Once the system flow has been transformed into
such a graph, all investigation tasks can be formulated as graph algorithms.
Hence, an efficient implementation of this construction process is crucial for
every investigation. In this chapter, we propose algorithms and adequate data
structures which are appropriate to achieve this task. Additionally, we intro-
duce some basic investigation methods on the graph in order to apply the
implementation in practice. A theoretical analysis regarding the performance
and accuracy of the computations is given. Afterwards, we focus on several
important aspects of a practical application. Several extensions and tunings
of the original concepts are proposed which extend the field of application
for the method. We discuss these techniques and, if necessary, also mention
some aspects of implementation and useful heuristics for an efficient usage.
Numerical computations are performed for several dynamical systems in order
to verify the proposed implementation. We study some reasonable parameter
settings and the steps to be taken for the acquisition of the data. While doing
so, the reader will be introduced to possible fields of application for symbolic
analysis.
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B.1 Implementation Details

From the viewpoint of an implementation by a computer program, the prin-
ciple scheme of every investigation can be considered as an iterative process
which will be repeated for increasing levels of phase space discretization. At
each level the calculation involves three main steps which have to be performed
several times:

1. Subdivision of selected parts of the phase space into smaller parts.
2. Construction of the symbolic image for the current discretization of the

phase space.
3. Application of an investigation method on the symbolic image graph. As

a result, parts of the state space get selected for further subdivision and
a more precise investigation.

These steps will be repeated until a termination criterion is fulfilled. This
condition depends on the desired accuracy as well as on the existing compu-
tation power, see Sect. B.1.3.

In this section we describe the implementation of this basic framework and
discuss those aspects which have to be taken into consideration for an efficient
implementation. The basic framework as proposed here was implemented and
tested within the Ant-project [3], a larger, non-commercial software pack-
age for the investigation of dynamical systems. The software is available for
download, see [1].

B.1.1 Box and Cell Objects

In order to build a symbolic image for a domain M ⊂ R
d of the phase space,

a finite covering C = {M(1), · · · ,M(n)} has to be defined. In contrast to the
theoretical approach, it is usually not possible to cover the complete domain
M of the function f . Instead, in a practical approach we choose an area of
investigation M ⊂ M in such way that we assume all important dynamics
happen inside this area. Note, however, that usually only those objects can
be detected by investigations of symbolic images which are completed covered
by M . Generally, there are no restrictions concerning the geometry of M and
of the sets M(i) ∈ C, except that they have to be closed and compact. The
investigated domain M could be any confined part of the phase space and
has to be provided by the user. For the simplicity of the implementation we
assume here that it is an d-dimensional rectangular region:

M =
[
Mmin

1 ,Mmax
1

]
× · · · ×

[
Mmin

n ,Mmax
n

]
. (B.1)

Then we can subdivide the area M into uniform grid boxes. In order to do
this, the user has to define for each state space coordinate k (k = 1, . . . , d) the
numbers imax

k of subdivisions for the domain M . Then M can be subdivided
into
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m =
d∏

k=1

imax
k (B.2)

d-dimensional rectangular boxes. The length of the edge k is given for each
box by

dk(M(i)) =
1

imax
k

(
Mmax

k −Mmin
k

)
. (B.3)

Every box must hold the information about its position in the d-dimensional
state space. In context of an efficient implementation, the positions of boxes
are represented as d-dimensional multi-indices i ∈ N

d,

i = (i1, . . . , id) ∈ N
d (B.4)

with ik ∈ [1, . . . , imax
k ], ∀k = 1, . . . , d,

so that for every box M(i) ∈ C exists a unique multi-index I defining its
position in M .

This representation was chosen because it allows a fast and easy mapping
from x ∈ M(i) to i and vice versa. Furthermore, the mapping range within
the domain of usual integer values is much larger if multi-indices are used
instead of one-dimensional indices. If Nint is defined as the maximal integer
value of a computer system and one would only use one-dimensional indices to
identify the boxes M(i) then each i ∈ {1, . . . , Nint}. An area of investigation
M could only be subdivided in m = Nint boxes because no more values are
available for the description of all possible positions. Note that there must
be an index for every position i, no matter if M(i) exists or not. This is a
crucial restriction for higher-dimensional systems. If multi-indices are used
instead, an d-dimensional domain M can be subdivided in m = (Nint)d boxes
which means we have an exponential growth for the number of possible box
positions.

After the construction of the covering C is completed, an approximation
of the symbolic image based on C can be constructed. It represents a graph
G, whereby the vertices of G correspond to the boxes M(i) of C. In the
following, we denote the vertices of G as cells cI . Each of these cells cI is
uniquely connected with a box M(i). This correspondence represents the link
between the domain M and the symbolic image G. The edges of the graph G
are defined by adjacency lists. To each cell belongs such a list with its target
cells. Note that we do not use an adjacency matrix for the representation of
the edges. Reason for this is that the symbolic image graph is considered to
be huge but sparse. Hence, an adjacency matrix would require by far more
memory resources than the lists.

B.1.2 Construction of the Symbolic Image

The construction of a symbolic image based on numerical calculations is
always only an estimation of the “real” symbolic image G. Besides the usual
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numerical errors which occur by the computation of a mapping f(x) for
x ∈ M , another reason for this is the fact that the construction of the image

T (i) = f(M(i)) = {y | y = f(x),x ∈ M(i)} ⊂ R
d (B.5)

for a box M(i) would involve the calculation of f(x) for every x ∈ M(i). This
is, of course, beyond the limits of every finite numerical computation.

In our implementation, the image T (i) is approximated by a finite set of
points. This technique was also used for the implementation of similar numer-
ical methods [7, 12], and has proved to be an efficient and reliable approach
in practice. From each box M(i) a representative set of k points is selected,

S(i) = {xj | xj ∈ M(i), j = 1 . . . k} (B.6)

the so-called scan points of the box M(i). Then the approximation T̃ (i) of the
region T (i) in the state space is calculated by

T̃ (i) = f(S(i)) = {yj | yj = f(xj),xj ∈ S(i)} (B.7)

As one can see, the continuous region T (i) will be approximated by the discrete
set T̃ (i) ⊂ T (i) consisting of k points. The number k of scan points for the
boxes as well as the positions of these points within the boxes are parameters of
the described method, which must be set by the user. A general strategy how
the scan points should be placed within the box M(i) is that they are either
uniformly distributed within M(i) or that they are put into the neighborhood
of the boundaries.

Besides the calculation of scan points, a mapping

p : M 	→ N
d, ∀x ∈ M(i) ⇒ p(x) = i (B.8)

of a point x ∈ M(i) onto a box index i is required for further computations.
Additionally, we need its inverse mapping

p−1 : N
d 	→ M, ∀i : p−1(i) = x ⇒ x ∈ M(i) (B.9)

which defines for every M(i) the spatial coordinates of a point within this
box. Note that p−1(i) is only defined if M(i) exists for i.

Due to the fact that all uniform grid boxes have the same size, the mapping
p : M 	→ N

d can be simply defined as

p(x) = i = (i1, . . . , id) (B.10)

with ik =
⌊
xk −Mmin

k

imax
k

⌋
+ 1, k = 1, . . . , d

The inverse mapping can be described in a similar way. Note, however, that
the inverse mapping is not unique and, in practice, requires the definition of
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an arbitrary reference point within the box M(i). If using, for instance, the
minimal point of each box, one can get

p−1(I) = x = (x1, . . . , xd)
T

with xk = Mmin
k + (ik − 1) · dk(M(i)), k = 1, . . . , d (B.11)

After the functions p and p−1 have been defined, the approximation C̃(i),

C̃(i) =
{

M(i′) | M(i′) ∩ T̃ (i) �= ∅
}

, (B.12)

of the covering C(i),

C(i) = {M(i′) | M(i′) ∩ T (i) �= ∅} , (B.13)

can be computed. Obviously, we have the relation C̃(i) ⊆ C(i).
Proceeding this task, the following steps have to be performed for each

box M(i) in the covering C :

1. The set of scan points S(i) is calculated using a set of k globally defined
relative coordinates

S =
{

ξj |ξj = (ξj,1, . . . , ξj,d)T , ξj,i ∈ [0, 1], i = 1..d, j = 1..k
}

(B.14)

with respect to the reference point x0 = p−1(i):

S(i) = {xj |xj,i = x0,i + ξj,i · di(M(i)), i = 1..d, ξj ∈ S, j = 1..k} (B.15)

This is necessary for scaling the relative coordinates ξj , which are defined
within the hypercube [0, 1]d, onto the area M(I).

2. For every point xj ∈ S(i) the target point yj ∈ T̃ (i) will be calculated.
Dealing with dynamical systems discrete in time, i.e. xk+1 = f(xk),
the target point yj can be found by a simple one step iteration of the
point xj :

yj = f(xj) (B.16)

Note that also the n-th iterated function fn can be used in Eq. B.16
instead of f . This is necessary if we want to apply symbolic images to
dynamical systems continuous in time, see Sect. B.5.1, or if we want to
work with higher iterated functions, see Sect. B.6 for a more detailed
discussion.

3. For each target point yj ∈ T̃ (i) the corresponding box object M(i′) with
yj ∈ M(i′) must be found.
The index i′ of this box is given by

i′ = p(yj) (B.17)

It is important to check, whether the conditions
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1 ≤ i′k ≤ imax
k ∀k = 1, . . . , d (B.18)

hold for the components of the multi-index i′. If not, the index i′ exceeds
the dimension range and there is no box defined for this index.

4. Within the implementation context, a memory access function

g : N
d 	→ M, ∃M(i) ∈ C ⇒ g(i) = M(i) (B.19)

is required in order to access a box object M(i) for an index i. In our
approach, a hash map H is used which contains a key i iff there exists a
corresponding M(i). Hence, no memory space is wasted for indices without
a corresponding box object. Note that a fast and proper implementation
of H requires the definition of a strict weak order relation ≺ for the box
indices i of a covering C. This can be achieved by applying an iterative
comparison of the components ik (k = 1, . . . , d) of an index I, starting
with the largest “digit” id:

i ≺ i′ iff ∃k = 1, . . . , d (B.20)
with ik < i′k and ij = i′j ∀j > k.

5. If M(i′) has been located, a reference to it will be added to the list of C̃(i).
When the location of the target boxes M(i′) for all scan points xj ∈ S(i)
is completed, the list of C̃(i) is an estimation of the covering C(i) for the
box object M(i).

After the described steps were performed for all boxes of the state space
discretization, an approximation G of the symbolic image has been con-
structed. The vertices of the graph are the cells cI corresponding to the boxes
M(i). For each cI the adjacency list of target cells is given by the cells corre-
sponding to the boxes of the covering C̃(i).

B.1.3 Subdivision Process

In the previous section, the construction of a symbolic image G was described.
It was already mentioned that the precision of the state space discretization
for such a symbolic image is increased by an iterative process. To describe
this process, we introduce an index s which indicates the level of state space
discretization, s = 0, 1, . . . , or, in other words, the subdivision depth of a
symbolic image. In the following, the notation for the symbolic image G is
extended to Gs. The notation Cs, Is and so on is introduced in the same way.

In order to get the new graph Gs+1 for a Gs, a new covering Cs+1 has to
be calculated. This covering depends on a selection of cells SV (Gs) ⊆ V (Gs)
chosen by the application of an investigation method to the graph Gs. The
covering Cs+1 usually covers only parts of the area covered by Cs. Let cis

be the cell in Gs which matches to the box M(is). Then the new area of
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investigation is given by the joint of all boxes which belong to a selection of
cells SV (Gs):

Ms+1 =
⋃

cis∈SV (Gs)

M(is). (B.21)

Each of these boxes will be divided into m sub-boxes M(is+1), see Eq. B.2,
which build together the new covering Cs+1. For every is = (i1, . . . , id) the m
new indices is+1 are defined as follows:

is+1 =
(
j1 + (i1 − 1) · imax

1 , . . . , jd + (id − 1) · imax
d

)
(B.22)

with jk = 1, . . . , imax
k ∀k = 1, . . . , d

After the subdivision, the graph Gs+1 is constructed for the covering Cs+1 as
described in Sect. B.1.2, and the whole calculation process is repeated.

It is a distinctive feature of the methods of symbolic analysis that only
the covering of the current subdivision step is subject of investigation. Hence,
after parts of a covering Cs are selected and subdivided into a more precise
covering Cs+1 then Cs can be deleted. This is essential for an efficient usage
of the memory resources. It is furthermore assumed that each covering Cs,
except the initial covering C0, does only cover parts of the area of investi-
gation M .

B.2 Basic Investigations on the Graph

In this section we discuss some basic investigation techniques that can be
applied to the symbolic image graph. Note that we use variations of some
standard graph algorithms. A discussion of the original algorithms is out of
scope of this work, therefore we refer to [1, 4].

B.2.1 Localization of the Chain Recurrent Set

The most important kind of investigation technique on the graph is the lo-
calization of the recurrent cells. Applying this technique, we can determine a
neighborhood of the chain recurrent set Q. Theorem 16 in Chapter 6 states
that the chain recurrent set can be approximated as precisely as one likes by
the methods of symbolic analysis. The symbolic image must be constructed
and subdivided for several times. The cells which have to be selected for sub-
division are those which are recurrent. Hence, we propose now an algorithm
for the localization of the recurrent cells in a symbolic image. Note that almost
all other investigation methods of symbolic analysis also require the detection
of the recurrent cells. Therefore, this technique is considered as a general first
computation step of all investigations on a symbolic image graph.
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An efficient approach to detect the recurrent cells is the variation of
Tarjan’s algorithm for the calculation of strongly connected components in
directed graphs [22]. This algorithm locates the strongly connected compo-
nents of a directed graph G by a depth-first search. Two vertices a and b of
G are said to be strongly connected (a ∼ b) if there exists a path from a to b
and from b to a. Furthermore, the relation a ∼ a (reflexivity) always holds by
definition. It can easily be proved that ∼ is an equivalence relation and that
therefore G will be partitioned by the relation ∼ into equivalence classes, the
strongly connected components. Although recurrent cells of G and strongly
connected vertices are not the same, they are closely related to each other. If

γa = {b | a ∼ b} (B.23)

is a strongly connected component for which there is a path from a to each b
and vice versa with a �= b then, for a as well as b, exists a periodic path. It
follows that, if |γa| > 1, then for all cells c ∈ γa exists a periodic path and
therefore all these cells are recurrent. The special case to look at is |γa| = 1.
Due to reflexivity, if there is only one component in the set it could mean that
this cell is either non-recurrent or, if there is an edge a → a, its least period
size is 1.

So, for the localization of recurrent cells, Tarjan’s algorithm needs a minor
extension. What has to be done in addition is to perform a test for each
set γa if |γa| = 1 holds. In this case, it has to be checked for the single cell
of this set whether it is one-periodic (or recurrent), which means one of its
target cells is itself, or not. If the cell is not one-periodic, it is non-periodic (or
non-recurrent). All cells belonging to a set γa with |γa| > 1 are periodic, i.e.
recurrent. All recurrent cells that belong to the same set γa can be considered
as a set of equivalent recurrent cells which we denote in the following by Hk.
Furthermore, we define the union of these sets by ζ = {Hk}.

B.2.2 Localization of Periodic Points

A related investigation is the localization of p-periodic points P (p) = {x|
fp(x) = x,x ∈ M} for a given value p. Theorem 23 states that the set of
p-periodic points can be approximated as precisely as one likes by the methods
of symbolic analysis. The symbolic image must be constructed and subdivided
for several times. The cells which have to be selected for subdivision are those
which are p-periodic. Hence, we propose now an algorithm for the localization
of the periodic cells in a symbolic image.

For a practical application of Theorem 23, we have to consider that there
might be more than one admissible path to which a cell ci belongs to, espe-
cially in case of a coarse phase space discretization. Indeed, the number of
admissible paths to which a cell belongs can even be infinite. In that case, it
is impossible to explicitly compute each periodic path to which the cell be-
longs. On the other hand, if each cell of a symbolic image represents exactly
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one periodic point in the phase space then this cell cp belongs only to one
p-periodic path {. . . , ci0 , . . . } with ci0 = cp. Although such a precise covering
can not be achieved by numerical computation, a reasonably fine phase space
discretization is usually sufficient to get a unique path for a cell which belongs
to a covering of a periodic point. Considering these facts, the p-periodic points
can be located by selecting all cells for subdivision which have a shortest pe-
riodic path for a period p′ ≤ p. Obviously, such a selection contains all cells
which belong to a p-periodic path. After several subdivisions, we check that
there exists a unique periodic path for each cell of the symbolic image. In case
this can not be achieved, a higher precision of the symbolic image is required,
i.e. more subdivisions must be applied.

Consequently, an algorithm is needed which is able to find the shortest
periodic path ci → · · · → ci for every recurrent cell ci on the symbolic image
graph. Furthermore, the length of such a path must be detected. Note that
Tarjan’s algorithm is not capable to solve this task. Instead, we introduce
a different algorithm which is based on the idea of Dijkstra’s algorithm for
calculation of shortest paths in directed graphs [8]. It belongs to the class of
so-called greedy algorithms and performs a breadth-first search.

The Dijkstra algorithm does not only find the shortest paths from each
cell ci to all other cells of the graph, but also locates at the k-th step first the
path ci → · · · → cu so that the following equation is fulfilled:

d(ci, cu) = min{d(ci, cv) | cv ∈ V (G) ∧ (ci → · · · → cv) /∈ Dk−1}, (B.24)

where d(ci, cu) is defined as the length n of the shortest path between ci and
cu, and Dk−1 is the set of all shortest paths which have already been detected
in the previous steps. Then the shortest periodic path of a cell ci can be found
by checking for the first detected shortest path ci → · · · → cu whether the
edge cu → ci exists. If so, the algorithm can be stopped because the path
ci → · · · → cu → ci is the shortest periodic path for the cell ci and the length
of this path is the period of ci. If not, then the next shortest path has to be
detected and checked for the same condition until a periodic path has been
found or until all shortest paths have been visited.

There are several improvements to speed up Dijkstra’s algorithm within
our context. First of all, the original Dijkstra algorithm is developed for
weighted graphs while the edges of G are unweighted. This means that the
edge weight γ(ci → cj) is 1 for all edges of G. Therefore, the outer edge of
visited but not yet examined cells can be implemented as a queue. Every cell
which is visited first time and becomes a part of the outer edge will be pushed
into the queue, while the next cell which will be examined can be popped out
of the queue. This works fine because our edges are unweighted and so the
distance between ci and the first element in the queue is always the minimum
distance between ci and every other element in the queue.

Next it should be considered that all periodic cells of G have to be in-
spected. So in worst case, the modified Dijkstra algorithm must be started
once for each cell ci ∈ V (G). In order to spare out some of the cells, we can
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first run the Tarjan algorithm to detect the recurrent cells and the sets ζ of
equivalent recurrent cells. The Dijsktra algorithm must then only be started
for the recurrent cells ci ∈ RV (G). Furthermore, it is sufficient to check for
each of these cells only the paths to equivalent recurrent cells, i.e. those cells
which belong to the same set Hk ∈ ζ. Cells which do not belong to the same
set can not belong to the same shortest periodic path.

Despite all improvements, the modified Dijkstra’s algorithm can not com-
pete with the performance of the aforementioned Tarjan’s algorithm. So it
should only be chosen by the user if the additional information about the
periodic paths and/or the least period sizes are really required for the calcu-
lation.

B.3 Performance Analysis

The performance of symbolic image construction as described above is ana-
lysed by studying the worst-case scenario for the time complexity. We use the
standard O-notation. In the following, ns denotes the number of cells in the
symbolic image Gs.

Proposition 189. [2] The construction of the symbolic image Gs with respect
to the covering Cs is in O(ns log (ns)).

In order to construct Gs, we consider a function getBoxMapping(M(i))
which is called for every box M(i) ∈ Cs. This function calculates an esti-
mation C̃(i) for C(i) by first locating all indices i′ with M(i′) ∈ C̃(i) and
afterwards accessing these boxes by calling the function g(i′), see Eq. B.19.
Each call of getBoxMapping(M(i)) is in O(log (ns)). Hereby, the computation
time depends on a constant c which is governed by the number of scan points,
|S|, and a number mf so that c = mf |S|. Note that mf describes the number
of function iterates, see Sects. B.5.1 and B.6. The size of the constant c is
significant for the practical computation.

These results are closely related to the proposed method for the approxi-
mation of the covering C(I). The number of edges for a cell is limited by the
scan points per box, and in our case this is a constant. If another approach is
chosen for the approximation of the covering like, e.g. interval arithmetic [11]
or the calculation of the Lipschitz constant [15], the number of edges per cell
is not longer bounded by a constant. For the performance analysis this means
that the time complexity must possibly be multiplied by ns.

Proposition 190. [2] The construction process and investigation of a sym-
bolic image for a subdivision phase s can be done in time O(ns · log(ns)) if
only recurrents cells are located using Tarjan’s algorithm, and in time O(n2

s)
if the least period size and the shortest periodic path for each cell should also
be calculated.
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The time required for the computation of recurrent cells is within O(ns ·
log(ns)), and therefore almost ideal from the theoretical point of view, espe-
cially for large ns. Hereby, the construction of the symbolic image requires the
main computational effort. The effort for the subdivision of cells as well as the
localization of recurrent cells can be neglected. The time complexity changes
in case the least period sizes and shortest periodic paths are computed by
application of the algorithm proposed in Sect. B.2.2. Then the investigation
of the graph can require by far more computational effort than the graph
construction.

Performance analysis shows that the computation time of the algorithms
is no major obstacle for the construction of the symbolic image. Instead, the
crucial factor is the size of the input value ns, i.e. the memory resources re-
quired for a computation. Note that ns could grow almost exponential during
the subdivision process. The size and growth rate of ns depend hereby not
only on the investigation task, i.e. the dimension of those objects which are
the subjects of investigation, but also on the specific properties of the focused
dynamical system. Practical application has shown that a high growth rate of
ns is a limitation for many computations. Hence, it should be the main con-
cern to keep the number of cells ns low and avoid an high growth rate during
subdivision. Often this can be achieved by appropriate parameter settings or
tunings of the method, see Section B.6.

B.4 Accuracy of the Computations

Let us next consider the accuracy of the numerical calculation. One should
recall that we do not calculate specific points in the domain space but boxes
M(i) with some extent. These boxes are always only an outer covering of a
solution. In our implementation, a box M(i) is defined as a uniform grid box.
The size of such a grid box defines the accuracy ε of the calculation. Let us
denote by dk the edge length of a grid box M(i) on the dimension axis k,
and by Ls the union of boxes which correspond to the selected cells SV (Gs)
in the symbolic image Gs constructed after the s-th subdivision. Then these
boxes in Ls are neighborhoods (or an outer covering) of a solution S. The basic
principle of symbolic analysis is that the sequence of embedded neighborhoods
L0 ⊃ L1 ⊃ · · · ⊃ Lm gets for every subdivision step s = 0, . . . ,m closer to S
in the way that, if the largest edge length tends to zero as s becomes infinite,
then,

lim
s→∞

Ls =
⋂

s

Ls = S. (B.25)

See also Theorem 4 in Chapter 3 and Theorem 16 in Chapter 6 as examples
of this principle. Unfortunately, for practical numerical calculations there is a
minimal edge length which limits the accuracy. Reason for this is that the n-
dimensional phase space covered by M , see Eq. B.1, gets divided into regions



264 B Implementation of the Symbolic Image

which are identified by multi-indices i ∈ Nn, Eq. B.4. As mentioned above,
a value ik of the k-th component of the multi-index i is represented by an
integer value, and for every computation machine there exists a constant Nint

giving the largest number which can be represented as an integer value. Conse-
quently, we have the limitation imax

k ≤ Nint. Therefore, every edge length dk is
limited to

dmin
k =

Mmax
k −Mmin

k

Nint
(B.26)

which means that the minimal error εk can only shrink down to εk ≥ dmin
k .

Note that this limit is not specific for the presented method but only
for the implementation presented in this work. Furthermore, it is possible to
extend the limit to any size by taking a different representation of a number
ik, though this implies a higher memory consumption.

B.5 Extensions for the Graph Construction

We consider two important extensions of the proposed implementation. One is
the integration of dynamical systems continuous in time, the other a technique
for the better approximation of the image of a box. Both of these extensions
aim to improve the construction of the symbolic image graph and extend the
possible field of application for the methods of symbolic analysis.

B.5.1 Dynamical Systems Continuous in Time

Only dynamical systems discrete in time have been discussed so far. The
symbolic image for such a system

xk+1 = f(xk), xk ∈ M

can be constructed by performing one iteration which means simply applying
the system function f(x) on the points x ∈ M(i) lying in a box M(i) of a
certain covering, see Eq. B.16. If we are dealing now with systems continuous
in time given by an ODE, i.e. ẋ = F(t,x), t ∈ R, some kind of mapping is
required which transforms an orbit continuous in time into one discrete in
time. As already mentioned in Chapter 1, a shift operator along trajectories
is needed. Such a shift operator φ(t, t0,x0) is considered to be the solution of
the vector field F with an initial condition φ(t0, t0,x0) = x0.

In our implementation, we use a stroboscopic mapping with a fixed dis-
cretization time t. This approach is applicable if the underlying differential
equation is autonomous. Such a shift operator has the form f(x) = φ(t,x)
with φ(0,x) = x. It can be calculated by solving the equation

ẋ(t) = F(x(t)) (B.27)
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for the time t and initial conditions x(0) = x. We assume a fixed t > 0. In that
case, φ(t,x) is also called a time-t map. Such a time-t map is a restriction of
φ to M × tZ and, hence, a discretization of the dynamical system continuous
in time. Note that similar approaches for a discretization were also proposed
in [14,20].

Consider now that in the context of a computer implementation it is suit-
able to use a small integration step size ∆t for the applied integration method
in order to minimize numerical errors. Hence, we do not calculate φ(t,x)
explicitly. Instead, we use an integration step size ∆t = t/n with n ∈ N and
iterate φ for n times so that

φ(t,x) = φ(∆t · n,x) = φn(∆t,x).

This approach allows us the numerical computation of time-t maps for any
precision, independently of the chosen discretization time t. In the following,
we use the notation f(x) = φ(∆t,x) so that the time-t map for a t = ∆t · n
is given by fn(x). Hence, the symbolic image is constructed assuming fn(x)
as the system function instead of f(x), see also the comments to Eq. B.16.

B.5.2 Error Tolerance for Box Images

As already stated, the construction of symbolic images requires the approxi-
mation C̃(i) of the covering C(i), see Eqs. B.12 and B.13. Note that for our
proposed implementation there is C̃(i) ⊆ C(i), and so some boxes may get
lost. This behavior can be reduced by usage of a large number of scan points
for each box. A disadvantage of this approach is that the computation time
may become inappropriately large. As another solution of the problem one
can extend the covering C̃(i) by boxes which correspond to boxes in its neigh-
borhood. We define a small constant ε and introduce the extended covering

Cext(i) =
{
M(i′) | ∃M(J) ∈ C̃(i),∃x ∈ M(J),∃y ∈ M(i′),

ρ(x,y) ≤ ε
}
.

(B.28)

Note that a suitable setting of the constant ε depends on the edge length
dk(M(i)) of the boxes, Eq. B.3, and hence on the subdivision level. In our
implementation, the user can define a parameter e, which is in the following
denoted as the error tolerance, so that

εk = e · dk (B.29)

for the k-th phase space component. The condition |xk − yk| ≤ εk is used
instead of ρ(x,y) ≤ ε in Eq. B.28. Note that dk is the generalized edge length
of the boxes in a covering C.

In practice, this parameter was used to detect p-periodic trajectories if
they can not be found otherwise, whereby a setting of e = 0.1 proved to be
sufficient in our simulations. One should keep in mind that the use of this
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parameter usually increases the size of the symbolic image and, therefore, it
should only be applied if necessary. Furthermore, it is often a good alternative
to increase the number of scan points S(i) for a more precise calculation
instead of applying error tolerance. Some of the scan points should then be
placed close to the corners of the boxes.

Note that this approach was motivated by the technique described in
Junge [15]. Actually, if ε is calculated by Lipschitz constants as proposed
by Junge, it could be guaranteed that C(i) ⊆ Cext(i).

B.6 Tunings for the Graph Investigation

Performance analysis has shown that the computation time of the algorithms
is no major obstacle for the construction of the symbolic image. Assuming ns

is the number of cells belonging to a symbolic image Gs, i.e. ns = |V (Gs)|, all
computations can be performed in O(ns · log(ns)), see Prop. 190. Instead, the
crucial factor is the size of the input value ns or, in other words, the memory
resources required for a computation. Note that ns could grow almost expo-
nential for s → ∞, i.e. during the subdivision process. Ideally, this growth
rate should only depend on the investigation task or, more precisely, the di-
mension of those objects which are the subjects of investigation. However,
due to the complexity of the underlying dynamics, this is often not the case.
Instead, we observed that in many computations much more cells are selected
for subdivision than necessary. The major problem we come across is that not
only those cells are selected which correspond to boxes containing parts of the
solution, but also several more cells which correspond to boxes in the neigh-
borhood of the solution. Reason for this is a too coarse discretization of the
phase space. In the following, we will refer to this phenomenon as clustering.
Due to clustering, the growth rate of the number of cells in a symbolic image
increases during the subdivision process, and the accuracy of the computation
shrinks. Moreover, the analysis of computed data is more difficult.

Taking the theoretical point of view, the selection of too many cells for sub-
division does not matter. By successive application of the subdivision process
the discretization of the phase space gets finer. Eventually, those boxes which
do not contain a solution will be deleted and the solution is detected as pre-
cisely as one likes. However, taking the practical point of view, one has to
deal with limited resources. That means that the number of applicable sub-
divisions is limited by the memory space of the computation machine which
only allows the storage of a symbolic image graph of a limited size. Therefore,
it is our strong concern to avoid clustering, i.e. the selection of cells for sub-
division which do not contain a solution. This aim can only be achieved by
a change of paradigm. The target is not anymore the rigorous construction
of the symbolic image graph for a phase space discretization. We are not in-
terested in providing all existing edges between the cells as requested in the
theoretical approach, but rather more only those edges which are necessary
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for the detection of the solution. By doing so, we are also aware of the fact
that some important information might get lost. However, empirical studies
have shown that numerical investigations are mostly limited by performance
resources instead of an insufficient approximation of the symbolic image.
A significant reason for this is that the method is typically quite robust.

B.6.1 Use of Higher Iterated Functions

When dealing with dynamical systems discrete in time xn+1 = f(xn), the
points y ∈ T̃ (i), which represent the images of x, are calculated as direct
successors of the scan points: y = f(x). However, in some cases it is more
suitable to use an iterated function of f and calculate the image points by

y = fn(x), n > 1 (B.30)

In other words, the symbolic image is not constructed for the function f but
for the n-th iterated function fn. In the following, we will denote a symbolic
image constructed for f by Gf and for fn by Gf [n] .

Obviously, the symbolic image graph Gf [n] with n > 1 differs from Gf .
More precisely, Gf [n] might have less edges than Gf . However, Gf [n] is still
useful for investigations. In order to clarify this, we introduce some theorems
about the relations of fn and f with regard to invariant sets.

Proposition 191. [9] If Q ⊂ M is an invariant set for f , then also for any
fn, n ∈ N , i. e.

f(Q) = Q ⇒ fn(Q) = Q.

Considering this result, we can conclude that all invariant sets of a dynam-
ical system generated by f can also be found in a dynamical system generated
by fn.

Proposition 192. [9] If Q′ ⊂ M is an invariant set for fn, n ∈ N then
Q =

⋃
0≤k<n fk(Q′) is an invariant set for f , i.e.

fn(Q′) = Q′ ⇒
⋃

0≤k<n

fk(Q′) = Q = f(Q).

Proposition 193. [9] If Q′ ⊂ M is an invariant set for fn, n ∈ N then
there is an invariant set Q for f with Q′ ⊆ Q, i.e.

fn(Q′) = Q′ ⇒ ∃Q ⊇ Q′ : f(Q) = Q.

An important conclusion of Proposition 193 is that a dynamical system
generated by fn still consists of the same invariant sets than the one generated
by f . Each invariant set Q′ found for fn belongs to an invariant set Q of f .
Furthermore, according to Proposition 191, all sets Q of f can be found in
the dynamical system of fn.
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Recall now that most of our investigations aim to detect specific types
of invariant sets. If all invariant sets of f are preserved in the dynamical
system of fn then, obviously, they can also be detected in Gf [n] . However,
note that the characteristics of the sets might change. Let us look, for instance,
on the invariant sets of periodic points P (p). The invariant set P (6) of f is
then equivalent to the invariant set P (2) of f3 but the points belonging to
these sets have a different periodicity with respect to f and f3. Hence, one
has to be careful when analyzing the results of Gf [n] . However, although the
periodicity might change, every periodic point of f is also periodic for fn,
and no other periodic points than for f are found for fn. The same is true for
points belonging to quasiperiodic trajectories (without proof).

Each edge in the graph Gf [n] represents a longer part of a trajectory than
in Gf . In terms of tuning this is of interest because transient dynamics can
then be better distinguished from asymptotic ones. Less cells which do not
contain a solution are selected for subdivision, and the growth rate of cells
during the subdivision process is lower. However, the tuning has also some
drawbacks. First of all, the computation time for the construction of Gf [n]

increases by factor n in comparison to Gf . Furthermore, it is more likely
that unstable parts of the solution, e.g. unstable periodic or quasiperiodic
points, might not be detected because the forward iterates y = fn(x) di-
verges stronger from these objects than y = f(x), see also the discussion in
Sect. B.6.2. Last but not least, taking the analytical point of view, one must be
aware about the change of characteristics regarding the invariant sets of Gf [n]

in Gf .

B.6.2 Reconstruction of Fragmented Solutions

In the former sections we have discussed the usage of higher iterated functions.
In many calculations, this option turned out to be an adequate technique to
tune investigation methods. However, it was also mentioned that unstable
parts of a solution might not be detected if the number of iterations n or the
time t is chosen too large. In practice, we observed, that for crucial settings
of the parameters, some unstable invariant sets do not completely disappear
at once, but rather more fall apart. Some parts of them are still recognized
while others vanish, as it can be seen, for instance, in Fig. B.6(a) in case of a
computation of the chain recurrent set for the Lorenz system.

Such a phenomenon is a result of taking only a limited number of scan
points per box in combination with following a relatively long run of trajec-
tories in order to construct the edges of the symbolic image graph. This leads
to a loss of information about the structure of unstable invariant sets. It is
not our intention to give here a detailed analysis of this problem, but rather
more a solution for the reconstruction of such unstable objects. Nevertheless,
one should keep in mind that not every structure that looks like a disappear-
ing unstable invariant set is necessarily a fragment of the solution. In some
cases, it turned out that objects which seemed to be parts of unstable limit
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cycles belonged to non-cyclic orbits. So, after the application of the method
of reconstruction, further tests have to be applied to approve the correctness
of obtained results.

The method, as introduced here, aims only on the reconstruction of the
chain recurrent set. For other investigations, slight changes might be necessary.
The reconstruction can be done by application of an extension to the symbolic
image construction algorithm. The basic idea here is to add and/or select
all cells belonging to boxes M(i) of the symbolic image Gf [n] which will be
passed by the forward iterates f1(x), . . . , fn−1(x) on its way from x to its
image y = fn. Therefore, first the symbolic image Gf [n] will be constructed
according to the standard approach. Then the investigation method is applied
in order to get the set of recurrent cells RV (Gf [n]). Afterwards, the following
extension must be applied before the next subdivision. For every recurrent cell
cI ∈ RV (Gf [n]) its corresponding box M(i) is detected. Then, for every scan
point x ∈ S(i) it has to be checked, whether its target point fn(x) = y ∈ T̃ (i)
lies in a selected cell which is equivalent, i.e. belongs to the same set of strongly
connected components. If so, we locate for each value fk(x), k = 1, . . . , (n−1),
the box fk ∈ M(i′). If the box M(i′) and its corresponding cell c′i do not exist
for a visited area, they will be added to the symbolic image. Furthermore,
the cell c′I will be marked as recurrent, no matter if it already existed or was
just added.

If this extension is applied, the course of a trajectory, which connects re-
current cells, will be reconstructed. Note that the symbolic image can only
become more precise by this extension. If a source cell ci and its target cell c′i
are recurrent and equivalent, then, consequently, all the cells corresponding to
boxes which are passed by the connecting trajectory are also recurrent. In fact,
if all numerically computed symbolic images of an investigation would have
been exact and no approximation, reconstruction would not change them. As
already mentioned, this operation might add new cells to the symbolic im-
age. So it can still be applied in a stage of subdivision when the fragmented
invariant set has already fallen apart to a large extent. This can be seen
in Fig. B.6(b), where unstable limit cycles of the Lorenz system are recon-
structed.

B.7 Numerical Case Studies

In order to demonstrate the capabilities of symbolic analysis we present some
typical examples of global analysis. The main aim hereby is to demonstrate
what kind of results can be obtained with the basic investigation techniques
presented in Sect. B.2, and how the parameters of the method have to be
adjusted for specific investigation tasks. Also, the application of the exten-
sions and tunings is shown. As examples we chose systems discrete as well as
continuous in time. The reference machine for all these calculations was an
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Asus L3000D laptop with an AMD Athlon XP-M 1400+ processor and 512MB
SDRAM.

B.7.1 Ikeda Map

We start with a 2-dimensional map, namely the Ikeda map [13]. The system
is defined as

x(n + 1) = fI(x(n)), (B.31)

fI(x) = (r + a (x cos g(x, y) − y sin g(x, y)), b (x sin g(x, y) + y cos g(x, y)))
with g(x, y) = c1 − c2

1+x2+y2 .

The numerical simulations have been carried out for the parameter values
a = b = 0.9, c1 = 0.4, c2 = 6.0 and r = 0.9.

We start the global analysis of the system by localization of the chain re-
current set. As already mentioned, the chain recurrent set contains all kind of
return trajectories and, hence, should give an overview about the areas of in-
terest for further investigation. We set the area of investigation in the domain
space to M = [−5.0; 5.0] × [−5.0; 5.0]. This area M is initially divided into a
covering C0 of 20× 20 boxes. Then the symbolic image G0 is constructed for
C0. We apply the Tarjan algorithm, see Sect. B.2.1, to detect the recurrent
cells. The construction and cell detection process was repeated for 4 subdivi-
sions. In each step the boxes are subdivided into 4×4 new smaller boxes. After
four subdivision steps, the distinct features of the Ikeda mapping can be found
in the different recurrent sets of the symbolic image. Three areas in the state
space are detected. One of them represents the stable point, the other one
the unstable saddle point, and the last one contains all cells representing the
chaotic attractor. It is worth mentioning that chaotic attractors can be found
by computation of the chain recurrent set because their skeleton is typically
build up from unstable periodic cycles [5, 6] and, therefore, recurrent points.
The calculation of the symbolic image takes less than 2 minutes. In Table B.1
the number of cells in the symbolic image and the number of located recur-
rent cells for every subdivision level are shown. We observe that the number

Table B.1. Ikeda system: Computation of the recurrent cells. The number s marks
the level of subdivision. The phase space discretization of the area M = [−5.0; 5.0]×
[−5.0; 5.0] is shown. Furthermore, the number of cells belonging to a symbolic image,
|V (Gs)|, and the number of localized recurrent cells |RV (Gs)|

Subdivision level s Phase space discretization |V (Gs)| |RV (Gs)|
0 20 × 20 400 79
1 80 × 80 1 264 415
2 320 × 320 6 640 3 018
3 1 280 × 1 280 48 288 27 878
4 5 120 × 5 120 446 048 284 727
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Fig. B.1. Ikeda system: (a) A fixed point (square), 2-periodic (triangles) and the
two period-3 orbits (empty and filled circles). (b) Some detected unstable limit cycles
with periods 5 (empty circles) and 6 (points). (c) All detected unstable 6-periodic
(empty circles) and 13-periodic (points) points. Note that the chaotic attractor A in
the background is visible for better orientation but was not calculated by the same
computation

of recurrent cells grows during the subdivision process by factor ≈ 10. This
high growth rate is due to the fact that it depends on the dimension of those
objects which are the subject of localization, see also [14,19]. In this case, one
of the subjects of localization is the chaotic attractor which has a dimension
close to 2.

Our next target is the localization of periodic points. This requires, of
course, the usage of the time consuming variant of the cell location algorithm
based on the Dijkstra algorithm, see Sect. B.2.2. We took the same area of
investigation, M = [−5.0; 5.0]× [−5.0; 5.0], than for the last computation but
select only the cells with period size p′ < p = 3 for further subdivisions. After
an initial subdivision of M into 20×20 boxes, the boxes get subdivided into 8×
8 new smaller boxes in every subdivision. The construction and cell detection
process was repeated for 9 subdivisions. The results of the calculation in the
area [−1.5; 2.5] × [−1.5; 2.0] can be seen in Fig. B.1(a), namely three fixed
points, a period-2 and two period-3 orbits. It turns out that the usage of
a sufficient number of scan points is important. In this example, every box
contained 8 × 8 scan points scattered over the box, four more points close to
the box corners and another one in the center. Such a high number is needed to
acquire all the periodic orbits. If less scan points are chosen, another parameter
must be set for error tolerance, see Sect. B.5.2, or some of the periodic cycles
will not be detected. Although this calculation uses the more time consuming
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period detection algorithm, the computation takes less than 30 seconds on
the reference machine. This is due to the fact that only very few cells have a
period size smaller or equal than 3. In our calculations, not more than 97 cells
per subdivision step fit to this criterion. So the size of the symbolic images
can be kept very small. However, one should notice that the performance
time can increase exponentially if the parameter p is set to a higher value and
more such cycles with p′ ≤ p exist. A serious problem we come across in this
computation is clustering. For most points not only one box corresponding to
a periodic cell is found, but several boxes in the neighborhood. In this case
we get up to 5 boxes as an outer covering for each periodic point instead
of one box.

Theoretically, the following accuracy, compare Sect. B.4, could be achieved
for the calculated points:

ε ≤ 1
20

· 1
89

· 4 ≈ 2 · 10−9. (B.32)

However, in practice, the error is higher because of clustering. If taking
this into account and analyzing the computed results, the error increases to
ε ≤ 1 · 10−7. One can expect to find in the vicinity of the chaotic attractor
some unstable limit cycles with periods higher than 3. So first we increased
p to 6 and then to 14. Some results of these calculations are presented in
Fig. B.1(b), which shows two of the detected unstable 5- and 6-periodic or-
bits, and Fig. B.1(c), an overview of all detected 6- and 13-periodic points.
Remarkably, the symbolic images for p = 6 contained not more than 325 cells,
for which the corresponding boxes got subdivided and thus the calculation
did not take much more computation time than in the first case (≈ 30 sec-
onds). But the location of cells with a period size ≤ 14 consisted of up to
27 000 selected cells. Boxes corresponding to each of them get subdivided into
8×8 new smaller boxes, so that the symbolic images had up to 1 700 000 cells.
Therefore, the calculation took around eight hours in this case.

Until now we investigated the Ikeda system for fixed parameter values, as
described above. Using the methods of symbolic analysis under variation of
some parameters, interesting results can be obtained as well. For instance, one
can observe the bifurcations which causes the emergence of unstable periodic
orbits. These periodic orbits determine the structure of the chaotic attractor
discussed above. Performing this task, we consider the area M = [−0.4; 1.5]×
[−1.7; 1] in the state space and calculate the periodic orbits up to period six.
Using an initial subdivision into 20 × 20 boxes and performing 4 subdivision
steps, whereby each box is divided into 2× 8× 8 smaller boxes, we obtain the
results shown in Fig. B.2. The parameter a is varied in the interval [0; 0.9].
The other parameters are kept fixed to the same values as above. In this
experiment we observe a period doubling bifurcation scenario and a large
number of saddle-node bifurcations.



B.7 Numerical Case Studies 273

y

0

1

0
x 0 0.2 0.4 0.6

a
0.8 1

Fig. B.2. Ikeda system: Periodical points up to period 6 under variation of para-
meter a

B.7.2 Coupled Logistic Map

We take a look at another 2-dimensional map, the coupled logistic map defined
by:

x(n + 1) = fC(x(n)), (B.33)
fC(x) = ((1 − r) g(x, a) + r g(y, b), r g(x, a) + (1 − r) g(y, b) (B.34)

with g(x,m) = m x (1 − x).
The system, as presented here, can be considered as a 2-dimensional case

study of coupled map lattices [16] for the logistic map [10]. For all our in-
vestigations, we fixed the parameter settings to a = b = 3.8 and r = 0.07.
Analytically, it is easy to show that, due to a = b, we have symmetric behavior
with respect to the diagonal y = x. This means that orbits become symmetric
if one interchanges the x- and y-coordinates, and that all points on the diago-
nal at y = x form an invariant set D. By numerical analysis based on forward
iterations and calculation of Lyapunov exponents, one can find out, that the
system is governed by a single attractor A which consists of two symmetric
parts in the phase space, see Fig. B.3(a).

Our first investigation of the system by symbolic image analysis was the
computation of the chain recurrent set. We initially divided the area M =
[0.0; 1.0] × [0.0; 1.0] into 5 × 5 boxes. In each subdivision step, a box gets
divided into 3 × 3 new ones. After 5 subdivisions the outer covering of the
chain recurrent set consists of 430 000 boxes with a side length ≈ 1 · 10−3.
It is important to mention that a high number of scan points is required. If
taken too little, large parts of the chain recurrent set get lost during the first
subdivisions. Hence, for our investigation we covered each box with a regular
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Fig. B.3. Coupled logistic map: (a) Numerical approximation of the attractor A.
(b) Numerical approximation of the chain recurrent set. One of the components is
an approximation of the attractor A

grid of 100 scan points. Applying these settings, the computation takes around
8 minutes, and its results can be seen on Fig. B.3(b). The chain recurrent set
does not only consist of the chaotic attractor but also of fractal structures
which are symmetric with respect to the diagonal. Note that these fractal
structures are unstable entities. Orbits started in a neighborhood of the chain
recurrent set are attracted by the attractor A. We observed that even orbits
started in the area covered by the computed fractal structures are attracted by
A. However, this can be explained by the fact that our numerical computation
produced an outer covering of the real chain recurrent set and, hence, covers
also the chain recurrent set’s neighborhood. Note that the chain recurrent set
consists of 4 distinct components of equivalent recurrent cell sets, one of them
represents A, and another one a 2-periodic unstable orbit in the holes of A.

In order to verify our results, we also computed periodic orbits. We used
the cell location algorithm based on the Dijkstra algorithm, see Sect. B.2.2,
and computed all periodic points with a periodicity ≤ 8. We applied 17 sub-
divisions so that the error ε ≤ 1 · 10−8. The computation took around 25
minutes, and we got 614 periodic points. These points belong to periodic or-
bits which are scattered over the whole area designated by the approximation
of the chain recurrent set. Furthermore, we checked that each of these periodic
orbits is unstable.

Combining the results of our numerical computations so far, we find strong
evidence for the hypothesis that the computed fractal structure of the chain
recurrent set is an outer covering of a set of unstable periodic orbits of any
size. This reminds us of the hypothesis of Cvitanović [5] regarding periodic
orbits as the skeleton of chaotic attractors. However, the fractal structure we
observe here is not an attractor.
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(a) second subdivision step (b) third subdivision step

(c) fourth subdivision step (d) tenth subdivision step

Fig. B.4. Discrete food chain model: Numerically calculated fixed points and four
subdivision steps of the symbolic image construction. The outer covering of the chain
recurrent set (gray), the attractor (black) and the unstable fixed points (points) are
shown. The fourth fixed point at (0, 0) can not be seen. Note that the attractor was
separately computed by forward iterates but is also covered by the approximation
of the chain recurrent set

B.7.3 Discrete Food Chain Model

Next we analyzed a discrete system of mathematical biology. The 3-dimen-
sional dynamical model describes a discrete food chain model, studied by
Lindström in [17]. The system is defined by

x(n + 1) = ffc(x(n)), (B.35)

ffc(x) =
(

µ0 x e−y

1 + x max(e−y,g(z)g(y)) , µ1 x y e−zg(y)g(µ2 y z), µ2 y z
)

with g(s) =
{

1−e−s

s , if s �= 0,
1, if s = 0.

We only focus on the following parameter setting: µ0 = 3.4001, µ1 = 1 and
µ2 = 4. The analytic results of Lindström showed, that the system possesses
at most four fixed points.
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Our target is the computation of the chain recurrent set. We chose the area
M = [−1.0; 4.0] × [−1.0; 4.0] × [0.0; 1.6] for investigation. It turned out that
it is not possible to get an appropriate approximation for the chain recurrent
set by means of usual symbolic image construction. The tuning techniques
must be applied to get satisfiable results. By doing so, the equilibrium points,
and maybe some other information, get lost in the symbolic image after sev-
eral subdivision steps. On the other hand, two invariant manifolds can be
detected which belong to different components of the chain recurrent set, see
Fig. B.4(d). By application of forward iteration, it can be verified that both of
them consist of quasiperiodic trajectories, and that one is a stable invariant
set, namely an attractor (black), while the other is an unstable invariant set
(gray). Hereby, the unstable entity is not a repeller but of saddle type. For this
reason, it could not be approximated by backward iterates. Such a calculation
takes around one hour and the symbolic image grows up to ≈ 1 100 000 cells.
The long calculation time is mainly caused by the application of the tuning-
techniques. Note that the localization of the unstable quasiperiodic manifold
is, from the computational point of view, a nontrivial task.

In order to get a better impression how the construction process works,
Fig. B.4 shows the results of several subdivision steps. Hereby, 17 scan points
per box are taken. The rough position of the attractor can be located after
the second subdivision of the domain space M into 200×200×32 regions, see
Fig. B.4(a), then, in the third subdivision, see Fig. B.4(b), the principal shape
of the attractor becomes visible. But only after the fourth subdivision into
1 200× 1 200× 192 regions, see Fig. B.4(c), the symbolic image splits into two
different sets of equivalent recurrent cells, which correspond to the stable and
unstable invariant manifolds. In order to achieve these results, it is necessary
to compute the symbolic image graph for the iterated function f40 in the third
subdivision and for f80 in the fourth subdivision step. Otherwise, the principal
shape of the cone, see Fig. B.4(a), would persist during further subdivisions.
Additionally, reconstruction of the fragmented parts must be applied in order
to avoid that the cycles vanish. The final result, see Fig. B.4(d), is computed
after the sixth subdivision. Note that in the subdivisions 5 and 6, also the
function f40 is used and reconstruction of the cycles applied.

B.7.4 Lorenz System

As an example for a dynamical system continuous in time, we consider the
well-known system introduced by Lorenz in [18] which is defined by

ẋ(t) = f(x(t))

f(x) = (σ(y − x), x(r − z)− y, xy − bz).
(B.36)

We use the standard values of the parameters σ = 10, b = 8/3 and inves-
tigate the Lorenz system at two values of the parameter r, namely r1 ≈ 14.6
and r2 ≈ 20. As shown in [21], for these settings exist an unstable fixed point
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P = (0, 0, 0)T and two stable ones C1 and C2, each of them accompanied by
an unstable limit cycle. The value r1 is chosen close to the so-called homoclinic
explosion which occurs at r ≈ 13.926, where the unstable manifolds of P re-
turn to the origin. Furthermore, at parameter value r2, the both unstable limit
cycles around C1 and C2 are situated close to each other and to C1 and C2.

In order to reproduce these results with methods of symbolic analysis,
we compute the chain recurrent set. We define for r1 and r2 the domain
spaces M1 = [−35.0; 35.0]× [−35.0; 35.0]× [0.0; 30.0] and M2 = [−20.0; 20.0]×
[−20.0; 20.0] × [0.0; 30.0] as the area of investigation. The division of these
spaces is initially set to 4×4×2 and 2×2×2 boxes. In the following subdivision
stages each box is divided into 2 × 2 × 2 smaller boxes. The integration step
∆t is set to 0.001, and the number of iteration steps to n1 = 100, n2 = 200.
In order to compute the integration step φ(∆t,x), the Runge-Kutta method
was applied.

Figs. B.5(a) and B.5(b) show the results of the calculations for the parame-
ters r1 and r2. Remarkably, one can see that the limit cycles for r1 still touch
each other, which is due to some numerical inaccuracy, while for r2 the cycles

(a) r1 = 14.6 (b) r2 = 20

Fig. B.5. Lorenz system: Computation of an outer covering of the chain recurrent
set at positions r1 = 14.6 and r2 = 20

(a) before completion (b) completion of the limit cycle

Fig. B.6. Lorenz system: Reconstruction of unstable limit cycles at parameter
r1 = 14.6 with a large discretization time. The limit cycles fall apart and vanish by
time (black), but will be completed (gray)
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shrinked closer around C1 and C2. The computations took 30 minutes for r1

and 2 hours for r2. Ten subdivision steps were computed, and the symbolic
images contained up to 1 400 000 cells. Hereby, the high computation time is
mainly due to the relative high setting of the iteration time t. Furthermore,
the unstable fixed point P can not be computed by this setting. However,
if t would be set to a lower value, the limit cycles could not be detected at
all because too many cells would be selected for subdivision and the memory
resources would be exceeded after a few subdivisions.

The reconstruction of fragmented solutions is illustrated for the parameter
setting r1 = 14.6. In Fig. B.6(a) the computed approximation of the chain
recurrent set after 10 subdivisions is shown. As can be seen, parts of the
unstable limit cycles got lost. For this reason, the method for reconstruction of
the fragmented solutions must be applied. The results are shown in Fig. B.6(b).
We see that the final computation produces a precise outer covering of the
unstable limit cycles.
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α-limit set, 65
ω-limit set, 65
π-point, 56
ε-chain, 138
ε-orbit, 19
ε-trajectory, 27

Adjacency matrix, 21
Admissible path, 17, 19
Algorithm, 31, 37, 50, 53, 61, 80, 94,

103, 117, 119, 151, 159, 172, 173
Approximations for homoclinic point,

189
Area of investigation, 254
Arnold’s method, 242
Attractor, 65, 86, 198
Attractor on symbolic image, 72
Attractor-repellor pair, 69, 78, 171
Axiom A, 162

Base set, 128, 162
Basic contour, 160
Basin, 66, 75
Box chain construction, 8
Broken line, 188
Butterfly effect, 4

Cell, 15
equivalent, 260
recurrent, 259

Cell-to-cell mapping, 7
Chain recurrent set, 55, 88, 97, 259,

270, 273

Chaos, 3, 223, 231, 245
Chaotic attractor, 204, 231
Characteristic exponent, 144
Class false, 99
Class of equivalent recurrent vertices,

22
Clustering, 266
Coding, 21, 24, 100, 107

false, 21, 23
true, 21

Complementary differential, 169
Complexity, 51, 107
Component of

periodic ε-trajectories, 38
Periodic Vertices, 40

Component of chain recurrent set, 97,
101, 154

Connection
CR+ → CR−, 171
H+ → H−, 173

Continuous system, 2, 11, 182
Control, 175

admissible, 176
global (local), 175

Controlled symbolic image, 178

Diameter of covering, 17
Diffeomorphism

Q−stable, 162
Ω−stable, 162
hyperbolic, 162
structurally stable, 168

Difference equation, 2
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Discrete system, 2, 10, 181
Dividing procedure, 188
Domain of attraction, 66, 75
Duffing equation, 11, 45, 81, 87

Edge false (true), 101
Elliptic domain, 66
Entropy, 107

of a label space, 115
of sequences space, 111
of symbolic image, 113
with respect to the covering, 111

Equivalent recurrent vertices, 74
Error tolerance, 265
Exhaustive sequence of open coverings,

110
Exponential growth rate, 139
Extended spectrum of symbolic image,

149

Feigenbaum-like bifurcation, 223, 227
Filtration, 85
Filtration on symbolic image, 90
Fine filtration, 89
Fine filtration on symbolic image, 91
Fine sequence of filtrations, 89, 94
Finest Morse decomposition, 155
Food chain dynamics, 191, 219
Function iterates, see Higher iterated

function
Fundamental neighborhood of attractor,

69, 74, 85, 86, 91

Global attractor, 165, 198

Hausdorff distance, 149
Henon attractor, 68
Henon map, 68, 119
Higher iterated function, 267
Homoclinic orbit, 4, 58, 231
Homoclinic trajectory, 58
Hopf bifurcation, 242
Hyperbolic linear extension, 155
Hyperbolicity, 161, 162
Hypervertices, hyperedges, 117

Ikeda attractor, 197, 204
Ikeda mapping, 32, 45, 67, 104, 197
Invariant manifold, 181, 199, 221

global, 186
local, 185

Invariant set, 43
Invariant set of vertices, 72
Isolated component, 40

Labeled graph, 116
Labeled symbolic image, 140
Lattice method, 248
Limit cycle, 269, 277
Linear extension, 137
Linear programming, 156
Logistic map, 120, 241
Lotka-Volterra equations, 10
Lower bound of symbolic image, 18
Lyapunov exponent, 129, 139, 221

Möbius band, 191, 223
Markov’s chain, 7
Measure, 198
Minimal right-resolving presentation,

117
Modified Ikeda mapping, 45, 52, 209
Modified Ikeda

mapping, 165
Morse decomposition, 86, 154
Morse set, 86
Morse spectrum, 137, 140
Morse spectrum of determinant, 220
Multigraph, 116
Multilevel subdivision, see Subdivision
Multivalued mapping, 8

Newton Method, 35
Newton method, 244, 248
Nonstationary exponent, 145

Orbit coding, 6
Outer covering, 263

Path
admissible, 17, 19, 24
periodic, 20

Poincaré mapping, 11, 13, 16
Point

ε-periodic, 28
chain recurrent, 55
homoclinic, 189, 211
hyperbolic, 57, 181
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nonwandering, 56
recurrent, 56
weak nonwandering, 56

Polytope, 194
Potential method, 158
Projective bundle, 138
Projective space, 123
Pseudo-orbit, pseudo-trajectory, 19

Radius of local control, 177
Renumbering of symbolic image, 77
Repellor, 68
Repellor on symbolic image, 72
Right-resolving graph, 117

Scan point, 256, 265
Sequence of Symbolic Images, 23
Sequence of symbolic images, 100, 114
Set

ε-invariant, 47
p-periodic, 27
asymptotically stable, 66
chain recurrent, 55
invariant (positive, negative), 43
of nonwandering points, 162
of orbit codings, 24, 100
periodic, 27
stable by Lyapunov, 66

Set-oriented method, 8, 52
Shift operator, 11, 13, 16, 264
Shortest path problem, 159, 261
Simple periodic path, 141
Space

of (allowed) codings, 111
Space of

admissible labeled paths, 116
admissible paths, 111, 113
sequences, 110

Spectrum of symbolic image, 145
Strange attractor, 68, 197
Strong shadowing property, 24, 101, 115

Strongly connected component, 22, 51,
260

Structural graph, 97
Structural graph of symbolic image, 99,

102
Structural matrix, 98
Structural stability, 168
Subdivision, 22, 50, 53

multilevel, 258
Symbolic analysis, 8
Symbolic dynamics, 7
Symbolic image, 7, 15

Tarjan’s algorithm, 51, 260
Test for controllability, 178
Time-t map, 265
Topological entropy, 109
Torus, 56
Trajectory

heteroclinic, 182
homoclinic, 182
quasiperiodic, 276
true, 35, 38, 41

Transition Matrix, 21
Transition matrix, 77
Transversality condition, 168
Trivial bounded trajectories, 170

Upper bound of symbolic image, 18

Van-der-Pol system, 63
Vector bundle, 137
Vertex

p-periodic, 29
false, 101
leaving, 46
non-leaving, 46, 50
outgoing, 46
recurrent, 21, 59
true, 101

Weak shadowing property, 20
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