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divide-and-conquer 631, 656

Dobkin-Eppstein—-Mitchell 627, 639
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Heinrich 629
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472
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Naive 224
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527
Cartesian product of 355
centered 394, 399
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inZ, 393,467

sum of 320, 378
symmetric Cartesian product of 364
with common difference 371
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backward selection 672

balanced coloring 465

Beck gain 137
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Bertrand’s postulate 585

Besov norm 105, 624
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Birch-Davenport method 494, 509, 510
Bochner integral 99
Borel function 357
Borel’s theorem on normal numbers 236
Borell’s inequality 129, 130
bounded mean oscillation (BMO)
norm 624
space 79, 106
bracketing entropy 649, 650
bracketing number 650
branch and bound 656
Brownian sheet 80, 118, 119
brute force 113

Cantor set 247
Cantor set construction 247
cap 489

direction 489, 494

discrepancy 489
cell 641
centered discrepancy 624
central composite discrepancy 626
central limit theorem 234, 567
Chang—Wilson-Wolff inequality 98
character (of a locally compact Abelian group)

357

Chebyshev inequality 122, 192
Chernoff bound 335
Chernoff inequality 345
Chernoff-Hoeffding inequality 345
Chinese remainder theorem 49, 509
Cholesky decomposition 437
Chrestenson—Levy function 62
circle problem 235
circulant matrix 355
coding length 643
coloring 425

balanced 465

fair 339
generating 465
modulo 465

of a graph 139

of edges 139

partial 431

random 429, 464
combinatorial 2-color discrepancy 323, 461
combinatorial multicolor discrepancy 320
compact genetic algorithm (cGA) 472
complexity class

FPT 646

NP 322,643
WI[1] 646, 647

component-by-component algorithm
591, 609, 648, 667, 669

conditional expectati
continued fractions
convolution 357
coprime lattice point
covariance kernel

on 147, 148
223,300

254
128

covering number 123

critical points 638
critical test box 63

8

cubature formula 74,91
Kolmogorov’s method 74, 90

cubature rule 583

curse of dimensionality 82,555, 627
cutoff function 164, 165,492

cutting plane 656

Davenport reflection

19

decision problem 643

3-SAT 647
discrepancy 33
dominating set

4
644

empty half-open box 644

star discrepancy
§-bracket 650
§-bracketing cover
§-cover 649
diaphony 627

643

649, 650

digital (¢, o, am X m, s)-net over Zj

digital (¢, s)-sequenc
over Z;, 561

C

digital construction scheme 560
generating matrices 560

digital net 560
dual 595

digital sequence 560, 561

Faure 562

Niederreiter 561

Sobol’ 562
digital shift 566
simplified 572

digital (¢, o, s)-sequence over Z,

digital (¢, m, s)-net
over Z; 561
digital (¢, s)-sequenc
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diophantine
approximation

560

e 561
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inequality 227
point 489,532
Dirac measure 13,215
Dirichlet’s principle 495
discrepancy 426
2-color 314,323,461
axis-parallel rectangle based 627
cap 489
centered 624
central composite 626
combinatorial 2-color 323, 461
combinatorial multicolor 320
decision problem 334
determinant lower bound 430
function 73, 187
extreme 624

for axis-parallel boxes (see extreme

discrepancy)
G-star 625
geometric 72
half space 192
hereditary 325,427
Hickernell’s modified L, 625
isotrope 625,671
L?-square 383
L, 545, 546,627, 628
L,-extreme 624, 629
L,-star 627
linear 324
local 539
L, 540,663
L, spherical cap 550
L ,-extreme 624
L,-star 623
Lo 622
Loo-extreme 624
Loo-star 623
measure 622
modified L, 625
modified L, 625
multicolor 320
of a point set 4
of a vector sequence 327
of finite point sets 74
of infinite sequences 74
of matrices 324
one-sided 405
phenomena of large 5
phenomena of small 5
polyhedral 671
problem of large 5

problem of small 17
quadrant 624
r-smooth L, 632
rectangle 671
smoothed 503
spherical cap 626
star 73, 540, 623
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unanchored (see discrepancy, extreme)

weighted 325, 549, 555, 625
weighted combinatorial multicolor
weighted L, 557
weighted L, 549, 626
weighted Loo 626
weighted star 549
discrete optimization problem 643
divergence theorem 164
divide-and-conquer 631, 656
Dobkin-Eppstein—Mitchell algorithm
639
dominating point 267
dominating set 644
decision problem 644
dual lattice 576
dual polynomial lattice 594
dyadic box 92, 93
dyadic interval 26, 28, 83, 94, 506
dyadic rectangle 74, 84, 85
dyadic square function 96
product 101
dynamic programming 642

EDA

incremental 471

population-based 471
edge coloring 139
ellipsoid method 437
empty half-open box

decision problem 644
entropy 434

method 429,433

metric 127, 130

number 82,123
equation

diophantine 222, 487

Parseval-type 412

Pell 222

Erd6s-Turdn-Koksma inequality =~ 586,

648
Euclidean Fourier transform 492
Euler’s formula 251
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evolutionary algorithm (EA)

(n+21) 661
exponential time hypothesis (ETH) 647
exponentially square integrable function 98
extra large deviation 253,257
extreme discrepancy 624

Lo 624

facet 162
fair coloring 339
Farey dissection 496
Farey fraction 507
fast component-by-component algorithm
583, 588
Faure construction 48
Faure sequence 562, 660
Faure set 55, 56, 667
Fejér kernel 208
Fine formula 44
Fine—Price formula 65
fitness function 471
flat torus 490, 530
flatline termination criterion
formula
cubature 74,91
Euler 251
Fine 44
Fine-Price 65
inclusion-exclusion
Parseval 234
Poisson summation
quadrature 622
Stirling 126
Warnock 545, 546, 549, 551, 628
Warnock, generalization 663
forward selection 672
Fourier series
lacunary 80, 115, 116
Fourier transform decay 161, 180, 186, 523
Fourier—Walsh analysis 40
p-adic 62
Fourier—Walsh coefficients 40, 63
Fourier—Walsh series 40, 63
FPT (compexity class) 646
FPT-algorithm 646
function
exponentially square integrable 98
subgaussian 98
function space 80
Besov 79, 105

476

143

196, 234

BMO 79,106

exponential Orlicz

Hardy 79,103

Korobov 576, 577

L, 79

product BMO 106

reproducing kernel Hilbert
543, 545, 628

Schwartz 500

Sobolev 105, 128, 633

Walsh 596

weighted Walsh 596

G

G -star discrepancy 625
Gallai’s theorem 356
gap condition
strong 250
weak 251
Gauss’ circle problem
Gaussian curvature
Gaussian measure
Gaussian sum 497
Gelfand-Leray form 521
Gelfand-Leray measure
generating coloring 465
generation
in EDA 471
genetic algorithm (GA)
(parent) population
crossover 661
elitist selection scheme
fitness (of an individual)
generation 661
individual 661
mutation 661, 662
population 661
recombination
selection 662
uniform crossover 661
geometric discrepancy 72
Gilbert—Varshamov bound
graph coloring 139
graph matching 139
great open problem

198

326

523

657,
661

661

19,76

H

Holder function 91
product 92
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79,98, 106

124, 128, 542,

163, 164, 180

660

662

662

126, 130
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Holder inequality 191, 541
Haar basis 74, 83
product 84
Haar coefficient 74
Haar expansion 81,96, 105
Haar function 74, 83
Haar function method of Roth 75
Haar measure 357
Haar wavelet 83, 259
Hadamard matrix 326
Hahn—-Banach theorem 534
half-space discrepancy 192
Halton construction 48
Halton sequence 49, 660, 665
generalized 666
scrambled 666
Halton set 49
extended 52
translated 53
Halton—-Hammersley set 667
Hammersley set 149, 552, 639
Hamming distance 125
Hamming weight 125
Hardy norm 103
Hardy space 79, 103
Hardy-Littlewood maximal function theorem
179
Hardy-Littlewood method 491
harmonic analysis 80, 95
Heinrich’s algorithm 629
hereditary discrepancy 325, 427
multicolor 333
Hickernell’s modified L ,-discrepancy 625
high correlation between higher bases 665
higher order net 568, 569
scrambled 571
higher order sequence
scrambled 571
Hilbert space technique 73
Hlawka—Zaremba identity 548
Hoeffding inequality 9
Hurwitz’s theorem 227
Hyperbola Problem 235
hyperbolic cross 131, 132
best approximation 132
dyadic 132
hyperbolic cross points
quadrature rule)
hyperbolic needle 224, 226, 243
hypergraph 322
of arithmetic progressions 330
of arithmetic progressions in Z, 467
of arithmetic progressions in the first n
integers 460

568, 569

(see Smolyak
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of linear hyperplanes 405
wrapped 385
Zp-invariant 394
hyperplane 171
hypersurface 509

identity
Hlawka—Zaremba 548
Parseval 14,96, 117,173, 188
Plancherel 516

inclusion-exclusion formula 143

individual 471

induced box 653

induced grid 636

inequality
Bessel 79,90
Borell 129
Chang—Wilson-Wolff 98
Chebyshev 122,192
Chernoff 345
Chernoff-Hoeffding 345
diophantine 227

Erd6s-Turan—-Koksma 586, 648
Holder 191,541

Hoeffding 9

isoperimetric 129, 434

Jensen 111,592

Khintchine 79, 97, 99

Koksma 542

Koksma-Hlawka 546, 550
large deviation 9, 140

Littlewood-Paley 96
Littlewood—Paley type
Markov 604
Minkowski (integral) 169
Pell 223, 224
small ball 75,79, 107
information complexity 558
Information-based Complexity (IBC) 554
integer linear programming 651
integral weight 340

75,779,101, 132

integration
error 541
numerical 84,90, 91
operator 91, 120

polynomially (QMC) tractable 558
quasi-Monte Carlo (QMC) 539
strongly polynomially (QMC) tractable
558
internal point dimension 641
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intractability 555

irregularity of distribution 73, 74
isoperimetric inequality 129, 434
isotrope discrepancy 625,671

Jacobi symbol 509

Jensen’s inequality 111,592

K

k-clique

parameterized problem 647
Kahan summation 629
Khintchine inequality 79, 97,99
Khintchine’s theorem 236
Klee’s measure problem 639
Kloosterman refinement 495, 496, 506
Kloosterman sum 506
Koksma inequality =~ 542
Koksma—Hlawka inequality 546, 550
Kolmogorov

cubature error bound method 74
Kolmogorov metric 671
Kolmogorov width 82
Kolmogorov’s cubature error bound method

90

Korobov lattice points 589
Korobov space 576, 577
Kuelbs-Li equivalence 124
Kuelbs-Li theorem 124

L

L?-square discrepancy 383
L,-discrepancy 545, 546, 627, 628
r-smooth 632
modified 625
L,-extreme discrepancy 624, 629
L,-star discrepancy 627
lacunarity 116
lacunary Fourier series
lacunary sequence 116
Lagrange’s theorem 11
large deviation 119
inequality 9, 140
technique 8

115, 116
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large discrepancy phenomena 5
large discrepancy problem 5
Las Vegas algorithm 657
Latin square 362
lattice point set 552, 575
lattice rule 575, 639
polynomial 593
Laurent series 561, 593
Law of the Iterated Logarithm 230, 236
Cassels’s form 237
Khintchine’s form 235, 236
Kolmogorov—Erdés form 237
LCA group 357
learning rate 472
learning resolution 473
Lebesgue measure 3, 17, 82,238, 550, 580,
623, 625
Legendre symbol 467
lemma
Anderson 121
Owen 567
partial coloring 433, 447
level surface 488 (see also hypersurface)
linear discrepancy 324
multicolor 333
linear learning 473
linear relaxation 654
Littlewood—Paley inequality 75,79, 96, 101,
132
dyadic 79
Littlewood—Paley product square function
90
Littlewood—Paley square function 97
Littlewood—Paley theory 79,95, 96, 101
local discrepancy 539, 623
of measures 622
local-global principle 525
low discrepancy point set 552,558
low discrepancy sequence 558
L, space 79
L, spherical cap discrepancy 550
L ,-discrepancy 540, 663
inverse of 555
modified 625
of measures 622
L ,-extreme discrepancy 624
L ,-star discrepancy = 623
L oo-discrepancy
inverse of 554
of measures 622
L -extreme discrepancy 624
L oo-star discrepancy 623
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major arc 511
Markov’s inequality 604
martingale 97
martingale difference square function 97
matching (in a graph) 139
mean value theorem 179
measure
Dirac 13,215
Gaussian 326
Gelfand-Leray 523
Haar 357
Lebesgue
625
of discrepancy 622
measure-preserving transformation 491
method
Birch-Davenport 494, 509, 510
branch and bound 656
divide-and-conquer 631, 656
ellipsoid 437
entropy 429, 433
Hardy-Littlewood 491
Kolmogorov’s cubature error bound 74
nested intervals 247
partial coloring 429
probabilistic 335
Roth (orthogonal function)
sparse grid 633
metric entropy 80, 123, 124,127, 130
migration 473
global 473
local 473
Minkowski inequality (integral) 169
Minkowski’s theorem 227
minor arc 511
mirror construction 465
modulo coloring 465
Monte-Carlo (MC) 565
Monte-Carlo (MC) algorithm 565, 657
Monte-Carlo point set 667
( + A) evolutionary algorithm (EA) 661
multicolor discrepancy 320

3,17, 82,238,550, 580, 623,

N

Naive Area Principle 224
nested interval method 247
Niederreiter sequence 561
norm

75-71, 80, 83

Besov 105, 624

BMO 624

Hardy 103

Orlicz 624

Triebel-Lizorkin 624
NP (complexity class) 322, 643
NP-completeness 322, 644
NP-hard problem 322
NP-hardness 322, 643

numerical integration 84, 90, 91

(0]

Orlicz function 98
Orlicz norm 98, 624
Orlicz space

exponential 79, 98, 106
orthogonal basis 84, 96, 105
orthogonal decomposition 73
orthogonal function method of Roth

80, 83

orthogonal range counting 650
orthogonal transformation 6
Owen scrambled sequence 567
Owen’s lemma 567
Owen’s scrambling 566

p-adic integer 525

parallel section function 162
parameterized complexity 646
parameterized problem 646
parameterized reduction 646
Parseval formula 234

Parseval identity 14,96, 117, 173, 188
Parseval’s theorem 600

Parseval-type equation 412

partial coloring 431

lemma 433,447
method 429
SDP 446

partition tree

for a color set 336

for a positive integer 338
Pell inequality 223, 224
Pell’s equation 222
Plancherel identity 516
Plancherel theorem 150, 358
point set discrepancy 4
Poisson sum 496
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Poisson summation formula 196, 234
polar coordinates 162
polygon 181
polyhedral discrepancy 671
polyhedron 180
polynomial
Bernoulli 578, 602
non-singular 488
regular value of 490
regular value set of 488,510
trigonometric 117, 131
polynomial lattice point set
figure of merit 595
polynomial lattice rule 593
polynomial tractability 554
population-based incremental learning (PBIL)
471
premature convergence 473
principle
Dirichlet 495
local-global 525
restricted invertibility 432
Roth 83,85
Stolarsky invariance 551
probabilistic method 335
probabilistic proof 634
problem
fixed-parameter tractable (FPT) 646
Gauss’ circle 198
great open 19,76
Klee’s measure 639
large discrepancy 5
NP-complete 644
NP-hard 322,643
parameterized 646
small ball 118, 128
small deviation 118, 121
small discrepancy 17
W[l]-hard 646, 647
Waring 536
product BMO space 106
product Holder function 92
product Haar basis 84
product rule 112
property B 334
pseudo-random numbers 621

557,593

Q

QEA
attractor population (apQEA) 474
standard (sQEA) 472

Index

versatile (VQEA) 473
quadrant discrepancy 624
quadrature algorithm 564
quadrature formula 622
quadrature points 540
quadrature rule 540, 578, 623

Smolyak 633
“quantum-inspired” attribute 473
quantum-inspired evolutionary algorithm

(QEA) 472
quasi-Monte Carlo (QMC) 539
algorithm 634

integration 539, 558, 633
randomised 564, 565
rule 540

sampling 625

r-function 86,112, 113
Rademacher function 86, 97, 235
generalized 86
modified 259, 260
radical inverse function 665
Ramsey theory 323
random coloring 429, 464
random walk 235, 440, 445
gaussian 430, 431, 447
infinite 235
randomised error 565
range tree 651
rectangle discrepancy 671
rectangle property 253, 254
region level 641
regular value 490
regular value set 488,510
reproducing kernel 129, 542
reproducing kernel Hilbert space
542, 543,545, 628
restricted invertibility principle 432
Riesz product 75,112,115, 116, 136, 249,
251,259
Rosenblum-Tsfasman weight 67
rotation learning 473
Roth’s principle 83, 85

124, 128,

Salie sum 509
sawtooth function 21
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Schwartz space 500
scrambled radical inverse function 666
semidefinite programming (SDP) 430, 436
for partial coloring 446
vector program view 437
separation constant 309
sequence
digital 560, 561
digital (¢,s) 561
digital (¢, s) over Z, 561
Faure 660
Halton 660, 665
higher order 568, 569
lacunary 116
low discrepancy 558
Niederreiter 561
Owen scrambled 567
Sobol” 660
(t,s)inbase b 559
(t,s) over Z, 570
uniformly distributed 72
van der Corput 25, 552, 664
set
Cantor 247
dominating 644
dual polynomial lattice 594
extended Halton 52
extended van der Corput 31
Faure 55, 56,667
Halton 49, 50
Halton—-Hammersley 667
Hammersley 552, 639
lattice point 552, 575
low discrepancy 552, 558
Monte-Carlo 667
of shattered hyperedges 334
polynomial lattice point 557, 593
regular value 488,510
shifted van der Corput 35
Sobol’ 667
translated Halton 53
translated van der Corput 31
van der Corput 25, 26, 80, 149, 151
shatter function
dual 345
primal 345
shattered hyperedge set 334
shortcutting computation 462
Sidon’s theorem 80, 116,251
o-separation 309

simplex 182, 367

single dominant term rule 264
single term domination 264, 272
singular series 491, 524

693

slab 640
small ball conjecture 76, 108
generic signed 110
signed 109
trigonometric 133
small ball inequality 75,79, 107
signed 145
small ball probability
130, 134
small ball problem 118, 128
small deviation probability 80, 118, 119
small deviation problem 118, 121
small discrepancy phenomena 5
small discrepancy problem 17
Smolyak quadrature rule 633
smoothed discrepancy 503
snapping procedure 659

119, 122, 124, 127,

Sobol” sequence 562, 660
Sobol’ set 667
Sobolev space 105, 128, 633

sparse grid method
rule)
spherical average 163
spherical cap 164
spherical cap discrepancy 626
spherical mean 163,172
square function
martingale difference 79
standard QEA (sQEA) 472
star discrepancy 73, 107, 540, 623
decision problem 643
inverse of 554
L, 623
Lo 623
star discrepancy metric 671
Stirling number 366
Stirling’s formula 126
stochastic program 670
stochastic programming 622, 670
scenario reduction 622, 670
Stolarsky’s invariance principle 551
strong tractability 555, 557
strongly distinct vectors 137
subgaussian function 98
sum
Gaussian 497
Kloosterman 506
of arithmetic progressions
Poisson 496
Salie 509
summation
Kahan 629
Poisson 196,234
super-orthogonality 259, 260

(see Smolyak quadrature
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superirregularity 233
support 165
supporting box 672

T-tractability 558
tensor product 121, 545
tensor product technique 321
theorem
Beck-Fiala 321
Borel’s normal number 236
Bérany—Grinberg 321
central limit 234, 567
Chinese remainder 49
divergence 164
Gallai 356
Hahn-Banach 534
Hardy-Littlewood (maximal function)
179
Hurwitz = 227
Khintchine 236
Kuelbs-Li 124
Lagrange 11
mean value 179
Minkowski 227
Minkowski lattice point 326
Parseval 600
Plancherel 150, 358
Sidon 80, 116, 251
six standard deviations 321
van der Waerden 330
theory
Littlewood—-Paley 79, 95, 96,
101
Ramsey 323
Thiémard’s algorithm
bracketing cover approach 650
ILP-based 651
threshold accepting 657, 658
threshold language 643
(t,m, s)-net
digital 560
inbase b 552,559
Owen scrambled 567
quality parameter 559
randomly digitally shifted 566
total unimodular matrix 325
tractability
polynomial 554
strong 557
trellis 640

Index

Triebel-Lizorkin norm 624
trigonometric polynomial 117, 131
trivial error 261, 264
(t, s)-sequence

inbase b 559

over Zy 570
Turing machine (non-deterministic) 643
type € point 501

U

unanchored discrepancy (see extreme
discrepancy)

uniform metric 671

uniformly distributed sequence 72

unit level surface 488

univariate marginal distribution algorithm
(UMDA) 471

van der Corput conjecture 4
van der Corput sequence 25, 552, 664
generalization by Faure (see Faure
construction)
generalization by Halton (see Halton
construction)
van der Corput set 25, 26, 80, 149, 151
extended 31
Fourier—Walsh approach 38
shifted 35
translated 31
Vandermonde matrix 58
variable forcing 656
VC-dimension 334
versatile QEA (VQEA) 473
vertical translation 266

WI[1] (complexity class) 646, 647

W([1]-hardness 646, 647

Walsh coefficients 597

Walsh expansion 573

Walsh function 39, 62,77, 573
b-adic 594
b-adic system 594
s-dimensional b-adic 595
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Walsh series 602

Walsh space 596

Waring problem 536

Warnock formula 545, 546, 549, 551, 628
generalization 663

weak tractability 558

weighted discrepancy 325, 549, 555, 625

weighted L,-discrepancy 557

weighted L ,-discrepancy 549, 626
inverse of 556

weighted Lo-discrepancy 626

weighted star-discrepancy 549

weighted Walsh space 596
Weil’s estimate 506

Weyl-type estimate 511
Winker-Fang algorithm 658
worst-case-root-mean-square error
wrapped hypergraph 385

7 p-invariant hypergraph 394
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