
Appendix A
Tightness

For convenience, in this section we review the tightness criteria that are needed in
this monograph.

We first recall the Joffe–Métivier criterion ([JM]) for weak convergence on
D.Œ0;1/;Rd /. This criterion is concerned with a collection .X.n/.t//t�0 of semi-
martingales with values in R

d with càdlàg paths. First observe that by forming

.< X.n/.t/; � >/t�0 ; � 2 R
d (A.1)

we obtain R-valued semi-martingales. If for every �2R
d the laws of these

projections are tight onD.Œ0;1/;R/ then this is true for fŒLŒ.X.n/.t//t�0�; n 2 Ng.
The tightness criterion for R-valued semimartingales which is needed after

the above reduction, is in terms of the socalled local characteristics of the
semimartingales.

A.1 The Joffe–Métivier criteria for tightness
of D-semimartingales

We recall the Joffe Métivier criterion ([JM]) for tightness of locally square
integrable processes.

A càdlàg adapted process X , defined on .�;F ;Ft ; P / with values in R is called
a D-semimartingale if there exists a càdlàg functionA.t/, a linear subspaceD.L/ �
C.R/ and a mapping L W .D.L/ � R � Œ0;1/ � �/ ! R with the following
properties:

1. for every .x; t; !/ 2 R � Œ0;1/ �� the mapping � ! L.�; x; t; !/ is a linear
functional on D.L/ and L.�; �; t; !/ 2 D.L/,

2. for every � 2 D.L/, .x; t; !/ ! L.�; x; t; !/ is B.R/ � P-measurable, where
P is the predictable �-algebra on Œ0;1/��, (P is generated by sets of the form
.s; t � � F where F 2 Fs and s; t are arbitrary),
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3. for every � 2 D.L/ the processM� defined by

M�.t; !/ WD �.Xt.!/ � �.X0.!// �
Z t

0

L.�;Xs�.!/; s; !/dAs; (A.2)

is a locally square integrable martingale on .�;F ;Ft ; P /,
4. the functions  .x/ WD x and  2 belong to D.L/.

The functions (recall here ‰.x/ D x/

ˇ.x; t; !/ WD L. ; x; t; !/ (A.3)

˛.x; t; !/ WD L.. /2; x; t; !/ � 2xˇ.x; t; !/ (A.4)

are called the local characteristics of the first and second order.

Theorem 15 (Tightness criterion). Let Xm D .�m;Fm;FM
t ; P

m/ be a sequence
of D-semimartingales with common D.L/ and associated operators Lm, functions
Am; ˛m; ˇm.

Then the sequence fXm W m 2 Ng is tight in DR.Œ0;1/ provided the following
conditions are satisfied:

1. supm EjXm
0 j2 < 1,

2. there is a K > 0 and a sequence of positive adapted processes ffCm
t W t � 0g

on �mgm2N such that for every m 2 N; x 2 R; ! 2 �m,

jˇm.x; t; !/j2 C ˛m.x; t; !/ � K.Cm
t .!/C x2/ (A.5)

and for every T > 0,

sup
m

sup
t2Œ0;T �

EjCm
t j < 1; and lim

k!1 sup
m

PmŒ sup
t2Œ0;T �

Cm
t � k� D 0; (A.6)

3. there exists a positive function � on Œ0;1/ and a decreasing sequence of numbers
.ım/ such that limt!0 �.t/ D 0, limm!1 ım D 0 and for all 0 < s < t and allm,

j.Am.t/ � Am.s//j � �.t � s/C ım; (A.7)

4. if we set

Mm
t WD Xm

t �Xm
0 �

Z t

0

ˇm.X
m
s�; s; �/dAms ; (A.8)

then for each T > 0 there is a constant KT and m0 such that for all m � m0,
then

EŒ sup
t2Œ0;T �

jXm
t j2� � KT .1C EjXm

0 j2/; (A.9)
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and

EŒ sup
t2Œ0;T �

jMm
t j2� � KT .1C EjXm

0 j2/: � (A.10)

Corollary A.1. Assume that for T > 0 there is a constant KT such that

sup
m

sup
t�T;x2R

.j˛m.t; x/j C jˇm.t; x/j/ � KT ; a.s. (A.11)

X
m

.Am.t/ � Am.s// � KT .t � s/ if 0 � s � t � T; (A.12)

and

sup
m
EjXm

0 j2 < 1; (A.13)

andMm
t is a square integrable martingale with supmE.jMm

T j2/ � KT .
Then the fXm W m 2 Ng are tight in DR.Œ0;1/. �

A.2 Tightness criteria for continuous processes

Now consider the special case of probability measures on C.Œ0;1/;Rd /. This
criterion is concerned with a collection .X.n/.t//t�0 of semimartingales with values
in R

d with continuous paths. First observe that by forming

.< X.n/.t/; � >/t�0 ; � 2 R
d (A.14)

we obtain R-valued semi-martingales. If for every � 2 R
d the laws of these

projections are tight on C.Œ0;1/;R/ then this is true for fŒLŒ.X.n/.t//t�0�; n 2 Ng.
The tightness criterion for R-valued semimartingales is in terms of the socalled local
characteristics of the semimartingales.

For Itô processes the local characteristics can be calculated directly from the
coefficients. For example, if we have a sequence of semimartingales Xn that are
also a Markov processes with generators:

L.n/f D � dX
iD1

ani .x/
@

@xi
C

dX
iD1

dX
jD1

bni;j .x/
@2

@xi@xj

�
f; (A.15)

then the local characteristics are given by

an D .ani /iD1;��� ;d ; bn D .bni;j /i;j;D1;��� ;d : (A.16)
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The Joffe–Métivier criterion implies that if

sup
n

sup
0�t�T

EŒ.jan.X.n/.t/j C jbn.X.n/.t/j/2� < 1;

lim
k!1 sup

n

P Œ sup
0�t�T

.jan.X.n//.t/j C jbn.X.n//.t/j/ � k� D 0 (A.17)

then fLŒ.X.n/.t//t�0�; n 2 Ng are tight in C.Œ0;1/;R/. See [JM] for details.

Theorem 16 (Ethier-Kurtz [EK2] Chapt. 3, Theorem 10.2). Let

J.x/ D
Z 1

0

e�uŒJ.x; u/ ^ 1�du; J.x; u/ D sup
0�t�u

d.x.t/; x.t�//: (A.18)

Assume that a sequence of processesXn ) X in for a Polish space ED.Œ0;1/; E/.
Then X is a.s. continuous if and only if J.Xn/ ) 0. �



Appendix B
Nonlinear Semigroup Perturbations

We use the following result of Marsden [MA], (4.17).

Theorem 17 (Perturbation). Let B be a Banach space and let AS be the infinites-
imal generator of a strongly continuous semigroup, with kStk � MeCt for some C .
Let AT W B ! B be a vector field on B such that AT is of class C2 with its first and
second derivatives uniformly bounded on bounded subsets and let fTtg be the flow
of AT .

Then AS C AT has a unique flow which is Lipschitz for each t; 0 � t � T , and

Vtx D lim
n!1.St=n � Tt=n/nx (B.1)

uniformly in t for each x on bounded sets of t . If x 2 D.AS C AT /, then

d

dt
Vtx D .AS C AT /Ut (B.2)

on Œ0; �/ where � is the exit time from B. �

D.A. Dawson and A. Greven, Spatial Fleming-Viot Models with Selection and Mutation,
Lecture Notes in Mathematics 2092, DOI 10.1007/978-3-319-02153-9,
© Springer International Publishing Switzerland 2014

845



References

[AP98] D. Aldous, J. Pitman, Tree-valued Markov chains derived from Galton-Watson
processes. Ann. Inst. Henri Poincare 34, 637–686 (1998)

[AN] K.B. Athreya, P. Ney, A renewal approach to Perron-Frobenius theory of non-
negative kernels on general state spaces. Math. Zeit. 179, 507–529 (1982)

[AS] S.R. Athreya, J.M. Swart, Branching-coalescing systems. Probab. Theory Relat.
Fields 131(3), 376–414. Electronic, 39 p. (2005). doi:10.1007/s00440-004-
0377-4

[Bai] N.T.J. Bailey, The Elements of Stochastic Processes (Wiley, New York, 1964)
[BEV] N. Barton, A. Etheridge, A. Véber, A new model for evolution in a spatial

continuum. Electron. J. Probab. 15, 162–216 (2010)
[Ber] J. Bertoin, Random Fragmentation and Coagulation Processes (Cambridge

University Press, Cambridge, 2006)
[BD] N.H. Bingham, R.A. Doney, Asmptotic properties of super-critical branching

processes II: Crump-mode and Jirina processes. Adv. Appl. Probab. 7, 66–82
(1975)

[BGR] P.J. Brockwell, J.Gani, S.I. Resnick, Birth, immigration and catastrophe pro-
cesses. Adv. Appl. Probab. 14, 709–731 (1982)

[Bu] R. Bürger, The Mathematical Theory of Selection, Recombination, and Mutation
(Wiley, New York, 2001)

[Bu] R. Bürger, Mathematical properties of mutation-selection models. Genetica
102/103, 279–298 (1998)

[CPY] P. Carmona, F. Petit, M. Yor, Some extensions of the arc sine law as (partial)
consequences of the scaling property of Brownian motion. Probab. Theory Relat.
Fields 100, 1–29 (1994)

[CFM] N. Champagnat, R. Ferrière, S. Méléard, Unifying evolutionary dynamics: From
individual stochastic processes to macroscopic models via timescale separation.
Theor. Popul. Biol. 69, 297–321 (2006)

[CM] N. Champagnat, S. Méléard, Invasion and adaptive evolution for individual based
spatially structured population. J. Math. Biol. 55, 147–188 (2007)

[CC] B. Charlesworth, D. Charlesworth, Some evolutionary consequences of deleteri-
ous mutations. Genetica 102/103, 2–19 (1998)

[CD] J.G. Conlon, C.R. Doering, On travelling waves for the stochastic Fisher-
Kolmogorov-Petrovsky-Piscunov equation. J. Stat. Phys. 120(3), 421–477 (2005)

[Con] J.B. Conway, A Course in Functional Analysis, 2nd edn. (Springer, Berlin, 1990)
[D] D.A. Dawson, Measure-valued Markov processes, in École d’Été de Probabilités

de Saint Flour XXI. Lecture Notes in Mathematics 1541 (Springer, Berlin, 1993),
pp. 1–261

D.A. Dawson and A. Greven, Spatial Fleming-Viot Models with Selection and Mutation,
Lecture Notes in Mathematics 2092, DOI 10.1007/978-3-319-02153-9,
© Springer International Publishing Switzerland 2014

847



848 References

[D2013] D.A. Dawson, Multilevel mutation-selection systems and set-valued duals (in
preparation)

[DG1] D.A. Dawson, A. Greven, Multiple time scale analysis of hierarchically interact-
ing systems, in A Festschrift to Honor G. Kallianpur (Springer, Berlin, 1993a),
pp. 41–50

[DG2] D.A. Dawson, A. Greven, Multiple time scale analysis of interacting diffusions.
Probab. Theory Relat. Fields 95, 467–508 (1993b)

[DG3] D.A. Dawson, A. Greven, Hierarchical models of interacting diffusions: multiple
time scale phenomena. Phase transition and pattern of cluster-formation. Probab.
Theory Rel. Fields 96, 435–473 (1993c)

[DG96] D.A. Dawson, A. Greven, Multiple space-time scale analysis for interacting
branching models. Electron. J. Probab. 1, paper no. 14, 1–84 (1996)

[DG99] D.A. Dawson, A. Greven, Hierarchically interacting Fleming-Viot processes with
selection and mutation: Multiple space time scale analysis and quasi equilibria.
Electron. J. Probab. 4, paper no. 4, 1–81 (1999)

[DG12] D.A. Dawson, A. Greven, Multiscale analysis: Fisher-Wright diffusions with rare
mutations and selection, Logistic branching system, in Probability in Complex
Physical Systems. Springer Proceedings in Mathematics, vol. 11 (Springer,
Heidelberg, 2012) pp. 373–408

[DGV] D.A. Dawson, A. Greven, J. Vaillancourt, Equilibria and Quasi-equilibria for
Infinite Collections of Interacting Fleming-Viot processes. Trans. Am. Math. Soc.
347(7), 2277–2360 (1995)

[DGW01] D.A. Dawson, L.G. Gorostiza, A. Wakolbinger, Occupation time fluctuations in
branching systems. J. Theor. Probab. 14, 729–796 (2001)

[D-Li] D.A. Dawson, Z. Li, Construction of immigration superprocesses with dependent
spatial motion from one-dimensional excursions. Probab. Theory Relat. Fields
127, 37–61 (2003)

[DGP11] A. Depperschmidt, A. Greven, P. Pfaffelhuber, Marked metric measure spaces.
ECP 16, 174–188 (2011)

[DGP] A. Depperschmidt, A. Greven, P. Pfaffelhuber, Tree-valued Fleming-Viot dynam-
ics with mutation and selection. Ann. Appl. Probab. 22, 2560–2615 (2012)

[Dia] P. Diaconis, E. Mayer-Wolf, O. Zeitouni, M.P.W. Zerner, The Poisson-Dirichlet
la is the unique invariant distribution for uniform split-merge transformations.
Ann. Probab. 32, 915–938 (2004)

[Do] R.A. Doney, A limit theorem for a class of supercritical branching processes.
J. Appl. Probab. 9, 707–724 (1972)

[Do2] R.A. Doney, On single and multi-type age-dependent branching processes.
J. Appl. Probab. 13, 239–246 (1976)

[DMS] C.R. Doering, C. Mueller, P. Smereka, Interacting particles, the stochastic Fisher-
Kolmogorov-Petrovsky-Piscounov equation, and duality. Phys. A 325, 243–259
(2003)

[DU] R. Durrett, Probability, Theory and Examples, 2nd edn. (Duxbury, Wadsworth
Publ. Co., Belmont, 1996)

[EG1] N. Eldridge, S.J. Gould, in Models in Paleobiology, ed. by T.J.M. Schopf
(Freeman, San Francisco, 1972), pp. 82–115

[EG2] N. Eldridge, S.J. Gould, Punctuated equilibria: The tempo and mode of evolution
reconsidered. Paleobiology, 3, 115–151 (1977)

[Eth00] A.M. Etheridge, in An Introduction to Superprocesses. (English summary).
University Lecture Series, vol. 20 (American Mathematical Society, Providence,
2000)

[EG09] A.M. Etheridge, R.C. Griffiths, A coalescent dual process in a Moran model with
genic selection. Theor. Popul. Biol. 75, 320–330 (2009)



References 849

[EPW] A.Etheridge, P. Pfaffelhuber, A. Wakolbinger, How often does the ratchet click?
Facts, heuristics, asymptotics, in Trends in Stochastic Analysis, vol. LMS 353
(Cambridge University Press, Cambridge, 2008)

[ECL] S.F. Elena, V. Cooper, R. Lenski, Punctuated equilibrium caused by selection of
rare beneficial mutation. Science 272, 1802–1804 (1996)

[EG] S.N. Ethier, B. Griffiths, The infinitely-many-sites model as a measure-valued
diffusion. Ann. Probab. 15, 515–545 (1981)

[EK1] S.N. Ethier, T.G. Kurtz, The infinitely-many-neutral-alleles diffusion model. Adv.
Appl. Probab. 13, 429–452 (1981)

[EK2] S.N. Ethier, T.G. Kurtz, Markov Processes, Characterization and Convergence
(Wiley, New York, 1986)

[EK3] S.N. Ethier, T.G. Kurtz, The infinitely-many-alleles-model with selection as a
measure-valued diffusion, in Lecture Notes in Biomathematics, vol. 70 (Springer,
Berlin, 1987), pp. 72–86

[EK4] S.N. Ethier, T.G. Kurtz, Convergence to Fleming-Viot processes in the weak
atomic topology. Stoch. Process. Appl. 54, 1–27 (1994)

[EK5] S.N. Ethier, T.G. Kurtz, Coupling and ergodic theorems for Fleming-Viot
processes. Ann. Probab. 26, 533–561 (1998)

[Ew] W.J. Ewens, Mathematical Population Genetics, 2nd edn. (Springer, Berlin,
2004)

[F] P. Fernhead, Perfect simulation from population genetic models with selection.
Theor. Popul. Biol. 59, 263–279 (2001)

[FL] Z. Fu, Z. Li, Measure-valued diffusions and stochastic equations with Poisson
processes. Osaka J. Math. 41, 727–744 (2004)

[Gar] J. Gärtner, On the McKean-Vlasov limit for interacting diffusions. Math. Nachr.
137, 197–248 (1988)

[Gav] S. Gavrilets, Evolution and speciation in a hyperspace: the roles of neutrality,
selection, mutation and random drift, in Towards a Comprehensive Dynamics
of Evolution - Exploring the Interplay of Selection, Neutrality, Accident, and
Function, ed. by J. Crutchfield, P. Schuster (Oxford University Press, Oxford,
1999)

[GRD] N.S. Goel, N. Richter-Dyn, Stochastic Models in Biology (Academic, New York,
1974)

[GJY] A. Göing-Jaeschke, M. Yor, A survey and some generalizations of Bessel process
(1999), http://www.risklab.ch/papers.htm.

[GLW] A. Greven, V. Limic, A. Winter, Representation theorems for interacting
Moran models, interacting Fisher–Wright diffusions and applications. Electron.
J. Probab. 10(39), 1286–1358 (2005)

[GPWmp12] A. Greven, P. Pfaffelhuber, A. Winter, Tree-valued resampling dynamics: Mar-
tingale Problems and applications. Probab. Theor. Relat. Fields 155, 787–838
(2013)

[GPWmetric09] A. Greven, P. Pfaffelhuber, A. Winter, Convergence in distribution of random
metric measure spaces (The ƒ-coalescent measure tree). Probab. Theor. Relat.
Fields 145, 285–322 (2009)

[GHKK] A. Greven, F. den Hollander, S. Kliem, A. Klimovsky, Renormalization of
hierarchically interacting Cannings processes (2012)

[H] T.E. Harris, On the Theory of Branching Processes (Springer, Berlin, 1963)
[HS] J. Hofbauer, K. Sigmund, The Theory of Evolution and Dynamical Systems

(Cambridge University Press, Cambridge, 1988)
[Hu] M. Hutzenthaler, The virgin island model. Electron. J. Probab. 14, 1117–1161

(2009)
[Hu2] M. Hutzenthaler, Interacting diffusions and trees of excursions: Convergence and

comparison. Electron. J. Probab. 17, (71), 1–49 (2012)

http://www.risklab.ch/papers.htm.


850 References

[J92] P. Jagers, Stability and instability in population dynamics. J. Appl. Probab. 29,
770–780 (1992)

[JN] P. Jagers, O. Nerman, The growth and composition of branching populations.
Adv. Appl. Probab. 16, 221–259 (1984)

[JN2] P. Jagers, O. Nerman, in The Asymptotic Composition of Supercritical, Multitype
Branching Populations. Séminaire de probabilités (Strasbourg), tome 30 (1996),
pp. 40–54

[JM] A. Joffe, M. Métivier, Weak convergence of sequences of semi-martingales with
application to multitype branching processes. Adv. Appl. Probab. 18, 20–65
(1986)

[KT] S. Karlin, H.M. Taylor, A First Course in Stochastic Processes, 2nd edn.
(Academic, New York, 1975)

[Kim1] M. Kimura, Diffusion models in population genetics. J. Appl. Probab. 1, 177–232
(1964)

[Kim2] M. Kimura, Diffusion model of population genetics incorporating group selec-
tion, with special reference to an altruistic trait, in Lecture Notes in Mathematics,
vol. 1203 (Springer, Berlin, 1986), pp. 101–118

[KN] C. Kipnis, C.M. Newman, The metastable behavior of infrequently observed
weakly random one dimensional diffusion processes. SIAM J. Appl. Math. 45,
972–982 (1985)

[KN97] S. Krone, C. Neuhauser, Ancestral processes with selection. Theor. Popul. Biol.
51, 210–237 (1997)

[Lig85] T.M. Liggett, Interacting Particle Systems (Springer, New York, 1985)
[LS] V. Limic, A. Sturm, The spatial ƒ-coalescent. Electron. J. Probab. 11, 363–393

(2006)
[L1] G.D. Lin, On weak convergence within the L-like classes of life distributions.

SankhyQa Indian J. Stat. 60, 176–183 (1998)
[LO] R.M. Loynes, Extreme values in uniformly mixing stationary stochastic pro-

cesses. Ann. Math. Stat. 36, 993–999 (1965)
[MA] J.E. Marsden, On product formulas for nonlinear semigroups. J. Funct. Anal. 13,

51–74 (1973)
[MJM] J. Martinez, J.M. Mazón, Quasi-compactness of dominated positive operators and

C0-semigroups. Math. Z. 207, 109–120 (1991)
[MZ] P.A. Meyer, W.A. Zheng, Tightness criteria for laws of semimartingales. Ann.

l’Institut Henri Poincaré 20, 353–372 (1984)
[Mo] S.-T.C. Moy, Extensions of a limit theorem of Everett, Ulm and Harris on

multitype branching processes to a branching process with countably many types.
Ann. Math. Stat. 38, 992–999 (1967)

[Mo2] S.-T.C. Moy, Ergodic properties of expectation matrices of a branching process
with countably many types. J. Math. Mech. 16, 1207–1225 (1967)

[N] O. Nerman, On the convergence of supercritical general (C-M-J) branching
processes. Zeitschrift f. Wahrscheinlichkeitsth. verw. Gebiete 57, 365–395 (1981)

[N2] O. Nerman, On the Convergence of Supercritical General Branching Processes.
Thesis, Department of Mathematics, Chalmers University of Technology and the
University of Göteborg, 1979

[NCK] C.M. Newman, J.E. Cohen, C. Kipnis, Neo-Darwinian evolution implies punctu-
ated equilibria. Nature 315, 400–401 (1985)

[Paz] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential
Equations (Springer, Berlin, 1983)

[PY] J. Pitman, M. Yor, A decomposition of Bessel bridges. Z. Wahr. verw. Geb. 59,
425–457 (1982)

[PSP] P.S. Puri, Some further results on the birth-and-death process and its integral.
Proc. Camb. Philos. Soc. 64, 141–154 (1968)

[Rio] J. Riordan, Introduction to Combinatorial Analysis (Dover, New York, 1958)



References 851

[RW] L.C.G. Rogers, D. Williams, Diffusions, Markov Processes and Martingales,
vol. 2 (Wiley, New York, 1987)

[Saw] S. Sawyer, Branching diffusion processes in population genetics. Adv. Appl.
Probab. 8, 659–689 (1976)

[SF] S. Sawyer, J. Felsenstein, Isolation by distance in a hierarchically clustered
population. J. Appl. Prob. 20, 1–10 (1983)

[Seidel08] P. Seidel, The historical process of the spatial Moran model with selection and
mutation. Master thesis, Department of Math., Erlangen, Germany, 2008

[Seidel] P. Seidel, The historical process of interacting Fleming-Viot processes with
selection (in preparation)

[S1] T. Shiga, Diffusion processes in population genetics. J. Math. Kyoto Univ. 21-1,
133–151 (1981)

[S2] T. Shiga, Continuous time multi-allelic stepping stone models in population
genetics. J. Math. Kyoto Univ. 22-1, 1–40 (1982)

[HS02] H. Shirakawa, Squared Bessel processes and their applications to the square root
interest rate model. Asia-Pac. Financ. Mark. 9, 169–190 (2002)

[SU] T. Shiga, Uchiyama, Stationary states and the stability of the stepping stone
model involving mutation and selection. Probab. Theory Relat. Fields 73, 87–
117 (1986)

[W] M.J. Wade, Sewall Wright, gene interaction and the shifting balance theory. Oxf.
Surv. Evol. Biol. 8, 35–62 (1992)

[VJ] D. Vere-Jones, Ergodic properties of non-negative matrices, I, II. Pac. J. Math.
22, 361–386; 26, 601–620 (1967/1968)

[Wr1] S. Wright, The roles of mutation, inbreeding, crossbreeding and selection in
evolution, in Proceedings of the. Sixth International Congress of Genetics, vol. 1,
(1932), pp. 356–366

[Wr2] S. Wright, Evolution and the Genetics of Populations, vol. 3 (1977), pp. 443–473;
vol. 4 (1978), pp. 460–476 (University of Chicago Press, Chicago, 1977)



Index of Notation and Tables of Basic Objects

• Z—the set of integers
• N D f1; 2; 3; : : : g
• �N D ˝NZN ; ZN cyclical group of order N
• M.E/ denotes the space of finite Borel measures on a Polish space E
• P.E/ denotes the space of probability measures on the Borel field on a Polish

space E .
• Table 9.1: List of Basic Dual Objects
• Table 9.2: State Spaces of Basic Dual Objects
• Table 9.3: Dual State Spaces—Mutation-dominant regime
• Table 9.4: Dual State Spaces—Selection-dominant regime
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dual clouds, 324
dual particle system, 111
dual process, 107
duality relation, 116

emergence characteristic, 88
emergence time, 79
empirical process, 541, 542
enriched ordered dual, 410
entrance law, 18, 20
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factorization dynamics, 499
family decomposition, 98
Feynman–Kac dual, 116
Fisher–Wright dynamics, 14
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fixation of rare mutants, 161
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hierarchical mean-field limit, 63
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historical interpretation, 126

interaction chains, 73
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macroscopic emergence, 27
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martingale problem, 43
MBDC process, 597
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mean-field emergence, 161
mean-field model, 161
mesostate dynamics, 592
mesostates, 474
microscopic emergence, 30
microstate process, 546
microstates, 475
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multicolour systems, 569
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