
Appendix A
Some Useful Variations of Gronwall’s Lemma

In (numerical) analysis of differential equations Gronwall’s Lemma plays an
important role. The original version is due to T.H. Grönwall [31], but there exist
a huge number of variations. In this chapter we collect some useful versions and
provide those proofs which are not easily found elsewhere in the literature.

The first result is a standard integral version of Gronwall’s Lemma, which
together with a proof can be found in, for example, [56, Chap. 1,Th. 8.1].

Lemma A.1. Let T > 0 and c � 0. Let '; vW Œ0; T � ! R be continuous and
nonnegative functions. If

'.t/ � c C
Z t

0

v.�/'.�/ d� for all t 2 Œ0; T �;

then

'.t/ � c exp
� Z t

0

v.�/ d�
�

for all t 2 Œ0; T �:

The next variation of Gronwall’s Lemma is a generalization with weak singu-
larities. A reference for this version is, for example, [36, Lemma 7.1.1], while the
presented proof follows [23].

Lemma A.2. Let T > 0 and C1; C2 � 0 and let 'W Œ0; T � ! R be a nonnegative
and continuous function. Let ˇ > 0. If we have

'.t/ � C1 C C2

Z t

0

.t � �/�1Cˇ'.�/ d� for all t 2 .0; T �; (A.1)

then there exists a constant C D C.C2; T; ˇ/ such that

'.t/ � CC1; for all t 2 .0; T �:
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156 A Some Useful Variations of Gronwall’s Lemma

Proof. For the proof we recall the following identity

Z t

0

.t � �/�1C˛��1Cˇ d� D B.˛; ˇ/t�1C˛Cˇ ; (A.2)

where B.x; y/ denotes the beta function.
Choose the smallest n D n.ˇ/ 2 N such that �1 C nˇ � 0 and iterate the

inequality (A.1) n � 1 times, then by applying (A.2) we obtain

'.t/ � D1C1 C C2

Z t

0

.t � �/�1Cnˇ'.�/ d�

� D1C1 C D2T
�1Cnˇ

Z t

0

'.�/ d�;

with constants D1 D D1.C2; T; ˇ/ and D2 D D2.C2; ˇ/. Now Lemma A.1 yields
the desired results. ut

While the last two lemmas yield estimates for continuous functions, there also
exist discrete analogues. The next lemma is a slightly generalized version of [30,
2.2. (9)] (see J.M. Holte1 for a more recent presentation).

Lemma A.3. Let c � 0 and .'j /j �1 and .vj /j �1 be nonnegative sequences. If

'j � c C
j �1X
iD1

vi 'i for j � 1;

then

'j � c

j �1Y
iD1

.1 C vi / � c exp
� j �1X

iD1

vi

�
for j � 1:

We also have a discrete version of Lemma A.2. Here we follow the proof of [23,
Lemma 7.1].

Lemma A.4. For T > 0 and k > 0 consider tj D jk with j D 1; : : : ; Nk such
that Nkk � T < .Nk C 1/k. Let C1; C2 � 0 and let .'j /j D1;:::;Nk

be a nonnegative
sequence.

If for ˇ 2 .0; 1� we have

'j � C1 C C2k

j �1X
iD1

t
�1Cˇ
j �i 'i for all j D 1; : : : ; Nk; (A.3)

1http://homepages.gac.edu/~holte/publications/gronwallTALK.pdf

http://homepages.gac.edu/~holte/publications/gronwallTALK.pdf
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then there exists a constant C D C.C2; T; ˇ/ such that

'j � CC1 for all j D 1; : : : ; Nk:

In particular, the constant C does not depend on k.

Proof. By using (A.2) we get for ˛; ˇ 2 .0; 1�

k

j �1X
iD0

t�1C˛
j �i t

�1Cˇ
iC1 �

j �1X
iD0

Z tiC1

ti

.tj � �/�1C˛��1Cˇ d�

�
Z tj

0

.tj � �/�1C˛��1Cˇ d� D B.˛; ˇ/t
�1C˛Cˇ
j :

(A.4)

As in the proof of Lemma A.2 we choose the smallest n D n.ˇ/ 2 N such that
�1 C nˇ � 0 and iterate the inequality (A.3) n � 1 times. Then by applying (A.4)
we obtain

'j � D1C1 C D2k

j �nX
iD1

t
�1Cnˇ
j �i 'i

� D1C1 C D2T �1Cnˇk

j �1X
iD1

'i ;

with constants D1 D D1.C2; T; ˇ/ and D2 D D2.C2; ˇ/. Now the desired result
follows by an application of Lemma A.3. ut



Appendix B
Results on Semigroups and Their Infinitesimal
Generators

The first section of this chapter provides a short review of the theory of strongly
continuous semigroups on Banach spaces. The content is primarily based on
[60, 69]. The second section deals with semigroups on Hilbert spaces, whose
infinitesimal generators are self-adjoint and have compact inverses. In this case
we define fractional powers .�A/r , r 2 .0; 1/, of the generator and introduce a
characterization of the dual space of the domain dom..�A/r/.

B.1 Strongly Continuous Semigroups of Bounded Operators

In this section we consider a Banach space B .

Definition B.1. A family .E.t//t2Œ0;1/ of bounded linear operators from B into B

is called a strongly continuous semigroup (or a C0-semigroup) if:

(i) E.0/ D IdB ,
(ii) E.t C s/ D E.t/E.s/ for all t; s � 0,

(iii) limt&0 E.t/x D x for all x 2 B .

Strongly continuous semigroups enjoy the following properties.

Lemma B.2. Let .E.t//t2Œ0;1/ be a C0-semigroup on a Banach space B . There
exist constants c � 0 and M � 1 such that

kE.t/k � M ect

for all t 2 Œ0; 1/.

For the proof we refer to [60, Chap. 1.2, Th. 2.2]. If c D 0 the semigroup is
uniformly bounded. In addition, if we also have M D 1 then we call .E.t//t2Œ0;1/ a
semigroup of contractions.
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160 B Results on Semigroups and Their Infinitesimal Generators

Lemma B.3. Let .E.t//t2Œ0;1/ be a C0-semigroup on a Banach space B . Then the
mapping

Œ0; 1/ � B ! B; .t; x/ 7! E.t/x

is continuous. In particular, for every x 2 B the mapping t 7! E.t/x is uniformly
continuous on compact subintervals of Œ0; 1/.

A proof of this lemma is found in [69, Lem. VII.4.3] or [60, Chap. 1.2, Cor. 2.3].
The next definition assigns a linear operator to a semigroup.

Definition B.4. Consider a C0-semigroup .E.t//t2Œ0;1/ on a Banach space B . The
linear operator A defined by

Ax D lim
h&0

E.h/x � x

h

with domain

dom.A/ D
n
x 2 B W lim

h&0

E.h/x � x

h
exists in B

o

is called the infinitesimal generator of the semigroup .E.t//t2Œ0;1/.

Lemma B.5. Let .E.t//t2Œ0;1/ be a C0-semigroup on a Banach space B with
infinitesimal generator A. Then we have the following properties:

(i) For all x 2 B it holds that

lim
h!0

1

h

Z tCh

t

E.�/x d� D E.t/x; for all t 2 Œ0; 1/:

(ii) For all x 2 B we have
R t

0 E.�/x d� 2 dom.A/ and

E.t/x � x D A
� Z t

0

E.�/x d�
�
; for all t 2 Œ0; 1/:

(iii) For all x 2 dom.A/, t 2 Œ0; 1/ we have E.t/x 2 dom.A/ and

d

dt
E.t/x D AE.t/x D E.t/Ax:

(iv) For all x 2 dom.A/ and s; t 2 Œ0; 1/, s < t , it holds that

E.t/x � E.s/x D
Z t

s

AE.�/x d� D
Z t

s

E.�/Ax d�:
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This lemma coincides with [60, Chap. 1.2, Th. 2.4]. As the next result from [60,
Chap. 1.2, Th. 2.6] shows a semigroup is uniquely determined by its infinitesimal
generator.

Lemma B.6. Two C0-semigroups with the same infinitesimal generator A coincide.

The following theorem gives a characterization of the infinitesimal generator of
a C0-semigroup of contractions.

Theorem B.7 (Hille–Yosida). A linear, possibly unbounded operator AW dom.A/�
B ! B is the infinitesimal generator of a C0-semigroup of contractions
.E.t//t2Œ0;1/ if and only if:

(i) A is closed and dom.A/ is dense in B .
(ii) The resolvent set �.A/ of A contains the positive real line and

kR.�; A/k D k.�I � A/�1k � 1

�
; for all � > 0:

A proof is given in [60, Chap. 1.3, Th. 3.1] and [69, Th. VII.4.11]. A version of this
theorem, which gives a corresponding characterization of the infinitesimal generator
of general C0-semigroups, is found in [69, Th. VII.4.13].

B.2 Fractional Powers of A and the Spaces PH s

This section deals with semigroups on a separable Hilbert space H with inner
product .�; �/ and norm k � k. We consider a densely defined, linear, self-adjoint and
positive definite operator AW dom.A/ � H ! H , which is not necessarily bounded
but with compact inverse. Under these conditions Theorem B.7 yields that �A is the
infinitesimal generator of a C0-semigroup of contractions .E.t//t2Œ0;1/ on H .

By applying the spectral theorem for linear compact and self-adjoint operators
[69, Th. VI.3.2] to A�1 we obtain the existence of an increasing sequence of real
numbers .�n/n�1 and an orthonormal basis of eigenvectors .en/n�1 in H such that
Aen D �nen, n 2 N, and

0 < �1 � �2 � : : : � �n.! 1/:

We have the following characterization of the domain of A

dom.A/ D
n
x 2 H W

1X
nD1

�2
n.x; en/2 < 1

o
:

In fact, from [60, Chap. 2.5, Th. 5.2] it follows that .E.t//t2Œ0;1/ is an analytic
semigroup.
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The above conditions on A are more restrictive as in [60, Chap. 2.6] but they
allow us to define fractional powers of A in a much simpler way (see also [57,
Ex. 6.1.2, Ex. 6.1.7]). For any r � 0 let the operator A

r
2 W dom.A

r
2 / � H ! H be

given by

A
r
2 x D

1X
nD1

�
r
2
n .x; en/en (B.1)

for all

x 2 dom.A
r
2 / D

n
x 2 H W kxk2

r WD
1X

nD1

�r
n.x; en/2 < 1

o
:

By setting PH r WD dom.A
r
2 / and .�; �/r WD .A

r
2 �; A

r
2 �/ we obtain a separable Hilbert

space . PH r; .�; �/r ; k � kr / for every r > 0.
The next result gives a characterization of the dual space . PH r/0 with r > 0. For

this we consider the set

PH �r WD
n
x D

1X
nD1

xnen W xn 2 R; n D 1; 2; : : : ;

such that kxk2�r WD
1X

nD1

��r
n x2

n < 1
o

and, analogously to (B.1), we define the fractional power of A for negative
exponents by

A� r
2 x D

1X
nD1

�
� r

2
n xnen

for all x D P1
nD1 xnen 2 PH �r . It always holds that H � PH �r but in general we

have H ¤ PH r for every r > 0. It follows that PH �r is the largest set such that A� r
2

maps into H . In this sense PH �r D dom.A� r
2 /.

As above we endow PH �r with the inner product .�; �/�r WD .A� r
2 �; A� r

2 �/ and the
norm k � k�r D kA� r

2 � k.

Theorem B.8. For r > 0 the dual space . PH r/0 is isometrically isomorphic to PH �r .
In particular, PH �r is a separable Hilbert space.

Proof. We follow the lines of the proof of [69, Th. II.2.3] together with some
suitable generalizations.

Let us define a linear operator T W PH �r ! . PH r/0 by

.T x/.y/ D
1X

nD1

xn.y; en/
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for x D P1
nD1 xnen 2 PH �r and y D P1

nD1.y; en/en 2 PH r . Clearly, T W PH �r !
. PH r/0 and T xW PH r ! R are both linear mappings for every x 2 PH �r . Further,

j.T x/.y/j D
ˇ̌
ˇ

1X
nD1

xn.y; en/
ˇ̌
ˇ D

ˇ̌
ˇ

1X
nD1

�
� r

2
n xn�

r
2
n .y; en/

ˇ̌
ˇ

�
� 1X

nD1

��r
n x2

n

� 1
2
� 1X

nD1

�r
n.y; en/2

� 1
2 D kxk�r kykr :

Consequently,

sup
y2 PHr

kykr D1

j.T x/.y/j � kxk�r ;

which shows that T indeed maps into . PH r/0.
Next, we prove that T is one-to-one. For this we consider x 2 PH �r such that

T x D 0 2 . PH r/0. Then we obtain

0 D .T x/.en/ D xn for every n D 1; 2; : : : :

Hence, x D 0 2 PH �r .
It remains to show that T is onto and isometric. For this we consider an arbitrary

element z 2 . PH r/0. We set xn WD z.en/, n D 1; 2; : : :, and prove that

x WD
1X

nD1

xnen 2 PH �r ; kxk�r � sup
y2 PHr

kykr D1

jz.y/j (B.2)

and T x D z. Let us define

yn WD ��r
n xn for n D 1; 2; : : : :

Then, it holds for every N 2 N

0 �
NX

nD1

��r
n x2

n D
NX

nD1

�r
ny2

n

D
NX

nD1

ynxn D
NX

nD1

ynz.en/ D z
� NX

nD1

ynen

�

� sup
y2 PHr

kykr D1

jz.y/j
���

NX
nD1

ynen

���
r

D sup
y2 PHr

kykr D1

jz.y/j
� NX

nD1

�r
ny2

n

� 1
2
:
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Therefore,

� NX
nD1

��r
n x2

n

� 1
2 D

� NX
nD1

�r
ny2

n

� 1
2 � sup

y2 PHr

kykr D1

jz.y/j

for every N 2 N. By taking the limit N ! 1 we obtain (B.2).
In addition, it holds

.T x/.en/ D xn D z.en/ for all n D 1; 2; : : :

and both linear mappings T x and z coincide for every N 2 N on spanfen W n D
1; : : : ; N g. Since both mappings are continuous in PH r they also coincide on the
closure of spanfen W n D 1; 2; : : :g with respect to the norm k � kr . But this closure
is equal to PH r , which completes the proof. ut

Next, it is worth noting that the spectral structure of A carries over to the
semigroup .E.t//t2Œ0;T �. In fact, by setting

QE.t/x WD
1X

nD1

e��nt .x; en/en (B.3)

for all x 2 H and t 2 Œ0; 1/, we obtain a C0-semigroup on H . Consider x 2 H

such that

y WD lim
h&0

QE.h/x � x

h
exists in H: (B.4)

Then, we get by Parseval’s identity

0 D lim
h&0

��� QE.h/x � x

h
� y

���2 D lim
h&0

1X
nD1

�e��nh � 1

h
.x; en/ � .y; en/

�2

;

which yields

.y; en/ D lim
h&0

e��nh � 1

h
.x; en/ D ��n.x; en/:

Since y 2 H it follows that x 2 dom.A/ D PH 2 and y D �Ax.
That the limes in (B.4) exists for all x 2 dom.A/ follows in a similar way by

applying Lebesgue’s dominated convergence theorem. Therefore, the infinitesimal
generator of QE coincides with �A and from Lemma B.6 we obtain that (B.3) is
indeed a spectral representation of E .
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The next lemma gives some very useful norm estimates of .E.t//t2Œ0;1/. Since
we make use of them very frequently, we present a proof, but only under the above
conditions on A. The estimates (i), (ii) and (iv) are also valid for analytic semigroups
in general. For this we refer to [60, Chap. 2.6, Th. 6.13] and [57, Th. 6.1.8].

Lemma B.9. Under the above conditions on the infinitesimal generator �A of the
semigroup .E.t//t2Œ0;1/ the following properties hold true:

(i) For any � � 0 it holds that

A�E.t/x D E.t/A�x for all x 2 PH 2�

and there exists a constant C D C.�/ such that

kA�E.t/k � C t�� for t > 0:

(ii) For any 0 � � � 1 there exists a constant C D C.�/ such that

kA��.E.t/ � IdH /k � C t� for t � 0:

(iii) For any 0 � � � 1 there exists a constant C D C.�/ such that

Z �2

�1

kA
�
2 E.�2 � �/xk2 d� � C.�2 � �1/

1�� kxk2 for all x 2 H , 0 � �1 < �2:

(iv) For any 0 � � � 1 there exists a constant C D C.�/ such that

���A�

Z �2

�1

E.�2 � �/x d�
��� � C.�2 � �1/

1��kxk for all x 2 H , 0 � �1 < �2:

Proof. The first part of (i) follows directly from the spectral representations (B.1)
and (B.3).

In order to prove the second part of (i) we make use of the fact that the function
x 7! x�e�x is bounded for x 2 Œ0; 1/. Consequently, for a constant C D C.�/ > 0

we have

kA�E.t/k D sup
n�1

j��
n e�t�n j � C t��:

For (ii) we apply the fact that the function x 7! x��.1 � e�x/ is bounded for x 2
Œ0; 1/ and � 2 Œ0; 1�. Hence, for a constant C > 0 which only depends on � 2 Œ0; 1�

kA��.E.t/ � IdH /k D sup
n�1

ˇ̌
ˇ1 � e�t�n

��
n

ˇ̌
ˇ � C t�:
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For the proof of (iii) we use the expansion of x 2 H in terms of the eigenbasis
.en/n�1 of the operator A. By Parseval’s identity we get

Z �2

�1

��A
�
2 E.�2 � �/x

��2
d� D

Z �2

�1

���
1X

nD1

A
�
2 E.�2 � �/.x; en/en

���2

d�

D
1X

nD1

Z �2

�1

.x; en/2��
ne�2�n.�2��/ d�

D 1

2

1X
nD1

.x; en/2���1
n

�
1 � e�2�n.�2��1/

�
:

Again, by the boundedness of the function x 7! x��1.1 � e�x/ for x 2 Œ0; 1/ and
� 2 Œ0; 1� there exists a constant C D C.�/ > 0 such that

Z �2

�1

��A
�
2 E.�2 � �/x

��2
d� � C.�/.�2 � �1/

1��

1X
nD1

.x; en/2;

which completes the proof of (iii).
The following proof of (iv) also works for analytic semigroups in general. By

Lemma B.5(ii) we first notice that

���A�

Z �2

�1

E.�2 � �/x d�
��� D

���A��1A

Z �2��1

0

E.�/x d�
���

D ��A��1
�
E.�2 � �1/ � I

�
x

��
Then, (iv) follows from (ii). ut

The following result is concerned with the continuity of the semigroup in the
border case � D 1 of Lemma B.9(iii) and (iv).

Lemma B.10. Let 0 � �1 < �2. Then we have:

(i)

lim
�2��1!0

Z �2

�1

��A
1
2 E.�2 � �/x

��2
d� D 0 for all x 2 H;

(ii)

lim
�2��1!0

���A

Z �2

�1

E.�2 � �/x d�
��� D 0 for all x 2 H:
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Proof. As in the proof of Lemma B.9 we use the orthogonal expansion of x 2 H

with respect to the eigenbasis .en/n�1 of the operator A. Thus, for (i) we get, as in
the proof of Lemma B.9(iii),

Z �2

�1

��A
1
2 E.�2 � �/x

��2
d� D 1

2

1X
nD1

.x; en/2
�
1 � e�2�n.�2��1/

�
:

We apply Lebesgue’s dominated convergence theorem. Note that the sum is
dominated by 1

2
kxk2 for all �2 � �1 � 0. Moreover, for every n � 1 we have

lim
�2��1!0

�
1 � e�2�n.�2��1/

�
.x; en/2 D 0:

Hence, Lebesgue’s theorem gives us (i).
The case (ii) is actually true for all strongly continuous semigroups, since by

Lemma B.5(ii) and Lemma B.3 it holds

lim
�2��1!0

���A

Z �2

�1

E.�2 � �/x d�
��� D lim

�2��1!0

��E.�2 � �1/x � x
�� D 0:

The proof is complete. ut
We close this section with an extension of the linear operators .E.t//t2Œ0;1/ to

the spaces PH r with r < 0. In the same way as in (B.3) we define

Er.t/ WD
1X

nD1

e��nt xnen (B.5)

for all t 2 Œ0; 1/ and x D P1
nD1 xnen 2 PH r with r < 0. As above, the family of

linear operators .Er.t//t2Œ0;1/ is a strongly continuous semigroup on PH r and for all
x 2 H it holds that Er.t/x D E.t/x. More precisely, it holds that E.t/ and Er.t/

are similar, that is

Er.t/x D A
r
2 E.t/A� r

2 ;

for all t > 0, which implies that E.t/ and Er.t/ have the same spectrum [24,
Chap. II, Cor. 5.3]. Further, as in [24, Chap. II, Cor. 5.5] one can show that the
infinitesimal generator of .Er.t//t2Œ0;1/ is the unique continuous extension of A

to an isometry from PH rC2 to PH r .
In most occasions we drop the index r in the notation of Er.t/ and also write

E.t/ for the extended semigroup.



Appendix C
A Generalized Version of Lebesgue’s Theorem

Lebesgue’s dominated convergence theorem is an important and well-known tool in
measure theory and probability. However, the standard formulation of the theorem
turns out to be too restrictive for some proofs in this book and we rely on the
following generalized version which is due to H.W. Alt [1] and [2, 1.23].

Theorem C.1. Let .S; B; �/ denote a measure space and Y a Banach space with
norm j � j. Consider Borel measurable mappings f; fnW S ! Y , n D 1; 2; : : :, and
mappings g; gn 2 L1.S IR/, n D 1; 2; : : :, such that gn ! g as n ! 1 with
respect to the norm in L1.S IR/. If it holds that

jfnj � jgnj �-almost everywhere for all n 2 N and

fn ! f �-almost everywhere for n ! 1;

then f; fn 2 L1.S I Y / and fn ! f in L1.S I Y / as n ! 1.
In particular, it follows that

lim
n!1

Z
S

fn d� D
Z

S

lim
n!1 fn d�:

For the proof we refer to [1] and [2, 1.23].
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8. Z. Brzeźniak, E. Hausenblas, Maximal regularity for stochastic convolutions driven by Lévy

processes. Probab. Theory Relat. Fields 145(3–4), 615–637 (2009)
9. C. Carstensen, Merging the Bramble-Pasciak-Steinbach and the Crouzeix-Thomée criterion for

H 1-stability of the L2-projection onto finite element spaces. Math. Comput. 71(237), 157–163
(electronic) (2002)

10. C. Carstensen, An adaptive mesh-refining algorithm allowing for an H 1 stable L2 projection
onto Courant finite element spaces. Constr. Approx. 20(4), 549–564 (2004)

11. K. Chrysafinos, L.S. Hou, Error estimates for semidiscrete finite element approximations
of linear and semilinear parabolic equations under minimal regularity assumptions. SIAM
J. Numer. Anal. 40(1), 282–306 (2002)

12. P.G. Ciarlet, The Finite Element Method for Elliptic Problems. Classics in Applied
Mathematics, vol. 40 (SIAM, Philadelphia, 2002)

13. J.M.C. Clark, R.J. Cameron, The maximum rate of convergence of discrete approximations
for stochastic differential equations, in Stochastic Differential Systems (Proc. IFIP-WG 7/1
Working Conf., Vilnius, 1978). Lecture Notes in Control and Information Sciences, vol. 25
(Springer, Berlin, 1980), pp. 162–171

14. D.L. Cohn, Measure Theory (Birkhäuser, Boston [u.a.], 1993)
15. S.G. Cox, J. van Neerven, Pathwise Hölder convergence of the implicit Euler scheme for

semi-linear SPDEs with multiplicative noise. Numer. Math. 125(2), 259–345 (2013)
16. M. Crouzeix, V. Thomée, The stability in Lp and W 1

p of the L2-projection onto finite element
function spaces. Math. Comput. 48(178), 521–532 (1987)

17. G. Da Prato, A. Lunardi, Maximal regularity for stochastic convolutions in Lp spaces. Atti
Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 9(1), 25–29 (1998)

R. Kruse, Strong and Weak Approximation of Semilinear Stochastic Evolution Equations,
Lecture Notes in Mathematics 2093, DOI 10.1007/978-3-319-02231-4,
© Springer International Publishing Switzerland 2014

171

www.iam.uni-bonn.de/~alt/ws2001/EN/analysis3-hyp.html
www.iam.uni-bonn.de/~alt/ws2001/EN/analysis3-hyp.html


172 References

18. G. Da Prato, J. Zabczyk, Stochastic Equations in Infinite Dimensions. Encyclopedia of
Mathematics and Its Applications, vol. 44 (Cambridge University Press, Cambridge, 1992)

19. G. Da Prato, S. Kwapien, J. Zabczyk, Regularity of solutions of linear stochastic equations in
Hilbert spaces. Stochastics 23(3), 1–23 (1988)

20. G. Da Prato, A. Jentzen, M. Röckner, A mild Itô formula for SPDEs (2011). Preprint
[arXiv:1009.3526v3]

21. A. Debussche, Weak approximation of stochastic partial differential equations: The nonlinear
case. Math. Comput. 80(273), 89–117 (2011)

22. A. Debussche, J. Printems, Weak order for the discretization of the stochastic heat equation.
Math. Comput. 78(266), 845–863 (2009)

23. C.M. Elliott, S. Larsson, Error estimates with smooth and nonsmooth data for a finite element
method for the Cahn-Hilliard equation. Math. Comput. 58(198), 603–630, S33–S36 (1992)

24. K.-J. Engel, R. Nagel, One-Parameter Semigroups for Linear Evolution Equations. Graduate
Texts in Mathematics, vol. 194 (Springer, Berlin, 2000)

25. L.C. Evans, in Partial Differential Equations. Graduate Studies in Mathematics, vol. 19
(American Mathematical Society, Providence, 1998)

26. M. Geissert, M. Kovács, S. Larsson, Rate of weak convergence of the finite element method
for the stochastic heat equation with additive noise. BIT Numer. Math. 49, 343–356 (2009)

27. M.B. Giles, Improved multilevel Monte Carlo convergence using the Milstein scheme, in
Monte Carlo and Quasi-Monte Carlo Methods 2006 (Springer, Berlin, 2008), pp. 343–358

28. M.B. Giles, Multilevel Monte Carlo path simulation. Oper. Res. 56(3), 607–617 (2008)
29. P. Glasserman, Monte Carlo Methods in Financial Engineering. Applications of Mathematics

(New York), vol. 53. Stochastic Modelling and Applied Probability (Springer, New York,
2004)

30. R.D. Grigorieff, Diskrete Approximation von Eigenwertproblemen. I. Qualitative Konvergenz.
Numer. Math. 24(4), 355–374 (1975)

31. T.H. Gronwall, Note on the derivatives with respect to a parameter of the solutions of a system
of differential equations. Ann. Math. (2) 20(4), 292–296 (1919)

32. A. Grorud, É. Pardoux, Intégrales Hilbertiennes anticipantes par rapport à un processus de
Wiener cylindrique et calcul stochastique associé. Appl. Math. Optim. 25(1), 31–49 (1992)

33. M. Hanke-Bourgeois, Grundlagen der numerischen Mathematik und des wissenschaftlichen
Rechnens, 2nd edn. Mathematische Leitfäden [Mathematical Textbooks] (B.G. Teubner,
Wiesbaden, 2006)

34. E. Hausenblas, Approximation for semilinear stochastic evolution equations. Potential Anal.
18(2), 141–186 (2003)

35. E. Hausenblas, Weak approximation of the stochastic wave equation. J. Comput. Appl. Math.
235(1), 33–58 (2010)

36. D. Henry, Geometric Theory of Semilinear Parabolic Equations. Lecture Notes in Mathemat-
ics, vol. 840 (Springer, Berlin, 1981)

37. J.S. Hesthaven, S. Gottlieb, D. Gottlieb, in Spectral Methods for Time-Dependent Problems.
Cambridge Monographs on Applied and Computational Mathematics, vol. 21 (Cambridge
University Press, Cambridge, 2007)

38. A. Jentzen, P.E. Kloeden, The numerical approximation of stochastic partial differential
equations. Milan J. Math. 77, 205–244 (2009)

39. A. Jentzen, P.E. Kloeden, Taylor Approximations for Stochastic Partial Differential Equa-
tions. CBMS-NSF Regional Conference Series in Applied Mathematics, vol. 83 (SIAM,
Philadelphia, 2011)

40. A. Jentzen, M. Röckner, A Milstein scheme for SPDEs (2012). Preprint [arXiv:1001.2751v4]
41. A. Jentzen, M. Röckner, Regularity analysis for stochastic partial differential equations with

nonlinear multiplicative trace class noise. J. Differ. Equ. 252(1), 114–136 (2012)
42. A. Jentzen, P.E. Kloeden, A. Neuenkirch, Pathwise convergence of numerical schemes for

random and stochastic differential equations, in Foundation of Computational Mathematics,
ed. by F. Cucker, A. Pinkus, M. Todd (Cambridge University Press, Cambridge, 2009),
pp. 140–161 (Hong Kong, 2008)



References 173

43. A. Jentzen, P.E. Kloeden, A. Neuenkirch, Pathwise approximation of stochastic differential
equations on domains: Higher order convergence rates without global Lipschitz coefficients.
Numer. Math. 112(1), 41–64 (2009)

44. M. Kovács, S. Larsson, F. Lindgren, Strong convergence of the finite element method with
truncated noise for semilinear parabolic stochastic equations with additive noise. Numer.
Algorithms 53(2–3), 309–320 (2010)

45. M. Kovács, S. Larsson, F. Lindgren, Weak convergence of finite element approximations of
linear stochastic evolution equations with additive noise. BIT Numer. Math. 52(1), 85–108
(2012)

46. M. Kovács, S. Larsson, F. Lindgren, Weak convergence of finite element approximations of
linear stochastic evolution equations with additive noise II. Fully discrete schemes. BIT Numer.
Math. 53(2), 497–525 (2012). Preprint [arXiv:1203.2029v1]

47. R. Kruse, Characterization of bistability for stochastic multistep methods. BIT Numer. Math.
52(1), 109–140 (2012)

48. R. Kruse, Consistency and stability of a Milstein-Galerkin finite element scheme for semilinear
SPDE (2013). ArXiv Preprint [arXiv:1307.4120v1] (submitted)

49. R. Kruse, Optimal error estimates of Galerkin finite element methods for stochastic partial
differential equations with multiplicative noise. IMA J. Numer. Anal. (2013) (Online First)

50. R. Kruse, S. Larsson, Optimal regularity for semilinear stochastic partial differential equations
with multiplicative noise. Electron. J. Probab. 17(65), 1–19 (2012)

51. A. Lang, P.-L. Chow, J. Potthoff, Almost sure convergence of a semidiscrete Milstein scheme
for SPDEs of Zakai type. Stochastics 82(3), 315–326 (2010)

52. S. Larsson, Semilinear parabolic partial differential equations: Theory, approximation, and
application, in New Trends in the Mathematical and Computer Sciences. Publ. ICMCS, vol. 3
(Int. Cent. Math. Comp. Sci. (ICMCS), Lagos, 2006), pp. 153–194

53. S. Larsson, V. Thomée, Partial Differential Equations with Numerical Methods. Texts in
Applied Mathematics, vol. 45 (Springer, Berlin, 2003)

54. J.A. León, D. Nualart, Stochastic evolution equations with random generators. Ann. Probab.
26(1), 149–186 (1998)

55. P. Malliavin, Stochastic calculus of variation and hypoelliptic operators, in Proceedings of
the International Symposium on Stochastic Differential Equations (Res. Inst. Math. Sci., Kyoto
Univ., Kyoto, 1976) (Wiley, New York, 1978), pp. 195–263

56. X. Mao, Stochastic Differential Equations and Their Applications. Horwood Publishing Series
in Mathematics & Applications (Horwood Publishing Limited, Chichester, 1997)
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