
Appendix A

A.1 Brunn–Minkowski Inequality

The most important integral inequality in convexity is Hölder’s inequality which
states that for any two non-negative, measurable functions f; g W Rn ! RC and
0 � � � 1 we have

Z
Rn
f .x/1��g.x/�dx �

�Z
Rn
f .x/dx

�1�� �Z
Rn
g.x/dx

��
:

In the case that f D �A and g D �B are the characteristic functions of A;B ,
measurable sets in Rn, Hölder’s inequality reads

jA\ Bjn � jAj1��n jBj�n 8 0 � � � 1;

which is equivalent to

jA\ Bjn � minfjAjn; jBjng:

It is clear that these inequalities cannot be reversed at all. However, we can give
a kind of reverse inequality, due to Prékopa and Leindler, using one type of convex
convolution of functions.

Given two non-negative measurable functions f; g and 0 � � � 1 defined on Rn,
we consider the function f 1�� �sup g

� defined by

f 1�� �sup g
�.z/ WD sup

zD.1��/xC�y
f .x/1��g.y/�:

© Springer International Publishing Switzerland 2015
D. Alonso-Gutiérrez, J. Bastero, Approaching the Kannan-Lovász-Simonovits
and Variance Conjectures, Lecture Notes in Mathematics 2131,
DOI 10.1007/978-3-319-13263-1

137



138 A Appendix

This function is not necessarily measurable, but we can consider its exterior
Lebesgue integral

Z �

Rn
f 1�� �sup g

�.z/dz D inf

�Z
Rn
h.z/dz W f 1�� �sup g

�.z/ � h.z/

�
:

Then we have

Theorem A.1 Let f; g be two non-negative measurable functions defined on Rn

and 0 � � � 1. Then

�Z
Rn
f .x/dx

�1�� �Z
Rn
g.x/dx

��
�

Z �

Rn
f 1�� �sup g

�.x/dx:

This result is a consequence of the following inequality:

Theorem A.2 (Prékopa–Leindler’s Inequality) Let f; g; h be three non-negative
measurable functions defined on Rn and 0 � � � 1 such that

f .x/1��g.y/� � h.z/ whenever z D .1 � �/x C �y:

Then

�Z
Rn
f .x/dx

�1�� �Z
Rn
g.y/dy

��
�

Z
Rn
h.z/dz:

Proof We present the approach learned from K. Ball (see [3] and [9]). We can
assume, by homogeneity, that kf k1 D kgk1 D 1. In dimension n D 1, let A,
B be two non-empty compact sets in R. It is clear that

AC B � .minAC B/[ .AC maxB/

and

.minACB/ \ .AC maxB/ D minAC maxB;

which has volume 0, so we have

jAC Bj1 � jAj1 C jBj1
for compact sets in R and by an approximation procedure, for any couple of Borel
sets in R. Then for any 0 � t < 1, since

fx 2 R W h.x/ � tg � .1 � �/fx 2 R W f .x/ � tg C �fx 2 R W g.x/ � tg;
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we have

Z
R
h.x/dx �

Z 1

0

jfx 2 R W h.x/ � tgjdt

� .1 � �/
Z 1

0

jfx 2 R W f .x/ � tgjdt C �

Z 1

0

jfx 2 R W g.x/ � tgjdt

� (by the arithmetic-geometric mean inequality)

�
�Z

R
f .x/dx

�1�� �Z
R
g.x/dx

��
:

The case n > 1 is deduced by induction. Fix x1 2 R, define fx1 W Rn�1 ! Œ0;1/

by fx1.x2; : : : ; xn/ D f .x1; : : : ; xn/. By assumption we have

hz1 ..1 � �/.x2; : : : ; xn/C �.y2; : : : ; yn// � fx1.x2; : : : ; xn/
1��gy1 .y2; : : : ; yn/�

for any .x2; : : : ; xn/; .y2; : : : ; yn/ 2 Rn�1, whenever z1 D .1 � �/x1 C �y1. By the
induction hypothesis,

Z
Rn�1

hz1 .z/d z �
�Z

Rn�1

fx1.x/d x

�1�� �Z
Rn�1

gy1 .y/d y

��
:

Applying again the inequality for n D 1 and Fubini’s theorem we obtain the result.

If we apply this inequality to f D �A and g D �B , characteristic functions of A
and B Borel sets in Rn, we obtain

Theorem A.3 (Brunn–Minkowski Inequality) Let A;B two Borel sets in Rn. For
any 0 � � � 1

jAj1��jBj� � j.1� �/AC �Bj; (A.1)

or, equivalently,

jAj 1n C jBj 1n � jAC Bj 1n ; (A.2)

whenever A 6D ; and B 6D ;.

Inequality (A.1) is a dimension-free version of Brunn–Minkowski inequality
(note that in this case the set .1 � �/AC �B is measurable).

Inequalities (A.1) and (A.2) are equivalent. By taking A0 D A

jAj 1n
, B 0 D B

jBj 1n
and � D jBj 1n

jAj 1n C jBj 1n
in (A.1), we get (A.2).
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The reverse implication is easy to obtain, given any 0 � � � 1,

j.1 � �/AC �Bj 1n � .1 � �/jAj 1n C �jBj 1n
� (by the arithmetic-geometric mean inequality)

� jAj 1��n jBj �n :

A.2 Consequences of Brunn–Minkowski Inequality

Proposition A.1 Any log-concave probability � on Rn satisfies Brunn–Minkowski
inequality, i.e.,

�..1 � �/AC �B/ � �.A/1���.B/�

for any A;B � Rn non-empty Borel sets and any 0 � � � 1.

Proof We have that d�.x/ D e�V.x/dx where V W Rn ! .�1;1� is a convex
function. We take f .x/ D �A.x/e�V.x/, g.y/ D �B.y/e�V.y/ and

h.z/ D �.1��/AC�B.z/e�V.z/:

Then we apply Prékopa–Leindler’s inequality.

Proposition A.2 (Isoperimetric Inequality in Rn) Let A be a bounded Borel set
in Rn then

j@Aj 1
n�1

n�1
jAj 1nn

� jSn�1j 1
n�1

n�1
jBn

2 j 1nn
D n

1
n�1 jBn

2 j 1
n.n�1/ ;

where

j@Ajn�1 D lim inf
t!0

jAt jn � jAjn
t

and At D fx 2 RnI d.x;A/ � tg D AC tBn2 .

Proof It is clear that

jAt jn � jAjn D jAC tBn2 jn � jAjn �
�

jAj 1nn C t jBn
2 j 1n

�n
� jAjn

� ntjAj n�1
n

n jBn
2 j 1n :



A.2 Consequences of Brunn–Minkowski Inequality 141

Hence,

j@Ajn�1 � njAj n�1
n

n jBn
2 j 1n

and the result follows.

Proposition A.3 (Isoperimetric Inequality in Sn�1 by P. Levy) Let A be any
Borel set in A � Sn�1 such that �.A/ � 1=2, where � is the uniform probability on
Sn�1. Then

�.A"/ � 1 � 2e�C"2n for any 0 < " < 1;

where C > 0 is an absolute constant. (Caps are the minimizers for measuring the
boundary).

We show a proof given by Arias de Reyna et al. [2]. The original proof gives
better constants:

�.A"/ � 1 �
r
�

8
e� "2n

2 :

We begin showing the following lemma:

Lemma A.1 Let � be the uniform probability on Bn
2 , i.e, �.A/ D jA\ Bn

2 j
jBn

2 j . Let

A;B be Borel sets in Bn
2 . Then

minf�.A/; �.B/g � e
�d.A;B/

2n

8 :

Proof Assume that A;B are closed in Bn
2 and let ˛ D minf�.A/; �.B/g , � D

d.A;B/. By Brunn–Minkowski inequality

ˇ̌
ˇ̌1
2
AC 1

2
B

ˇ̌
ˇ̌
1
n

�1
2

jAj 1n C 1

2
jBj 1n H) �

�
AC B

2

�
� ˛:

If a 2 A, b 2 B , H) jaC bj2 D 2jaj2 C 2jbj2 � ja � bj2 � 4 � �2 and then

AC B

2
�

r
1 � �2

4
Bn
2 :

Thus,

˛ � �

�
AC B

2

�
D

�
1 � �2

4

� n
2

� e� �2n
8 :
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Proof (of Proposition A.3)
LetA � Sn�1 with �.A/ � 1=2. Given " > 0 denoteB D .A"/c . Fix 0 < � < 1.

Define NA D fta 2 Rn W � � t � 1; a 2 Ag and NB D fsb 2 Rn W � � s � 1; b 2
Bg � Bn

2 .
If Na D ta 2 NA; Nb D sb 2 NB , we have

j Na � Nbj D jta � sbj � j�a � �bj D �ja � bj � �":

Besides, notice that

�. NA/ D 1

jBn
2 j

Z 1

�

rn�1dr�.A/ D .1 � �n/�.A/

and, in the same way, �. NB/ D .1 � �n/�.B/.
Since �.A/ � 1=2 we have that �.B/ � 1=2 and then, by the previous lemma,

.1 � �n/�.B/ D ˛ � e
�n�

2"2

8 :

Hence, taking � D 2� 1
n , we obtain

�..A"/c/ � 2e�C"2n

and the result follows.

A.3 Borell’s Inequality and Concentration of Mass

The following inequality, proved by C. Borell [4], is verified by every log-concave
probability measure. As a consequence, we show the exponential decay of the
distribution function and the equivalence of all the p-th moments of the Euclidean
norm.

Proposition A.4 Let � be a log-concave probability on Rn. Let 1
2

� 	 < 1. Then,
for every symmetric convex set A � Rn with �.A/ � 	 , we have that

�..tA/c/ � 	

�
1 � 	

	

� 1Ct
2

for every t > 1.
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Proof It is clear that

Ac � 2

t C 1
.tA/c C t � 1

t C 1
A:

Then, by Brunn–Minkowski inequality,

1 � 	 � �.Ac/ � �..tA/c/
2

tC1 �.A/
t�1
tC1 ;

which implies the result.

Proposition A.5 (Reverse Hölder’s Inequality and Exponential Decay) There
exist absolute constants C1; C2 D 2C1e > 0 such that for any log-concave
probability on Rn and for any semi-norm f W Rn ! Œ0;1/ we have

(i)
�
E�f p

� 1
p � C1p E�f; 8p > 1,

(ii) E�e
f

C2E�f � 2, and
(iii) �

˚
x 2 Rn W f .x/ � C2tE�f

� � 2e�t ; 8 t > 0:
Proof (i) Since any semi-norm is integrable we can assume E�f D 1. Let A be

the set A D fx 2 Rn W f .x/ < 3g. By Markov’s inequality �.A/ � 2
3
. Then,

� fx 2 Rn W f .x/ � 3tg D �..tA/c/ � 2

3

�
1

2

� 1Ct
2

� 2� t
2 � e�t log 2

2

whenever t > 1. Let p > 1. Then

E�f p D
Z 3

0

p tp�1�fx 2 Rn W f .x/ > tgdt

C
Z 1

3

p tp�1�fx 2 Rn W f .x/ > tgdt

� 3p C 3p
Z 1

1

p sp�1e�2sds � .C1p/
p

for some absolute constant C1 > 0 and i) follows.
(ii) Assume again that E�f D 1. Let A > 0 to be fixed later.

E�e
f
A D 1C

1X
pD1

1

pŠ
E�

�
f

A

�p

� 1C
1X
pD1

1

pŠ

C
p
1 p

p

Ap
� 1C

1X
pD1

�
C1e

A

�p
:

The result follows choosing A D 2C1e.
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(iii) By Markov’s inequality, we have

�fx 2 Rn W f .x/ > tE�f g D �

�
x 2 Rn W f .x/

C2E�f
>

t

C2

�

� e�t=C2E�e
f

C2E�f 2e� t
C2

and (iii) follows.

Remark A.1 In the case that f .x/ D jxj, by repeating the arguments and taking

A D fx W jxj � e3
�
E�jxjp� 1

p g in the proof before, p � 2, we obtain

�
n
x 2 Rn W jxj � te3

�
E�jxjp� 1

p

o
� .1 � e�3p/

�
e�3p

1 � e�3p

� 1Ct
2

� e�3pt

for every t � 1.

Remark A.2 Alesker (see [1]) proved that for isotropic convex bodies,

jfx 2 KI jxj > ctEjxjgjn � 2e�t 2 8t > 0

for some absolute c > 0.

Remark A.3 Paouris [7] proved the following strong inequality:
There exists an absolute constant C > 0 such that for every log-concave

probability � in Rn we have

�
E�jxjp� 1

p � C max

( �
E�jxj2� 12 ; sup

	2Sn�1

�
E�jhx; 	ijp� 1

p

)

for any p � 1. Using Borell’s inequality we have

�
E�jhx; 	ijp� 1

p � C1p
�
E�jhx; 	ij2� 12 � C1p��

for some absolute constant C1 > 0 and for any 	 2 Sn�1. Hence

�
E�jxjp� 1

p � C max

��
E�jxj2� 12 ; p��

�
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for any p � 1. If we take p D t.E�jxj2/
1
2

��
, with t � max

(
1;

��

.E�jxj2/
1
2

)
we obtain,

by (i) in the latter proposition,

�

�
jxj > Cte3

�
E�jxj2� 12

�
� �

n
jxj > e3

�
E�jxjp� 1

p

o

� e�3p D e
�3 t.E�jxj

2/
1
2

�� :

In particular when � is isotropic and t � 1

�fx 2 Rn W jxj � C1t
p
ng � e�C2tpn:

This inequality can also be expressed in the following way:

�fx 2 Rn W jxj � .1C s/
p
ng � e�C3spn

for some s � s0. Indeed, we take t D 1Cs
C1

� 1 (so, s � C1 � 1) and C2t � C3s.
This inequality had been previously obtained by Bobkov and Nazarov in the case

of isotropic unconditional log-concave probabilities.

Remark A.4 R. Latała and O. Guédon (see [6] and [5]) extended previous results
for the range �1 < p � 1, since they proved the following “small-ball probability”
result:

Proposition A.6 There exists an absolute constant C > 0 such that for any norm
f W Rn ! Œ0;1/ and for any log-concave probability on Rn we have

(i)

�fx 2 RnIf .x/ � tE�f g � Ct 8t > 0;

(ii) For any �1 < p � 1 we have

�
E�f p

� 1
p � E�f � C

p C 1

�
E�f p

� 1
p :

Proof (Only of (ii))
We can assume �1 < p < 0. Let q D �p 2 .0; 1/. Then

E�f p D
Z 1

E�f

0

qtq�1�
�
x 2 Rn W 1

f .x/
> t

�
dt

C
Z 1

1
E�f

qtq�1�
�
x 2 Rn W 1

f .x/
> t

�
dt
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� �
E�f

�p C
Z 1

0

�
E�f

�p
q�

˚
x 2 Rn W f .x/ < sE�f

� ds

sqC1

� �
E�f

�p �
1C Cq

Z 1

0

ds

sq

�
� �

E�f
�p 1C Cq

1 � q
� e�Cp

1C p

�
E�f

�p
:

Thus,

.Ef p/
1
p �

�
1C p

e�Cp

�� 1
p

Ef � C1.1C p/Ef:

Remark A.5 Paouris [8] extended this result showing that for any 1 � q � C3
p
n

we have

�
E�jxj�q�� 1

q � �
E�jxjq� 1q

for some absolute constant 0 < C3 < 1. Furthermore a small-ball probability
estimate can be deduced for every isotropic measure since, in that case, one has

�fx 2 Rn W jxj � "
p
ng � "c4

p
n

for any 0 < " < "0, where "0; c4 are absolute constants.
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