Appendix A

A.1 Brunn-Minkowski Inequality

The most important integral inequality in convexity is Holder’s inequality which
states that for any two non-negative, measurable functions f,g : R” — Ry and
0 < A <1 we have

1-A
=4 (VA gy <
[ e aeras< ([ o) ([ eoar)

In the case that f = y4 and g = yp are the characteristic functions of 4, B,
measurable sets in R”, Holder’s inequality reads

A

AN Bl, <|Al,*Bl;  Y0=AsL,
which is equivalent to
|A N B, < min{|Al,, B}

It is clear that these inequalities cannot be reversed at all. However, we can give
a kind of reverse inequality, due to Prékopa and Leindler, using one type of convex
convolution of functions.

Given two non-negative measurable functions f, g and 0 < A < 1 defined on R”,
we consider the function f'=* *sup g" defined by

1-1 A . 1-A A
ST kap gt (@)= sup o f(x) e (n)"
z=(1-A)x+Ay
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This function is not necessarily measurable, but we can consider its exterior
Lebesgue integral

P sy ¢ (2)dz = inf{ h@dz: 1 vy £ (2) < h(D))
R”

RH
Then we have

Theorem A.1 Let f,g be two non-negative measurable functions defined on R"
and0 < A < 1. Then

1—-1 A *
(Rn f(x)dx) ( /R n g(x)dx) < /R 11wy £ ().

This result is a consequence of the following inequality:

Theorem A.2 (Prékopa-Leindler’s Inequality) Let f, g, h be three non-negative
measurable functions defined on R" and 0 < A < 1 such that

fO) g <h(z)  whenever  z=(1—2A)x + Ay.

Then

1—A A
< h .
([ rwas) ([ e = [ heo

Proof We present the approach learned from K. Ball (see [3] and [9]). We can
assume, by homogeneity, that || f|lcoc = [|€llcc = 1. In dimension n = 1, let 4,
B be two non-empty compact sets in R. It is clear that
A+ B2 (minA + B)U (A + max B)
and
(min A + B) N (A + max B) = min A + max B,
which has volume 0, so we have

|A+ Bl = [A]: + |Bs

for compact sets in R and by an approximation procedure, for any couple of Borel
sets in R. Then for any 0 <t < 1, since

(XER ) =132 (1-MxeR: f(x) =1} +Ax €R 1 g(x) =1},
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we have

1
/h(x)dx > / [{x € R : h(x) > t}|dt
R 0

1 1
> (1—)&)/ KxeR: f(x) zt}|dt+)t/ {x e R : g(x) > t}|dt
0 0
> (by the arithmetic-geometric mean inequality)
z

([ s ™ ([ evoar)”

The case n > 1 is deduced by induction. Fix x; € R, define f, : R*™! — [0, c0)
by fo, (x2,...,xn) = f(x1,...,X,). By assumption we have

By (U= 202, 0) + 2020, 70)) 2 fa (s ) g (2 ya)

for any (x2,...,%,), (V2,...,yn) € R"7! wheneverz; = (1 — A)x; + Ay;. By the
induction hypothesis,

1-A A
/' mmadzz( ﬁmmdf) (/ &mwdv).
Rnfl Rnfl Rnfl

Applying again the inequality for n = 1 and Fubini’s theorem we obtain the result.

If we apply this inequality to f = x4 and g = xp, characteristic functions of A
and B Borel sets in R”, we obtain

Theorem A.3 (Brunn—-Minkowski Inequality) Let A, B two Borel sets in R". For
any0 <A <1

|A|"*[BI* < |(1-2)4 + AB|, (A1)
or, equivalently,
|A|" + |B|" < |A+ BJ7, (A2)

whenever A # @ and B # 0.

Inequality (A.1) is a dimension-free version of Brunn—Minkowski inequality

(note that in this case the set (1 — 1)A4 + AB is measurable).
A , B

1 = T
|Al» | B|

Inequalities (A.1) and (A.2) are equivalent. By taking 4’ =
|B|

and A = ———
A+ + |B|»

in (A.1), we get (A.2).
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The reverse implication is easy to obtain, givenany 0 < A < 1,

|(1—=2)A+AB|7 > (1—A)|A|" + A|B|"
> (by the arithmetic-geometric mean inequality)
1—2 A
> |A| n |B|n_

A.2 Consequences of Brunn—Minkowski Inequality

Proposition A.1 Any log-concave probability u on R" satisfies Brunn—Minkowski
inequality, i.e.,

(1 =2)A + AB) = (A pu(B)*

forany A, B C R" non-empty Borel sets and any 0 < A < 1.
Proof We have that du(x) = e V®dx where VV : R" — (—00,00] is a convex
function. We take f(x) = y4(x)e™"®, g(») = yz(y)e™"") and

h(z) = xa-nasrp(2)e” 9.

Then we apply Prékopa-Leindler’s inequality.

Proposition A.2 (Isoperimetric Inequality in R") Let A be a bounded Borel set
in R" then

# n—1 ﬁ
| Al | By

where

At n = A n
|0A|,—1 = lim infM
t—0 t

and A" = {x e R";d(x,A) <t} = A+ 1Bj.

Proof 1Tt is clear that

1 1 n
|A], = Al = |A+ B3|, — Al > (|A|£’ +Z|B§|”) — Al

n—l1

1
nt|Al," |Bj|".

v
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Hence,

n—

1 1
|0A[y—1 = n|Al," |By["

and the result follows.

Proposition A.3 (Isoperimetric Inequality in S"~! by P. Levy) Let A be any
Borel setin A C S"! such that 6(A) > 1/2, where o is the uniform probability on
S"~. Then

o(A%) >1-— 2e=Cen for any 0<e<l,

where C > 0 is an absolute constant. (Caps are the minimizers for measuring the
boundary).

We show a proof given by Arias de Reyna et al. [2]. The original proof gives

better constants:
7[ 821'1
o(A°) > 1-— ,lge_T.

We begin showing the following lemma:

AN B
Lemma A.1 Let u be the uniform probability on B}, i.e, u(A) = % Let
2
A, B be Borel sets in B}. Then
d(A, B)*n
min{u(A), u(B)} <e 8

Proof Assume that A, B are closed in B} and let @ = min{u(A4), u(B)} , p =
d(A, B). By Brunn—Minkowski inequality

1
1 L = 1 1 1 1 A+ B
—A+ —B| >—|Aln» —|B|" = > .
‘2 = ‘ > 1Al +11B u( ' )_a

Ifa € A,b € B,= |a+ b|* =2|a]® + 2|b|> — |a — b|> < 4 — p? and then

A+ B 2
P -y
2 4
3 (A+B)
a<u =
2

Thus,

—

P

|
INEE
~—
(ST
IA
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Proof (of Proposition A.3)

Let A € " ! witho(A4) > 1/2. Givene > 0 denote B = (A4°)°. Fix0 < A < 1.
Deﬁne/I:{mER” : Aftfl,aeA}andB:{sbeR” A<s<1,be
B} C BJ.

If&:taeléi,l;zsbeé,wehave

|c'1—15| = |ta—sb| > |Aa — Ab| = A|la — b| > Ae.
Besides, notice that

1

A) =
w(A) B

1
/ r"dro(4) = (1 — A" u(A)
A

and, in the same way, 1(B) = (1 — A")u(B).
Since 0 (A) > 1/2 we have that 0(B) < 1/2 and then, by the previous lemma,
ni2e?

A-"uB)=a<e 8

Hence, taking A = 27w , we obtain
O_((AS)C) < 2e—C62n

and the result follows.

A.3 Borell’s Inequality and Concentration of Mass

The following inequality, proved by C. Borell [4], is verified by every log-concave
probability measure. As a consequence, we show the exponential decay of the
distribution function and the equivalence of all the p-th moments of the Euclidean
norm.

Proposition A.4 Let u be a log-concave probability on R". Let % < 6 < 1. Then,
for every symmetric convex set A C R" with u(A) > 0, we have that

141
2

H((AY) < 0 (%)

foreveryt > 1.
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Proof 1Tt is clear that

r—
A‘D—tA‘ —A
+1()+ t+1

Then, by Brunn—Minkowski inequality,
1= 6 = u(A) = p((A)) 1 p(A) 7,

which implies the result.

Proposition A.5 (Reverse Holder’s Inequality and Exponential Decay) There
exist absolute constants C;,C, = 2Cie > 0 such that for any log-concave
probability on R" and for any semi-norm f : R" — [0, 00) we have

(i) (Eof?)” <CipEf.  Vp>1,

f
(ii) E,e®"7 <2, and
(iii) p{x €R": f(x) = CptE, f} < 27", Vi>0.

Proof (i) Since any semi-norm is integrable we can assume E,, f = 1. Let A be
theset A = {x € R" : f(x) < 3}. By Markov’s inequality ©(A4) > % Then,

2 (1) % :
pix eR': () 231} = p((A)) < 5 (—) <275 <oV
whenevert > 1. Let p > 1. Then
3
E.f? :/ ptP lufx eR" 1 f(x) > tdt
0
o0
+/ ptP lu{x e R 1 f(x) > t}de
3
o0
<374 31’/ psP~le™¥ds < (Cip)?
1

for some absolute constant C; > 0 and i) follows.
(ii) Assume again that E, /' = 1. Let A > 0 to be fixed later.

o0
1A 1 1\
EMeA =1 +ZEEM (Z)
=1
o0 o0
lClp” Cie
<1+ FRVTRE Z_:(

p=1

The result follows choosing A = 2Cje.
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(iii)) By Markov’s inequality, we have

" _ n. Jx) !
wix eR" © f(x) >tE, f} = pnix eR 'CZE,Lf>C2

S
< e /CE, e T 2¢O

and (iii) follows.
Remark A.1 In the case that f(x) = |x|, by repeating the arguments and taking
1
A ={x : |x| <e*(E,lx|”)”} in the proof before, p > 2, we obtain
141

1 e 3P 2
" {x eR" : x| > e’ (Eﬂ|x|p)f”} <(1-e77) (1—_3])) < et
—e

forevery t > 1.

Remark A.2 Alesker (see [1]) proved that for isotropic convex bodies,
l{x € K:|x| > cfE|x[}], <26 Vi>0

for some absolute ¢ > 0.

Remark A.3 Paouris [7] proved the following strong inequality:
There exists an absolute constant C > 0 such that for every log-concave
probability o in R” we have

(E,L|x|”)% < C max § (E,L|x|2)% ,esup 1 (EM|(x, 9)|p)
esn—

~ -
———

for any p > 1. Using Borell’s inequality we have

1
(Eul(x,0)17)7 < Cip (Eul(x,0)%)* < Ciphy

for some absolute constant C; > 0 and for any § € S"~'. Hence

(E,L|x|”)% < C max { (E,L|x|2)% ,pku}
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23
for any p > 1. If we take p = m, with ¢ > max { 1, A . § we obtain,
z (ElsP)?
by (i) in the latter proposition,

==

|

wllx| > Cre? (Eu|x|2)£} <n {|x| > e (E,|x|”)

1
t(Eulx?) 2
<e ¥ =¢

In particular when p is isotropic and ¢ > 1
pix €R" 1 |x| = Cit/n} < e” Y,
This inequality can also be expressed in the following way:
plx € R tfx| = (1+5)v/n) < eV

for some s > s¢. Indeed, we take t = % > 1(so,s > C; —1)and Cyt > Css.
This inequality had been previously obtained by Bobkov and Nazarov in the case
of isotropic unconditional log-concave probabilities.

Remark A.4 R. Latata and O. Guédon (see [6] and [5]) extended previous results
for the range —1 < p < 1, since they proved the following “small-ball probability”
result:

Proposition A.6 There exists an absolute constant C > 0 such that for any norm
f :R" — [0, 00) and for any log-concave probability on R" we have

(i)
wi{x e R"; f(x) <tE,f} < Ct vt > 0,
(ii) Forany —1 < p <1 we have

C
p+1

1 1
(Buf")? <Euf < (Enf?)”.
Proof (Only of (ii))

We can assume —1 < p < 0.Letg = —p € (0,1). Then

Efﬂ—/E‘i‘fqﬂ—lu{xeR"- ! >t}dt
[z - IR
0 S x)

+/ qtq_p,gxeR”:—>t}dt
! S(x)

Enf
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1
< (E.f)" + /0 (Euf) guix eR" : f(x) <sE,f} — q+1
1 —C
=w)” (e [ ) =@y T = S ey

1+p

Thus,

Ef7) > (lefc,f’ ) "Ef > i1+ p)ES.

Remark A.5 Paouris [8] extended this result showing that for any 1 < g < C3./n
we have

_1 1
(Eu|x|_q) ‘o~ (Eu|x|q)q

for some absolute constant 0 < C3 < 1. Furthermore a small-ball probability
estimate can be deduced for every isotropic measure since, in that case, one has

w{x eR" : |x| < e/n} <&

for any 0 < & < g9, where &y, ¢4 are absolute constants.
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