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RL,alg algebraic part of RL . . . . . . . . . . . . . . . . . . . . . . 140
P+ϕ additive conjugate of P by ϕ . . . . . . . . . . . . . . . . 140
L′ derivative of differential operator L . . . . . . . . . . . . 140
RL set of regular monomials for L . . . . . . . . . . . . . . . 141
HL set of irregular monomials for L . . . . . . . . . . . . . . 141
TL trace of L . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
TL;B trace of L w.r.t. B . . . . . . . . . . . . . . . . . . . . . . . 141
L−1 distinguished right inverse of L . . . . . . . . . . . . . . . 146
HL set of solutions to Lh = 0 . . . . . . . . . . . . . . . . . . . 146

T̃ complexification T⊕ iT of T . . . . . . . . . . . . . . . . 158
O field of oscillating transseries . . . . . . . . . . . . . . . . . 159

f;ψ spectral part of f associated to eiψ . . . . . . . . . . . . 159

L;ψ action of L on the spectral component T̃ eiψ . . . . . . 159
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Pm coefficient of m in differential polynomial P . . . . . . . 166
DP dominant coefficient of P . . . . . . . . . . . . . . . . . . . 167

f i shorthand for f i0 � (f (r))ir . . . . . . . . . . . . . . . . . . 167
Pi coefficient of f i in P . . . . . . . . . . . . . . . . . . . . . . 167
Pi i-th homogeneous part of P . . . . . . . . . . . . . . . . . 167
degP (total) degree of P . . . . . . . . . . . . . . . . . . . . . . . 167
valP differential valuation of P . . . . . . . . . . . . . . . . . . . 167

f [ω ] shorthand for f (ω1)� f (ωl) . . . . . . . . . . . . . . . . . . 168

P[ω ] (normalized) coefficient of f [ω] in P . . . . . . . . . . . . 168
P[ω] ω-th isobaric part of P . . . . . . . . . . . . . . . . . . . . 168
wtP weight of P . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
wv P weighted differential valuation of P . . . . . . . . . . . . 168

f 〈i〉 i-th iterated logarithmic derivative f †� † . . . . . . . . . 168

f 〈i〉 shorthand for f i0 (f †)i1 � (f 〈r〉)ir . . . . . . . . . . . . . . 168

P〈i〉 coefficient of f 〈i〉 in P . . . . . . . . . . . . . . . . . . . . . 168
P+h additive conjugation of P with h . . . . . . . . . . . . . . 169
P×h multiplicative conjugation of P with h . . . . . . . . . . 170
P ↑, P ↓ upward and downward shiftings of P . . . . . . . . . . . 170
sτ ,ω generalized Stirling number of the first kind . . . . . . . 170
Sτ ,ω generalized Stirling number of the second kind . . . . . 171
NP differential Newton polynomial for P . . . . . . . . . . . 173
degV P Newton degree of P (f) = 0 (f ∈C[[V]]) . . . . . . . . . 174
eP ,i,j (i, j)-equalizer for P . . . . . . . . . . . . . . . . . . . . . . 178
RPi

differential Riccati polynomial associated to Pi . . . . . 179
E set of exponential transmonomials . . . . . . . . . . . . . 184
L set of logarithmic transmonomials . . . . . . . . . . . . . 197

Chapter 9. The intermediate value theorem

Mx maximal open interval containing x . . . . . . . . . . . . 203
(←, z) the interval {u∈E: u < z} . . . . . . . . . . . . . . . . . . 203
(z,→) the interval {u∈E: u > z} . . . . . . . . . . . . . . . . . . 203
E compactification of a total ordering E . . . . . . . . . . . 203
f a typical element of E . . . . . . . . . . . . . . . . . . . . . 203
⊥E minimal element of E . . . . . . . . . . . . . . . . . . . . . 203
!E maximal element of E . . . . . . . . . . . . . . . . . . . . . 203

 shorthand for supC . . . . . . . . . . . . . . . . . . . . . . 206
S totally ordered grid-based algebra C[[M]] . . . . . . . . 208
� shorthand for inf C> . . . . . . . . . . . . . . . . . . . . . . 208
	 shorthand for supS . . . . . . . . . . . . . . . . . . . . . . . 208
C # set C \ (C ∪ {−
,
}) of finite cuts in C . . . . . . . . . 208
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wf width of f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
ϕf initializer of f . . . . . . . . . . . . . . . . . . . . . . . . . . 210

Ŝ serial completion of S . . . . . . . . . . . . . . . . . . . . . 210

f̂ typical serial cut . . . . . . . . . . . . . . . . . . . . . . . . 210
κk shorthand for sup {f ∈T: exp(f) = k} . . . . . . . . . . . 212
γ the cut (x log x log2 x� )−1 . . . . . . . . . . . . . . . . . . 219
Lϕ0,� ,ϕk − 1,g,h basic integral neighbourhood . . . . . . . . . . . . . . . . 220
f0,� , fk integral coordinates of f . . . . . . . . . . . . . . . . . . . 221
σP sign of P . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

σP
+ sign of P at the right of a point . . . . . . . . . . . . . . 227

σP
− sign of P at the left of a point . . . . . . . . . . . . . . . 227

σP ,W sign of P modulo W . . . . . . . . . . . . . . . . . . . . . . 228

σP ,W
+ sign of P at the right of a point modulo W . . . . . . . 228

σP ,W
− sign of P at the left of a point modulo W . . . . . . . . 228

246 Glossary

M set of monomials and monomial cuts . . . . . . . . . . . 208
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absolute value, 22
accumulation-free set, 35
additive conjugate, 140, 169
ade_solve, 194
ade_solve_sub, 194
admissible refinement, 61, 66
alg_st_mon, 193
algebraic

starting monomial, 174
starting term, 174

antichain, 17
anti-lexicographical

direct sum, 23
tensor product, 23

archimedean, 27
ring, 27

arity
maximal — of operator, 45
tree, 20

associated
dominance relation, 26
neglection relation, 26

asymptotic, 25
R-algebra, 27
basis, 54
derivation, 98, 102
difference operator, 106
differential equation, 165
solution modulo W, 175

equation, 65
R-module, 26
Riccati equation, 152
ring with R-powers, 30

scale, 54
atomic

decomposition, 126
symmetric, 126

family, 126
operator, 125
input, 126
output, 126
symmetric, 126

unravelling, 186
bad sequence, 18

minimal, 19
basic integral neighbourhood, 220
basis

asymptotic, 54
asymptotic scale, 54
Cartesian, 71
distinguished, 146

bounded, 27
series, 42

bounded part, 41
canonical decomposition, 40
canonical decomposition, 219
Cantor’s theorem, 16
Cartesian

basis, 71
community, 72
representation, 69
compatible, 70
faithful, 73

chain, 17
child, 20
coefficient, 36



dominant, 40
compactification of total ordering, 204
compactness theorem, 204
comparability class, 30
comparable, 12
compatible

Cartesian representations, 70
dominance relation, 26
neglection relation, 26
refinement, 187

composition
grid-based operator, 124
multilinear grid-based operator, 117

conjugate
additive, 140, 169
multiplicative, 60, 137, 170

constant
at both sides, 227
at the left, 227
at the right, 227

constant part, 41
contracting operator, 128
contraction of transseries, 91
convergent

grid-based series, 73
transseries, 94
well-based, 96

convex, 28
cut, 203

initializer, 210
integral height, 219
left-oriented, 220
monomial, 208
oriented, 220
pathological, 220
regular, 220
right-oriented, 220
serial, 211
width, 209

decomposition
atomic, 126
symmetric, 126

by degrees, 167
by orders, 167
canonical, 219
into homogeneous parts, 125, 167
into isobaric parts, 168
logarithmic, 168
serial, 167

degree
differential polynomial, 167
Newton, 65, 152, 174

depth
logarithmic, 89
transseries, 90

derivation
asymptotic, 98, 102
exp-log, 98
strong, 98, 116

derivative
differential operator, 140
logarithmic, 98
iterated, 168

Dickson’s lemma, 18
diff_st_mon, 193
difference operator

asymptotic, 106
exp-log, 106
increasing, 106
strong, 106, 117

differential
algebraic — equation, 165
asymptotic, 165

grid-based operator, 133
operator
additive conjugate, 140
derivative, 140
distinguished right inverse, 146
downward shifting, 137
monic, 163
multiplicative conjugate, 137
trace, 141
upward shifting, 137

polynomial
additive conjugate, 169
decomposition
by degrees, 167
by orders, 167
into homogeneous parts, 167
into isobaric parts, 168
logarithmic, 168
serial, 167

degree, 167
downward shifting, 170
homogeneous part, 167
isobaric part, 168
multiplicative conjugate, 170
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Newton, 173
transparent, 173
upward shifting, 170
valuation, 167
weight, 168
weighted valuation, 168

Riccati polynomial, 179
starting monomial, 174
starting term, 174
strong — operator, 117

dilatation of transseries, 91
direct sum, 23

anti-lexicographical, 23
distinguished

basis, 146
factorization, 164
integral, 103
right inverse, 146, 160
solution, 146, 160, 182, 197
unraveller, 197

dominance relation, 25
associated, 26
compatible, 26
flattened, 31
total, 25

dominant
coefficient, 40
exponent, 58
monomial, 40, 209
term, 40

dominated, 25
downward shifting, 90, 137, 170
equalizer, 178
equation

asymptotic, 65
Newton, 58
quasi-linear, 61, 65, 182

equivalent, 12, 25
family, 45

expansion
nested, 214
integral, 220

exp-log
derivation, 98
difference operator, 106
function, 94
ordered — field, 83
ordered — ring, 83
partial — ring, 83

transseries, 94
exponential

function, 80
height, 89
R-module, 30
partial — ring, 80
ordered, 81

ring, 80
ordered, 81

transseries, 90
extended

integral guiding sequence, 220
integral height, 220

extension
by strong linearity, 50
least common, 43

extensive
grid-based operator, 128
operation, 21
strictly — operator, 128

factorization
distinguished, 164

faithful Cartesian representation, 73
family

atomic, 126
equivalent, 45
grid-based, 36
refines, 46
well-based, 39

field
grid-based transseries, 84
ordered – with R-powers, 30
ordered exp-log —, 83

final segment, 17
generated by A, 17

finer refinement, 175
R-finite set, 35
flat

as – as, 30
subring, 31
subset, 44

flatter, 30
greatest common truncation, 43
grid-based

algebra, 37, 115
family, 36
field of — transseries, 84, 89
mapping, 50
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module, 115
operator, 122
composition, 124
contracting, 128
decomposition
atomic, 126
homogeneous parts, 125
symmetric atomic, 126

differential, 133
extensive, 128
homogeneous part, 122
integral, 133
multilinear, 116
multilinear family for —, 122
of type T , 133
strictly extensive, 128
with multipliers in E, 128

series, 36
convergent, 73

set, 34
summation, 48

group
ordered – with R-powers, 30
with R-powers, 30

Hahn space, 29
Hardy field, 23
Hausdorff interval topology, 203
height

exponential, 89
extended integral —, 220
integral cut, 219

Higman’s theorem, 18
homogeneous

part, 122
decomposition into —s, 125
differential polynomial, 167
grid-based operator, 122, 125

incomplete transbasis theorem, 92
increasing

difference operator, 106
mapping, 12

induction
Noetherian, 19
transfinite, 16

infimum, 19
infinitary operator, 45
infinitesimal, 27

series, 42
infinitesimal part, 41

initial segment, 17
generated by A, 17

initializer of cut, 210
integral

coordinates, 221
distinguished, 103
grid-based operator, 133
guiding sequence, 220
height
cut, 219
extended, 220

neighbourhood, 221
basic, 220

nested expansion, 220
nested sequence, 220
refinement, 198

integration
strong, 116

intermediate value theorem, 229
interval, 202

open, 202
topology, 202
Hausdorff, 203

inverse of transseries, 111
irregular monomial for L, 141
isobaric part, 168
Kruskal’s theorem, 21
Laurent series, 38

multivariate, 38
leaf, 19
least common extension, 43
left neighbourhood, 222
left-oriented cut, 220
level

transbasis, 92
transseries, 90

Levi-Civitian set, 36
local community, 72
logarithmic

depth, 89
derivative, 98
iterated, 168

function, 82
transseries, 89

log-confluent transseries, 92
mixed starting monomial, 174
monic

differential operator, 163
series, 163
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monoid
monomial, 115

monomial, 34, 36
cut, 208
dominant, 40, 209
monoid, 115
set, 115
starting, 65, 152, 174
algebraic, 174
differential, 174
mixed, 174

strong — morphism, 72
multilinear

family for grid-based operator, 122
grid-based operator, 116
composition, 117
summable family, 124

strongly, 116
type, 133

multiplicative conjugate, 60, 137, 170
multiplicity

solution modulo W, 175
starting term, 65, 152, 174

multipliers
grid-based operator with — in E, 128

multivariate
Laurent series, 38
series, 38

neglection relation, 25
associated, 26
compatible, 26
flattened, 31

negligible, 25
neighbourhood, 222

integral, 221
basic, 220

left, 222
one-sided, 222
right, 222

nested
expansion, 214
integral, 220

sequence, 213
integral, 220

Newton
degree, 65, 152, 174
equation, 58
polygon, 58
differential, 180

polynomial, 58, 65
Newton_degree, 193
node, 19

leaf, 19
predecessor, 19
successor, 19

Noetherian induction, 19
normalized solution modulo W, 175
one-sided neighbourhood, 222
open interval, 202
operator

atomic, 125
input, 126
output, 126
symmetric, 126

differential
monic, 163

grid-based, 122
composition, 124
contracting, 128
decomposition
atomic, 126
homogeneous parts, 125
symmetric atomic, 126

differential, 133
extensive, 128
homogeneous part, 122
integral, 133
multilinear family for —, 122
of type T , 133
strictly extensive, 128
with multipliers in E, 128

infinitary, 45
strong differential, 117
support, 117, 123

ordered
R-algebra, 22
exp-log field, 83
exp-log ring, 83
exponential ring, 81
field, 22
with R-powers, 30

group with R-powers, 30
R-module, 22
monoid, 22
partial exponential ring, 81
ring, 22
with R-powers, 30

ordering, 12
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anti-lexicographic, 13
Cartesian product, 13
commutative words, 15
disjoint union, 12
embeddability, 13, 20
finest, 12
opposite, 14
ordered union, 13
strict, 14
total, 12
compactification, 204

well-founded, 15
words, 13

ordinal, 16
countable, 16
limit, 16
successor, 16

oriented cut, 220
oscillating transseries, 159

spectral decomposition, 159
part

bounded, 41
constant, 41
homogeneous, 122
decomposition into —s, 125
differential polynomial, 167

infinitesimal, 41
purely infinite, 41

partial
exponential ring, 80
ordered, 81

unravelling, 187
pathological cut, 220
perfect ordered structure, 25
plane transbasis, 102
polynomial

differential
decomposition
by degrees, 167
by orders, 167
into homogeneous parts, 167
into isobaric parts, 168
logarithmic, 168
serial, 167

degree, 167
homogeneous part, 167
isobaric part, 168
Newton, 173
transparent, 173

valuation, 167
weight, 168
weighted valuation, 168

differential Riccati —, 179
Newton, 58, 65
differential, 173

polynomial_solve, 67
positive derivation, 98, 102
power series, 38
predecessor, 19
Puiseux series, 38
purely infinite part, 41
quasi-analytic function, 96
quasi-linear

asymptotic Riccati equation, 152
equation, 61, 65, 182

quasi-ordering, 12
anti-lexicographic, 13
Cartesian product, 13
commutative words, 15
compatible equivalence relation, 14
disjoint union, 12
embeddability, 13, 20
finer, 12
finest, 12
opposite, 14
ordered union, 13
roughest, 12
total, 12
well, 17
well-founded, 15
words, 13

recursive
expansion, 38
multivariate series, 38

refinement, 61, 66, 153, 175
admissible, 61, 66
compatible, 187
finer, 175
integral, 198

regular
cut, 220
monomial for L, 141
series, 40
term for L, 141

relation
antisymmetric, 12
asymptotic, 25
dominance, 25
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neglection, 25
reflexive, 12
transitive, 12

representation
Cartesian, 69
faithful, 73

semi-Cartesian, 69
restriction of series, 42
Riccati

differential — polynomial, 140, 179
algebraic part, 140

equation modulo o(1), 151
asymptotic, 152

riccati_solve, 155
right neighbourhood, 222
right-oriented cut, 220
ring

archimedean, 27
asymptotic — with R-powers, 30
exponential, 80
ordered, 81

ordered – with R-powers, 30
ordered exp-log —, 83
partial exp-log —, 83, 83
partial exponential —, 80
ordered, 81

with R-powers, 30
root

almost multiple, 62
scalar product of transseries, 112
scale

asymptotic, 54
change, 54

semi-Cartesian representation, 69
sequence

integral guiding —, 220
nested, 213
integral, 220

serial
cut, 211
decomposition, 167

series
bounded, 42
differentially algebraic, 75
dominant exponent, 58
effective, 76
grid-based, 36
convergent, 73

infinitesimal, 42

Laurent, 38
multivariate, 38

monic, 163
multivariate, 38
natural, 38
recursive, 38

order type, 39
power, 38
Puiseux, 38
regular, 40
restriction, 42
Taylor, 108, 122, 125
valuation, 58
well-based, 39

set
accumulation-free, 35
R-finite, 35
grid-based, 34
Levi-Civitian, 36
monomial, 115
weakly based, 36
well-based, 34
countable, 35

shifting
downward, 90, 137, 170
upward, 90, 137, 170

sign change, 229
similar modulo flatness, 30
solution

distinguished, 146, 160, 182, 197
modulo W, 175
multiplicity, 175
normalized, 175

st_term, 194
starting

coefficient, 59
exponent, 58
monomial, 58, 65, 152, 174
algebraic, 174
differential, 174
mixed, 174

term, 59, 65, 152, 174
algebraic, 174
differential, 174
multiplicity, 65, 152, 174

steep complement, 87
Stirling number, 137, 170
strong

Abelian group, 46
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R-algebra, 47
associativity, 46
commutativity, 45
derivation, 98, 116
difference operator, 106, 117
differential operator, 117
integration, 116
linear mapping, 47
R-module, 47
monomial morphism, 72
multilinear mapping, 116
repetition, 46
ring, 47
summation operator, 117
tensor product, 120
trivial — structure, 46

subtree, 19
successor, 19
support, 36

operator, 117, 123
Taylor series, 108, 122, 125
tensor product, 23

anti-lexicographical, 23
strong, 120

term, 36
dominant, 40
regular for L, 141
starting, 65, 152, 174
algebraic, 174
differential, 174
multiplicity, 65, 152, 174

theorem
Cantor, 16
compactness, 204
Higman, 18
incomplete transbasis, 92
intermediate value, 229
Kruskal, 21
Newton-Puiseux, 68
Translagrange, 112

trace of differential operator, 141
transbasis, 92

incomplete — theorem, 92
level, 92
plane, 102

transfinite induction, 16
Translagrange theorem, 112
transparent

differential polynomial, 173

transseries, 173
transseries

complex coefficients, 158
contraction, 91
convergent, 94
depth, 90
dilatation, 91
downward shift, 90
exp-log, 94
exponential, 90
exponential height, 89
field of grid-based —, 84
in x, 89
inverse, 111
level, 90
logarithmic, 89
logarithmic depth, 89
log-confluent, 92
oscillating, 159
spectral decomposition, 159

scalar product, 112
upward shift, 90
well-based, 91
convergent, 96

tree, 20, 20
arity, 20
E-labeled, 20
leaf, 19
node, 19
root, 19
unoriented, 19

truncation, 43
greatest common, 43

ultra-strong
R-algebra, 47
R-module, 47

unbounded, 27
unravel, 195
unravel_sub, 195
unraveller

distinguished, 197
unravelling

atomic, 186
partial, 187
total, 186

upward shifting, 90, 137, 170
valuation, 28, 58

differential polynomial, 167
weighted, 168
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weakly based set, 36
weight

differential polynomial, 168
vector, 168

weighted valuation, 168
well-based

family, 39
series, 39
set, 34
countable, 35

transseries, 91
convergent, 96

well-ordering, 15
well-quasi-ordering, 17
widening, 71
wider Cartesian basis, 71
width of cut, 209
word, 13

commutative, 15
Zorn’s lemma, 15
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Commuting Projećtions: A Vector Measure Approach
(1999)
Vol. 1712: N. Schwartz, J. J. Madden, Semi-algebraic
Function Rings and Reflectors of Partially Ordered
Rings (1999)
Vol. 1713: F. Bethuel, G. Huisken, S. Müller, K. Stef-
fen, Calculus of Variations and Geometric Evolution Prob-
lems. Cetraro, 1996. Editors: S. Hildebrandt, M. Struwe
(1999)
Vol. 1714: O. Diekmann, R. Durrett, K. P. Hadeler, P.
K. Maini, H. L. Smith, Mathematics Inspired by Biology.
Martina Franca, 1997. Editors: V. Capasso, O. Diekmann
(1999)
Vol. 1715: N. V. Krylov, M. Röckner, J. Zabczyk, Stochas-
tic PDE’s and Kolmogorov Equations in Infinite Dimen-
sions. Cetraro, 1998. Editor: G. Da Prato (1999)
Vol. 1716: J. Coates, R. Greenberg, K. A. Ribet, K. Ru-
bin, Arithmetic Theory of Elliptic Curves. Cetraro, 1997.
Editor: C. Viola (1999)
Vol. 1717: J. Bertoin, F. Martinelli, Y. Peres, Lectures on
Probability Theory and Statistics. Saint-Flour, 1997. Edi-
tor: P. Bernard (1999)
Vol. 1718: A. Eberle, Uniqueness and Non-Uniqueness
of Semigroups Generated by Singular Diffusion Opera-
tors (1999)
Vol. 1719: K. R. Meyer, Periodic Solutions of the N-Body
Problem (1999)
Vol. 1720: D. Elworthy, Y. Le Jan, X-M. Li, On the Geom-
etry of Diffusion Operators and Stochastic Flows (1999)
Vol. 1721: A. Iarrobino, V. Kanev, Power Sums, Goren-
stein Algebras, and Determinantal Loci (1999)
Vol. 1722: R. McCutcheon, Elemental Methods in Ergodic
Ramsey Theory (1999)
Vol. 1723: J. P. Croisille, C. Lebeau, Diffraction by an Im-
mersed Elastic Wedge (1999)
Vol. 1724: V. N. Kolokoltsov, Semiclassical Analysis for
Diffusions and Stochastic Processes (2000)
Vol. 1725: D. A. Wolf-Gladrow, Lattice-Gas Cellular Au-
tomata and Lattice Boltzmann Models (2000)
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