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a:Z«(X;Z) = Cuy1(X;Z), 11

a2 a’, 2-morphism in Chain™1(X), 87

AW Alexander-Whitney map, 35, 176

(a,b)y, group homomorphism, 112

B.(X), group of geometric boundaries, 9

B« (X;Z), group of singular boundaries, 6,
94

[Bls,,, image of B under ¢n, 9

B« (p;Z), group of mapping cone
boundaries, 95

C-Lines, category of Hermitian lines, 87

[c]s, > equivalence class mod. thin chains,
97

C«(X), group of geometric chains, 8

C«(X, A;Z), group of relative chains, 127

C«(X;Z), group of singular chains, 6

C«(X;Z), group of singular chains, 94

¢, characteristic class, 18, 60, 117, 128

Chain™t1(X), chain category, 86

cov, covariant derivative, 60, 116

Cy«(p;Z), group of mapping cone chains,
59, 95

curv, curvature, 18, 116, 128

[+]ar, de Rham cohomology class, 8

HBS,LH, equivalence class modulo
boundaries of thin chains, 7

Oy (s, t), mapping cone boundary map, 59

Ax, diagonal map, 33, 152

A(x,4), relative diagonal map, 152

d,, mapping cone codifferential, 96

0, mapping cone differential, 95

d,, mapping cone de Rham differential, 59,
96

E, total space of a fiber bundle, 12

E : Chain™t1(X) — C-Lines, chain field
theory, 87

EZ, Eilenberg-Zilber map, 15, 35, 176

evy, evaluation map, 77, 175

evi, evaluation map, 78

E, fiber of E over x, 13

F, typical fiber of a fiber bundle, 12

[f, 9], bordism class of a smooth map, 101

g, pull-back map, 12

H+(X), geometric homology, 10

H.(X), stratifold homology, 99

H.(X;Z), singular cohomology, 8

H.(X;Z), smooth singular homology, 95

h, smooth U(1)-valued map, 22

H* (¢;Z), relative Hopkins-Singer group,
134

H}R(X), de Rham cohomology, 8

H3R (X, A), relative de Rham cohomology,
128

H3p (), mapping cone de Rham
cohomology, 59, 96

o+ (X, A; Z) group of differential characters
on relative cycles, 128

a* (X;Z), group of differential characters,
17

H *(p;Z), group of relative differential
characters, 59

H*(X;U(1)), smooth singular cohomology
with U(1)-coefficients, 19

H(p) relative stratifold homology, 101

Hol”, higher holonomy, 74

H.(p;Z), mapping cone homology, 59

/~1~, real lift of differential character h, 18

H*(-;Z), differential cohomology theory,
25

H*(¢;Z), mapping cone cohomology, 96

H.(p;Z), mapping cone homology, 95

o+ (¢37Z), group of relative differential
characters, 116

1 H*=1(A;Z) — B*(¢;Z), 60

© Springer International Publishing Switzerland 2014 181
C. Bir, C. Becker, Differential Characters, Lecture Notes in Mathematics 2112,

DOI 10.1007/978-3-319-07034-6



182

i, differential character on U(1), 37

f , fiber integration of differential forms, 13

¢, topological trivialization, 129

v 2 YX) o BHY(X;Z), 19

Ly, topological trivialization, 117

7, representation of flat characters, 117,
129

jH*Y(X;U(1) » H*(X;2Z), 19

K, splitting of Kiinneth sequence, 35

A, transfer map, 14

A Ck—dimF(X§Z) — Ck(E;Z), 15

Ay, transfer map, 113

£", line bundle for higher parallel
transport, 74

L(X), free loop space of X, 77

M, compact oriented p-stratifold, 8

[M}askH, refined fundamental class, 97

[M, 8M]ask+1, refined fundamental class,
98

M ER X], geometric chain, 8

‘M, stratifold with reversed orientation, 9

u, cocycle for characteristic class, 18

V, connection on U(1)-bundle or complex
line bundle, 23

2*(X), space of differential forms, 6

2*(X, A), relative de Rham complex, 128

£2%(X), space of closed forms, 19

£25(X), space of closed forms with integral
periods, 19

2*(¢), space of relative differential forms,
59

125 (), space of closed mapping cone forms
with integral periods, 60

2* (), mapping cone de Rham complex,
96

PB,, pull-back of geometric chains, 12

PBg, pull-back operation, 106

PBEg, 4+ E, pull-back operation, 106

PT", higher parallel transport, 75

pn : Cn(X) = Cn(X;2)/Sn(X;Z), 9

7, fiber integration for singular cohomol-
ogy, 16

?[‘?E, fiber integration for fibers with
boundary, 52

7, fiber integration, 158

7, fiber integration for differential
characters, 41

/ﬂ\‘!E, fiber integration for fibers with
boundary, 72

(P, V), U(1)-bundle with connection, 23

[P, V, o], isomorphism class of complex line
bundle with connection and section,
63

P, parallel transport, 23

Index

P H*(p;Z) — H*(X;Z), 60

P(X), path space of X, 83

Ut Zn(X) = Zn(X;2)/0Sn+1(X;Z), 9

R*(X, A;Z), group of pairs of forms and
cohomology classes, 129

RY, curvature of V, 23

R*(¢;7Z), group of pairs of forms and
cohomology classes, 117

S, splitting of Kiinneth sequence, 35

S«(X;7Z), complex of thin singular chains,
95

S«(X;Z), group of thin chains, 6

o, section of U(1)-bundle or complex line
bundle, 62

[']s,,, equivalence class modulo thin chains,
7

s, t}awsw equivalence class mod. bound-
aries of thin chains, 97

*, internal product, 138

*, internal product of differential
characters, 31

S«(¢;Z), group of thin mapping cone
chains, 95

7E | transgression along manifolds with
boundary, 83

Ty, transgression along X', 77

Ty, transgression along closed manifold,
175

Tw,ow, transgression with presribed
covariant derivative, 85

79E transgression along the boundary, 83

¢, connection 1-form, 23

X, external or cross product of differential
characters, 32

X, cross product of geometric chains, 10

Trqxr—1(p x idx/; Z), Kiinneth comple-
ment, 144

w: Cr—dim F(X3Z) — Zk(X;Z), 15

X, cross product, 105, 140

Z, natural transformation from a differen-
tial cohomology theory to differential
characters, 26

[#]as,,» equivalence class mod. boundaries
of thin chains, 97

Z,(X), group of geometric cycles, 9, 99

Z«(X, A;Z), group of relative cycles, 127

Z+(X;7Z), group of singular cycles, 6, 94

C: Zu(X5Z) — Zo(X), 11

[(los,, 41> image of ¢ under ¥n, 9

(¢,7)y, group homomorphism, 112

Z+«(p; Z), group of mapping cone cycles,
59, 95

Z.(p), group of geometric relative cycles,
100
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Alexander-Whitney map, 35, 176
mapping cone ~, 177

bordant, 101
bordism, 100
boundary
geometric ~, 9
bundle gerbe, 123

category of Hermitian lines, 87
chain
degenerate ~, 95
geometric ~, 8
thin ~, 94
chain category, 86
chain field theory, 87
differential characters, 87
thin invariance, 87
character functor, 25
characteristic class, 117, 128
of a differential character, 18
of a relative differential character, 60
Cheeger-Chern-Simons construction, 70,
126
Cheeger-Simons construction, 69, 126
Chern class, 23
cohomology
mapping cone ~, 96
relative de Rahm ~, 128
cohomology transfer, 17
compatibility
of external product with characteristic
class, 33
of external product with curvature, 32
of external product with topological
trivialization, 33
of fiber integration with characteristic
class, 48
of fiber integration with curvature, 41
of fiber integration with topological
trivialization, 42
of internal product with characteristic
class, 32
of internal product with curvature, 32
of internal product with topological
trivialization, 32
connection 1-form, 23
Corollary
Existence and uniquess of fiber
integration, 47
Long exact sequence, 67
Properties of sections, 68

Transgression with prescribed covariant

derivative I, 85
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Transgression with prescribed covariant
derivative 11, 85
Uniqueness of ring structure, 37
covariant derivative, 116
of a relative differential character, 60
prescribed ~, 84
cross product
differential cohomology ~, 32
of differential characters, 32, 141
of geometric chains, 10
of geometric cycles, 105
of relative and absolute characters, 144
on stratifold homology, 105
curvature, 128
of a bundle gerbe with connection, 123
of a differential character, 18
of a line bundle with connection, 23
of a relative differential character, 60,
116
curving, 123
cycle
geometric ~, 9, 99
geometric relative ~, 100

de Rham-Federer currents, 17, 31, 40, 63
Definition
cross product, 32
differential cohomology theory, 24
differential space, 5
external product, 32
fiber integration, 41
fiber integration map, 43
internal product, 31
ring structure, 31
section, 61
smooth space, 6
thin chains, 6
transgression along closed manifold, 77
transgression along manifold with
boundary, 82
degenerate chain, 95
Deligne cohomology, 17, 40
Deligne complex, 64
diagonal map, 152
diagram
of transfer maps, 113
pull-back bundles, 106
diffeological space, 6
differential character, 18
admitting sections, 61
chain field theories, 87
characteristic class, 18, 117
Cheeger-Simons construction, 69, 126
cross product, 32, 140, 141



184

curvature, 18, 60
evaluation on torsion cycle, 21, 119
external product, 32, 140
fiber integration, 41, 157
0-dimensional fiber, 54
1-dimensional fiber, 53
fiber products, 55
fibers that bound, 52
flat ~, 18
flat along ¢, 68
holonomy, 74
homotopy formula, 53
internal product, 31, 138
local sections, 69
long exact sequence, 67, 120, 130
nturality, 21
of degree 1, 23
of degree 2, 23
on relative cycles, 128
parallel ~; 117
parallel section, 127
parallel transport, 75
pull-back, 118
real lift, 18
relative ~, 59, 116
ring structure, 31, 138
section along ¢, 121
thin invariance, 20, 118
topological trivialization, 19, 117
topologically trivial, 18, 117
topologically trivial along ¢, 68
topologically trivial along ¢, 121
transgression
along S', 77
along closed manifold, 77
along interval I, 83
along manifold with boundary, 82
to loop space, 77
with prescribed covariant derivative, 85
up-down formula, 58, 173
differential cocycle, 134
long exact sequence, 134
relative ~, 134
differential cohomology cross product, 32
differential cohomology theory, 24
differential space, 5
Dixmier-Douady class, 123

Eilenberg-Zilber map, 15, 35, 176
mapping cone ~, 177
evaluation map, 77, 78, 175
external product
of differential characters, 140
of differential forms, 143

Index

of relative and absolute characters, 144

fiber integration
compatibility with mapping cone de
Rham differential, 108
for differential characters, 41
0-dimensional fiber, 50, 54
1-dimensional fiber, 50, 53, 72
compatibility with characteristic class,
164
compatibility with long exact sequence,
163
fiber products, 55
fibers that bound, 52
fibers with boundary, 72
functoriality, 51
up-down formula, 58
for differential forms, 13, 15
fibers with boundary, 52
for mapping cone forms, 108
for parallel characters, 164
for relative differential characters, 158
compatibility with fiber and cross
products, 172
for relative differential cocycles, 164
for singular cohomology, 16
fiberwise Stokes theorem, 52, 165
field theory
chain ~, 87
topological quantum ~, 82, 86
flat, 128
flat along ¢, 68
flat differential character, 18
flat line bundle, 24
formua
up-down ~, 173
formula
cross product, 141
functoriality
of fiber integration, 51
of pull-back operation, 13
of transgression, 79
fundamental class
refined ~, 97, 103

geometric boundary, 9
geometric chain, 8
geometric cycle, 9, 99

relative ~, 100
geometric homology, 10
Gysin map, 40

higher holonomy, 74
higher parallel transport, 75
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Hitchin gerbes, 24
holonomy
higher ~, 74
of a line bundle with connection, 23, 73
of transgressed character, 78
thin invariance, 74
homology
relative stratifold ~, 101
geometric ~, 10
mapping cone ~, 95
singular ~, 95
stratifold ~, 10, 99
homology transfer, 17
homotopy formula, 53, 166
Hopkins-Singer complex, 39, 64, 134
Hopkins-Singer group
long exact sequence, 134
relative ~, 134

integration
fiber ~ for differential characters, 158
of mapping cone forms, 96
internal product
of absolute characters, 138
of degree-1 characters, 37
of differential characters, 31
of relative and absolute characters, 153

Kiinneth complement, 144

Kiinneth sequence, 34, 39
splitting, 35

Kiinneth splitting, 35, 141, 177
mapping cone ~, 178

Lemma

Evaluation on cartesian products, 33

Fiber integration via transfer map, 44

representation by geometric chains, 10
Leray-Serre spectral sequence, 15, 17
long exact sequence

for differential characters groups, 120,

130

for relative Hopkins-Singer groups, 134

loop space, 77

mapping cone
Alexander-Whitney map, 177
codifferential, 96
cohomology, 96
complex, 95
cycles, 95
de Rham cohomology, 96
de Rham complex, 96
de Rham differential, 96
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differential, 95
Eilenberg-Zilber map, 177
homology, 95
integration of forms, 96
Kiinneth splitting, 178
Stokes theorem, 165
transfer map, 113
mapping cone complex
for differential forms, 59
for singular chains, 59
mapping cone cycles, 59
mapping cone differential forms, 59
module structure
on relative differential cohomology, 153,
156
on relative Hopkins-Singer group, 156

naturality
of differential characters, 21
of fiber integration, 41

orientation
composite ~, 50
of fiber bundles, 12
of stratifolds with boundary, 9
reversed ~, 9

parallel transport
for line bundle with connection, 23, 73
higher ~, 75
path space, 83
Poincaré bundle, 37
product
cross ~
of differential characters, 32, 141, 144
of geometric chains, 10
of geometric cycles, 105
on stratifold homology, 10, 105
differential cohomology cross ~, 32, 141,
144
external ~, 140, 144
internal ~, 138, 153
Proposition
Additivity of transgression, 80
Compeatibility of fiber integration with
characteristic class, 48
Fiber integration for fibers that bound,
52
Functoriality of fiber integration, 50
Functoriality of transgression, 79
Orientation reversal, 49
Thin invariance, 87
Topological trivialization by covariant
derivative I, 122



186

Topological trivialization by covariant
derivative II, 122
pseudomanifold, 17
pull-back
of relative differential characters, 118
pull-back operation
compatibility fiber products, 110
compatibility with bordism, 109
compatibility with fiber integration, 109
compatibility with refined fundamental
class, 110
on geometric chains, 12
on geometric relative cycles, 106
push-forward, 17

refined fundamental class, 97, 103
relative chains, 59
relative de Rham cohomology, 59
relative de Rham comomology, 128
relative de Rham complex, 128
relative differential character, 59, 116
characteristic class, 60, 117, 128
Cheeger-Chern-Simons construction, 70,
126
covariant derivative, 60, 116
cross product, 144
curvature, 60, 116, 128
evaluation on torsion cycle, 119
external product, 144
fiber integration, 158
flat ~, 117, 128
flat along ¢, 117
homotopy formula, 166
internal product, 153
long exact sequence, 67, 120, 130
module structure, 153, 156
obtained from fiber integration, 72
of degree 1, 61
of degree 2, 61
on relative cycles, 128
parallel ~, 117
pull-back, 118
thin invariance, 118
topological trivialization, 117, 129
topologically trivial, 117, 128
up-down formula, 173
with prescribed covariant derivative, 84
relative differential cocycle, 134
relative differential cohomology, 63
relative geometric cycle, 100
relative Hopkins-Singer group, 134
module structure, 156
restriction map, 83

Index

section, 121
along ¢, 121
local ~, 69
of a differential character, 61
of a line bundle, 62
parallel ~; 61, 127
smooth space, 6
space
diffeological ~, 6
differential ~, 5
loop ~, 77
path ~, 83
smooth ~, 6
splitting
Kiinneth ~, 35, 141
mapping cone Kiinneth ~, 178
Stokes theorem
fiberwise ~, 52, 165
mapping cone ~, 165
stratifold, 5, 8, 17, 24, 33, 40
stratifold homology, 6, 10, 99
cross product, 105
long exact sequence, 102
relative ~, 101

Theorem
Comparison of relative differential
cohomology groups, 132
Cross product: naturality and compati-
bilities, 147
Exact sequence, 64
Existence of fiber integration, 46
Fiber integration on fiber products, 55
Fiber integration: compatibility with
fiber and cross products, 172
Fiber integration: naturality and
compatibilities, 160
Module structure, 153
Parallel sections, 127
Relative stratifold homology, 104
Uniqueness of cross product, 35
Uniqueness of differential cohomology I,
25
Uniqueness of differential cohomology II,
28
Uniqueness of fiber integration, 42
Up-down formula, 58
thin 2-morphism, 87
thin chain, 6, 94
thin invariance, 118
of chain field theories, 87
of differential characters, 20
topological quantum field theory, 82, 86
topological trivialization, 117, 129
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of a differential character, 19
of a line bundle, 23
topologically trivial, 117, 128
topologically trivial along ¢, 68
topologically trivial differential character,
18
torsion cycle, 21, 119
transfer
cohomology ~, 17
homology ~, 17
transfer map, 14
compatibility with fiber integration, 113
extension to chains, 114
mapping cone ~, 113
multplicativity, 114
transgression, 77, 175
additivity, 80
along S1, 77
along closed manifold, 77
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along interval I, 83

along manifold with boundary, 82

functoriality, 79

with prescribed covariant derivative, 85
2-morphism, 87

thin ~, 87

uniqueness
of cross product, 35, 155
of differential cohomology, 26, 28
of fiber integration, 42
of module structure, 155
of ring structure, 37
up-down formula
for differential characters, 58
for differential forms, 58
for relative and absolute characters, 173
for singular cohomology, 58
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