Appendix A
Adding Places

In this paragraph we show that augmenting the set of places can only increase the
finiteness length of an S-arithmetic subgroup of an almost simple group. Since the
proof of the Rank Conjecture in [BKW13], the finiteness length of any such group
is known, so one can verify the statement by just looking at the number there. Still
it is interesting to observe that this fact is clear a priori for relatively elementary
reasons. The proof works as in the special case considered in [Abr96].

Theorem A.1. Let k be a global function field, G a k-isotropic, connected, almost
simple k-group, and S a non-empty, finite set of places of k. If G(Os) is of type F,
and S’ 2 S is a larger finite set of places then G(Og/) is also of type F,,.

Proof. Proceeding by induction it suffices to prove the case where only one place is
added to S, i.e., S’ = S U {s} for some place s. Also note that as far as finiteness
properties are concerned, we may (and do) assume that G is simply connected.

Let X, be the Bruhat-Tits building that belongs to G(k;). The group G(Os/) C
G (ky) acts continuously on X;. We claim that this action is cocompact and that cell
stabilizers are abstractly commensurable to G(Og). With these two statements the
result follows from Theorem 1.22.

Note that the stabilizer of a cell is commensurable to the stabilizers of its
faces and cofaces since the building is locally finite. Also all cells of same type
are conjugate by the action of G(ky). Hence it remains to see that some cell-
stabilizer is commensurable to G(Ogs). To see this note that G(Oy) is a maximal
compact subgroup of G(k;). The Bruhat-Tits Fixed Point Theorem [BT72b, Lemme
3.2.3] (see also [BH99, Corollary I1.2.8]) implies that it has a fixed point and
by maximality the fixed point is a vertex and G(O) is its full stabilizer. Now
G(Os) = G(Og) N G(Oy) so G(Oy) is the stabilizer in G(Oy-) of that vertex.

For cocompactness we use that G(Oy-) is dense in G(k;), see Lemma A.2 below.
Let x be an interior point of some chamber of X;. The orbit G(k;).x is a discrete
space which, by strong transitivity, contains one point from every chamber of Xj.
The orbit map G(k;) — Gi(ky).x is continuous by continuity of the action, so the
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100 A Adding Places

image of the dense subgroup G(Ojy-) is dense in the discrete space G(ky).x. Hence
G(Oyg) acts transitively on chambers and, in particular, cocompactly. O

It remains to provide the density statement used in the proof. It is known and a
consequence of the Strong Approximation Theorem:

Lemma A.2. Let k be a global field and let G be a k-isotropic, connected, simply
connected, absolutely almost simple k-group. Let S be a non-empty finite set of
places and let s ¢ S. Then G(Osyyyy) is dense in G(k;).

Proof. For aplace s of k let k; denote the local field at s and Oy the ring of integers
in k. For a finite set S of places of k let Ay = [[ e ks X ] s¢s Os denote the ring
of S-adeles. Recall that the ring of adeles is A = limg Ag (see [Wei82]).

We know that Gy := [[,cg G(ks) is non-compact by Margulis [Mar9l,
Proposition 2.3.6].

Recall that k; embeds into A at s, and that k discretely embeds into A diagonally.
With these identifications G(k)-Gyg is dense in G(A) by Prasad [Pra77, Theorem A],
that is, if U is an open subset of G(A) then G(k) N UGys # @.

If V is an open subset of G(k,) then

U=Vx[][Gky)x [] 6Oy

s'eS s’¢SU{s}

is open in G(A). Hence there is a ¢ € G(k) with g € V and g € G(Osuysy)
(where we now consider G(k) and G(Osygsy) as subgroups of G(ky)). Thus V N
G(Osugsy) # 0 as desired. O

Theorem A.1 is the natural generalization to higher finiteness properties of Behr’s
Proposition 2 in [Beh98], the proof of which is not given but attributed to Kneser
[Kne64].
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Index of Symbols

We use various symbols that are specific to the present notes. Each of these symbols

is listed below together with a reference to the page where it is introduced.

A(A), 46
Ahor 46
A>T/2 46
AV 46

Vx> 6

[x, y]x, 6
dpo, 70, 86
d*, 48
dy,57

Vo°h, 58, 84
Vooh, 59, 85
Vo°oh, 58, 84
Vh, 58,84
V,h, 59,85
V.h, 58,84

h, 58,83

k' G, 18,71, 87
Iky &, 71,87
Iky 6,71, 87
k' o, 75,93
k" o, 59, 62, 85
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O_min’ 63
o™n, 70, 86
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Index

absolute value, xiii, 19-22
affine algebra, 23
affine space, 23
affine variety, 23, 24
almost rich, see rich
almost simple, 25
almost split, 43
alternating form, 25, 28
angle, 2, 4, 6, 8-12
non-obtuse, see non-obtuse angles
angle criterion, 49, 51, 60, 76, 86, 94
local, 49, 59, 85
angular metric, 3, 7
anisotropic
algebraic group, 25, 29
bilinear form, 25-28
apartment, 35, 36-38, 40, 41, 46, 49, 50, 56,
59, 60, 72,77, 81, 83, 84, 87, 88, 91,
94, 96
twin, see twin apartment
apartment system, 35-37
complete, see system of apartments
aspherical, 13, 14
asymptotic, 7, 36, 37, 56

barycentric subdivision, 6, 61, 71, 73, 79, 87,
92, 96
BN-pair, 29, 40, 41, 42, 44
building, xiii—xvi, 1, 29, 35, 34-38, 44, 58, 63,
78,79, 88
Bruhat-Tits, xiii, xv, 42, 44, 99
Euclidean, xvi, 30, 35, 49, 61, 62, 67
spherical, xv, xvi, 30, 35, 46, 47, 67, 69, 72,
73

Busemann function, 7, 38, 51, 61-64, 67, 69,
70

carrier, 5, 6, 48, 58, 79
CAT(0) space, 7, 34, 37,79
CAT(1) space, 7, 36
CAT(x) inequality, 1, 4
CAT(x) space, 4, 7
cell, xi, xv, 5-7, 11, 13, 14, 16, 18, 30,
32-39
complex, xiii, 1, 30, see also polyhedral
complex, CW-complex
structure, 5, 6, 13, 30, 32, 36, 38
chamber, 30, 32, 33, 34, 35, 36, 37, 3941,
47-50, 56, 58, 62, 63, 69, 70, 72,
76-78, 81, 82, 87, 88,90, 91, 95, 97,
99
classifying space, xi, 13, 15
closed hemisphere, 46
closed hemisphere complex, see hemisphere
complex
codistance, xv
metric, xv, 48, 49, 50, 59, 82
perturbed, 56, 57, 83
Weyl-, xv, 39, 48
coface, 4, 5-7, 36, 65, 69-71, 74-77, 93-95,
99
coface part, 71, 73, 74, 87
descending, see descending coface part
comparison triangle, 4
complement
of a face, 7, 10, 10, 32
of a set, 30, 32, 72, 78
of a space, 3, 9, 10, 88
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complete
graph, 55
system of apartments, see system of
apartments
valued field, 19
connected, xi—xvi, 13, 16-18, 25, 41-43, 45,
47,48, 72,73, 79, 81, 96, 97, 99,
100
connected component, 3, 30, 32, 36, 47, 69
convex
function, 55, 59, 60
set, 2, 4, 46-48, 54, 55,59, 72,73, 76, 77,
85, 95, 96
convex hull, 8, 9, 34, 55, 60, 76, 83, 86, 94
Coxeter complex, 34-36, 38, 68, 86, 88
Euclidean, 32, 32-34
hyperbolic, 51
spherical, 30, 30-32, 34, 56
Coxeter diagram, 10, 32, 35, 36, 69
Coxeter group, 34, 42, 91
spherical, 56, 82
Coxeter system, 40, 41, 50
CW-complex, xi, xii, 13, 13, 14, 16, 47

defined over
affine variety, 23
algebraic group, 24-26, 29, 41-43
Kac—Moody group, 43
morphism, 24, 27
deformation retract, 72-74, 92
degenerate
bilinear form, 25
depth, xvi, 70, 74, 86, 92
descending coface part, 71, 74, 87, 92, 93
descending face part, 71, 78, 87
descending link, xii, xv, 18, 45, 46, 49, 50, 61,
71,75, 73-79, 81, 87, 87, 93, 92-97
horizontal, 75, 76, 81, 82, 93, 94, 96
vertical, 75, 78, 93, 94, 96
direct product, xii, 2, 33, 35, 37
direction, 6, 11, 12, 36, 38, 48-50, 58, 59, 62,
67, 68,76,79, 84, 85, 95,97
discrete valuation, 20, 21
discrete valuation ring, 20, 21

equator, 8, 46
equator complex, 46
equatorial, 67-69
equivalent
bilinear forms, 25-28
discrete valuations, 20
valuations, 19, 21

Index

essential
Coxeter complex, 32
essentially trivial, 16
Euclidean space, 3, 9, 10, 32, 50, 67

face, 4,5, 11, 12, 30, 52-55, 60, 61, 63, 64, 67,
69, 70, 73, 86, 92, 99

face part, 71, 73, 87

descending, see descending face part

facet, 4, 9-12, 30, 68, 69

Feo, see type Foo

finiteness length, xii, xiv, xvi, 14, 16, 50, 78,
79, 81

finiteness properties, 13-17

flag complex, 5, 61, 71, 87

flat, 59, 60-65, 67, 69, 70, 73-78, 85, 86,
92-94, 96

F,, see type F,

FP,, seetype FP,

full subcomplex, see subcomplex

function field, xii—xiv, 18, 22, 22, 29, 99

general linear group, 24
general position
Busemann function, 63, 63
point at infinity, 63, 63, 64, 70, 85, 86
subspaces, 9
geodesic, 1, 2, 3, 6, 8, 11, 59, 60, 88
metric space, 2, 3
ray, see ray
triangle, see triangle
GL,, 24, 26, 28, 29
global field, xii—xiv, 18, 22,22, 29, 99, 100
going down, 64, 67
going up, 64, 67
gradient, 49, 50-52, 58, 58, 59, 84, 84, 85
asymptotic, 58, 59, 84, 84, 85
of a flat cell, 59, 85
asymptotic, 59, 85

halfspace, 3, 4, 9, 32
height, xvi, 18, 49-52, 58, 56-59, 61, 70, 71,
74,76, 77, 83, 82-85, 88, 90, 91,
94-96
hemisphere, 3, 5, 10, 30
hemisphere complex, 46, 61, 72
closed, 46, 47, 73
open, 46, 47,49, 75,78, 93, 96
homotopy equivalent, 18, 72
horizontal descending link, see descending
link
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horizontal link, 59, 62, 63, 64, 70, 85, 86, 94,
96

horizontal part, 46, 61, 79, 97

hyperbolic space, 3, 34, 50, 51

hyperplane, 3, 4, 9, 30, 32, 50-52

index
of a bilinear form, 25, 26-29
inequivalent, xiii
insignificant, 73, 92
interior, 4, 6, 11, 38, 39, 51, 59, 71, 99
relative, 4, 5, 52, 54, 55, 72, 85
irreducible
affine variety, 23
Euclidean building, xv, 36, 61-63, 70, 81
Euclidean Coxeter complex, 33, 34
Euclidean twin building, 43, 45, 78, 79, 81,
96, 97
polynomial, 20, 22
simplex, 12, 30
spherical building, 35, 35, 36, 46, 47, 84
spherical Coxeter complex, 32, 35
isotropic
algebraic group, xiv, 25, 29, 99, 100
bilinear form, 25, 27, 28
subspace, 25, 28
vector, 25, 27

join
of cells, 5, 67
simplicial, 5, 71, 74, 87
spherical, 2, 5, 12, 30, 32, 35, 36, 38, 46,
47,62,63,71,74,76, 84, 85,92, 94,
96

K(G, 1), 13

Laurent polynomial ring, xi, 18, 22, 29
Laurent series, 20
length
of a group element, 32, 34, 37, 41
of a sequence of moves, 64—67, 70, 86
of a vector, 82
of an edge, 8-10
link, 6-7, 10-12, 34, 36, 61, 63, 64, 67-69, 71,
82, 84, 87,95
combinatorial, 7, 71, 87
geometric, 6, 71, 87
local field, xiii, 20, 21, 30, 100

111

Minkowski sum, 53
model chamber, 30, 35, 36
model space, 3-5, 72
morphism
of affine varieties, 24
of linear algebraic groups, 24
of polyhedral complexes, 5
Morse function, xii, xv, 18, 18, 45, 50, 61,
70-72,79, 87,97
Morse Lemma, 18
Moufang property, 41
move, 64, 64-67, 70, 74-76, 84, 86, 92-94

n-aspherical, see aspherical
n-connected, see connected
n-spherical, see spherical
non-degenerate

bilinear form, 25, 26-28
non-equatorial, 47, 67-70
non-obtuse angles, 11, 12
normal cone, 52, 54
north pole, 46, 47, 49, 59, 61, 62, 67-69, 75,

85,93

number field, xii—xiv, 22, 22, 29

O(f).26

05,41, 27,28

0,, 29

open hemisphere, 46

open hemisphere complex, see hemisphere
complex

open hemisphere link, 59, 85

oF . .27.28

opposite, 30, 35, 39, 41, 48-51, 56-60, 77-79,
83,87, 88

opposition relation, 38, 38, 48, 82

order-equivalent, 18

orthogonal group, 26, 27-29

panel, 30, 32, 35, 39, 50

place, xiii—xvi, 18-20, 22, 29, 99, 100
Archimedean, xiii, 19, 22, 29
non-Archimedean, xiii, 19

point at infinity, 7, 38, 58, 62, 70, 85

polyhedral complex, 4, 4-6, 30, 38, 39, 45

polyhedron, 4, 5, 10-12, 30, 52, 72, 73

polynomial ring, xi, 18, 22, 29

polytope, 4, 5, 10-12, 52, 54-56, 72, 82,

83
power series, 20



112

projection
building, 37
metric, 37, 38, 51, 52, 58-60, 62, 64, 67,
68,72, 74, 83, 85, 88, 89, 92
to a quotient, 30, 32, 33, 35, 36, 62, 82
twin building, 39, 48, 89, 90

quadratic form, 25
quasi-split, 29

rank, xiii—xv, 25, 26-29, 79, 97
absolute, 25
rational points, 24, 25
ray
geodesic, 1, 7, 34, 37, 48, 58
perturbed, 58, 84
reflection, 30, 32, 34, 56, 88, 90
reflection group, 32, 34, 82
Euclidean, 32, 34, 89
hyperbolic, 34
spherical, 10, 30, 34, 56, 90
regular function, 24
residue field, 21
resolution, 17
free, 17
of finite type, 17
partial, 17
projective, 17
retraction
building, 37, 77, 95
twin building, 40, 48, 58, 77, 90, 91, 95
RGD system, 41, 41-43
rich, 56, 76, 78, 79, 83, 86, 88, 89, 91, 94-97
almost, 59, 70, 85, 86
sufficiently, 55, 76, 82, 83, 86, 88, 95
roof, 70, 73, 86, 92
root, 30, 32, 35

S -arithmetic, xiii—xvi, 29, 79, 97, 99

S-integers, xii, xiii, xv, 18, 22, 29

sector, 34-37

semisimple, xii, 25, 29, 41, 42

significant, 65, 73-79, 92, 92-94, 96, 97

simplex, 5, 6, 10, 12, 18, 46, 47, 64

spherical, 10, 10, 12, 30

simplicial complex, 5, 5, 7, 18, 29, 30, 33, 71,
87

skeleton, xi, xii, 13, 14, 15, 17

SL,, xi—xiii, 24, 26

SO(f), 26

03,11 28

Index

SO3, 41
SpZn’ 29
space of directions, 6
special linear group, 24
special orthogonal group, 26
special vertex, 34, 35
sphere, 3, 5-8, 10, 12, 13, 15, 30, 32, 34, 50,
72-74, 92, 96
spherical topological space, 13
split
group, 41, 42
torus, 25, 27, 28, 41
strongly transitive action, 40
on a building, 35, 40
on a twin building, 39, 41, 43-45, 50, 78,
81,96
subcomplex, xii, xv, xvi, §, 7, 13, 16, 18, 33,
35-38, 46, 72, 74, 75, 79, 87, 93,
97
full, 6, 18, 46, 47,71, 73, 78, 87,92
supported by a set, 5
subspace, xiii, 2, 3, 4, 9, 13, 25, 28, 32, 36, 42,
45,50
sufficiently rich, see rich
symmetric
bilinear form, 25-28, 34
matrix, 26
symplectic group, 29
system of apartments, 36
complete, 35-37

28

thick, 35, 40, 41, 43, 4547, 78, 79, 81, 96,
97
thin, 35, 48, 90
Tits system, 40, 40, 41
torus, 15, 25, 27, 28, 41, 44
triangle
geodesic, 3, 4
spherical, 8, 10, 12, 67, 68
twin apartment, 38, 39, 40, 48, 49, 51, 56-61,
76,77, 81-91, 94
twin BN-pair, 41, 41, 42, 44
twin building, xv, 38, 42-44, 48, 78, 79, 88,
90
Euclidean, 45, 51, 56, 78, 79, 81, 96, 97
hyperbolic, 50
twin Tits system, 41
twin wall, 87, 88, 90
type F, 15
type Foo, Xii, 13, 15, 16
type F,, xi, xii, xiv—xvi, 13, 13-17, 45, 78, 79,
81,96, 97, 99
type FP,, 17
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ultrametric, 19

valuation, xiii, 19-22, 42, 44, see also place
Archimedean, 19, 21
non-Archimedean, 19, 20, 21, 42
p-adic, 19, 20, 22
trivial, 19
vertical descending link, see descending link
vertical link, 59, 85
vertical part, 46
virtual, xi—xiii, 15
visual boundary, 7, 34, 36, 58, 84

wall, 30, 32, 35
Weyl-codistance, see codistance
Weyl-distance
on building, 48, 91
on buildings, 37, 39, 40
on Euclidean Coxeter complexes, 34
on spherical Coxeter complexes, 32
Witt index, see index

Zariski topology, 23
zone, 52, 54
zonotope, 53, 54, 56, 59, 60, 83, 88
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