Appendix A

Classical Valuation Theory

In the following, let K be a field with a non-Archimedean absolute value denoted
by |-|: K — Rxq; cf. 2.1/1. We will always assume that such an absolute value is
non-trivial, i.e. that its values in R are not restricted to O and 1. Furthermore, let V'
be a K-vector space. A vector space normon V (cf.2.3/4)isamap |-|: V — Ry
satisfying the following conditions for elements x,y € V and @ € K:

@ x| =0<+= x =0,
(i) [l + yII < max{[lx]. v}
(iil) [loex[] = fer] [lx]l,

When no confusion is possible, we will usually make no notational difference
between the absolute value | - | on K and the vector space norm || - || on V, thus
always writing |x| instead of ||x|| for elements x € V. To give an example of a
K-vector space norm, let V' be a finite dimensional K-vector space and fix a basis
Vi,...,vq onit. Then we define the corresponding maximum norm | - |ymax on V' as
follows. Given an element x € V/, write it as a linear combination x = ) "/, o;v;
with coefficients ; € K and set

|X|max = max |oy|.
i=l.d

One easily checks that | - |, defines a vector space norm on V. Furthermore, if K
is complete under its absolute value, V' is complete under such a maximum norm.
As usual, any vector space norm on a K-vector space V' defines a topology on V.
Two such norms |- |; and |- |, are called equivalent if they induce the same topology
on V. The latter amounts to the fact that there exist constants ¢, ¢’ > 0 such that
|x|1 < c|x|2 < ¢'|x]; for all x € V; use the fact that the absolute value on K is

non-trivial. It is clear that any two maximum norms, attached to certain K-bases on
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a finite dimensional K-vector space V', are equivalent. If K is complete, a stronger
assertion is possible.

Theorem 1. Let V' be a finite dimensional K-vector space and assume that K is
complete. Then all K-vector space norms on V are equivalent. In particular, V is
complete under such a norm.

Proof. Choose a K-basis vy, ..., vy of VV and consider the attached maximum norm
|- |max O V. Let |- | be a second K -vector space norm on V. Then there is a constant
¢ > 0 such that |x| < ¢|x|max for all x € V. In fact, if x = Z,‘d=1 a;vi, we have

|x] < max |o;||vi] < max |o;| max |vi| = ¢|X|max
i=l..d i=1..d i=l..d

for ¢ = max;=1_g4 |vi|. Thus, it remains to show that there is a constant ¢’ > 0
satisfying | x|max < ¢’|x]| forall x € V.

We want to do this by induction on the dimension d of V. For d = 0 the assertion
is trivial. Thus, let d > 0 and assume that a constant ¢’ as desired does not exist.

Then we can construct a sequence x, € V such that

[x; |max = 1 for all n and lim |x,| = 0.
n—>o0

Write x, = Z?:l o,; v; with coefficients «,; € K and consider the elements «,,4
for i = d fixed as a sequence in K. If it is a zero sequence, look at the sequence
X)) = Xy — Oygvg in V' = Zld:_ll Kv;. Then, due to the non-Archimedean triangle
inequality, |x] |max = 1 for almost all indices n and lim, . |x,| = 0. However, this
is impossible by the induction hypothesis, since |- |ax and | -| must be equivalent on
the subspace V’ C V, which is of dimension d — 1. Therefore ;4 cannot be a zero
sequence. Replacing the x, by a suitable subsequence, we may assume that there is

some ¢ > 0 satisfying |o, 4| > ¢ for all n. Then

d—1
-1 -1
Yn =0, Xn = Vad + E Q10 Vi
i=l1

is still a zero sequence in V. Hence, we see that

d—1

. -1
vy = — lim E o S0y Vi.
d n—>00 4 ! nd niHl
i=

In other words, v; belongs to the closure of V'’ in V. However, by induction
hypothesis, V'’ is complete and, hence, closed in V. As v, & V', we get a
contradiction. O
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Corollary 2. Let |-|; and || be two absolute values on an algebraic field extension
L/K restricting to the given absolute value | - | on K. Assume that K is complete
with respect to | - |. Then | - || and | - |2 coincide on L.

Proof. Since L is a union of finite subextensions of L/ K, we may assume that the
extension L /K is finite. Then, viewing L as a normed K -vector space under |-|; and
| - |2, these norms are equivalent by Theorem 1. Thus, there are constants ¢, ¢’ > 0
such that |a|; < cla]y < ¢/|a|; for all @ € L. Replacing « by " for any integer

n > 0 and using the multiplicativity of | - |; and | - |5, we get
1 1
s < cnlaly < c'rlaly

and therefore, by taking limits, |«|; = |« forall o € L. O

We have just seen that for any algebraic field extension L /K, there is at most one
way to extend the given absolute value | - | from K to L, provided K is complete
with respect to | - |. We want to show now that such an extension will always exist.

Theorem 3. Let L/ K be an algebraic extension of fields where K is complete with
respect to a given absolute value | - |. Then there is a unique way to extend | - | to an
absolute value | - |" of L. In fact,

1
lo|" = | Ngoy/x (@)] 7

for elements oo € L where Nk (), denotes the norm of K(a) over K and where d
is the degree of a over K.

If L is finite over K, we see from Theorem 1 that L is complete with respect to

the absolute value | - |'.
Proof. As Nk@/k() = « for elements « € K, it is clear that | - |" extends | - |.
To show that | - | defines a non-Archimedean absolute value on L, let us verify the
conditions of 2.1/1. Clearly, Ng()/k () = 0 if and only if « = 0 and therefore
|@|” = 0 if and only if @ = 0. Furthermore, if « € L is contained in a finite
subextension L’ of L/K, say of degree n, then we conclude from the definition of
norms that || = |Ny/, K(a)|%. Since the norm N; s,k is multiplicative, we see that
| - |" is multiplicative as well.

Thus, it remains to show |o¢ + B|' < max{|«|,|B|'} for @, € L. This
estimate does not follow right away from properties of the norm, some more work
is necessary. First note that for |@| < |8]' and B # 0, we can divide by 8 and
thereby are reduced to showing |1 + «| < 1 for « € L satisfying |a| < 1. Let
R = {a € K; || < 1} be the valuation ring of K. With the aid of Hensel’s
Lemma, see Lemma 4 below, we will show in Lemma 5 that an element « € L
is integral over R if and only if Nx(@)/k () € R, i.e. if and only if |@|" < 1. But
then the non-Archimedean triangle inequality is easily derived. If |¢|" < 1 for some
a € L, then « is integral over R. Hence, the same is true for 1 + o and we get
[T+« <1. O
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In order to state Hensel’s Lemma, let R = {« € K ; |@| < 1} be the valuation
ring of K and let k = R/{a¢ € R; || < 1} be the attached residue field. The
canonical projection R —— k, which will be denoted by & —— &, induces for a
variable (or a system of variables) X a projection

RIX] — k[X], f=) aX — f=) &X',

on the level of polynomial rings.

Hensel’s Lemma 4. Let f € R[X] be a polynomial in one variable X such that
there exists a factorization f = p - § with coprime factors p,q € k[X], i.e. where
p and § are non-zero and their greatest common divisor in k[X] is 1. Then p,q
can be lifted to polynomials p,q € R[X] satisfying

f=r-q degg = deggq.

Before giving the proof, let us derive the statement on integral dependence that
was used in the proof of Theorem 3.

Lemma 5. As in Theorem 3, let L/K be an algebraic extension of fields and
let R be the valuation ring of K. Then, for elements o € L, the following are
equivalent:

(1) o is integral over R.
(i) Nk@yk (@) € R.

Proof. To begin with, assume condition (i), namely that « is integral over R. Then
there is a monic polynomial 7 € R[X] satisfying h(e) = 0. Let f € K[X]
be the minimal polynomial of & over K. As f must divide /& in K[X], there is a
decomposition of type 7 = fg in K[X]. We claim that both, f and g belong to
R[X]. To justify this, consider the Gaul norm on K [X], which is given by

n
ZaiXi" = max |a;].
— i=0...n

As in Sect. 2.2, one shows that the Gaull norm is multiplicative and this implies

L= |k =1fl"llgll. Since f is a monic polynomial, we have || f|| > 1 and there
is a constant ¢ € K such that |¢| = || f||”". Setting /' = ¢f and g’ = ¢"'g, we
geth = f'g’ with || f'|| = ||g’|| = 1. In particular, 2 = f’g’ is a decomposition

in R[X], which can be transported into K[ X ], thus implying the decomposition
h=f'g" As

deg /' + deg @’ = degh = degh = deg f + degg.

deg /' <deg f.  degd <degg.
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we have necessarily deg f " = deg f and deg g’ = degg. However, since f is
monic, || /|| > 1 would imply deg f’ < deg f . Therefore we must have |c¢| = 1 and,
hence, f,g € R[X]. Thus,if f = Y/_,¢; X" € R[X] is the minimal polynomial
of o over K, we get Nk k(@) = (=1)"co € R, which implies condition (ii).
Conversely, assume Ng )k () € R as in condition (ii). As before, consider the
minimal polynomial / = Y '_j¢; X' € K[X] of & over K. We want to show
that f(«) = 0 is, in fact, an integral equation of @ over R. Proceeding indirectly,
assume that f ¢ R[X]. Then we have || f| > 1 and we can choose a constant
¢ € K such that [¢| = | f||7" < 1. Writing f/ = ¢f, we get | 'l = 1. Since
co = (—1)" NK(O,)/K((X) € Rand ¢, = 1, it follows 0 < deg ' < deg f. Now look
at the decomposition f = pgwithp =1landg = f ’. Due to Hensel’s Lemma 4,
we can lift p and ¢ to polynomials p,q € R[X] such that cf = f' = pq and
deg g = degq. Since deg ¢ is strictly between 0 and deg f, we see thatcf = pgisa
non-trivial decomposition which, however, contradicts the fact that f is irreducible.
Therefore we must have f € R[X], thus, implying condition (i). |

It remains to do the proof of Hensel’s Lemma. Starting out from the decompo-
sition f = pg, we choose a lifting go € R[X] of g satisfying degqy = degg.
Then the highest coefficient of gy is a unit in R and, by Euclid’s division, there
is an equation f = pogo + r; with suitable polynomials po,r; € R[X] where
degr; < degqo. From this we get f = pog + 71. Since we have

degi; < degr; <degqo = degqg
and ¢ divides f , Euclid’s division in k[ X] implies 7; = 0. In particular, ||r| < 1
and py is a lifting of p. Let m = deg py and n = deg qo. It is now our strategy, to
construct polynomials a, b € R[X] with
lall. 161 < Irll. dega <m,  degh <n,
such that
f = pogo +r1 = (po +a)(qo + b),
or, equivalently
bpo + aqo + ab =ry. (%)

Then the decomposition f = (po + a)(go + b) will be a lifting of f = pq, as
required.

To do this, we neglect the quadratic term ab in the Eq. (x) for a moment. Let
K[X]; fori € N be the R-submodule of K[X] consisting of all polynomials in

K[X] of degree < i. For the valuation ring R and its residue field & the notations
R[X]; and k[ X]; are used in a similar way. Then consider the R-linear map
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(P:R[X]m—l ® R[X]n—l - R[X:]m+n—lv (a’b) — pr +a6]o,

as well as its versions ¢ ® K over K and ¢ ® k over k. We claim that all of these are
isomorphisms. In fact, start with ¢ ® k. This map is injective, since bp + ag = 0
implies that g divides b, due to the fact that p and g are coprime. However, since
degh < m = degq, we geta = b = 0. But then, by reasons of dimensions, ¢ ® k
is surjective and, hence, bijective. From this we can conclude that ¢ and ¢ ® K are
isometric in the sense that

0 ® K)(b. )| = max{llall. b},  a€K[X]nw1. b€ K[X]u

In particular, ¢ ® K is injective, and the same dimension argument, as used before,
shows that ¢ ® K is bijective. Furthermore, relying on the fact that ¢ @ K is
isometric, we finally see that ¢ is bijective. Now, to lift the decomposition f = pg
as stated, let ¢ = ||r||. We claim:

There are sequences p; € R[X]u—-1,¢qi € R[X]u—1, and ri+1 € R[X ] m+n—1,
starting with the initial elements py, qo, 1\ constructed above, such that

J

fZ(ZPi)(iQi>+rj+1, j=0,1,...,
i=1

i=1
where
121l llgill < &, Il <&/*

Then, as the field K is complete, p = > o, p; and ¢ = Y 2, ¢; make sense as
polynomials in R[X] of degree m, respectively n, and by a limit argument, we get
the desired decomposition f = pgq.

To justify the claim, we proceed by induction on j. So assume that the
polynomials p;, ¢; and r; 1| have already been constructed, up to some index j > 0.

Then, writing p’ = I.le piand g’ = {: 1 ¢i and applying the above properties
of the R-linear map ¢, now with p’, ¢’ in place of py, go, we can solve the equation

ri+1=4q;+1p" + pj+1q’
for some elements p;4+; € R[X]u—1 and g;4+1 € R[X],— satistying
Ilpj+illllgj+ill <&
But then we have
f=0"+pi+)@ +4j41) +rj42

with 742 = —pjy1qj+1 € R[X]myn—1 where ||rjyof < e2UF) < /72 Thus,
our claim is justified, and Hensel’s Lemma is proved. O
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The problem of extending a non-Archimedean absolute value | - | from a field
K to an algebraic extension L has been settled in Theorem 3 for the case where
K is complete. If K is not complete with respect to | - |, we can pass to its
completion K, which can be constructed as follows. Consider the ring KN of all
infinite sequences in K, addition and multiplication being defined componentwise.
The Cauchy sequences define a subring C(K) of K" and the zero sequences an
ideal Z(K) C C(K). It is easy to see that the quotient K = C(K)/Z(K) is a
field and that the canonical map K —— K sending an element « to the residue
class of the constant sequence «, @, . .. is a homomorphism of fields. In particular,
we can view K as a subfield of K. We can even define an absolute value | -] on
K extending the one given on K. Indeed, given any o € K, choose a representing
Cauchy sequence (¢;) in K. Then the sequence (|o;|) is a zero sequence or, due
to the non-Archimedean triangle inequality, it becomes constant at a certain index
ip. Therefore the limit ¢ = lim;_,  |c;| exists and is well-defined, and we can set
|@|” = c. One can show that K is complete with respect to | - |" and that it contains
K as a dense subfield.

Now if L/K is an algebraic field extension, we can consider the completion K
of K and its algebraic closure Koe, Extending the absolute value of K to K, as just
described, and prolonging it to K™ with the help of Theorem 3, we get a canonical
non-Archimedean absolute value on K*€, which may be denoted by |- | again. Then
we can choose a K-morphism t: L — K" and pull back the absolute value from
K" to L via . Thereby we obtain an absolute value on L extending the one given
on K. However, the latter will not be unique in general, which corresponds to the
fact that the K-morphism 7: L — Ke may not be unique.

Taking the algebraic closure of a complete field, we may loose completeness. In
particular, the field Ke may not be complete again. However, if we start with an
algebraically closed field, its completion will remain algebraically closed. This way
it is possible to construct extension fields that are algebraically closed and complete
at the same time.

Krasner’s Lemma 6. Let K an algebraically closed field with a non-Archimedean
absolute value | - |. Then its completion K is algebraically closed.

Proof. Consider an algebraic closure L of K and extend the absolute value of K to
L, using the assertion of Theorem 3. Let f = Y '_,¢; X' be a monic polynomial
of degree > 0 in K[X]. Then f admits a zero @ € L, and it is enough to
show that o can be approximated by elements in K. To verify this, choose ¢ > 0
and approximate the coefficients ¢; by elements d; € K in such a way that the
polynomial g = Y 7_ d; X' € K[X] satisfies |g(e)| < &". Assuming d, = 1,
write g = [[/_,; (X — B;) with zeros B; € K. Then |g()| =[]/ | — Bi| < &"
implies that there is an index i such that |« — ;| < e. Consequently, o can be
approximated by elements in K. O

The argument used in the proof is referred to as the principle of continuity of
roots.
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Completed Tensor Products

In the following we want to show that the category of affinoid K-algebras admits
amalgamated sums where, as usual, K is a field endowed with a non-trivial complete
non-Archimedean absolute value. Such amalgamated sums are constructed as
completions of ordinary tensor products.

To handle completed tensor products, we need a slightly more general setting.
Let R be a ring with a ring norm | - | on it, see 2.3/1, and M a normed R-module.
Thereby we mean an R-module M together with a map M —— R, denoted by
| - | again, such that for all x, y € M and a € R we have

1) |x]|=0<=x=0,
(i) [x + y| < max{|x], |y[},
(iii) |ax| < |a]| - |x].

The map |- |: M —— Ry is called a semi-norm on M if only conditions (ii) and
(iii) are satisfied and (i) possibly not. Furthermore, an R-linear map ¢: M —— N
between normed R-modules is called bounded if there exists a real constant y > 0
such that |p(x)| < y|x| for all x € M. In this case y is referred to as a bound for ¢.
Looking at topologies that are generated by module norms, we see immediately
that bounded morphisms of normed R-modules are continuous. The converse is not
always true. However, if there exists a subfield K C R such that the norm on R
restricts to a non-trivial absolute value on K, then every continuous morphism of
normed R-modules is bounded. To justify this, assume that R contains a field K
with the stated properties. Then, by restriction of scalars, any R-module M can be
viewed as a K-vector space and, in fact, as a normed K-vector space in the sense

of 2.3/4. Clearly we have |ax| < |a| - |x|fora € K and x € M, but also
lal - x| < lal - [a~ax| < |a] - la™"| - ™!

lax| = |a| -|a|™" - |ax| = |ax|

S. Bosch, Lectures on Formal and Rigid Geometry, Lecture Notes 237
in Mathematics 2105, DOI 10.1007/978-3-319-04417-0,
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for a # 0, which shows |ax| = |a|- |x| forall a € K and x € M. Then, if
@:M —— N is a continuous morphism of normed R-modules, there exists a
constant § > 0 such that |p(x)| < 1 for all x € M satisfying |x| < §. Fixing
an element € K such that 0 < || < 1, we choose an integer n € Z such that
|t|"~! < 8. Now, considering an arbitrary element x € M, there exists an integer
r € Z satistying |t|" < |t|"|x| < |¢t|"'. Then |t"x| < § and, hence, |@(t"x)| < 1,
aswell as 1 < [¢|"7"|x|, and we get

oGl = e[ " le@ ) = Je " < Je[ [ [x[ = |

—n
[ 1.

which shows that |¢|™" is a bound for ¢. Thus, we have shown:

Lemma 1. (i) Any bounded morphism of normed R-modules is continuous.

(ii) Conversely, assume that R contains a field K such that the norm on R restricts
to a non-trivial absolute value on K. Then every continuous morphism of
R-modules is bounded.

Note that the assumption in (ii) is satisfied if R is a non-zero affinoid K-algebra,
for K a field with a non-trivial complete non-Archimedean absolute value. Thus,
in this case a morphism of normed R-modules is continuous if and only if it is
bounded.

Now let us turn to tensor products and their related bilinear maps. Let M, N, E
be normed modules over a normed ring R. An R-bilinear map @: M xN — E'is
called bounded if there exists a real constant y > 0 such that |@(x, y)| < y-|x|-|y|
for all x € M and y € N. Again, y is called a bound for @. An R-linear or
R-bilinear map that is bounded by 1 is called contractive.

Proposition 2. Let M, N be normed modules over a normed ring R. There exists
a contractive R-bilinear map t: M x N —— T into a complete normed R-module
T such that the following universal property holds:

Given any R-bilinear map @: M x N —— E, bounded by some y > 0, into a
complete normed R-module E, there exists a unique R-linear map ¢: T — E,
bounded by y as well, such that the diagram

MxN —"»T

is commutative.

Proof. To construct the map t, we view the ordinary tensor product M ® g N as a
semi-normed R-module using the semi-norm | - |: M ® g N — R given by
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lz| = inf(_rr}ax |xi] - Iyil), 7€ M ®g N,
1= r

where the infimum runs over all possible representations
r
Z=in®yi, Xi €M, yi €N.
i=1

That we really get a semi-norm on M ®pg N is easily verified. Thus, we can define
T = M ®x N as the separated completion of M ® N. It is an R-module again
and, in fact, a complete normed R-module, since the semi-norm on M Q@ N gives
rise to an R-module norm on M & g N.Forelements x € M and y € N, we write
x ® y for the element in M ® N that is induced by the tensor x ® y € M @z N.
Then it is clear that the map

M xN — M &z N, (x,y) — x ® y,

is R-bilinear and contractive. The R-module M & r N, together with its R-module
norm, is called the completed tensor product of M and N over R.

Now let us show that the R-bilinear map t satisfies the universal property of
the assertion. So let ®: M x N —— E be a bounded R-bilinear map into a
complete normed R-module E and let y > 0 be a bound for @. Using the universal
property of ordinary tensor products in terms of the canonical R-bilinear map
M xN — M Qg N sending a pair (x, y) to the tensor x ® y, there is a unique
R-linear map ¢": M ® g N —— E making the following diagram commutative:

f/

M x N

M Qr N

Then consider some element 7 = Zle X, ® yi € M Qg N where x; € M and
yi € N.Since ¢'(z) = Y i, P(x;, i), we get

..........

Taking the infimum over all representations of z as a sum of tensors » ;_; x; ® y;
yields |¢’(z)| < y|z|, and we see that ¢’ is bounded by y.

Since E is complete, ¢’ gives rise to an R-linear map ¢: M ® g N —— E that
is bounded by y as well. Furthermore, we can enlarge the above diagram to obtain
the following commutative diagram:
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T M ®R N can

T:M XN M &g N

E

It remains to show that ¢ is uniquely determined by the relation & = ¢ot. However,
this is clear since ¢ is unique on the image (M x N), which generates a dense
R-submodule in M ®g N. u!

In the situation of Proposition 2, the normed R-module 7' together with the
contractive R-bilinear map t: M x N —— T is uniquely determined up to
isometric isomorphism and will be denoted by M ®px N. It is called the completed
tensor product of M and N over R. For the attached contractive R-bilinear map
"M x N — M ®g N we will use the notation (x, y) — x ® y. In other
words, we set x ® y = 7(x,y) for (x,y) € M x N. Note that, independent of
the construction in the proof of Proposition 2, there is a canonical R-linear map
M ®g N — M ®g N, namely the one given by x ® y —— x ® y. It has a
dense image in M ®g N, since the closure of this image, just as M &g N, satisfies
the universal property of completed tensor products.

As in the case of ordinary tensor products, the universal property defining
completed tensor products can be used to derive various standard facts. To list some
of them, look at normed R-modules M, N, P. Then there are canonical isometric
isomorphisms

R®r M ~ M,
M®@rN~NQrM,
(M &g N)®g P~ M &g (N &z P),
(M®N)®r P~ (M®gP)a® (N &z P),
where the norm on a direct sum like M @ N is given by |x & y| = max(|x|, |y|)
Furthermore, the completed tensor product of two bounded morphisms of normed
R-modules can be constructed. Indeed, let ¢;: M; —— N; for i = 1,2 be

morphisms of normed R-modules that are bounded by constants y; > 0. Then the
R-bilinear map

My x My — N; ®g N, (x1.X2) —> @1(x1) ® 2(x2),
is bounded by y;y, and, thus, gives rise to an R-linear map

@1 ® p2: My ®r My — Ny ®r Ny, X1 ® Xy — ¢1(x1) ® ga(x2),
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that is bounded by y;y, as well. The map ¢; ® ¢, is referred to as the completed
tensor product of ¢; and ¢;.

Also note that the associativity isomorphism above admits the following general-
ization:

Proposition 3. Let S —— R be a contractive homomorphism between normed
rings and let M be a normed S-module, as well as N and P normed R-modules.
Then there is a canonical isometric isomorphism of normed S-modules

(M ®s N)®r P~ M ®s (N ®g P)

where M s N is a normed R-module via the R-module structure of N.

The proof is straightforward, see [BGR], 2.1.7/7.

Next let us discuss completed tensor products on the level of normed algebras.
To do this, fix a normed ring R and consider two normed R-algebras A, A,;
by the latter we mean normed rings A; that are equipped with a contractive
ring homomorphism R —— A;. In particular, we may view the A; as normed
R-modules, which implies that the completed tensor product A; @z A, exists
as a complete normed R-module. We want to show that A, ®r A, is, in fact, a
normed R-algebra, based on the R-algebra structure of the ordinary tensor product
A1 ®RgA,. Using the semi-norm on A; ® g A, as defined in the proof of Proposition 2,
we see that the canonical ring homomorphism R —— A; ®r A, is contractive.
Furthermore, for two elements

m n
z:Zx,-@yi, z’=2x}®y} € A ®r A,
i=1

i=1

we get
m n
2] = [0 2w @ 3007 < masfi | i
i=1,=1
= o bl il max ] )
which yields

|| < [2] - [2]-

when taking the infimum over all representations of z and 7' as sums of tensors.
Thus, passing from A ® g A, to its completion, it follows that, indeed, the completed
tensor product A; ®p A, is a normed R-algebra where the multiplication is
characterized by
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(x®y)-(X'®y)=xx"® yy

and the structural morphism R — A, ®r Az bya t——a ®1=1Qa.
We want to characterize 4, ® g A in terms of a universal property for normed
R-algebras.

Proposition 4. Let R be a normed ring and Ay, A, normed R-algebras. Then the
contractive R-algebra homomorphisms
o1: Ay — A4 ®R A, ap }—>a1®1,
02: Ay — A ®g Ay, a) — 1 ®a,,
admit the following universal property of amalgamated sums:
Let ¢1: Ay —— D and @¢;: Ay — D be two homomorphisms of normed
R-algebras that are bounded by constants y, > 0 and y, > 0 and assume that D is

complete. Then there is a unique R-algebra homomorphism ¢: A, @ g Ay — D,
bounded by yy», such that the diagram

Ay

?1

is commutative.

Proof. Consider homomorphisms of normed R-algebras ¢;: A, —— D as well as
@2: A» —— D where D is complete and assume that ¢; and ¢, are bounded by
constants y; > 0 and y, > 0. Then

Ay x Ay — D, (a1,a2) — @i(a1) - p2(az),

is an R-bilinear map that is bounded by y;y,. Thus, by the universal property of
completed tensor products in Proposition 2, it gives rise to an R-linear map

@: A1 ®r Ay — D, ar ® ay — ¢1(ar) - pa(az),

that is bounded by y, y,. Furthermore, ¢ satisfies
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(p((al ® a,) - (a/l ® a/z)) = §0(ala; ® aza/z) = (Pl(ala;) : 902(‘12‘1;)
= @i(a)) - 92(ay) - @1(a}) - p2(a3)
= ¢(a, ® a,) - (P(a; ® a;)

fora,,a} € Ay and a,, a’, € A,. This shows that ¢ is multiplicative on the image of
Al ®g A>in A} &g A, and, hence, by continuity, on A; ®r A, itself. Since

plar ®az) = ¢((@ ® 1) - (1 ® az)) = pi(a1) - 2(a2)

for a; € Ay and a, € Aj, it is clear by a continuity argument as before that ¢ is
unique on A; @p A,. |

Ify;: A; — B;,i = 1,2, are bounded morphisms of normed R-algebras, their
completed tensor product

V1 ® Vi A] ®g Ay — By ®r Ba, a1 ® ay — Yi(ar) ® Ya(ar).

is defined as a bounded R-linear map, but can also be obtained within the context
of normed R-algebras using the universal property of Proposition 4; both versions
coincide.

Next we want to study the behavior of restricted power series under completed
tensor products. To do this, let A be a complete normed ring and ¢ = (¢, ..., ¢,)
a set of variables. Then, as usual, the A-algebra of restricted power series in { with
coefficients in A is given by

A = |2 at" € ALLT: @y € A, lim a, = 0},

veEN”

It is a complete normed A-algebra under the Gaufs norm

bty

veN"

= max
veEN”

a,).

Proposition 5. Let R be a complete normed ring, A a complete normed R-algebra,
and ¢ = (C1,...,8Cy) a set of variables. Then, using the Gaufs norm on R({) and
A(C), there is a canonical isometric isomorphism of normed R-algebras

AQr R(E1,....0,) —=> A(Ey,....L,).

Proof. We want to show that the canonical maps

o1: A — A(C), 02: R(§) — A(S),



244 Appendix B

which are contractive, satisfy the universal property mentioned in Proposition 4. To
do this, consider two morphisms of R-algebras

p1: A — D, ¢ R(C) — D

into a complete normed R-algebra D such that ¢; and ¢, are bounded by constants
Y1, ¥2 > 0. Then there is a well-defined R-algebra homomorphism

QALY — D, D al’ = Y oi(a,) @A)

veEN” vEN”

Indeed, if the a, form a zero sequence in A, their images form a zero sequence in
D since |¢1(a,)| < yila,|. Furthermore, we have |¢,(£")| < y, for all v so that the
infinite sums of type Y ¢1(a,) - ¢2(¢") are converging. Hence, ¢ is well-defined,
and it is bounded by y;,, as shown by the estimate

‘Z p1(ay) - 92(8")| < Vlyz-m;dX\au! =72 ‘ > at

veN" veN”

By continuity, ¢ is even a homomorphism of R-algebras and, in fact, the unique
bounded homomorphism making the diagram

commutative. Thus, we are done. O

For the remainder of this section, we want to look at affinoid K-algebras where,
as usual, K is a field with a complete non-Archimedean absolute value that is non-
trivial. Any such algebra A may be viewed as a complete normed K-algebra by
choosing a residue norm on it. Furthermore, we know from 3.1/20 that any two
residue norms | -| and |- |" on A are equivalent in the sense that they induce the same
topology on A. In particular, the identity map (4, |-|) — (A, |-|") and its inverse
are bounded due to Lemma 1.

Now let t;: R —— A; and 1,: R —— A, be two homomorphisms of affinoid
K -algebras. In order to construct the completed tensor product A; ®z A,, we need
to specify appropriate norms on R, A;, and A, in such a way that t; and 7, are
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contractive. We do this in terms of residue norms. In fact, choosing epimorphisms
a:T, — Rand o;:T,,, — A;, i = 1,2, we can use 3.1/19 in conjunction
with 3.1/7 and 3.1/9 to construct commutative diagrams

Ty — Tm+n1 Ty — Tm+n2

o o a o
T T

R —— 4, R—2 A,

where aj and aé are extensions of «; and &, and, hence, are surjective. Considering
the residue norms associated to «, o, and a5 on R and the A;, it is clear that
the maps t; and 1, are contractive and, hence, that the completed tensor product
A; &g A, can be constructed. If we consider a second set of residue norms on R,
Ay, and A, such that 7; and 7, are contractive, then the resulting semi-norms on
A] ®pr A, that are used to construct the completed tensor product, are seen to be
equivalent. As a result, the attached completions can canonically be identified and
it follows that, indeed, the completed tensor product A, &g A, is well-defined, up
to a set of equivalent ring norms on it, just as is the case for affinoid K-algebras
and their possible residue norms on them. We will keep this in mind and talk about
“the” completed tensor product of A, and A, over R. However, when it comes to
particular norms on A; ®r A, we have to be more specific.
Our main objective for the remainder of this section is to show:

Theorem 6. Let 71: R —— Ay and ©75: R —— A, be homomorphisms of affinoid
K -algebras. Then the completed tensor product A\ ® g A, is an affinoid K -algebra
as well. In other words, the category of affinoid K-algebras admits amalgamated
sums.

To prepare the proof of the theorem, we start with some consequences of
Proposition 5.

Proposition 7. Let &,...,&, and Cy,...,L, be sets of variables, and K' an
extension field of K with a complete absolute value extending the one given on
K. Then there are canonical isometric isomorphisms

K€ .. ) Ok K(C1v o 8) == K1 G ),
K ®x K(C,...,0,) = K'(¢1,....5,),

with respect to the Gaufs norm on the occurring Tate algebras.

Proposition 8. Let A; and A, be affinoid K-algebras. Then A; &k Ay is an
affinoid K-algebra as well. Similarly, if K' is an extension field of K with a
complete absolute value extending the one given on K, then K' ® x A; is an affinoid
K'-algebra.
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More specifically, choose epimorphisms of K-algebras o;:T,, — A; for
i = 1,2, and consider the attached residue norms on A\ and A,. Then the canonical
morphism of K-algebras
a:TnH—nz = Tnl ®K Tnz - Al ®K AZ

is surjective and its kernel is generated by ker o) and Ker a,, thus giving rise to an
isomorphism of K-algebras

Ty 40,/ (keray keray) —=> A; ®k As.

The latter is an isometric isomorphism if we consider on T, +,,/(ker ay, ker o) its
canonical residue norm. Likewise, the homomorphisms of K -algebras

oKLy, 8) = K ®k T, — K ®x A, i=12,

are surjective, and their kernels are generated by ker «; , thus giving rise to isometric
isomorphisms

(K' ®k Ty,) [ (keroy) —> K' Q@ A;, i=12.

Proof. We show that T, +,,/(ker o1, ker ap) and, likewise, K'{Z1, . .., &, )/ (kera;)
satisfy the universal property of completed tensor products. To do this, consider a
commutative diagram of type

o]

Tn, Aq
®1
a1
o (%
Tai+ny — Tny4n,/(kerag, kerap) ----- - D
®2
02
(2]
Ty, > A,
where o; is induced by the inclusion T,,; < T},,4n,, I = 1,2, and where & is

the canonical projection. Concerning the right part of the diagram, D is a complete
normed K-algebra and the ¢;: A; —— D, i = 1,2, are homomorphisms that are
bounded by constants y;,y, > 0. Using Proposition 7 and interpreting 7, 4+,, as
the completed tensor product T}, R T,,, there exists a canonical homomorphism
of K-algebras T, ,4+,, — D that is bounded by y;y, and that, apparently, will
factor through the quotient 7}, +,,/(ker o, keroz) via a unique homomorphism of
K-algebras
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(p:Tn,+n2/(kera1,kera2) — D

making the above diagram commutative. Let us equip now the affinoid K-algebra
Ty, +n,/ (kera, kerap) with its residue norm via &. Then, by the definition of
residue norms, we see that the maps o, and o0, are contractive since the canonical
inclusions of T, into T, +,, preserve GauBl norms. Furthermore, by the definition of
residue norms again, ¢ is bounded by Yy, since the same is true for the composition
@o@; one may also use the fact that for every f € T}, 1,/ (ker ay, ker ay) there is an
inverse image f € Ty, 4, satisfying | f| = | f], cf.3.1/5. Altogether we conclude
that T, 4,/ (ker oy, ker ) along with the contractions oy, 0, satisfy the universal
property of a completed tensor product A; ® ¢ A,. Thus, we are done with the first
part of the assertion. The completed tensor products of type K’ ® x A; are dealt with
similarly. O

Proposition 9. Leto:S —— Raswellas 11: R —— A; and 15: R —— A, be
homomorphisms of affinoid K -algebras. Then there is a canonical homomorphism
of normed K-algebras A, ®s Ay — A ®g Ay, and the latter is an epimorphism.

More specifically, consider residue norms on R, S, Ay, and A,, and assume that
o and the 1; are contractive. Then the norm on A @ r A, coincides with the residue
norm derived from the norm on A; ®g As.

Proof. We proceed similarly as in the proof of Proposition 8 and consider a
commutative diagram of type

Al — Al
, @1
(281 o1
A
~ o ~
A1 ®s A Ay ®r Ay --Y- D
@2
a5 02
where D is a complete normed R-algebra and the ¢;: A, — D, i = 1,2,

are homomorphisms of R-algebras that are bounded by constants y;,y, > 0.
Furthermore, ¢ is the unique homomorphism of R-algebras, bounded by y;y», that
is derived from the universal property of A; ® g A,. It follows that g o« is the unique
homomorphism of S-algebras derived from the universal property of 4; Qs A,; it
is bounded by y;y» as well. Now consider the factorization

O{IAl ®S A2 —_— (Al ®S Az)/kera — Al ®R A2

where kera is a closed ideal in A; ®g A, since « is contractive and, hence,
continuous. Thus, proceeding in the manner of 3.1/5 (i) and (ii), we can equip
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the quotient (4, ®s A,)/kera with the residue norm derived from the norm
on A; Qs As. Clearly, the homomorphisms o] and o, factor through contractive
homomorphisms of R-algebras &;: 4; — (A} ®s A»)/kera, i = 1,2, and it is
easily seen that (4, ®g A,)/ ker a along with &, and &, satisfy the universal property
of the completed tensor product A4, ®g Ay. Thus, we are done. a

Now the Proof of Theorem 6 can be carried out without problems. We assume
that 7;: R A; and 15: R — A, are contractive homomorphisms of
affinoid K-algebras, the latter being equipped with suitable residue norms. Then
the completed tensor product A; ® ¢ A, is an affinoid K-algebra by Proposition 8
and so is the completed tensor product A; ® g A», since it is a quotient of 4| ® x A,
by Proposition 9.

Finally, we want to mention the following generalization of the first part of
Proposition 8:

Proposition 10. Let 71: R —— A and 1,: R —— A, be homomorphisms of
affinoid K -algebras, and consider ideals ay C A, as well as ay C A,. Furthermore,
fix residue norms on R, Ay, and A, such that t| and t, are contractive, and provide
the quotients Ai/a; and A,/a, with the residue norms derived from the given
residue norms on A| and A, via the canonical projections o;: A; — A;/a;. Then

a1 ® oy A ®p Ay — (A1/a;) ®r (A2/az)

is surjective and its kernel is generated by the images of a; and a, in A, ®r As.
This way oy @ ap gives rise to an isomorphism of R-algebras

(A1 ®r A2) [ (a1, a2) —2» (A1/a1) ®r (A2/ @),

which is isometric if we consider on (A, ®g A,)/ (a1, az) the residue norm derived
from the completed tensor product norm on A1 Qg A,.

Proof. Use the same arguments as in the proof of Proposition 8. O
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should provide sufficient motivation, examples and applications. This clearly distinguishes
Lecture Notes from journal articles or technical reports which normally are very concise.
Articles intended for a journal but too long to be accepted by most journals, usually do not
have this “lecture notes” character. For similar reasons it is unusual for doctoral theses to
be accepted for the Lecture Notes series, though habilitation theses may be appropriate.

2. Manuscripts should be submitted either online at www.editorialmanager.com/Inm to
Springer’s mathematics editorial in Heidelberg, or to one of the series editors. In general,
manuscripts will be sent out to 2 external referees for evaluation. If a decision cannot yet
be reached on the basis of the first 2 reports, further referees may be contacted: The author
will be informed of this. A final decision to publish can be made only on the basis of the
complete manuscript, however a refereeing process leading to a preliminary decision can
be based on a pre-final or incomplete manuscript. The strict minimum amount of material
that will be considered should include a detailed outline describing the planned contents
of each chapter, a bibliography and several sample chapters.

Authors should be aware that incomplete or insufficiently close to final manuscripts almost
always result in longer refereeing times and nevertheless unclear referees’ recommenda-
tions, making further refereeing of a final draft necessary.

Authors should also be aware that parallel submission of their manuscript to another
publisher while under consideration for LNM will in general lead to immediate rejection.

3. Manuscripts should in general be submitted in English. Final manuscripts should contain
at least 100 pages of mathematical text and should always include

— atable of contents;

— an informative introduction, with adequate motivation and perhaps some historical
remarks: it should be accessible to a reader not intimately familiar with the topic
treated;

— asubject index: as a rule this is genuinely helpful for the reader.

For evaluation purposes, manuscripts may be submitted in print or electronic form (print
form is still preferred by most referees), in the latter case preferably as pdf- or zipped
ps-files. Lecture Notes volumes are, as a rule, printed digitally from the authors’ files.
To ensure best results, authors are asked to use the LaTeX2e style files available from
Springer’s web-server at:

ftp://ftp.springer.de/pub/tex/latex/svmonot1/ (for monographs) and
ftp://ftp.springer.de/pub/tex/latex/svmultt1/ (for summer schools/tutorials).


www.editorialmanager.com/lnm
ftp://ftp.springer.de/pub/tex/latex/svmonot1/
ftp://ftp.springer.de/pub/tex/latex/svmultt1/

Additional technical instructions, if necessary, are available on request from
Inm@springer.com.

. Careful preparation of the manuscripts will help keep production time short besides
ensuring satisfactory appearance of the finished book in print and online. After acceptance
of the manuscript authors will be asked to prepare the final LaTeX source files and
also the corresponding dvi-, pdf- or zipped ps-file. The LaTeX source files are essential
for producing the full-text online version of the book (see http://www.springerlink.com/
openurl.asp?genre=journal&issn=0075-8434 for the existing online volumes of LNM).
The actual production of a Lecture Notes volume takes approximately 12 weeks.

. Authors receive a total of 50 free copies of their volume, but no royalties. They are entitled
to a discount of 33.3 % on the price of Springer books purchased for their personal use, if
ordering directly from Springer.

. Commitment to publish is made by letter of intent rather than by signing a formal contract.
Springer-Verlag secures the copyright for each volume. Authors are free to reuse material
contained in their LNM volumes in later publications: a brief written (or e-mail) request

for formal permission is sufficient.
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