
Appendix A

Classical Valuation Theory

In the following, let K be a field with a non-Archimedean absolute value denoted
by j � jWK � R�0; cf. 2.1/1. We will always assume that such an absolute value is
non-trivial, i.e. that its values in R�0 are not restricted to 0 and 1. Furthermore, let V
be aK-vector space. A vector space norm on V (cf. 2.3/4) is a map k�kWV � R�0
satisfying the following conditions for elements x; y 2 V and ˛ 2 K:

(i) kxk D 0 ” x D 0,
(ii) kx C yk � max

˚kxk; kyk�
.

(iii) k˛xk D j˛j kxk,

When no confusion is possible, we will usually make no notational difference
between the absolute value j � j on K and the vector space norm k � k on V , thus
always writing jxj instead of kxk for elements x 2 V . To give an example of a
K-vector space norm, let V be a finite dimensional K-vector space and fix a basis
v1; : : : ; vd on it. Then we define the corresponding maximum norm j � jmax on V as
follows. Given an element x 2 V , write it as a linear combination x D Pd

iD1 ˛ivi
with coefficients ˛i 2 K and set

jxjmax D max
iD1:::d j˛i j:

One easily checks that j � jmax defines a vector space norm on V . Furthermore, if K
is complete under its absolute value, V is complete under such a maximum norm.

As usual, any vector space norm on aK-vector space V defines a topology on V .
Two such norms j � j1 and j � j2 are called equivalent if they induce the same topology
on V . The latter amounts to the fact that there exist constants c; c0 > 0 such that
jxj1 � cjxj2 � c0jxj1 for all x 2 V ; use the fact that the absolute value on K is
non-trivial. It is clear that any two maximum norms, attached to certain K-bases on
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230 Appendix A

a finite dimensional K-vector space V , are equivalent. If K is complete, a stronger
assertion is possible.

Theorem 1. Let V be a finite dimensional K-vector space and assume that K is
complete. Then all K-vector space norms on V are equivalent. In particular; V is
complete under such a norm.

Proof. Choose aK-basis v1; : : : ; vd of V and consider the attached maximum norm
j � jmax on V . Let j � j be a secondK-vector space norm on V . Then there is a constant
c > 0 such that jxj � cjxjmax for all x 2 V . In fact, if x D Pd

iD1 ˛ivi , we have

jxj � max
iD1:::d j˛i jjvi j � max

iD1:::d j˛i j max
iD1:::d jvi j D cjxjmax

for c D maxiD1:::d jvi j. Thus, it remains to show that there is a constant c0 > 0

satisfying jxjmax � c0jxj for all x 2 V .
We want to do this by induction on the dimension d of V . For d D 0 the assertion

is trivial. Thus, let d > 0 and assume that a constant c0 as desired does not exist.
Then we can construct a sequence xn 2 V such that

jxnjmax D 1 for all n and lim
n!1 jxnj D 0:

Write xn D Pd
iD1 ˛nivi with coefficients ˛ni 2 K and consider the elements ˛nd

for i D d fixed as a sequence in K. If it is a zero sequence, look at the sequence
x0
n D xn � ˛nd vd in V 0 D Pd�1

iD1 Kvi . Then, due to the non-Archimedean triangle
inequality, jx0

njmax D 1 for almost all indices n and limn!1 jx0
nj D 0. However, this

is impossible by the induction hypothesis, since j � jmax and j � j must be equivalent on
the subspace V 0 � V , which is of dimension d � 1. Therefore ˛nd cannot be a zero
sequence. Replacing the xn by a suitable subsequence, we may assume that there is
some " > 0 satisfying j˛nd j � " for all n. Then

yn D ˛�1
nd xn D vd C

d�1X

iD1
˛�1
nd ˛nivi

is still a zero sequence in V . Hence, we see that

vd D � lim
n!1

d�1X

iD1
˛�1
nd ˛nivi :

In other words, vd belongs to the closure of V 0 in V . However, by induction
hypothesis, V 0 is complete and, hence, closed in V . As vd 62 V 0, we get a
contradiction. ut



Classical Valuation Theory 231

Corollary 2. Let j�j1 and j�j2 be two absolute values on an algebraic field extension
L=K restricting to the given absolute value j � j on K. Assume that K is complete
with respect to j � j. Then j � j1 and j � j2 coincide on L.

Proof. Since L is a union of finite subextensions of L=K, we may assume that the
extensionL=K is finite. Then, viewingL as a normedK-vector space under j�j1 and
j � j2, these norms are equivalent by Theorem 1. Thus, there are constants c; c0 > 0

such that j˛j1 � cj˛j2 � c0j˛j1 for all ˛ 2 L. Replacing ˛ by ˛n for any integer
n > 0 and using the multiplicativity of j � j1 and j � j2, we get

j˛j1 � c
1
n j˛j2 � c0 1n j˛j1

and therefore, by taking limits, j˛j1 D j˛j2 for all ˛ 2 L. ut
We have just seen that for any algebraic field extension L=K, there is at most one

way to extend the given absolute value j � j from K to L, provided K is complete
with respect to j � j. We want to show now that such an extension will always exist.

Theorem 3. Let L=K be an algebraic extension of fields whereK is complete with
respect to a given absolute value j � j. Then there is a unique way to extend j � j to an
absolute value j � j0 of L. In fact;

j˛j0 D jNK.˛/=K.˛/j 1d

for elements ˛ 2 L where NK.˛/=K denotes the norm of K.˛/ over K and where d
is the degree of ˛ over K.

If L is finite over K; we see from Theorem 1 that L is complete with respect to
the absolute value j � j0.
Proof. As NK.˛/=K.˛/ D ˛ for elements ˛ 2 K, it is clear that j � j0 extends j � j.
To show that j � j0 defines a non-Archimedean absolute value on L, let us verify the
conditions of 2.1/1. Clearly, NK.˛/=K.˛/ D 0 if and only if ˛ D 0 and therefore
j˛j0 D 0 if and only if ˛ D 0. Furthermore, if ˛ 2 L is contained in a finite
subextension L0 of L=K, say of degree n, then we conclude from the definition of
norms that j˛j0 D jNL0=K.˛/j 1n . Since the norm NL0=K is multiplicative, we see that
j � j0 is multiplicative as well.

Thus, it remains to show j˛ C ˇj0 � maxfj˛j0; jˇj0g for ˛; ˇ 2 L. This
estimate does not follow right away from properties of the norm, some more work
is necessary. First note that for j˛j0 � jˇj0 and ˇ 6D 0, we can divide by ˇ and
thereby are reduced to showing j1 C ˛j0 � 1 for ˛ 2 L satisfying j˛j0 � 1. Let
R D f˛ 2 K I j˛j � 1g be the valuation ring of K. With the aid of Hensel’s
Lemma, see Lemma 4 below, we will show in Lemma 5 that an element ˛ 2 L

is integral over R if and only if NK.˛/=K.˛/ 2 R, i.e. if and only if j˛j0 � 1. But
then the non-Archimedean triangle inequality is easily derived. If j˛j0 � 1 for some
˛ 2 L, then ˛ is integral over R. Hence, the same is true for 1 C ˛ and we get
j1C ˛j0 � 1. ut
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In order to state Hensel’s Lemma, let R D f˛ 2 K I j˛j � 1g be the valuation
ring of K and let k D R=f˛ 2 R I j˛j < 1g be the attached residue field. The
canonical projection R � k, which will be denoted by ˛ � Q̨ , induces for a
variable (or a system of variables) X a projection

RdbXec � kdbXec; f D
X

ciX
i � Qf D

X
QciXi ;

on the level of polynomial rings.

Hensel’s Lemma 4. Let f 2 RdbXec be a polynomial in one variable X such that
there exists a factorization Qf D Qp � Qq with coprime factors Qp; Qq 2 kdbXec; i.e. where
Qp and Qq are non-zero and their greatest common divisor in kdbXec is 1. Then Qp; Qq

can be lifted to polynomials p; q 2 RdbXec satisfying

f D p � q; deg q D deg Qq:

Before giving the proof, let us derive the statement on integral dependence that
was used in the proof of Theorem 3.

Lemma 5. As in Theorem 3, let L=K be an algebraic extension of fields and
let R be the valuation ring of K. Then; for elements ˛ 2 L; the following are
equivalentW
(i) ˛ is integral over R.

(ii) NK.˛/=K.˛/ 2 R.

Proof. To begin with, assume condition (i), namely that ˛ is integral over R. Then
there is a monic polynomial h 2 RdbXec satisfying h.˛/ D 0. Let f 2 KdbXec
be the minimal polynomial of ˛ over K. As f must divide h in KdbXec, there is a
decomposition of type h D fg in KdbXec. We claim that both, f and g belong to
RdbXec. To justify this, consider the Gauß norm on KdbXec, which is given by

ˇ̌
ˇ̌
ˇ̌
ˇ̌

nX

iD0
aiX

i

ˇ̌
ˇ̌
ˇ̌
ˇ̌ D max

iD0:::n jai j:

As in Sect. 2.2, one shows that the Gauß norm is multiplicative and this implies
1 D khk D kf k � kgk. Since f is a monic polynomial, we have kf k � 1 and there
is a constant c 2 K such that jcj D kf k�1. Setting f 0 D cf and g0 D c�1g, we
get h D f 0g0 with kf 0k D kg0k D 1. In particular, h D f 0g0 is a decomposition
in RdbXec, which can be transported into kdbXec, thus implying the decomposition
Qh D Qf 0 Qg0. As

deg Qf 0 C deg Qg0 D deg Qh D deg h D deg f C degg;

deg Qf 0 � deg f; deg Qg0 � degg;
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we have necessarily deg Qf 0 D deg f and deg Qg0 D degg. However, since f is
monic, kf k > 1would imply deg Qf 0 < deg f . Therefore we must have jcj D 1 and,
hence, f; g 2 RdbXec. Thus, if f D Pn

iD0 ciXi 2 RdbXec is the minimal polynomial
of ˛ over K, we get NK.˛/=K.˛/ D .�1/nc0 2 R, which implies condition (ii).

Conversely, assume NK.˛/=K.˛/ 2 R as in condition (ii). As before, consider the
minimal polynomial f D Pn

iD0 ciXi 2 KdbXec of ˛ over K. We want to show
that f .˛/ D 0 is, in fact, an integral equation of ˛ over R. Proceeding indirectly,
assume that f 62 RdbXec. Then we have kf k > 1 and we can choose a constant
c 2 K such that jcj D kf k�1 < 1. Writing f 0 D cf , we get kf 0k D 1. Since
c0 D .�1/nNK.˛/=K.˛/ 2 R and cn D 1, it follows 0 < deg Qf 0 < deg f . Now look
at the decomposition Qf 0 D Qp Qq with Qp D 1 and Qq D Qf 0. Due to Hensel’s Lemma 4,
we can lift Qp and Qq to polynomials p; q 2 RdbXec such that cf D f 0 D pq and
deg q D deg Qq. Since deg Qq is strictly between 0 and deg f , we see that cf D pq is a
non-trivial decomposition which, however, contradicts the fact that f is irreducible.
Therefore we must have f 2 RdbXec, thus, implying condition (i). ut

It remains to do the proof of Hensel’s Lemma. Starting out from the decompo-
sition Qf D Qp Qq, we choose a lifting q0 2 RdbXec of Qq satisfying deg q0 D deg Qq.
Then the highest coefficient of q0 is a unit in R and, by Euclid’s division, there
is an equation f D p0q0 C r1 with suitable polynomials p0; r1 2 RdbXec where
deg r1 < deg q0. From this we get Qf D Qp0 Qq C Qr1. Since we have

deg Qr1 � deg r1 < deg q0 D deg Qq

and Qq divides Qf , Euclid’s division in kdbXec implies Qr1 D 0. In particular, kr1k < 1

and p0 is a lifting of Qp. Let m D degp0 and n D deg q0. It is now our strategy, to
construct polynomials a; b 2 RdbXec with

kak; kbk � kr1k; deg a < m; deg b < n;

such that

f D p0q0 C r1 D .p0 C a/.q0 C b/;

or, equivalently

bp0 C aq0 C ab D r1: (�)

Then the decomposition f D .p0 C a/.q0 C b/ will be a lifting of Qf D Qp Qq, as
required.

To do this, we neglect the quadratic term ab in the Eq. (�) for a moment. Let
KdbXeci for i 2 N be the R-submodule of KdbXec consisting of all polynomials in
KdbXec of degree � i . For the valuation ring R and its residue field k the notations
RdbXeci and kdbXeci are used in a similar way. Then consider the R-linear map
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'WRdbXecm�1 ˚RdbXecn�1 � RdbXecmCn�1; .a; b/ � bp0 C aq0;

as well as its versions '˝K overK and '˝k over k. We claim that all of these are
isomorphisms. In fact, start with ' ˝ k. This map is injective, since Qb Qp C Qa Qq D 0

implies that Qq divides Qb, due to the fact that Qp and Qq are coprime. However, since
deg Qb < m D deg Qq, we get Qa D Qb D 0. But then, by reasons of dimensions, ' ˝ k

is surjective and, hence, bijective. From this we can conclude that ' and ' ˝K are
isometric in the sense that

ˇ̌̌̌
.' ˝K/.b; a/

ˇ̌̌̌ D max
˚kak; kbk�

; a 2 KdbXecm�1; b 2 KdbXecn�1:

In particular, ' ˝K is injective, and the same dimension argument, as used before,
shows that ' ˝ K is bijective. Furthermore, relying on the fact that ' ˝ K is
isometric, we finally see that ' is bijective. Now, to lift the decomposition Qf D Qp Qq
as stated, let " D krk. We claim:

There are sequences pi 2 RdbXecm�1, qi 2 RdbXecn�1, and riC1 2 RdbXecmCn�1,
starting with the initial elements p0; q0; r1 constructed above, such that

f D
� jX

iD1
pi

�� jX

iD1
qi

�
C rjC1; j D 0; 1; : : : ;

where

kpj k; kqj k � "j ; krjC1k � "jC1:

Then, as the field K is complete, p D P1
iD1 pi and q D P1

iD1 qi make sense as
polynomials in RdbXec of degree m, respectively n, and by a limit argument, we get
the desired decomposition f D pq.

To justify the claim, we proceed by induction on j . So assume that the
polynomials pi , qi and riC1 have already been constructed, up to some index j � 0.
Then, writing p0 D Pj

iD1 pi and q0 D Pj
iD1 qi and applying the above properties

of the R-linear map ', now with p0; q0 in place of p0; q0, we can solve the equation

rjC1 D qjC1p0 C pjC1q0

for some elements pjC1 2 RdbXecm�1 and qjC1 2 RdbXecn�1 satisfying

kpjC1k; kqjC1k � "jC1:

But then we have

f D .p0 C pjC1/.q0 C qjC1/C rjC2

with rjC2 D �pjC1qjC1 2 RdbXecmCn�1 where krjC2k � "2.jC1/ � "jC2. Thus,
our claim is justified, and Hensel’s Lemma is proved. ut
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The problem of extending a non-Archimedean absolute value j � j from a field
K to an algebraic extension L has been settled in Theorem 3 for the case where
K is complete. If K is not complete with respect to j � j, we can pass to its
completion OK, which can be constructed as follows. Consider the ring KN of all
infinite sequences in K, addition and multiplication being defined componentwise.
The Cauchy sequences define a subring C.K/ of KN and the zero sequences an
ideal Z.K/ � C.K/. It is easy to see that the quotient OK D C.K/=Z.K/ is a
field and that the canonical map K � OK sending an element ˛ to the residue
class of the constant sequence ˛; ˛; : : : is a homomorphism of fields. In particular,
we can view K as a subfield of OK. We can even define an absolute value j � j0 on
OK extending the one given on K. Indeed, given any ˛ 2 OK, choose a representing

Cauchy sequence .˛i / in K. Then the sequence .j˛i j/ is a zero sequence or, due
to the non-Archimedean triangle inequality, it becomes constant at a certain index
i0. Therefore the limit c D limi!1 j˛i j exists and is well-defined, and we can set
j˛j0 D c. One can show that OK is complete with respect to j � j0 and that it contains
K as a dense subfield.

Now if L=K is an algebraic field extension, we can consider the completion OK
of K and its algebraic closure OKalg. Extending the absolute value of K to OK, as just
described, and prolonging it to OKalg with the help of Theorem 3, we get a canonical
non-Archimedean absolute value on OKalg, which may be denoted by j � j again. Then
we can choose aK-morphism � WL � OKalg and pull back the absolute value from
OKalg to L via � . Thereby we obtain an absolute value on L extending the one given

on K. However, the latter will not be unique in general, which corresponds to the
fact that the K-morphism � WL � OKalg may not be unique.

Taking the algebraic closure of a complete field, we may loose completeness. In
particular, the field OKalg may not be complete again. However, if we start with an
algebraically closed field, its completion will remain algebraically closed. This way
it is possible to construct extension fields that are algebraically closed and complete
at the same time.

Krasner’s Lemma 6. LetK an algebraically closed field with a non-Archimedean
absolute value j � j. Then its completion OK is algebraically closed.

Proof. Consider an algebraic closure L of OK and extend the absolute value of OK to
L, using the assertion of Theorem 3. Let f D Pn

iD0 ciXi be a monic polynomial
of degree > 0 in OKdbXec. Then f admits a zero ˛ 2 L, and it is enough to
show that ˛ can be approximated by elements in K. To verify this, choose " > 0

and approximate the coefficients ci by elements di 2 K in such a way that the
polynomial g D Pn

iD0 diXi 2 KdbXec satisfies jg.˛/j � "n. Assuming dn D 1,
write g D Qn

iD1.X � ˇi / with zeros ˇi 2 K. Then jg.˛/j D Qn
iD1 j˛ � ˇi j � "n

implies that there is an index i such that j˛ � ˇi j � ". Consequently, ˛ can be
approximated by elements in K. ut

The argument used in the proof is referred to as the principle of continuity of
roots.
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Completed Tensor Products

In the following we want to show that the category of affinoid K-algebras admits
amalgamated sums where, as usual,K is a field endowed with a non-trivial complete
non-Archimedean absolute value. Such amalgamated sums are constructed as
completions of ordinary tensor products.

To handle completed tensor products, we need a slightly more general setting.
Let R be a ring with a ring norm j � j on it, see 2.3/1, and M a normed R-module.
Thereby we mean an R-module M together with a map M � R�0, denoted by
j � j again, such that for all x; y 2 M and a 2 R we have

(i) jxj D 0 ” x D 0,
(ii) jx C yj � max

˚jxj; jyj�,
(iii) jaxj � jaj � jxj.
The map j � jWM � R�0 is called a semi-norm on M if only conditions (ii) and
(iii) are satisfied and (i) possibly not. Furthermore, an R-linear map 'WM � N

between normed R-modules is called bounded if there exists a real constant � > 0

such that j'.x/j � � jxj for all x 2 M . In this case � is referred to as a bound for '.
Looking at topologies that are generated by module norms, we see immediately

that bounded morphisms of normed R-modules are continuous. The converse is not
always true. However, if there exists a subfield K � R such that the norm on R
restricts to a non-trivial absolute value on K, then every continuous morphism of
normed R-modules is bounded. To justify this, assume that R contains a field K
with the stated properties. Then, by restriction of scalars, any R-module M can be
viewed as a K-vector space and, in fact, as a normed K-vector space in the sense
of 2.3/4. Clearly we have jaxj � jaj � jxj for a 2 K and x 2 M , but also

jaj � jxj � jaj � ja�1axj � jaj � ja�1j � jaxj D jaj � jaj�1 � jaxj D jaxj
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for a ¤ 0, which shows jaxj D jaj � jxj for all a 2 K and x 2 M . Then, if
'WM � N is a continuous morphism of normed R-modules, there exists a
constant ı > 0 such that j'.x/j � 1 for all x 2 M satisfying jxj � ı. Fixing
an element t 2 K such that 0 < jt j < 1, we choose an integer n 2 Z such that
jt jn�1 � ı. Now, considering an arbitrary element x 2 M , there exists an integer
r 2 Z satisfying jt jn � jt jr jxj � jt jn�1. Then jt rxj � ı and, hence, j'.t rx/j � 1,
as well as 1 � jt jr�njxj, and we get

ˇ
ˇ'.x/

ˇ
ˇ D ˇ

ˇt
ˇ
ˇ�r � ˇ

ˇ'.t rx/
ˇ
ˇ � ˇ

ˇt
ˇ
ˇ�r � ˇ

ˇt
ˇ
ˇ�r � ˇ

ˇt
ˇ
ˇr�n � ˇ

ˇx
ˇ
ˇ D ˇ

ˇt
ˇ
ˇ�n � ˇ

ˇx
ˇ
ˇ;

which shows that jt j�n is a bound for '. Thus, we have shown:

Lemma 1. (i) Any bounded morphism of normed R-modules is continuous.
(ii) Conversely; assume that R contains a fieldK such that the norm on R restricts

to a non-trivial absolute value on K. Then every continuous morphism of
R-modules is bounded.

Note that the assumption in (ii) is satisfied if R is a non-zero affinoid K-algebra,
for K a field with a non-trivial complete non-Archimedean absolute value. Thus,
in this case a morphism of normed R-modules is continuous if and only if it is
bounded.

Now let us turn to tensor products and their related bilinear maps. Let M , N , E
be normed modules over a normed ringR. AnR-bilinear map˚ WM �N � E is
called bounded if there exists a real constant � > 0 such that j˚.x; y/j � � � jxj � jyj
for all x 2 M and y 2 N . Again, � is called a bound for ˚ . An R-linear or
R-bilinear map that is bounded by 1 is called contractive.

Proposition 2. Let M; N be normed modules over a normed ring R. There exists
a contractive R-bilinear map � WM �N � T into a complete normed R-module
T such that the following universal property holdsW

Given any R-bilinear map ˚ WM � N � E; bounded by some � > 0; into a
complete normed R-module E; there exists a unique R-linear map 'WT � E;

bounded by � as well; such that the diagram

is commutative.

Proof. To construct the map � , we view the ordinary tensor product M ˝R N as a
semi-normed R-module using the semi-norm j � jWM ˝R N � R�0 given by
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jzj D inf
�

max
iD1;:::;r jxi j � jyi j

�
; z 2 M ˝R N;

where the infimum runs over all possible representations

z D
rX

iD1
xi ˝ yi ; xi 2 M; yi 2 N:

That we really get a semi-norm on M ˝R N is easily verified. Thus, we can define
T D M y̋ R N as the separated completion of M ˝R N . It is an R-module again
and, in fact, a complete normed R-module, since the semi-norm on M ˝R N gives
rise to an R-module norm on M y̋ R N . For elements x 2 M and y 2 N , we write
x y̋ y for the element in M y̋ R N that is induced by the tensor x ˝ y 2 M ˝R N .
Then it is clear that the map

� WM �N � M y̋ R N; .x; y/ � x y̋ y;

is R-bilinear and contractive. The R-module M y̋ R N , together with its R-module
norm, is called the completed tensor product of M and N over R.

Now let us show that the R-bilinear map � satisfies the universal property of
the assertion. So let ˚ WM � N � E be a bounded R-bilinear map into a
complete normed R-module E and let � > 0 be a bound for ˚ . Using the universal
property of ordinary tensor products in terms of the canonical R-bilinear map
� 0WM �N � M˝RN sending a pair .x; y/ to the tensor x˝y, there is a unique
R-linear map '0WM ˝R N � E making the following diagram commutative:

Then consider some element z D Pr
iD1 xi ˝ yi 2 M ˝R N where xi 2 M and

yi 2 N . Since '0.z/ D Pr
iD1 ˚.xi ; yi /, we get

ˇ̌
'0.z/

ˇ̌ � max
iD1;:::;r

ˇ̌
˚.xi ; yi /

ˇ̌ � � max
iD1;:::;r

ˇ̌
xi

ˇ̌ � ˇ̌
yi

ˇ̌
:

Taking the infimum over all representations of z as a sum of tensors
Pr

iD1 xi ˝ yi
yields j'0.z/j � � jzj, and we see that '0 is bounded by � .

Since E is complete, '0 gives rise to an R-linear map 'WM y̋ R N � E that
is bounded by � as well. Furthermore, we can enlarge the above diagram to obtain
the following commutative diagram:
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It remains to show that ' is uniquely determined by the relation˚ D 'ı� . However,
this is clear since ' is unique on the image �.M � N/, which generates a dense
R-submodule in M y̋ R N . ut

In the situation of Proposition 2, the normed R-module T together with the
contractive R-bilinear map � WM � N � T is uniquely determined up to
isometric isomorphism and will be denoted by M y̋ R N . It is called the completed
tensor product of M and N over R. For the attached contractive R-bilinear map
� WM � N � M y̋ R N we will use the notation .x; y/ � x y̋ y. In other
words, we set x y̋ y D �.x; y/ for .x; y/ 2 M � N . Note that, independent of
the construction in the proof of Proposition 2, there is a canonical R-linear map
M ˝R N � M y̋ R N , namely the one given by x ˝ y � x y̋ y. It has a
dense image in M y̋ R N , since the closure of this image, just as M y̋ R N , satisfies
the universal property of completed tensor products.

As in the case of ordinary tensor products, the universal property defining
completed tensor products can be used to derive various standard facts. To list some
of them, look at normed R-modules M , N , P . Then there are canonical isometric
isomorphisms

R y̋ R M ' M;

M y̋ R N ' N y̋ R M;
�
M y̋ R N

� y̋ R P ' M y̋ R
�
N y̋ R P

�
;

�
M ˚N

� y̋ R P ' �
M y̋ R P

� ˚ �
N y̋ R P

�
;

where the norm on a direct sum like M ˚N is given by jx ˚ yj D max
�jxj; jyj�.

Furthermore, the completed tensor product of two bounded morphisms of normed
R-modules can be constructed. Indeed, let 'i WMi

� Ni for i D 1; 2 be
morphisms of normed R-modules that are bounded by constants �i > 0. Then the
R-bilinear map

M1 �M2
� N1 y̋ R N2; .x1; x2/ � '1.x1/ y̋ '2.x2/;

is bounded by �1�2 and, thus, gives rise to an R-linear map

'1 y̋ '2WM1 y̋ R M2
� N1 y̋ R N2; x1 y̋ x2 � '1.x1/ y̋ '2.x2/;
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that is bounded by �1�2 as well. The map '1 y̋ '2 is referred to as the completed
tensor product of '1 and '2.

Also note that the associativity isomorphism above admits the following general-
ization:

Proposition 3. Let S � R be a contractive homomorphism between normed
rings and let M be a normed S -module; as well as N and P normed R-modules.
Then there is a canonical isometric isomorphism of normed S -modules

.M y̋ S N / y̋ R P ' M y̋ S .N y̋ R P /

where M y̋ S N is a normed R-module via the R-module structure of N .

The proof is straightforward, see [BGR], 2.1.7/7.
Next let us discuss completed tensor products on the level of normed algebras.

To do this, fix a normed ring R and consider two normed R-algebras A1, A2;
by the latter we mean normed rings Ai that are equipped with a contractive
ring homomorphism R � Ai . In particular, we may view the Ai as normed
R-modules, which implies that the completed tensor product A1 y̋ R A2 exists
as a complete normed R-module. We want to show that A1 y̋ R A2 is, in fact, a
normed R-algebra, based on the R-algebra structure of the ordinary tensor product
A1˝RA2. Using the semi-norm onA1˝RA2 as defined in the proof of Proposition 2,
we see that the canonical ring homomorphism R � A1 ˝R A2 is contractive.
Furthermore, for two elements

z D
mX

iD1
xi ˝ yi ; z0 D

nX

jD1
x0
j ˝ y0

j 2 A1 ˝R A2;

we get

ˇ̌
z � z0 ˇ̌ D

ˇ̌
ˇ
mX

iD1

nX

jD1
xix

0
j ˝ yiy

0
j

ˇ̌
ˇ � max

i;j

ˇ̌
xix

0
j

ˇ̌ � ˇ̌
yiy

0
j

ˇ̌

� max
iD1;:::;m

ˇ̌
xi

ˇ̌ � ˇ̌
yi

ˇ̌ � max
jD1;:::;n

ˇ̌
x0
j

ˇ̌ � ˇ̌
y0
j

ˇ̌
;

which yields

ˇ̌
zz0 ˇ̌ � ˇ̌

z
ˇ̌ � ˇ̌

z0 ˇ̌:

when taking the infimum over all representations of z and z0 as sums of tensors.
Thus, passing fromA1˝RA2 to its completion, it follows that, indeed, the completed
tensor product A1 y̋ R A2 is a normed R-algebra where the multiplication is
characterized by
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.x y̋ y/ � .x0 y̋ y0/ D xx0 y̋ yy0

and the structural morphism R � A1 y̋ R A2 by a � a y̋ 1 D 1 y̋ a.
We want to characterize A1 y̋ R A2 in terms of a universal property for normed

R-algebras.

Proposition 4. Let R be a normed ring and A1; A2 normed R-algebras. Then the
contractive R-algebra homomorphisms

�1WA1 � A1 y̋ R A2; a1 � a1 y̋ 1;
�2WA2 � A1 y̋ R A2; a2 � 1 y̋ a2;

admit the following universal property of amalgamated sumsW
Let '1WA1 � D and '2WA2 � D be two homomorphisms of normed

R-algebras that are bounded by constants �1 > 0 and �2 > 0 and assume that D is
complete. Then there is a unique R-algebra homomorphism 'WA1 y̋ R A2 � D;

bounded by �1�2; such that the diagram

is commutative.

Proof. Consider homomorphisms of normed R-algebras '1WA1 � D as well as
'2WA2 � D where D is complete and assume that '1 and '2 are bounded by
constants �1 > 0 and �2 > 0. Then

A1 � A2 � D; .a1; a2/ � '1.a1/ � '2.a2/;

is an R-bilinear map that is bounded by �1�2. Thus, by the universal property of
completed tensor products in Proposition 2, it gives rise to an R-linear map

'WA1 y̋ R A2 � D; a1 y̋ a2 � '1.a1/ � '2.a2/;

that is bounded by �1�2. Furthermore, ' satisfies
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'
�
.a1 y̋ a2/ � .a0

1
y̋ a0

2/
� D '.a1a

0
1

y̋ a2a0
2/ D '1.a1a

0
1/ � '2.a2a0

2/

D '1.a1/ � '2.a2/ � '1.a0
1/ � '2.a0

2/

D '.a1 y̋ a2/ � '.a0
1

y̋ a0
2/

for a1; a
0
1 2 A1 and a2; a

0
2 2 A2. This shows that ' is multiplicative on the image of

A1 ˝R A2 in A1 y̋ R A2 and, hence, by continuity, on A1 y̋ R A2 itself. Since

'.a1 y̋ a2/ D '
�
.a1 y̋ 1/ � .1 y̋ a2/

� D '1.a1/ � '2.a2/

for a1 2 A1 and a2 2 A2, it is clear by a continuity argument as before that ' is
unique on A1 y̋ R A2. ut

If  i WAi � Bi , i D 1; 2, are bounded morphisms of normedR-algebras, their
completed tensor product

 1 y̋  2WA1 y̋ R A2 � B1 y̋ R B2; a1 y̋ a2 �  1.a1/ y̋  2.a2/;

is defined as a bounded R-linear map, but can also be obtained within the context
of normed R-algebras using the universal property of Proposition 4; both versions
coincide.

Next we want to study the behavior of restricted power series under completed
tensor products. To do this, let A be a complete normed ring and � D .�1; : : : ; �n/

a set of variables. Then, as usual, the A-algebra of restricted power series in � with
coefficients in A is given by

Ah�i D
n X

�2Nn
a��

n 2 Adbdb�ecec I a� 2 A; lim
�2Nn a� D 0

o
:

It is a complete normed A-algebra under the Gauß norm

ˇ̌
ˇ
X

�2Nn
a��

n
ˇ̌
ˇ D max

�2Nn
ˇ̌
a�

ˇ̌
:

Proposition 5. LetR be a complete normed ring; A a complete normedR-algebra;
and � D .�1; : : : ; �n/ a set of variables. Then; using the Gauß norm on Rh�i and
Ah�i; there is a canonical isometric isomorphism of normed R-algebras

A y̋ R Rh�1; : : : ; �ni 	� Ah�1; : : : ; �ni:

Proof. We want to show that the canonical maps

�1WA � Ah�i; �2WRh�i � Ah�i;
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which are contractive, satisfy the universal property mentioned in Proposition 4. To
do this, consider two morphisms of R-algebras

'1WA � D; '2WRh�i � D

into a complete normed R-algebra D such that '1 and '2 are bounded by constants
�1; �2 > 0. Then there is a well-defined R-algebra homomorphism

'WAh�i � D;
X

�2Nn
a��

� �
X

�2Nn
'1.a�/ � '2.��/:

Indeed, if the a� form a zero sequence in A, their images form a zero sequence in
D since j'1.a�/j � �1ja� j. Furthermore, we have j'2.��/j � �2 for all � so that the
infinite sums of type

P
� '1.a�/ � '2.��/ are converging. Hence, ' is well-defined,

and it is bounded by �1�2, as shown by the estimate

ˇ̌
ˇ
X

�2Nn
'1.a�/ � '2.��/

ˇ̌
ˇ � �1�2 � max

�

ˇ̌
a�

ˇ̌ D �1�2 �
ˇ̌
ˇ
X

�2Nn
a��

�
ˇ̌
ˇ:

By continuity, ' is even a homomorphism of R-algebras and, in fact, the unique
bounded homomorphism making the diagram

commutative. Thus, we are done. ut
For the remainder of this section, we want to look at affinoid K-algebras where,

as usual, K is a field with a complete non-Archimedean absolute value that is non-
trivial. Any such algebra A may be viewed as a complete normed K-algebra by
choosing a residue norm on it. Furthermore, we know from 3.1/20 that any two
residue norms j � j and j � j0 on A are equivalent in the sense that they induce the same
topology on A. In particular, the identity map .A; j � j/ � .A; j � j0/ and its inverse
are bounded due to Lemma 1.

Now let �1WR � A1 and �2WR � A2 be two homomorphisms of affinoid
K-algebras. In order to construct the completed tensor product A1 y̋ R A2, we need
to specify appropriate norms on R, A1, and A2 in such a way that �1 and �2 are
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contractive. We do this in terms of residue norms. In fact, choosing epimorphisms
˛WTm � R and ˛i WTni � Ai , i D 1; 2, we can use 3.1/19 in conjunction
with 3.1/7 and 3.1/9 to construct commutative diagrams

where ˛0
1 and ˛0

2 are extensions of ˛1 and ˛2 and, hence, are surjective. Considering
the residue norms associated to ˛, ˛0

1, and ˛0
2 on R and the Ai , it is clear that

the maps �1 and �2 are contractive and, hence, that the completed tensor product
A1 y̋ R A2 can be constructed. If we consider a second set of residue norms on R,
A1, and A2 such that �1 and �2 are contractive, then the resulting semi-norms on
A1 ˝R A2 that are used to construct the completed tensor product, are seen to be
equivalent. As a result, the attached completions can canonically be identified and
it follows that, indeed, the completed tensor product A1 y̋ R A2 is well-defined, up
to a set of equivalent ring norms on it, just as is the case for affinoid K-algebras
and their possible residue norms on them. We will keep this in mind and talk about
“the” completed tensor product of A1 and A2 over R. However, when it comes to
particular norms on A1 y̋ R A2, we have to be more specific.

Our main objective for the remainder of this section is to show:

Theorem 6. Let �1WR � A1 and �2WR � A2 be homomorphisms of affinoid
K-algebras. Then the completed tensor product A1 y̋ R A2 is an affinoid K-algebra
as well. In other words; the category of affinoid K-algebras admits amalgamated
sums.

To prepare the proof of the theorem, we start with some consequences of
Proposition 5.

Proposition 7. Let �1; : : : ; �m and �1; : : : ; �n be sets of variables; and K 0 an
extension field of K with a complete absolute value extending the one given on
K. Then there are canonical isometric isomorphisms

Kh�1; : : : ; �mi y̋K Kh�1; : : : ; �ni 	� Kh�1; : : : ; �m; �1; : : : ; �ni;
K 0 y̋K Kh�1; : : : ; �ni 	� K 0h�1; : : : ; �ni;

with respect to the Gauß norm on the occurring Tate algebras.

Proposition 8. Let A1 and A2 be affinoid K-algebras. Then A1 y̋K A2 is an
affinoid K-algebra as well. Similarly; if K 0 is an extension field of K with a
complete absolute value extending the one given onK; thenK 0 y̋K Ai is an affinoid
K 0-algebra.
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More specifically; choose epimorphisms of K-algebras ˛i WTni � Ai for
i D 1; 2; and consider the attached residue norms onA1 andA2. Then the canonical
morphism of K-algebras

˛WTn1Cn2 D Tn1 y̋K Tn2 � A1 y̋K A2
is surjective and its kernel is generated by ker˛1 and ker˛2; thus giving rise to an
isomorphism of K-algebras

Tn1Cn2
ı�

ker˛1; ker˛2
� 	� A1 y̋K A2:

The latter is an isometric isomorphism if we consider on Tn1Cn2=.ker˛1; ker˛2/ its
canonical residue norm. Likewise; the homomorphisms of K-algebras

˛0
i WK 0h�1; : : : ; �ni i D K 0 y̋K Tni � K 0 y̋K Ai ; i D 1; 2;

are surjective; and their kernels are generated by ker˛i ; thus giving rise to isometric
isomorphisms

�
K 0 y̋K Tni

�ı�
ker˛i

� 	� K 0 y̋K Ai ; i D 1; 2:

Proof. We show that Tn1Cn2=.ker˛1; ker˛2/ and, likewise,K 0h�1; : : : ; �ni i=.ker˛i /
satisfy the universal property of completed tensor products. To do this, consider a
commutative diagram of type

where �i is induced by the inclusion Tni � � Tn1Cn2 , i D 1; 2, and where Q̨ is
the canonical projection. Concerning the right part of the diagram, D is a complete
normed K-algebra and the 'i WAi � D, i D 1; 2, are homomorphisms that are
bounded by constants �1; �2 > 0. Using Proposition 7 and interpreting Tn1Cn2 as
the completed tensor product Tn1 y̋K Tn2 , there exists a canonical homomorphism
of K-algebras Tn1Cn2 � D that is bounded by �1�2 and that, apparently, will
factor through the quotient Tn1Cn2=.ker˛1; ker˛2/ via a unique homomorphism of
K-algebras
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'WTn1Cn2
ı�

ker˛1; ker˛2
� � D

making the above diagram commutative. Let us equip now the affinoid K-algebra
Tn1Cn2=.ker˛1; ker˛2/ with its residue norm via Q̨ . Then, by the definition of
residue norms, we see that the maps �1 and �2 are contractive since the canonical
inclusions of Tni into Tn1Cn2 preserve Gauß norms. Furthermore, by the definition of
residue norms again, ' is bounded by �1�2 since the same is true for the composition
'ı Q̨ ; one may also use the fact that for every f 2 Tn1Cn2=.ker˛1; ker˛2/ there is an
inverse image f 2 Tn1Cn2 satisfying jf j D jf j, cf. 3.1/5. Altogether we conclude
that Tn1Cn2=.ker˛1; ker˛2/ along with the contractions �1, �2 satisfy the universal
property of a completed tensor product A1 y̋K A2. Thus, we are done with the first
part of the assertion. The completed tensor products of typeK 0 y̋K Ai are dealt with
similarly. ut
Proposition 9. Let � WS � R as well as �1WR � A1 and �2WR � A2 be
homomorphisms of affinoid K-algebras. Then there is a canonical homomorphism
of normedK-algebras A1 y̋ S A2 � A1 y̋ RA2; and the latter is an epimorphism.

More specifically; consider residue norms on R; S; A1; and A2; and assume that
� and the �i are contractive. Then the norm on A1 y̋ R A2 coincides with the residue
norm derived from the norm on A1 y̋ S A2.
Proof. We proceed similarly as in the proof of Proposition 8 and consider a
commutative diagram of type

where D is a complete normed R-algebra and the 'i WAi � D, i D 1; 2,
are homomorphisms of R-algebras that are bounded by constants �1; �2 > 0.
Furthermore, ' is the unique homomorphism of R-algebras, bounded by �1�2, that
is derived from the universal property ofA1 y̋ RA2. It follows that 'ı˛ is the unique
homomorphism of S -algebras derived from the universal property of A1 y̋ S A2; it
is bounded by �1�2 as well. Now consider the factorization

˛WA1 y̋ S A2 � �
A1 y̋ S A2

�ı
ker˛ � � A1 y̋ R A2

where ker˛ is a closed ideal in A1 y̋ S A2 since ˛ is contractive and, hence,
continuous. Thus, proceeding in the manner of 3.1/5 (i) and (ii), we can equip
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the quotient .A1 y̋ S A2/= ker˛ with the residue norm derived from the norm
on A1 y̋ S A2. Clearly, the homomorphisms �1 and �2 factor through contractive
homomorphisms of R-algebras Q�i WAi � .A1 y̋ S A2/= ker˛, i D 1; 2, and it is
easily seen that .A1 y̋ SA2/= ker˛ along with Q�1 and Q�2 satisfy the universal property
of the completed tensor product A1 y̋ R A2. Thus, we are done. ut

Now the Proof of Theorem 6 can be carried out without problems. We assume
that �1WR � A1 and �2WR � A2 are contractive homomorphisms of
affinoid K-algebras, the latter being equipped with suitable residue norms. Then
the completed tensor product A1 y̋K A2 is an affinoid K-algebra by Proposition 8
and so is the completed tensor product A1 y̋ R A2, since it is a quotient of A1 y̋K A2
by Proposition 9.

Finally, we want to mention the following generalization of the first part of
Proposition 8:

Proposition 10. Let �1WR � A1 and �2WR � A2 be homomorphisms of
affinoidK-algebras; and consider ideals a1 � A1 as well as a2 � A2. Furthermore;
fix residue norms on R; A1; and A2 such that �1 and �2 are contractive; and provide
the quotients A1=a1 and A2=a2 with the residue norms derived from the given
residue norms on A1 and A2 via the canonical projections ˛i WAi � Ai=ai . Then

˛1 y̋ ˛2W A1 y̋ R A2 � .A1=a1/ y̋ R .A2=a2/

is surjective and its kernel is generated by the images of a1 and a2 in A1 y̋ R A2.
This way ˛1 y̋ ˛2 gives rise to an isomorphism of R-algebras

�
A1 y̋ R A2

�ı�
a1; a2

� 	� �
A1=a1

� y̋ R
�
A2=a2

�
;

which is isometric if we consider on .A1 y̋ R A2/=.a1; a2/ the residue norm derived
from the completed tensor product norm on A1 y̋ R A2.
Proof. Use the same arguments as in the proof of Proposition 8. ut
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alternating Čech cochains, 88ff.
amalgamated sum, 31, 242, 245
associated module sheaf, 117, 175
augmentation map, 90

Banach algebra, 14
Berkovich space, 5
bounded

bilinear map, 238
linear map, 237

boundedness and continuity, 238

canonical topology, 46ff.
Čech

cochains, 88ff.
cohomology group, 89, 128
complex, 89

Chow’s
Lemma, 213
Theorem, 133

classical rigid case, 170
closed

analytic subset, 130
immersion, 57, 69ff., 129,

195
coboundary map, 89
coherent

ideal sheaf, 183
module, 164
module sheaf, 118ff., 177ff.
ring, 164

cohomology group, 127
computation via Čech cohomology, 128

complement of the special fiber, 224
complete

field, 10
localization, 156
tensor product of adic rings, 161

completed tensor product, 32, 239ff.
of affinoid algebras, 244ff.

completely continuous map, 134
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completeness conditions for a Grothendieck
topology, 95

completion of a field, 235
connected component of a rigid space, 108,

212
connected rigid space, 108, 212
continuity and Grothendieck topology, 94
continuity of roots, 235
contractive linear map, 238
convergence in adic rings, 155
covering, 93

of finite type, 192

derived functors, 127ff.
diameter, 100
direct image

functor, 125
sheaf, 124

disk
closed, 11
open, 11
periphery of, 11

distinguished power series, 15, 77

elliptic curve with good reduction, 3
equivalence of norms, 229
exact sequence of maps, 82
existence of flat formal models, 224
exotic structure on the unit disk, 115
Extension Lemma for Runge immersions, 73

fiber product of affinoid spaces, 45
Finiteness Theorem of Grauert and Remmert,

226
flat morphism of formal schemes, 185
Flattening Theorem, 224
formal

blowing-up, 183ff.
completion of a scheme, 161
model of a rigid space, 172, 202

formal scheme, 158ff., 160
locally of topologically finite presentation,

169
locally of topologically finite type, 169
of topologically finite presentation, 170
of topologically finite type, 170

Gabber’s Lemma, 181
GAGA-functor, 109, 113, 132
Gaus norm, 13

Gauß norm, 243
generic fiber of a formal scheme, 170
germs of affinoid functions, 65
Grothendieck topology, 5, 93ff.

height of a valuation ring, 154
Hensel’s Lemma, 232
Huber space, 5

ideal
of definition, 151
of vanishing functions, 43

injective
module sheaf, 126
object, 126
resolution, 126

inverse image sheaf, 125
irreducible set, 44

Kiehl’s Theorem, 119
Krasner’s Lemma, 235
Krull’s Intersection Theorem, 152

Laurent
covering, 85
domain, 48

Lemma of Artin–Rees, 153
local-global principle, 2
localization of a category, 203
locally analytic function, 12
locally closed immersion, 69ff., 195
locally ringed space, 103

maximum norm, 229
Maximum Principle, 15, 38
Mittag–Leffler condition, 142
module norm, 237
module sheaf, 117ff.

of finite presentation, 118, 177
of finite type, 118, 177

morphism
of affinoid spaces, 45
of locally ringed spaces, 103
of rigid spaces, 106
of ringed spaces, 103

Mumford curve, 3

Noether normalization, 19
null system, 142
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open
ideal sheaf, 183
immersion, 69ff., 105
subspace, 106

orthonormal basis, 26

point set of an affinoid space, 60ff.
power bounded element, 39
power multiplicative norm, 33
preadic topology, 151
presheaf, 65, 94
projective n-space, 115, 131
Proper Mapping Theorem, 132
proper morphism, 131

quasi-compact
morphism, 130
rigid space, 130

quasi-paracompact
formal scheme, 204
rigid space, 204
topological space, 192

quasi-separated
formal scheme, 170
morphism, 130
rigid space, 130

rational
covering, 84
domain, 48

Raynaud’s universal Tate curve, 217ff.
Reduced Fiber Theorem, 226
reduction of an element, 13
refinement of a covering, 83
relative rigid space, 215ff.
relatively compact subset, 131
residue field, 13

of a rig-point, 195
residue norm, 32
restricted power series, 13, 42, 162,

243
rig-point, 195ff.
rigid analytic space, 106

associated to a formal scheme, 170ff.
rigid analytification, 109ff.
rigid geometry

classical, 4
formal, 4

B-ring, 24ff.
bald, 25

ring norm, 24

multiplicative, 24
ringed space, 103
Runge immersion, 71ff.

saturation of a module, 165
section functor, 125
semi-norm, 33
separated

adic topology, 152
morphism, 130
rigid space, 130

sheaf, 82ff., 94
associated to a presheaf, 100ff.
of rigid analytic functions, 102

sheafification of a presheaf, 100ff.
sober topological space, 221
special fiber of a formal scheme, 200, 224
specialization map, 200, 222
spectral value, 35ff.
spectrum of a ring, 42
spherically complete field, 115
stalk of a sheaf or presheaf, 65, 99
standard set, 100
Stein Factorization, 132
strict transform, 225
strictly

closed ideal, 28
completely continuous map, 134
convergent power series, 13

strong Grothendieck topology, 95
supremum norm, 33

Tate algebra, 13
Tate elliptic curve, 3, 217ff.
Tate’s Acyclicity Theorem, 82ff.
Theorem

of Gerritzen–Grauert, 60, 69,
76

of Raynaud, 204
of Raynaud–Gruson, 163
of Schwarz, 135, 136

topological
module, 151
ring, 151

G-topological space, 94
topologically nilpotent element, 39
totally degenerate abelian variety, 3
totally disconnected, 11
triangle inequality, 1

unit ball, 12
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valuation, 9, 154
valuation ring, 154

of a field with an absolute value, 13
vector space norm, 26, 229

weak Grothendieck topology, 94
Weierstras

division, 15, 17

domain, 48
polynomial, 15, 19
Preparation Theorem, 18
theory, 15ff.

Zariski topology, 43ff.
Zariski–Riemann space, 5, 221ff.
zero set of an ideal, 43
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