
Appendix A
General Concepts

In the first part of the appendix, we give an overview of some of the basic
mathematical tools used in this book.

A.1 Linear and Multilinear Algebra

In this section, we present some of the (multi-)linear algebra used in this book which
may not be as well known as other linear algebraic concepts.

Singular Values of a Linear Operator

Let .E; h�; �iE/ and .F; h�; �iF / be d -dimensional Euclidean spaces and L W E ! F

a linear operator. Then the adjoint of L is the unique linear operator L� W F ! E

such that hLx; yiF D hx;L�yiE for all x 2 E and y 2 F . The singular values of
L are the nonnegative square roots of the eigenvalues of the positive semi-definite
self-adjoint operatorL�L W E ! E . We denote them by �1.L/ � � � � � �d .L/ � 0.
The number of the positive singular values equals the rank of L. Using the singular
values we can define the absolute determinant of L by

j detLj WD j detL�Lj1=2 D �1.L/ � : : : � �d .L/: (A.1)

If L is an isomorphism, the singular values of L are all positive and �i .L/�1, i D
1; : : : ; d , are the singular values of L�1. The geometric meaning of the singular
values becomes clear in the following proposition which can be found in Boichenko
et al. [9, Chap. I, Propositions 1.2.2 and 7.2.1] or Temam [108, Sect. V.1.3].
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222 A General Concepts

Proposition A.1. Let L W E ! F be a linear operator between d -dimensional
Euclidean spaces. If B is a closed (or open) ball in E of radius r , then LB is a
closed (or open) ellipsoid in imL � F with semi-axes of lengths r�i .L/, �i .L/>0.

Furthermore, we define the singular value function of order k (0 � k � d ) of a
linear operator L W E ! F by

˛k.L/ WD
�
�1.L/�2.L/ � � � �k.L/ for k > 0;

1 for k D 0:

Note that singular value functions can also be defined for non-integer values of k
(cf. Boichenko et al. [9]). If T W E ! F and S W F ! G are linear operators
between d -dimensional Euclidean spaces, then Horn’s inequality

˛k.ST / � ˛k.S/˛k.T / for k D 0; 1; : : : ; d

holds. In the case that k D d the singular value functions coincide with the absolute
determinants and therefore equality holds (cf. [9, Chap. I, Proposition 7.4.3]).

Tensors on a Vector Space

Let V be a d -dimensional vector space over R. As usual, V � denotes the dual space
of V , the space of covectors or real-valued linear functionals on V . A covariant
k-tensor on V is a multilinear map

F W V � � � � � V„ ƒ‚ …
k copies

! R:

Similarly, a contravariant l-tensor is a multilinear map

F W V � � � � � � V �„ ƒ‚ …
l copies

! R:

A tensor of type .k; l/ or .k; l/-tensor is a multilinear map

F W V � � � � � � V �„ ƒ‚ …
l copies

�V � � � � � V„ ƒ‚ …
k copies

! R:

By convention, a tensor of type .0; 0/ is just a real number.
The space of all covariant k-tensors is denoted by T k.V /, the space of con-

travariant l-tensors by Tl .V /, and the space of .k; l/-tensors by T kl .V /. There are
some natural identifications: T k0 .V / D T k.V /, T 0l .V / D Tl.V /, T 1.V / D V �, and
T1.V / D V �� D V .
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The tensor product F ˝ G of two tensors F 2 T kl .V / and G 2 T
p
q .V / is the

.k C p; l C q/-tensor defined by

F ˝G.!1; : : : ; !lCq; X1; : : : ; XkCp/

WD F.!1; : : : ; !l ; X1; : : : ; Xk/G.!
lC1; : : : ; !lCq; XkC1; : : : ; XkCp/:

If .E1; : : : ; Ed / is a basis of V , we denote by .'1; : : : ; 'd / the corresponding dual
basis of V �, defined by 'i.Ej / D ıij . A basis of T kl .V / is given by the set of tensors
of the form

Ej1 ˝ � � � ˝ Ejl ˝ 'i1 ˝ � � � ˝ 'ik ;

where the indices ip, jq range from 1 to d . Hence, the dimension of T kl .V / is dkCl .
Every tensor of type .k; l/ can be written in terms of this basis as

F D F
j1:::jl
i1:::ik

Ej1 ˝ � � � ˝ Ejl ˝ 'i1 ˝ � � � ˝ 'ik :

Here we use the Einstein summation convention, that is, if in any term the same
index appears twice, once as a lower and once as an upper index, that term is
assumed to be summed over the possible values of this index (which is usually
from 1 to the dimension of the space).

An important class of tensors are the alternating tensors, those which change
sign whenever two arguments are interchanged. We denote by

Vk
V � the space of

all covariant alternating k-tensors on V , also called (exterior) k-forms. The spaceVk
V � is called the k-th exterior power of V . By

Vk
V we denote the space of

all contravariant alternating k-tensors, also called k-multivectors.1 By convention,V0
V D V0

V � D R.
There is a natural bilinear associative product on forms called the wedge product,

defined on one-forms by setting

!1 ^ : : : ^ !k.X1; : : : ; Xk/ WD det
�
!i .Xj /

�
;

and extending by linearity. If .!1; : : : ; !d / is a basis of V �, an associated basis ofVk
V � is given by the tensors of the form

!i1 ^ : : : ^ !ik ;

where 1 � i1 < i1 < � � � < ik � d . Consequently, the dimension of
Vk

V � is�
d
k

� D dŠ=.kŠ.d � k/Š/.

1A word of caution: Some authors write
Vk

V for the alternating covariant tensors and
Vk

V �

for the alternating contravariant tensors. A discussion of the reason why can be found in Lee [75,
Chap. 12].
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The wedge product can also be defined on k-multivectors by setting

�1 ^ : : : ^ �k.!1; : : : ; !k/ WD det
�
!i .�

j /
�

for one-multivectors (which are the elements of V �� D V ), and extending by
linearity.

Taking the direct sum of the spaces
Vk

V (or alternatively
Vk

V �) for 0 �
k � d , one obtains another vector space

^
V WD

dM
kD0

k̂

V;

of dimension 2d , which is called the exterior algebra of V . IfL W V ! W is a linear
operator between real vector spaces of dimension d1 and d2, respectively, then the
k-th exterior power of L is the linear operator defined by

L^k W
k̂

V !
k̂

W; �1 ^ : : : ^ �k 7! L�1 ^ : : : ^L�k

for all �1; : : : ; �k 2 V and extending by linearity. This definition naturally gives an
induced operator L^ W V

V ! V
W , called the exterior power of L.

Now assume that V is endowed with an inner product h�; �i. Then an associated
inner product on

Vk
V is defined by

hv1 ^ : : : ^ vk;w1 ^ : : : ^ wkiVk
V

WD det
�hvi ;wj i� ;

and extending by linearity in each argument. The associated norm is denoted by
j � jVk

V
. If V and W are Euclidean spaces of the same dimension and L W V ! W

is a linear operator, the operator norm of L^k W Vk
V ! Vk

W with respect to the
norms j � jVk

V
and j � jVk

W
is the product of the k greatest singular values of L,

kL^kk D �1.L/ � � ��k.L/ (cf. Arnold [4, Proposition 3.2.7]). The operator norm of
the exterior powerL^ W V

V ! V
W then is kL^k D max0�k�d .�1.L/ � � ��k.L//.

An operator L 2 L .V; V / induces an operator Lk 2 L .
Vk

V;
Vk

V / by

Lk.v1 ^ : : : ^ vk/ WD Lv1 ^ : : : ^ vk C v1 ^ Lv2 ^ : : : ^ vk C : : :

Cv1 ^ : : : ^ Lvk;

called the k-th derivation operator of L. The eigenvalues of this operator are the
sums �i1 C � � � C �ik , where 1 � i1 < � � � < ik � d and �1; : : : ; �d are the
eigenvalues of L. Moreover, we have the relation .etL/^k D etLk (cf. Arnold [4,
Lemma 3.2.6]).
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The following lemma can be used to prove generalizations of the Liouville
formula for ordinary differential equations. It can be found in Temam [108, Chap. V,
Lemma 1.2].

Lemma A.1. For all k 2 f1; : : : ; d g and all v1; : : : ; vk 2 V it holds that

hLk.v1 ^ : : : ^ vk/; v1 ^ : : : ^ vkiVk
V

D jv1 ^ : : : ^ vkj2Vk
V

tr.L ıQ/;

where Q D Q.v1; : : : ; vk/ denotes the orthogonal projection in V onto the linear
subspace spanned by v1; : : : ; vk .

A.2 Differentiable Manifolds

The natural state space of a control system given by ordinary differential equations
is a differentiable manifold. Usually, this is a submanifold of some Euclidean
space R

n. But for the analysis of bilinear systems, for instance, also systems on
more abstractly defined manifolds like projective spaces play an important role.
In this section, we provide the necessary background on differentiable manifolds
which is needed for the treatment of smooth systems in this book. In particular,
for the understanding of Chaps. 4–6, the reader should be familiar with the material
presented here. Good references are, for instance, the books Gallot et al. [48], Lee
[75] or Bullo and Lewis [15]. However, we note that in the last reference (which
is a control theory book) no proofs for the differential-geometric results can be
found, but the exposition is very clear, many examples are given, and, in contrast
to almost all books on differential geometry, the theory is exposed under minimal
differentiability assumptions.

Definition of a Manifold

Let M be a second-countable Hausdorff space.2 A family A D f.�˛; U˛/g˛2A is
called a C k-atlas onM for some k 2 ZC [ f1g [ f!g if the following axioms are
satisfied:

(i) fU˛g˛2A is an open cover of M ;
(ii) For each ˛ 2 A, �˛ W U˛ ! V˛ is a homeomorphism onto an open subset V˛

of Rd for some d 2 N;

2We recall that a topological space X is called Hausdorff if any two distinct points x; y 2 X

have disjoint open neighborhoods. The space X is called second-countable if its topology has a
countable basis, that is, there is a countable family of open sets such that every open set can be
written as the union of sets in this family.
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(iii) For all ˛; ˇ 2 A, the transition function

�ˇ ı ��1
˛ W �˛.U˛ \ Uˇ/ ! �ˇ.U˛ \ Uˇ/

is of class C k (if U˛ \ Uˇ D ;, this is trivially satisfied).

If k D 0, the transition functions are only assumed to be continuous, which is
already satisfied by Axiom (ii). In the case k D !, the transition functions are
assumed to be real-analytic. Every C k-atlas A is contained in a unique maximal
C k-atlas Amax, that is, a C k-atlas with the property that no further charts can
be added without violating Axiom (iii). The pair .M;Amax/ is then called a C k-
manifold and if k � 1, Amax is called a differentiable structure onM . In the case that
k D 0 we also speak of a topological manifold, in the case k � 1 of a differentiable
manifold of class C k , in the case k D 1 of a smooth manifold, and in the case
k D ! of a real-analytic manifold. In the rest of this section we restrict ourselves
to the case k � 1. Usually, when we speak of a C k-manifold, we do not explicitly
mention the atlas, that is, we only write M instead of .M;A / or .M;Amax/.

The elements .�˛; U˛/ of a C k-atlas A are called charts and the inverse maps
��1
˛ W V˛ ! U˛ local coordinate systems ofM . A chart .�˛; U˛/ is said to be a chart

around p 2 M if p 2 U˛. If the natural number d (the dimension of the Euclidean
space where �˛ takes its values) is the same for all charts, we call this number the
dimension of M and write d D dimM . If M is connected, this is automatically
satisfied. Throughout this book we assume that all manifolds have a well-defined
dimension.

The definition of a C k-manifold implies several topological properties of the
underlying topological space M . In particular, M is locally compact, locally path-
connected, and metrizable. If M is connected, it is automatically path-connected.
In general, the connected components of M coincide with the path-connected
components.

When speaking of a d -dimensional real vector space V as a differentiable (real-
analytic) manifold, we mean V endowed with the maximal C !-atlas which contains
a chart .�; V /, where � W V ! R

d is a linear isomorphism.
Every open subset N of a d -dimensional C k-manifold .M;A / is itself a d -

dimensional C k-manifold with atlas f.�jU\N ; U \ N/ W .�; U / 2 A g. Given
two C k-manifolds .M;A / and .N;B/ of dimensions k and l , respectively, their
Cartesian productM �N (endowed with the product topology) becomes a .kC l/-
dimensional C k-manifold with the maximal C k-atlas which contains the product
atlas

f.� �  ;U � V / W .�; U / 2 A ; . ; V / 2 Bg:

A manifold of this type is called a product manifold. Inductively, the product of any
finite number of C k-manifolds can be defined.
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Tangent Spaces and Derivatives

In order to develop a differential calculus on C k-manifolds (k � 1), the notions of
tangent vectors and tangent spaces have to be introduced. In this and the following
sections, when we speak of a C r�1-manifold or C r�1-map, we use the convention
that r � 1 D 1 if r D 1 and r � 1 D ! if r D !.

LetM be a d -dimensional C k-manifold. On the set of all triples .p; �; �/, where
p 2 M , .�; U / is a chart around p, and � 2 R

d , we introduce an equivalence
relation by

.p; �; �/ � .p;  ; �/ W, � D D. ı ��1/.�.p//�:

The equivalence class Œp; �; �� of a triple .p; �; �/ is called a tangent vector at p.
The tangent space at p, denoted by TpM , is defined as the set of all tangent vectors
at p, and is endowed with the structure of a real vector space, given by

• Œp; �; ��C Œp; �; �� WD Œp; �; � C �� for all �; � 2 R
d ;

• �Œp; �; �� WD Œp; �; ��� for all � 2 R, � 2 R
d .

It can easily be shown that these operations are well-defined and give TpM the
structure of a vector space isomorphic to R

d . The zero vector Œp; �; 0� 2 TpM is
denoted by 0p .

A map f W M ! N between C k-manifoldsM andN is said to be differentiable
at p 2 M if there are charts .�; U / of M around p and . ; V / of N around f .p/
such that f .U / � V and the local representation

 ı f ı ��1 W �.U / !  .V /

of f is differentiable at �.p/ in the usual sense. If  ı f ı ��1 is of class C r ,
r 2 f1; : : : ; kg, in a neighborhood of �.p/, then f is said to be C r -differentiable at
p. It follows from Axiom (iii) in the definition of C k-manifolds that this definition
is independent of the chosen charts. If f is C r -differentiable at every p 2 M , then
f is called a C r -map. If f is additionally invertible and also f �1 W N ! M is a
C r -map, then f is called a C r -diffeomorphism. It is easy to see that every C r -map
is continuous and hence every C r -diffeomorphism is a homeomorphism. For the set
of all C r -maps f W M ! N we use the notation C r .M;N /.

Given a C 1-map f W M ! N between C k-manifolds M and N , the derivative
of f at p 2 M is the linear map dpf W TpM ! Tf.p/N , defined by

dpf Œp; �; �� WD Œf .p/;  ;D. ı f ı ��1/.�.p//��;

where .�; U / and . ; V / are charts of M and N around p and f .p/, respectively.
One easily shows that this definition is independent of the choice of the charts.

A C r -curve is a continuous map c W I ! M defined on an interval I � R with
values in a C k-manifold M such that the restriction of c to the interior of I is a
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C r -map. Given a C 1-curve c W I ! M and t 2 int I , the tangent vector to c at t is
an element of Tc.t/M , given by

d

dt
c.t/ D Pc.t/ WD

�
c.t/; �;

d

dt
.� ı c/.t/

�
;

where .�; U / is any chart around c.t/. Every tangent vector can be obtained as the
tangent vector to a C 1-curve and hence

TpM D ˚ Pc.0/ j c W .�"; "/ ! M is a C 1-curve with c.0/ D p
�
:

The derivative satisfies the following properties:

• The chain rule holds:

dp.f ı g/ D dg.p/f ı dpg

for all C 1-maps g W M ! N and f W N ! P .
• If f W M ! N is a C 1-map and c W .�"; "/ ! M is a C 1-curve with c.0/ D p,

then

dpf . Pc.0// D d

dt
.f ı c/.0/:

• If f W M ! N is a C 1-diffeomorphism, then dpf W TpM ! Tf.p/N is an
isomorphism for all p 2 M .

• The inverse function theorem holds: If f W M ! N is a C r -map, r 2 N[f1g[
f!g, and dpf is invertible for some p 2 M , then there are open neighborhoods
U of p and V of f .p/ such that V D f .U / and the restriction f jU W U ! V is
a C r -diffeomorphism with

df .p/f
�1 D .dpf /

�1:

To every chart .�; U / around a point p 2 M we can associate an isomorphism
TpM ! R

d by ˛p;� W Œp; �; �� 7! �. The preimages of the standard basis vectors
e1; : : : ; ed 2 R

d under ˛p;� form a basis of TpM . They are denoted by

@i�.p/ WD ˛�1
p;�ei D Œp; �; ei �; i D 1; : : : ; d:

The reason for this notation stems from the fact that every tangent vector Œp; �; ��
can be identified canonically with a directional derivative acting on differentiable
functions onM via

Œp; �; ��f WD D.f ı ��1/.�.p//� for all f 2 C 1.M;R/: (A.2)
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Hence, @i�.p/ corresponds to the i -th partial derivative. To make formulas bet-
ter readable, we introduce another (more common) notation for the expression
@i�.p/f . Namely, we write

@f

@�i
.p/ WD @i�.p/f D @.f ı ��1/

@xi
.�.p//:

If V is a d -dimensional real vector space with its standard C !-atlas, the tangent
space TpV at any point p 2 V can be identified canonically with V itself via

TpV 3 Œp; �; �� 7! ��1� 2 V

for every chart .�; V / such that � W V ! R
d is a linear isomorphism.

The tangent bundle TM of the d -dimensional C k-manifold M is defined as the
disjoint union of all tangent spaces TpM , p 2 M . It can be endowed with an atlas in
a canonical way such that it becomes a 2d -dimensional C k�1-manifold. The charts
of this atlas are defined as follows: If .�; U / is a chart of M , every tangent vector
v 2 TpM with p 2 U can be written uniquely as v D vi @i�.p/. Then a chart of
TM is given by . ; T U / with

 .v/ D .�.p/; v1; : : : ; vd / for v 2 TpM; p 2 U:

For every p 2 M we denote by T �
p M the dual space of TpM , that is, T �

p M WD
.TpM/�. The disjoint union T �M of all these dual spaces is called the cotangent
bundle of M , and it can also be endowed with a canonical C k�1-atlas.

If .�; U / is a chart of M around p, then a basis d�1.p/; : : : ; d�d .p/ of T �
p M is

given by

d�i.p/Œp; �; �� WD �i for � D .�1; : : : ; �d / 2 R
d :

This basis is the dual basis of @1�.p/; : : : ; @d�.p/, that is, d�i.p/@j �.p/ D ıij .
Given a product manifoldM1 �M2 such that k D dimM1 and l D dimM2, the

tangent space T.p;q/.M1 � M2/ at some point .p; q/ 2 M1 � M2 can be identified
canonically with TpM1 � TqM2 by

Œ.p; q/; � �  ; �� 7! .Œp; �; .�1; : : : ; �k/�; Œq;  ; .�kC1; : : : ; �kCl /�/ ;

where �1; : : : ; �kCl are the coordinates of � in the standard basis of RkCl . Using this
identification, the derivative of a C 1-map f W M1 �M2 ! P can be computed as

d.p;q/f .v;w/ D dpf .�; q/v C dqf .p; �/w for all .v;w/ 2 TpM1 � TqM2

with the partial maps f .�; q/ W M1 ! P and f .p; �/ W M2 ! P . For the partial
derivatives we also use the common notation @f=@x1, @f=@x2.
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Tensor Fields

All the objects defined on C k-manifolds which are interesting for us, in particular
vector fields and Riemannian metrics, can be regarded as special tensor fields.
Tensor fields are the natural extensions of tensors on a vector space (see Sect. A.1)
to the tangent bundle of a manifold.

Given a C k-manifoldM with k � 2, the bundle of .k; l/-tensors T kl M is defined
as the disjoint union of the spaces T kl .TpM/, p 2 M . Analogously, the bundle of

k-forms
Vk

M is the disjoint union of the spaces
Vk

TpM , p 2 M . There are the
usual identifications T 01 M D TM and T 10 M D V1

M D T �M . Each of these
spaces can be endowed with a canonical C k�1-atlas (and also with the structure of
a differentiable vector bundle).

A tensor field on M of type .k; l/ is a map t W M ! T kl M , p 7! tp , such that
tp 2 T kl .TpM/ for all p 2 M . Given a chart .�; U / of M , we can express each tp
in terms of the bases of TpM and T �

p M introduced above, that is

tp D t
j1:::jl
i1:::ik

.p/@j1�.p/˝ � � � ˝ @jl �.p/˝ d�i1.p/˝ � � � ˝ d�ik .p/:

If the so-defined coordinate functions t j1:::jli1:::ik
W U ! R are of class C r (r 2

f0; : : : ; k � 1g) for every chart .�; U /, we say that the tensor field t is of class
C r . A differential k-form is a tensor field ! W M ! Vk

M of class C r , r � 1.
Obviously, the tensor product and the wedge product for tensors on vector

spaces extend to tensor fields by performing these operations pointwise. For the
corresponding operations on tensor fields we use the same notation as we do for
tensors. For instance, the wedge product of two differential forms! and� is denoted
by ! ^ � and defined by .! ^ �/p WD !p ^ �p for all p 2 M .

A function f W M ! R can be regarded as a tensor field of type .0; 0/ (since
tensors of type .0; 0/ are by convention just real numbers). We introduce the notation
C r .M/ for the space of all C r -functions fromM to R. For the tensor product f ˝ t

of a function f 2 C r .M/ and an arbitrary C r -tensor field t we simply write f t .

Vector Fields

To define ordinary differential equations on C k-manifolds, we need the notion of a
vector field. Given a C k-manifoldM with k � 2, a tensor field X of type .0; 1/ and
class C r , r 2 f0; : : : ; k � 1g, is called a C r -vector field on M . Such X assigns
to each p 2 M a tangent vector Xp 2 TpM (using the natural identification
T1M D TM ). For the real vector space of all C r -vector fields on M we introduce
the notation X r .M/.

Each vector field X 2 X r .M/ defines an ordinary differential equation
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dx

dt
D X.x/:

Assuming that r � 1, for each x 2 M there exists a unique maximal solution
� W I ! M with initial condition �.0/ D x whose domain I is an open interval
containing 0. That is, the curve � is of class C 1 and satisfies P�.t/ D X.�.t// for
all t 2 I . The solutions to all initial conditions .0; x/, x 2 M , can be condensed
into one map .t; x/ 7! Xt.x/, that is, X0.x/ D x and .@=@t/Xt .x/ 	 X.Xt.x//.
For fixed t 2 R, the map Xt W x 7! Xt.x/ is a local C r -diffeomorphism of M in
the sense that the domain domXt of Xt is an open set in M and Xt W domXt !
Xt.domXt/ is a C r -diffeomorphism. The domain domXt is the set of all elements
ofM whose maximal solutions extend up to time t , that is, their interval of definition
.˛; !/ contains t . The vector field X is called complete if domXt D M for all
t 2 R. Equivalently, X is complete if all maximal solutions are defined on R. If
the vector field X has the property that the image of every maximal solution of the
associated differential equation is relatively compact, X is automatically complete.
In particular, this is the case if M is compact.

The map .t; x/ 7! Xt.x/ is called the flow of the vector field. Restricted to
the domains, the flow satisfies the homomorphism property: XtCs D Xt ı Xs , that
is, if Xs.x/ and Xt.Xs.x// are defined, then XtCs.x/ is defined and the equality
XtCs.x/ D Xt.Xs.x// holds. It is clear that domXtCs D Xt.domXs/\ domXs . In
particular, the elements of the flow commute with each other: Xt ı Xs D Xs ı Xt
and X�t D .Xt/

�1.
Given two vector fields X; Y 2 X r .M/, r � 1, another vector field of class

C r�1, called the Lie bracket of X and Y and denoted by ŒX; Y �, is defined via

ŒX; Y �.p/ D d

dt

ˇ̌
ˇ
tD0

�
dXt .p/X�t

�
Y.Xt.p//:

The Lie bracket satisfies the following properties:

• Bilinearity over R: If X; Y;W and Z are vector fields and a; b 2 R, then

ŒaX C Y; bZ CW � D abŒX;Z�C aŒX;W �C bŒY;Z�C ŒY;W �:

• Anti-symmetry: ŒX; Y � D �ŒY;X�.
• Jacobi-identity: ŒX; ŒY;Z��C ŒY; ŒZ;X�� C ŒZ; ŒX; Y �� D 0.

In particular, for a smooth manifold M the vector space X 1.M/ becomes a Lie
algebra when endowed with the Lie bracket of vector fields.

Using the interpretation of tangent vectors as derivations (A.2), a vector field
X 2 X r .M/ can be applied to a function f 2 C r .M/, r � 1:

.Xf /.p/ WD Xpf for all p 2 M:
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The resulting function Xf W M ! R is of class C r�1. If X; Y 2 X r .M/ and
f 2 C r .M/, then ŒX; Y �f D X.Yf / � Y.Xf /.

Riemannian Metrics

Every C k-manifold is metrizable, but there is no canonical way to measure
distances. However, there exists a large class of nice “smooth” metrics. These are
defined as follows. Let M be a connected C k-manifold with k � 2. Given a
symmetric C r -tensor field g of type .2; 0/ onM , r 2 f0; : : : ; k � 1g, every tangent
space TpM becomes endowed with a bilinear symmetric form3

gp W TpM � TpM ! R:

We assume that gp is positive definite for every p 2 M , that is, gp is an inner
product on TpM . The induced norms j � jp on TpM , p 2 M , allow to measure the
lengths of tangent vectors and therefore also the lengths of differentiable curves on
M . Precisely, let c W Œa; b� ! M be a piecewise C 1-curve, that is, there exists a
partition a D t0 < t1 < � � � < tn D b such that each of the restrictions cjŒti ;tiC1�,
i D 0; : : : ; n � 1, is a C 1-curve. Then the length of c is defined as

L .c/ WD
Z b

a

j Pc.t/jc.t/ dt:

From the assumption that M is connected it follows that each two points p; q 2 M
can be joined by a piecewise C 1-curve. In this case, a metric which is compatible
with the topology of M is given by

%.p; q/ WD inf
˚
L .c/ j c W Œa; b� ! M piecewise C 1 with c.a/ D p; c.b/ D q

�
:

(A.3)

The tensor field g is called a Riemannian metric on M and the metric % the
Riemannian distance associated with g. If M is a C k-manifold and g a C k�1-
Riemannian metric on M , then .M; g/ is called a Riemannian manifold of class
C k or a Riemannian C k-manifold. Using partitions of unity, one can construct a
Riemannian metric of class C k�1 on every C k-manifold, 2 � k � 1.

With respect to a chart .�; U / of M , the Riemannian metric g has a local
expression

gp D gij .p/d�
i .p/˝ d�j .p/;

3The tensor field g is called symmetric if it is symmetric at every point, that is, gp.v;w/ D
gp.w; v/ for all v;w 2 TpM and p 2 M .
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where the real numbers gij .p/, 1 � i; j � d , define a positive definite symmetric
matrix .gij .p//. The entries of the inverse of this matrix are denoted by gij .p/, that
is, gikgkj D ı

j
i .

For two points p; q 2 M the infimum in (A.3) need not be attained, that is, a
curve of minimal length joining p and q not necessarily exists. However, locally (in
sufficiently small neighborhoods of points) such shortest curves do exist. A curve
which locally realizes the shortest distance between two points in its image is called
a geodesic. However, it is not convenient to define geodesics via the property of
realizing shortest distances, but rather by the property of being “straight lines” in
M , that is, being as straight as possible. In R

d , a straight line, given as a curve
t 7! a C tv, is characterized by the property that its second derivative vanishes. To
adapt this criterion to Riemannian manifolds, the notion of a connection needs to be
introduced.

Let .M; g/ be a d -dimensional Riemannian manifold of class C k with k � 3. To
each chart .�; U / of M one can associate d3 C k�2-functions by

	 k
ij WD gkl

2

�
@gil

@�j
C @gjl

@�i
� @gij

@�l

	
; 	 k

ij W U ! R:

These functions are called the Christoffel symbols of .M; g/ with respect to the chart
.�; U /. They have the property that 	 k

ij D 	 k
j i , that is, they are symmetric in the

lower two indices.
Using the Christoffel symbols, one can define the Levi–Civita connection

associated with .M; g/, which is an operator assigning to a pair .X; Y / of C r -vector
fields with r 2 f1; : : : ; k � 2g a C r�1-vector field rXY . Locally, we can write any
vector fields X and Y as X D Xi@i� and Y D Y j @j �. Then rXY is defined by

.rXY /.p/ WD Xi.p/

�
Y j .p/	 k

ij .p/@k�.p/C @Y j

@�i
.p/@j �.p/

	
:

It can be checked easily that this definition is independent of the chosen
charts. The Levi–Civita connection satisfies the following identities for all
X;X1;X2; Y; Y1; Y2 2 X r .M/ and f 2 C r .M/:

• rX1CX2Y D rX1Y C rX2Y ;
• rfXY D f rXY ;
• rX.Y1 C Y2/ D rXY1 C rXY2;
• rX.f Y / D f rXY C .Xf /Y ;
• ŒX; Y � D rXY � rY X ;
• Z.g.X; Y // D g.rZX; Y /C g.X;rZY /.

We can interpret rXY as the vector field obtained by computing (pointwise) the
directional derivative of Y in direction X . In fact, .rXY /p depends only on X.p/
and the values of Y in an arbitrarily small neighborhood of p. Hence, to every
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C r -vector field we can assign its covariant derivative at p 2 M by rX.p/v WD
.rvX/.p/, rX.p/ W TpM ! TpM . The symmetrized covariant derivative of X at
p is defined by

SrX.p/ WD 1

2

�rX.p/C rX.p/��
;

where rX.p/� denotes the adjoint operator (with respect to the Riemannian metric).
With respect to a chart .�; V / and the associated basis @1�.p/; : : : ; @d�.p/, we have
a matrix expression for SrX.p/, which is given by

s�
 D 1

2

�
@X�

@�

C @X�

@��
g��g�
 CXig�l

@g
l

@�i

	
: (A.4)

In order to define geodesics as the “straight lines” in M , we need a way to compute
the second derivative of a curve. To this end, a further concept derived from the
Levi–Civita connection has to be introduced. Given a C r -curve c W I ! M , a
vector field along c is a map X W I ! TM such that X.t/ 2 Tc.t/M for all t 2 I .
The vector field X is of class C r if the coordinate functions X1; : : : ; Xd W I ! R,
defined by writing X.t/ D Xi.t/@i�.c.t// with respect to a chart .�; U /, are of
class C r for every chart around some point c.t0/, t0 2 I . The real vector space of
all C r -vector fields along a C r -curve c is denoted by X r

c . Now we can differentiate
vector fields along c by the local formula

DX

dt
.t/ WD .Xi /0.t/@i�.c.t//CXi.t/

�r Pc.�/@i�
�
.c.t//:

This defines an operator D=dt , called the covariant derivative along c, which
assigns to a C r -vector field along c a C r�1-vector field, and has the following
properties:

• For all X1;X2 2 X r
c ,

D.X1 CX2/

dt
D DX1

dt
C DX2

dt
I

• For each X 2 X r
c and f 2 C r .M/,

D.fX/

dt
D f 0X C f

DX

dt
I

• For every Y 2 X r .M/,

D.Y ı c/
dt

D �r Pc.�/Y
� ı cI

• For all X; Y 2 X r
c ,
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d

dt
gc.t/.X.t/; Y.t// D gc.t/

�
DX

dt
.t/; Y.t/

	
C gc.t/

�
X.t/;

DY

dt
.t/

	
: (A.5)

Finally, we can define a geodesic as a C 2-curve c W I ! M such that .D Pc=dt/ 	 0,
that is, the covariant derivative of the tangent vector field t 7! Pc.t/ along c vanishes.
In local coordinates, this reads

Rck.t/C Pci .t/ Pcj .t/	 k
ij .c.t// D 0 for k D 1; : : : ; d;

where .c1.t/; : : : ; cd .t// D �.c.t//. This is a second-order ordinary differential
equation and the Picard–Lindelöf theorem guarantees existence and uniqueness of
solutions. Therefore, for every p 2 M and v 2 TpM there exists a unique maximal
geodesic cv W I ! M with c.0/ D p and Pc.0/ D v. Geodesics have the following
desired properties: Every C 1-curve c W Œa; b� ! M with L .c/ � L . Qc/ for all
C 1-curves Qc W Œa; b� ! M with Qc.a/ D c.a/ and Qc.b/ D c.b/, is a geodesic. On
the other hand, for every p 2 M there exists " > 0 such that for all ı 2 Œ0; "/ and
for every v 2 TpM with jvjp D 1 the geodesic cv W Œ0; ı� ! M is the shortest
curve between its endpoints. Furthermore, it can be seen easily that every geodesic
is parametrized proportionally to its arclength, that is, j Pc.t/jc.t/ is constant.

The subset of TpM , where cv.1/ is defined, contains an open neighborhood Up
of 0p, such that the map

expp W Up ! M; expp.v/ WD cv.1/;

is a C k�2-diffeomorphism onto its image. In particular, it holds that

d0p expp D idTpM :

The map expp is called the Riemannian exponential map at p 2 M .
By the theorem of Hopf–Rinow (cf., for instance, Gallot et al. [48, Theorem

2.103]), the following assertions are equivalent for a Riemannian manifold:

(a) All maximal geodesics are defined on R;
(b) There exists a point p0 2 M such that all geodesics starting at p0 are defined

on R;
(c) Every bounded and closed subset of M is compact;
(d) Endowed with the Riemannian distance,M is a complete metric space.

On a Riemannian manifold .M; g/ one can define the absolute determinant
j det dpf j for a C r -map f W M ! M by using the definition (A.1) via the singular
values. Then j det d.�/f j W M ! RC is a C r�1-function. Moreover, one can define
the divergence of a vector field X 2 X r .M/ by

divX.p/ WD tr
�rX.p/ W TpM ! TpM

�
:

Then divX W M ! R is a C r�1-function.
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On every Riemannian C k-manifold .M; g/, k � 2, one can define a canonical
Borel measure vol D volg , called the Riemannian volume, as follows. For a Borel
set A � M which is contained in the domain of a chart .�; U /, we set

vol.A/ WD
Z
�.A/

q
detŒgij .��1.x//�dx;

where the integral is the usual Lebesgue integral on R
d , d D dimM . Using the

transformation theorem for Lebesgue integration, one shows that this definition is
independent of the chosen chart. Then vol is extended naturally to all Borel subsets
of M . Using these definitions, one finds that the transformation rule

Z
f .A/

' dvol D
Z
A

' ı f j det df j dvol

holds for every C 1-diffeomorphism f W M ! M and every integrable function
' W M ! R.

A.3 Carathéodory Differential Equations

Continuous-time control systems are usually given by ordinary differential equa-
tions of the form Px.t/ D F.x.t/; !.t// with measurable control functions !. The
standard results about ordinary differential equations such as the Picard–Lindelöf
theorem about existence and uniqueness of solutions assume that the right-hand
side of the equation is continuous in t . Differential equations whose right-hand
side is only measurable are called Carathéodory differential equations and most
of the theory for equations with continuous right-hand side is also valid for those
(with minor modifications which are mostly obvious). In this section, we present the
results about Carathéodory equations needed for the treatment of control systems in
this book.

The Carathéodory Flow Box Theorem

Recall that an absolutely continuous curve is a map 
 W I ! R
d , defined on some

interval I � R, with the property that for every " > 0 there exists ı > 0 such
that for every finite system fŒ˛1; ˇ1�; : : : ; Œ˛n; ˇn�g of disjoint subintervals of I the
implication

nX
iD1
.ˇi � ˛i / < ı )

nX
iD1

j
.ˇi /� 
.˛i/j < "
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holds (for some norm j � j on R
d ). Equivalently, we can require that every coordinate

function 
i W I ! R, i D 1; : : : ; d , has this property. Any absolutely continuous
curve is continuous and differentiable Lebesgue almost everywhere. A function 
 W
I ! R is absolutely continuous if and only if its derivative exists almost everywhere
and defines a Lebesgue integrable function P
 W I ! R such that 
.t/ 	 
.t0/ CR t
t0

P
.s/ds for some t0 2 I . A curve 
 W I ! R
d is called locally absolutely

continuous if the restriction of 
 to every compact subinterval J � I is absolutely
continuous. A locally absolutely continuous curve on a differentiable manifold is
defined as follows.

Definition A.1. LetM be a C k-manifold, k 2 N[f1g[f!g. A map 
 W I ! M ,
defined on some interval I � R, is called a locally absolutely continuous curve if
' ı 
 W I ! R is locally absolutely continuous for every ' 2 C k.M/.

To describe the properties of the right-hand sides of Carathéodory differential
equations, we need to introduce the following notions.

Definition A.2. Let M be a C k-manifold, k 2 N [ f1g [ f!g, and I � R a
nonempty interval. A Carathéodory function on M is a map ' W I � M ! R

with the property that 't W x 7! '.t; x/ is continuous for each t 2 I and 'x W
t 7! '.t; x/ is Lebesgue measurable for each x 2 M . A Carathéodory function
is locally integrally bounded if, for each compact subset K � M , there exists a
positive locally integrable function  K W I ! R such that j'.t; x/j �  K.t/ for
all t 2 I and x 2 K . A Carathéodory function ' W I � M ! R is of class C k if
't D '.t; �/ W M ! R is of class C k for each t 2 I . If r 2 N, then a Carathéodory
function ' is locally integrally of class C r if it is of class C r , and X1 � � �Xr.'t /4 is
locally integrally bounded for all t 2 I and X1; : : : ; Xr 2 X r .M/. If ' is locally
integrally of class C r for every r 2 N, then it is locally integrally of class C 1.

For k D ! locally integrally class C k-functions are defined in a different way.
We refer to Bullo and Lewis [15, Sect. A.2.1] for further details.

Definition A.3. Let M be a C kC1-manifold, k 2 N [ f1g [ f!g, and I � R a
nonempty interval. A map f W I � M ! TM with the property that f .t; x/ 2
TxM for all .t; x/ 2 I � M , is called a Carathéodory vector field on M if for
every continuous one-form ˛ W M ! T �M the function ˛ � f W I � M ! R,
.t; x/ 7! ˛.x/f .t; x/, is a Carathéodory function. A Carathéodory vector field f
is locally integrally of class C k if ˛ � f is locally integrally of class C k for every
C k-one-form ˛. If f W I � M ! TM is a Carathéodory vector field on M , the
equation

Px.t/ D f .t; x.t// (A.6)

4Here we mean the application of the vector fields X1; : : : ; Xr as differential operators acting on
functions M ! R.
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is called a Carathéodory differential equation or a differential equation of
Carathéodory type. A solution of (A.6) is a locally absolutely continuous curve

 W J ! M , defined on some open subinterval J � I , such that P
.t/ D f .t; 
.t//

for Lebesgue almost all t 2 J .

The following result about existence and uniqueness of solutions for
Carathéodory differential equations can be found in Bullo and Lewis [15, Theorem
A.11] as the time-dependent flow box theorem.

Theorem A.1 (Flow Box Theorem). Let f W I�M ! TM be a locally integrally
class C k-vector field, k 2 N[f1g[f!g, and let .t0; x0/ 2 I�M . Then there exists
a triple .U; T;˚/ (called a flow box of f at .t0; x0/) with the following properties:

(i) U is an open subset of M containing x0;
(ii) T > 0 or T D 1;

(iii) ˚ W .t0 � T; t0 C T / � U ! M is a map having the following properties:

(a) the map t 7! ˚.t; x/ is locally absolutely continuous for each x 2 U ;
(b) the map x 7! ˚.t; x/ is of class C k for each t 2 .t0 � T; t0 C T /;
(c) t 7! ˚.t; x/ is the unique solution of Px.t/ D f .t; x.t// with˚.t0; x/ D x;

(iv) for all t 2 .t0 � T; t0 C T /, ˚t W U ! M is a C k-diffeomorphism onto its
image, where ˚t.x/ D ˚.t; x/.

Furthermore, if . QU ; QT ; Q̊ / is another such triple, then ˚ and Q̊ agree when
restricted to ..t0 � T; t0 C T / \ .t0 � QT ; t0 C QT // � .U \ QU /.

For linear equations of Carathéodory type the usual variation-of-constants
formula holds (see Aulbach and Wanner [5, Theorem 2.10]).

Proposition A.2. Let I � R be a nonempty interval and A W I ! R
d�d , b W I !

R
d , locally integrable mappings. Then the equation

Px.t/ D A.t/x.t/C b.t/ (A.7)

is a Carathéodory differential equation. The solution ˚.t I t0; x0/ of the correspond-
ing initial value problem (A.7), x.t0/ D x0, exists and is unique with

˚.t I t0; x0/ D �.t; t0/x0 C
Z t

t0

�.t; s/b.s/ds

for all .t; t0; x0/ 2 I � I �R
d , where t 7! �.t; t0/ 2 GL.Rd / is the unique solution

of the initial value problem

PX.t/ D A.t/X.t/; X.t0/ D I 2 R
d�d :
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The Variational Equation and Applications

For a Carathéodory differential equation on a Riemannian manifold .M; g/ the
variational equation can be written in a covariant way. See the following proposition
whose proof is standard and will be omitted.

Proposition A.3. Let .M; g/ be a Riemannian C k-manifold, k � 2. Consider a
locally integrally class C k�1-vector field f W I �M ! TM and the corresponding
differential equation

Px.t/ D f .t; x.t//

with flow box .U; T;˚/ at .t0; x0/ 2 I �M . Then for any v 2 Tx0M the curve

c.t/ WD dx0˚t .v/; c W .t0 � T; t0 C T / ! TM;

is locally absolutely continuous and satisfies the Riemannian variational equation

Dz

dt
.t/ D rft .˚t .x0//z.t/ (A.8)

almost everywhere, where D=dt denotes the covariant derivative along the solution
˚.�; x0/.5

The preceding proposition has two important applications, the Wazewski inequal-
ity and the (generalized) Liouville formula. The Wazewski inequality gives an
estimate for the operator norm of the derivative dx˚t (given a flow box .U; T;˚/ of
a Carathéodory vector field).

Proposition A.4 (Wazewski Inequality). Let .M; g/ be a Riemannian C k-
manifold, k � 3. Consider a locally integrally class C k�1-vector field f W I�M !
TM and the corresponding differential equation

Px.t/ D f .t; x.t//

with flow box .U; T;˚/ at .t0; x0/ 2 I �M . Then it holds that

kdx0˚tk � exp

�Z t

t0

�max.Srfs.˚s.x0///ds
	

for all t 2 Œt0; t0CT /, where �max.�/ denotes the maximal eigenvalue and Sr.�/ the
symmetrized covariant derivative.

5Although we have only defined the covariant derivative of a C r -vector field along a C r -curve,
this notion also makes sense if both the curve and the vector field are only locally absolutely
continuous.
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Proof. Let xt W	 ˚t.x0/ and �.t/ W	 �max.Srft .xt //. Let z W J ! TM , t0 2
J � I , be a locally absolutely continuous vector field along xt which solves the
variational equation (A.8). Then for almost all t 2 J we obtain

d

dt
jz.t/j2 D d

dt
gxt .z.t/; z.t//

(A.5)D gxt

�
Dz

dt
.t/; z.t/

	
C gxt

�
z.t/;

Dz

dt
.t/

	

D gxt .rft .xt /z.t/; z.t//C gxt .z.t/;rft .xt /z.t//
D gxt .rft .xt /z.t/; z.t//C gxt

�rft .xt /�z.t/; z.t/
�

D 2gxt

�
1

2


rft .xt /C rft .xt /�
�

z.t/; z.t/

	

� 2�.t/jz.t/j2:

Now we assume that z.t/ ¤ 0 for all t 2 J \ Œt0;1/. For almost all t , this implies

d
dt jz.t/j2
jz.t/j2 � 2�.t/ )

Z t

t0

d
ds jz.s/j2
jz.s/j2 ds � 2

Z t

t0

�.s/ds

) log
�jz.t/j2� � log

�jz.t0/j2� � 2

Z t

t0

�.s/ds

) log jz.t/j � log jz.t0/j �
Z t

t0

�.s/ds

) jz.t/j � jz.t0/j exp

�Z t

t0

�.s/ds

	
:

It is easy to see that the integral over � exists. Since for each nonzero v 2 Tx0M the
map z.t/ D dx0˚t .v/ is a solution of (A.8) with z.t/ ¤ 0 for all t 2 .t0�T; t0CT /,
we obtain

kdx0˚tk D max
jvjD1

kdx0˚t .v/k

� max
jvjD1

k dx0˚t0„ƒ‚…
Did

.v/k exp

�Z t

t0

�.s/ds

	
D exp

�Z t

t0

�.s/ds

	
;

which finishes the proof. ut
The classical Liouville formula expresses the absolute determinant j det dx˚t j in

terms of the integral over the divergence of ft along the solution ˚t.x/. There exist
several generalizations of this formula. We use the following one which involves an
invariant subbundle of the tangent bundle.

Proposition A.5 (Generalized Liouville Formula). Let .M; g/ be a d -dimensional
Riemannian C k-manifold, k � 2. Consider a locally integrally class C k�1-vector
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field f W I �M ! TM and the corresponding differential equation

Px.t/ D f .t; x.t//

with flow box .U; T;˚/ at .t0; x0/ 2 I � M . Let E ! M be a subbundle of
I�TM ! M , .t; v/ 7! �TM .v/ (with the base point projection�TM W TM ! M ),
of rank n 2 f1; : : : ; d g, which is invariant under d˚ in the sense that

dx˚t .Et0;x/ D Et;˚t .x/

holds for all x 2 U and t 2 .t0 � T; t0 C T /. Then

ˇ̌
det dx0˚t jEt0;x0

ˇ̌ D exp

�Z t

t0

tr Œrfs.˚s.x// ıQ.s;˚s.x//� ds
	
;

where Q.t; x/ W TxM ! Et;x denotes the orthogonal projection.

Proof. For every t 2 .t0 � T; t0 C T / we write

L.t/ WD dx0˚t jEt0;x0 W Et0;x0 ! Et;˚t .x0/:

Let .v1; : : : ; vn/ be an orthonormal basis of Et0;x0 . Then

j detL.t/j2 D det.L.t/�L.t// D det
�hL.t/�L.t/vi ; vj i�n

i;jD1

D det
�hL.t/vi ; L.t/vj i�n

i;jD1 :

Using that vi .t/ WD L.t/vi solves the Riemannian variational equation for each
i 2 f1; : : : ; ng, we obtain for almost all t 2 .t0 � T; t0 C T / that

1

2

d

dt
jdetL.t/j2 D 1

2

d

dt
hv1.t/ ^ : : : ^ vn.t/; v1.t/ ^ : : : ^ vn.t/iVn

T˚t .x/M

D
�

Dv1
dt
.t/ ^ : : : ^ vn.t/; v1.t/ ^ : : : ^ vn.t/



Vn

T˚t .x/M

C : : :C�
v1.t/ ^ : : : ^ Dvn

dt
.t/; v1.t/ ^ : : : ^ vn.t/



Vn

T˚t .x/M

D hrft .˚t .x//v1.t/ ^ : : : ^ vn.t/; v1.t/ ^ : : : ^ vn.t/iVn
T˚t .x/M

C : : :C
hv1.t/ ^ : : : ^ rft .˚t .x//vn.t/; v1.t/ ^ : : : ^ vn.t/iVn

T˚t .x/M
:
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From Lemma A.1 and invariance of E it thus follows that j detL.t/j satisfies the
scalar linear Carathéodory differential equation

d

dt
jdetL.t/j D

d
dt jdetL.t/j2
2 jdetL.t/j

D tr Œrft .˚t .x// ıQ.t; ˚t .x//� jdetL.t/j :

Hence, the variation-of-constants formula gives

j detL.t/j D exp

�Z t

t0

tr Œrfs.˚s.x// ıQ.s;˚s.x//� ds
	
;

since j detL.t0/j D j det idEt0;x0 j D 1. ut

Cut-Off Functions

Every C k-manifold, k 2 N [ f1g, admits partitions of unity of class C k .6 As for
instance shown in Lee [75, Proposition 2.26], one can construct cut-off functions
from such partitions which yields the following proposition.

Proposition A.6. Let M be a C k-manifold, k 2 N [ f1g. For any closed set
A � M and any open set U containingA there exists a cut-off function � W M ! R

of class C k , that is, �.x/ 2 Œ0; 1� for all x 2 M , �.x/ 	 1 on A, and �.x/ 	 0

on U c .

Given an arbitrary C k-vector field f on a manifold M and a class C k cut-off
function � W M ! Œ0; 1� with compact support, one obtains a complete C k-vector
field �f whose integral curves coincide with those of f on the set where �.x/ 	 1.

A.4 Metric Spaces

In this short section we prove two simple lemmas about metric spaces. To this end,
we first introduce some notation: Let .X; %/ be a metric space andK � X a subset.
Then for every " > 0 the "-neighborhood of K is defined by

N".K/ WD fx 2 X j 9y 2 K W %.x; y/ < "g :

6A partition of unity is a family of nonnegative functions f˛ W M ! R such that for every x 2 M

only finitely many of the values f˛.x/ are different from zero and
P

˛ f˛.x/ D 1.
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That is, N".K/ is the union of the open balls B.x; "/, x 2 K , and thus an open
neighborhood of K . For a point x 2 X and a nonempty set A � X the distance
from x to A is defined by

dist.x; A/ WD inf
a2A %.x; a/:

Lemma A.2. Let .X; %/ be a metric space andA � X nonempty. Then the function

x 7! dist.x; A/; X ! RC;

is continuous.

Proof. For all x; y 2 X and a 2 A we have

dist.x; A/ � %.x; a/ � %.x; y/C %.a; y/:

Hence, dist.x; A/ � %.x; y/ � %.a; y/, which implies

dist.x; A/ � %.x; y/ � inf
a2A %.y; a/ D dist.y; A/:

Therefore, dist.x; A/ � dist.y; A/ � %.x; y/. By changing the roles of x and y we
obtain

jdist.x; A/ � dist.y; A/j � %.x; y/;

which proves the assertion. ut
Recall that a topological spaceX is called locally compact if every neighborhood

of a point x 2 X contains a compact neighborhood of x.

Lemma A.3. Let .X; %/ be a locally compact metric space. Then for every compact
set K � X there exists some " > 0 such that clN".K/ is compact.

Proof. Since X is locally compact, every x 2 K has an open neighborhood Kx

with compact closure. Since K is compact, there are x1; : : : ; xn 2 K with K �Sn
iD1 Kxi . Let W WD Sn

iD1 clKxi . Then, as a finite union of compact sets, W is a
compact neighborhood of K . Assume to the contrary that for each " > 0 there is
some x 2 X with dist.x;K/ < " and x … W . Then there are sequences .yn/n2N
and .zn/n2N with yn 2 XnW , zn 2 K , and %.yn; zn/ < 1=n for all n 2 N. By
compactness of K we may assume that zn ! z 2 K for n ! 1. Consequently,
also yn ! z. Let i 2 f1; : : : ; ng such that z 2 Kxi . Then, for sufficiently large n
we obtain yn 2 Kxi � W in contradiction to yn 2 XnW . Hence, there exists some
" > 0 with N".K/ � W which implies that clN".K/ � W is compact. ut



Appendix B
Dynamical Systems

In this part of the appendix, we recall basic concepts from the theory of dynamical
systems. By a (classical) dynamical system we understand a mapping ˚ W T �
X ! X , where T 2 fZC;Z;RC;Rg, which satisfies the axioms ˚.0; x/ D x and
˚.tC s; x/ D ˚.t; ˚.s; x// for all x 2 X and t; s 2 T. In other words, a dynamical
system is a group or semigroup action of T on a set X . The set T is also called
the time set of the dynamical system. In the case T D R we also speak of a flow,
or in the case T D RC of a semiflow. Alternatively, we speak of a continuous-
time dynamical system if T 2 fRC;Rg and of a discrete-time dynamical system if
T 2 fZC;Zg. Often, we additionally assume that X is a topological or metric space
and ˚ is continuous. For fixed t 2 T, the map ˚t W X ! X , x 7! ˚.t; x/, is called
the time-t-map of the dynamical system. If T 2 fZ;Rg, this map is invertible with
inverse ˚�t . The orbit through a point x 2 X is the set O.x/ D f˚.t; x/ W t 2 Tg.

B.1 Chain Recurrence and Chain Transitivity

In this section, we collect some definitions and elementary results about continuous-
time dynamical systems on compact metric spaces. Throughout we assume that ˚ W
R � X ! X is a continuous flow on a compact metric space .X; %/. All of the
following definitions and results (together with proofs) can be found in Colonius
and Kliemann [25, Appendix B]. Further references are Conley [29] and Katok and
Hasselblatt [61].

Definition B.1. The !-limit set of a subset Y � X is defined as

!.Y / WD
\
t>0

cl
[
s�t
˚.s; Y /:

The ˛-limit set of Y is

C. Kawan, Invariance Entropy for Deterministic Control Systems, Lecture Notes
in Mathematics 2089, DOI 10.1007/978-3-319-01288-9,
© Springer International Publishing Switzerland 2013
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˛.Y / WD
\
t>0

cl
[
s��t

˚.s; Y /:

If Y consists of only one element y, we write !.y/ WD !.fyg/ and ˛.y/ WD ˛.fyg/.
Definition B.2. A compact set K � X is called invariant if ˚t.K/ � K for all
t 2 R. It is called isolated invariant if it is invariant and there is a neighborhoodN
of K such that ˚.R; x/ � N implies x 2 K .

Definition B.3. A Morse decomposition of ˚ is a finite collection fMigniD1 of
nonempty, pairwise disjoint, and isolated compact invariant sets such that:

(i) For all x 2 X one has ˛.x/; !.x/ � Sn
iD1Mi .

(ii) If there are Mj0;Mj1 ; : : : ;Mjl and x1; : : : ; xl 2 Xn Sn
iD1Mi with ˛.xi / �

Mji�1 and !.xi / � Mji for i D 1; : : : ; l , then Mj0 ¤ Mjl .

The elements of a Morse decomposition are called Morse sets. A Morse decompo-
sition is finer than another one if the elements of the first one are contained in those
of the second one.

Definition B.4. For x; y 2 X and "; � > 0, an ."; �/-chain from x to y is given by
a natural number n 2 N together with points

x0 D x; x1; : : : ; xn D y and times �0; : : : ; �n�1 � �;

such that %.˚.�i ; xi /; xiC1/ < " for i D 0; 1; : : : ; n � 1.

Definition B.5. A subset Y � X is called chain transitive if for all x; y 2 Y and
"; � > 0 there exists an ."; �/-chain from x to y. A point x 2 X is chain recurrent
if for all "; � > 0 there exists an ."; �/-chain from x to x. The chain recurrent set R
of ˚ is the set of all chain recurrent points.

Proposition B.1. The following assertions hold:

(i) The set R is closed and invariant. The flow ˚ restricted to a maximal (with
respect to set inclusion) chain transitive subset of the chain recurrent set R is
chain transitive. In particular, the flow restricted to R is chain recurrent.

(ii) A closed subset Y ofX is chain transitive if it is chain recurrent and connected.
Conversely, if ˚ is chain transitive on X , then X is connected.

(iii) The connected components of the chain recurrent set R coincide with the
maximal chain transitive subsets of R.

Proposition B.2. There exists a finest Morse decomposition fM1; : : : ;Mlg if and
only if the chain recurrent set R has only finitely many connected components. In
this case, the Morse sets coincide with the chain recurrent components of R and the
flow restricted to each Morse set is chain transitive and chain recurrent.
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B.2 Vector Bundles and Linear Flows

In this section, we collect some definitions and results about real finite-dimensional
vector bundles and linear flows. We start with the definition of a vector bundle
following Lee [75, Chap. 5].

Definition B.6. Let B be a topological space. A (real) vector bundle of rank k over
B is a topological space E together with a continuous surjective map � W E ! B

satisfying:

(i) For each b 2 B the set Eb WD ��1.b/ � E (called the fiber of E over b) is
endowed with the structure of a k-dimensional real vector space;

(ii) For each b 2 B there exist a neighborhoodU of b in B and a homeomorphism
˚ W ��1.U / ! U �R

k (called a local trivialization ofE over U ) such that the
following diagram commutes:

��1.U /
˚

��

� ���
��

��
U � R

k

�1����
��
��

U

Here �1 is the projection onto the first factor. Furthermore, for each c 2 U the
restriction of ˚ to Ec is a linear isomorphism from Ec to fcg � R

k Š R
k .

The spaceE is called the total space of the vector bundle,B is called the base space,
and � the projection. Often we simply write � W E ! B ,E ! B , orE for a vector
bundle. The subset of E consisting of all the zero vectors of the fibers Eb , b 2 B , is
called the zero section of the vector bundle. A vector bundle � W E ! B is called
trivial if there exists a local trivialization over all of B (called a global trivialization
of E). In this case, E itself is homeomorphic to the product B � R

k . A subbundle
of a vector bundle � W E ! B is a vector bundle � 0 W E 0 ! B such that E 0 � E

is a closed subset of E which intersects each fiber Eb , b 2 B , in a linear subspace,
and such that � 0 D �jE0 (E 0 is endowed with the subspace topology).

Definition B.7. Let E ! B be a vector bundle and E1;E2 � E subbundles with
E1
b \E2

b D f0g for each b 2 B . The Whitney sum ofE1 andE2 is the vector bundle
E 0 D E1 ˚E2 � E with fibers

E 0
b D E1

b ˚E2
b D ˚

e1 C e2 W ei 2 Ei
b

�
:

Then E 0 ! B is a subbundle of E ! B .

Lemma B.1. Consider a trivial vector bundle � W B�X ! B , �.b; x/ D b, where
.B; %/ is a compact metric space and .X; h�; �i/ a d -dimensional Euclidean space.
Suppose that there is a decomposition
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B �X D V ˚ W

into a Whitney sum of subbundles V and W . For each b 2 B let Pb denote the
projection onto Vb along Wb . Then the mapping

b 7! Pb; B ! L .X;X/;

is continuous.

Proof. Let �V W V ! B denote the projection of V (that is, �V D �jV ), let
k be the rank of V , and fix b0 2 B . Then, by definition, there exists an open
neighborhood U � B of b0 and a homeomorphism ' W ��1

V .U / ! U � R
k of

the form

'.b; x/ D .b; O'.b; x// :

Hence, for every .b; y/ 2 U � R
k , there exists a unique x 2 Vb with O'.b; x/ D y.

In particular, the map O'b W Vb ! R
k , x 7! O'.b; x/, is a linear isomorphism, and it

holds that

Vb D O'�1
b .Rk/ for every b 2 U:

Now let fe1.b0/; : : : ; ek.b0/g be a fixed basis of Vb0 and define e1.b/; : : : ; ek.b/ 2
Vb by

ej .b/ WD O'�1
b . O'b0.ej .b0///

for all b 2 U . It follows that fe1.b/; : : : ; ek.b/g is a basis of Vb for all b 2 U . Anal-
ogously, we find such a basis fekC1.b/; : : : ; ed .b/g for Wb , depending continuously
on b, and we can assume that both bases are defined on the same neighborhood U
of b0. Then for each .b; x/ 2 U � X there are unique ˛1.b; x/; : : : ; ˛d .b; x/ 2 R

such that

x D
kX
iD1

˛i .b; x/ei .b/

„ ƒ‚ …
DPbx

C
dX

iDkC1
˛i .b; x/ei .b/:

Let aij .b/ WD hei .b/; ej .b/i for all b 2 U and i; j D 1; : : : ; d . Then A.b/ WD
.aij .b//1�i;j�d is a symmetric positive definite matrix and for j D 1; : : : ; d , x 2 X ,
it holds that

xj .b/ WD hx; ej .b/i D
dX
iD1

aij .b/˛i .b; x/:
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Hence, the vectors Ox WD .x1.b/; : : : ; xd .b// and ˛.b; x/ WD .˛1.b; x/; : : : ; ˛d .b; x//

satisfy Ox D A.b/˛.b; x/ which implies ˛.b; x/ D A.b/�1 Ox. Therefore, in particular
˛1.b; x/; : : : ; ˛k.b; x/ depend continuously on .b; x/ and thus also Pbx. Continuity
of Pb is then shown as follows. We have

kPb � Pb0k D max
jxjD1

jPbx � Pb0xj

D max
jxjD1

ˇ̌
ˇ̌̌ kX
iD1

˛i .b; x/ei .b/ �
kX
iD1

˛i .b0; x/ei .b0/

ˇ̌
ˇ̌̌

„ ƒ‚ …
DWf .b;x/

:

Since f is uniformly continuous on the compact set W � S.X/, whereW � U is a
compact neighborhood of b0 and S.X/ D fx 2 X W jxj D 1g, for every " > 0 we
find ı > 0 such that %.b; b0/ < ı implies jf .b; x/�f .b0; x/j < " for all x 2 S.X/.
This implies continuity of b 7! Pb at b0. ut
Definition B.8. A (discrete- or continuous-time) linear flow on a vector bundle � W
E ! B is a continuous flow ˚ W T � E ! E , T 2 fZ;Rg, such that for each
t 2 T the time-t-map ˚t W E ! E maps fibers into fibers, that is, �.˚.t; e1// D
�.˚.t; e2// if �.e1/ D �.e2/, and the restrictions ˚t jEb W Eb ! E�.˚t .e// are
linear maps. Every linear flow induces a flow � on the base space B by �.t; b/ WD
�.˚.t; e// for b 2 B and e 2 Eb . Analogously, a linear semiflow on a vector bundle
is defined by replacing T with TC in the above definition.

If the base space B of the vector bundle � W E ! B is trivial, that is, B consists
of only one point, the space E is a finite-dimensional real vector space and each
continuous-time linear semiflow on E has the form .t; x/ 7! eAtx for some A 2
L .E;E/. This is proved in the following proposition. The arguments of the proof
are borrowed from the theory of strongly continuous semigroups on Banach spaces
(see, for instance, Pazy [89]).

Proposition B.3. Let X be a finite-dimensional real vector space and T W RC �
X ! X , .t; x/ 7! T .t/x, a linear semiflow on X . Then the mapping t 7! T .t/,
RC ! L .X;X/, is continuous and there exists a unique linear operator A 2
L .X;X/ such that T .t/ D eAt for all t � 0, which for all x 2 X is given by

Ax D lim
t&0

T .t/x � x
t

: (B.1)

Proof. LetX be endowed with some norm j � j. Then continuity of t 7! T .t/ follows
from uniform continuity of .t; x/ 7! T .t/x on compact sets of the form Œa; b� �
S.X/, where Œa; b� � RC and S.X/ WD fx 2 X W jxj D 1g. Now let D.A/ � X be
the set of all x 2 X such that the limit in (B.1) exists and define A W D.A/ ! X

according to (B.1). In the following, we show that D.A/ D X , that is, that the
definition of A is correct. It is easy to see that D.A/ is a linear subspace of X and
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therefore a closed set. Hence, it suffices to prove that D.A/ is dense in X . From
continuity of T .�/ we can conclude that for every x 2 X it holds that

1

t

Z t

0

T .s/xds ! x for t & 0: (B.2)

For every x 2 X we have

T .s/� I

s

Z t

0

T .r/xdr D 1

s

Z t

0

T .s C r/xdr � 1

s

Z t

0

T .r/xdr:

Substituting � D s C r in the second integral gives

T .s/� I
s

Z t

0

T .r/xdr D 1

s

Z tCs

s

T .�/xd� � 1

s

Z t

0

T .r/xdr

D 1

s

�Z tCs

t

T .�/xd�C
Z t

s

T .�/xd�

�
Z t

s

T .r/xdr �
Z s

0

T .r/xdr

	

D 1

s

�Z s

0

.T .t C r/ � T .r//xdr

	

D 1

s

Z s

0

T .r/.T .t/� I /xdr:

From (B.2) it follows that the right-hand side tends to .T .t/�I /x as s & 0. Hence,

Z t

0

T .r/xdr 2 D.A/ and A

Z t

0

T .r/xdr D .T .t/ � I /x:

Consequently, (B.2) implies that for any x 2 X there exists a sequence .xn/ inD.A/
such that xn ! x, which proves that D.A/ D clD.A/ D X . It is clear that A is a
linear operator. Now for s > 0 consider the equalities

T .t C s/x � T .t/x

s
D T .t/

.T .s/� I /x

s
D T .s/� I

s
T .t/x:

The limit for s & 0 of the second term exists and is equal to T .t/Ax. Hence, also
the other limits exist and the right derivative of t 7! T .t/x equals AT .t/x. For
t > 0 and s > 0 sufficiently small we have

T .t � s/x � T .t/x

�s D T .t � s/
.T .s/� I /x

s
:
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Therefore, also the left derivative exists and equals T .t/Ax. We have thus proven
that .d=dt/T .t/x D AT .t/x for all x 2 X and t > 0, which implies T .t/ D eAt .
Uniqueness of A is obvious. ut

The following lemma gives an estimate for the growth of linear flows on
Euclidean space.

Lemma B.2. Let A 2 R
d�d and denote by ˛.A/ the maximum of the real parts of

all eigenvalues of A. Then it holds that

8ı > 0 9c � 1 8t � 0 W ��eAt
�� � ce.˛.A/Cı/t ;

where k � k denotes the operator norm induced by an arbitrary vector norm on R
d .

Proof. Given ı > 0, define Bı WD A � .˛.A/ C ı/I . Then all eigenvalues of Bı
have negative real parts, and hence, by Robinson [93, Chap. IV, Theorem 5.1], there
exist constants a > 0 and c � 1 such that

��eBıt
�� � ce�at for all t � 0:

Since eBıt D e�.˛.A/Cı/teAt , this implies

��eAt
�� � ce�at e.˛.A/Cı/t � ce.˛.A/Cı/t ;

which proves the assertion. ut
Finally, we cite Selgrade’s theorem (see, for instance, Colonius and Kliemann

[25, Theorem 5.2.5]).

Theorem B.1 (Selgrade). Consider a continuous-time linear flow ˚ on a vector
bundle � W V ! B of rank d with connected and compact metric base space B .
Suppose that the induced flow on B is chain transitive. Then there exists a unique
finest Morse decomposition fM1; : : : ;Mrg of the induced flow P˚ on the projective
bundle1

PV with 1 � r � d . Every chain recurrent component Mi defines an
invariant subbundle of V via

V i D P
�1.Mi / D fv 2 V W v … Z ) Pv 2 Mig ;

where Z denotes the zero section of V , and the following decomposition into a
Whitney sum holds:

V D V 1 ˚ � � � ˚ V r :

1The projective bundle PV ! B of a vector bundle � W V ! B is the fiber bundle whose
fibers are the projective spaces of the fibers ��1.b/, b 2 B , defined as the quotient space PV WD
.V nZ/=� under the equivalence relation � whose equivalence classes are the lines through the
origins of the fibers ��1.b/.
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B.3 Dimension Theory and Topological Entropy

The Subadditivity Lemma

The following lemma is a well-known result in analysis frequently used in con-
nection with exponential growth rates, in particular with entropy.2 For the sake of
completeness, we give a proof.

Lemma B.3 (Subadditivity Lemma). Let T 2 fZ;Rg and let f W TC ! R be a
subadditive function, that is,

f .t C s/ � f .t/C f .s/ for all t; s 2 TC:

Suppose further that f is bounded from above on an interval of the form T \ Œ0; t0�
with t0 > 0. Then the limit limt!1 f .t/=t exists and equals inft>0 f .t/=t .

Proof. From boundedness of f on T \ Œ0; t0� and subadditivity it follows that f is
bounded from above on any bounded interval. Let 
 WD inft>0 f .t/=t . Fix a positive
number T 2 T and write each t 2 T, t > 0, as t D k.t/T C r.t/ with k.t/ 2 ZC
and r.t/ 2 T \ Œ0; T /. Then k.t/=t ! 1=T for t ! 1. By subadditivity, for any
t; T > 0 it holds that


 � f .t/

t
� 1

t
Œk.t/f .T /C f .r.t//� :

Hence, for every " > 0 there exists T0 D T0."; T / such that for all t > T0


 � f .t/

t
� f .T /

T
C ";

where we used boundedness of f on T \ Œ0; T �. Since " and T are arbitrary, the
result follows. ut
Remark B.1. The lemma also applies to subadditive functions f W T\.0;1/ ! R,
since one can extend such a function to TC by setting f .0/ WD 0 without destroying
subadditivity.

Hausdorff and Capacitive Dimension

There exist several notions of dimension for topological and metric spaces, gen-
eralizing the dimension concept in vector spaces. In the following, we introduce
the notions of Hausdorff and capacitive dimension for metric spaces both used in
several entropy estimates in this book.

2This result is also known as Fekete’s Lemma due to Michael Fekete.
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Let .X; %/ be a metric space, Z � X , and d � 0, " > 0. Define

�H.Z; d; "/ D �H.Z; d; "I %/ WD inf

8<
:

X
j�1

rdj W rj � "; Z �
[
j�1

B.xj ; rj /

9=
; ;

where the infimum is taken over all countable covers ofZ by metric balls B.xj ; rj /
of radii rj � " and centers xj 2 X .3 It is easy to see that the function �H.�; d; "/
is an outer measure on X . For fixed Z and d , the function �H.Z; d; �/ does not
decrease with decreasing " and hence the limit

�H .Z; d/ D �H .Z; d I %/ WD lim
"&0

�H .Z; d; "/ D sup
">0

�H .Z; d; "/

exists (it may be 1). The number �H.Z; d/ is called the d -dimensional outer
Hausdorff measure of Z. The function �H .�; d / is a metric outer measure on X ,
that is, the restriction of �H.�; d / to the Borel-�-algebra of X is a measure. For
every Z � X there exists a critical value dcrit.Z/ such that

�H.Z; d/ D
�
0 for d > dcrit.Z/;

1 for d < dcrit.Z/:

This unique value is called the Hausdorff dimension of Z and is denoted by
dimH.Z/.4 For a totally bounded set Z � X (that is, for every ">0 finitely many
"-balls are sufficient to coverZ), d � 0 and " > 0 we also introduce the quantity

�C .Z; d; "/ D �C .Z; d; "I %/ WD "dn.";Z/;

where n.";Z/ is the minimal number of "-balls necessary to cover Z:

n.";Z/ WD min

8<
:#C W C D fB.xj ; "/gj ; Z �

[
j

B.xj ; "/

9=
; :

It is easy to see that�H.Z; d; "/ � �C .Z; d; "/. We define the d -dimensional upper
capacitive measure of Z by

�C .Z; d/ D �C .Z; d I %/ WD lim sup
"&0

�C .Z; d; "/:

The properties of �C .Z; d/ are similar to those of �H .Z; d/. In particular,
�C .�; d; "/ and �C .�; d / are outer measures if X is totally bounded.

3Taking balls centered at elements of Z makes no essential difference, that is, it does not change
the value of the Hausdorff dimension of Z.
4Equivalently, one can introduce the Hausdorff measures and the Hausdorff dimension by replacing
the covers of Z by metric balls with radii � " with covers consisting of arbitrary sets with
diameters � ".
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The upper capacitive dimension of Z is defined by

dimC .Z/ WD lim sup
"&0

logn.";Z/

log.1="/
:

Analogously, one defines the lower capacitive dimension by replacing the limit
superior by a limit inferior. In the literature, one finds several other names for this
notion of dimension such as (upper and lower) box dimension or fractal dimension.
Alternatively, one can introduce the upper capacitive dimension in the same way
as the Hausdorff dimension as a critical value for the upper capacitive measure.
The following proposition shows that the upper capacitive dimension of a totally
bounded set Z does not depend on the space it is embedded in.

Proposition B.4. Let .X; %/ be a metric space and Z � X a totally bounded
set. Let dimC .ZIX/ denote the upper capacitive dimension of Z as a subspace
of .X; %/, and dimC .ZIZ/ the upper capacitive dimension of Z as a subspace of
.Z; %/. Then dimC .ZIX/ D dimC .ZIZ/.
Proof. By n.";ZIX/ (n.";ZIZ/) we denote the minimal cardinality of a cover of
Z with "-balls in X (in Z). For given " > 0, let B D fB.x1; "/; : : : ; B.xn; "/g,
xi 2 X , be a minimal cover of Z with "-balls in X (in particular, n D n.";ZIX/).
Then for every i 2 f1; : : : ; ng there exists some zi 2 B.xi ; "/\Z, since otherwise B
would not be minimal. Let QB WD fB.z1; 2"/; : : : ; B.zn; 2"/g. Now take an arbitrary
point z 2 Z. Then there exists i 2 f1; : : : ; ng with %.z; xi / < ". It follows that

%.z; zi / � %.z; xi /C %.xi ; zi / < "C " D 2":

Hence, QB is a cover of Z consisting of n balls in Z of radius 2". This implies

n.2";ZIX/ � n.2";ZIZ/ � n.";ZIX/:

Therefore, for all " 2 .0; 1/ it holds that

logn.2";ZIX/
log.1="/

� logn.2";ZIZ/
log.1="/

� logn.";ZIX/
log.1="/

:

Using that log.1="/ D log.2/C log.1=.2"//, we obtain

lim sup
"&0

logn.2";ZIX/
log.2/C log.1=.2"//

� lim sup
"&0

logn.2";ZIZ/
log.2/C log.1=.2"//

� dimC .ZIX/:

This implies dimC .ZIX/ � dimC .ZIZ/ � dimC .ZIX/. ut
Some more properties of the Hausdorff and upper capacitive dimensions are

summarized in the following proposition. For proofs we refer to Boichenko et al. [9,
Chap. III].
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Proposition B.5. Let .X; %/ be a metric space. Then the following assertions
hold:

(i) 0 � dimH.Z/ � dimC .Z/ for any totally bounded set Z � X .
(ii) dimH.;/ D 0 and dimC .;/ D 0.

(iii) dimH.Z1/ � dimH.Z2/ if Z1 � Z2 � X .
(iv) dimH.

S
j�1 Zj / D supj�1 dimH.Zj / for any sequenceZj � X .

(v) dimC .Z1/ � dimC .Z2/ if Z1 � Z2 � X are totally bounded sets.
(vi) dimC .

S
j�1 Zj / � supj�1 dimC .Zj / for a sequence Zj � X of totally

bounded sets whose union is totally bounded. For finite unions equality holds.
(vii) If Z � X is a totally bounded set, then dimC .Z/ D dimC .clZ/.

(viii) If X is a d -dimensional Riemannian manifold, then dimH.X/ D d . If,
additionally,X is compact, then dimC .X/ D d .

Topological Entropy

The concept of topological entropy for discrete-time dynamical systems on compact
topological spaces was first introduced by Adler et al. [1] as a topological analog
to the measure-theoretic entropy of Kolmogorov [69] and Sinai [99]. Topological
entropy can be regarded as a measure of the global exponential complexity of the
orbit structure, and it has proved to be an important topological invariant. Later,
equivalent definitions were given by Dinaburg [37] and Bowen [10] for maps on
metric spaces. In Chap. 3, we use Bowen’s definition of topological entropy and his
result on the entropy of a linear dynamical system. In the following, we give the
necessary background for understanding the concepts involved.

Let f W X ! X be a uniformly continuous map on a metric space .X; %/. The
iterates of f are defined inductively by f 0 WD idX and f nC1 WD f ı f n for all
n 2 ZC.5 It is easy to see that for each integer n � 1 the following function defines
a metric on X which induces the same topology as %:

%n;f .x; y/ WD max
0�i�n %.f

i .x/; f i .y//:

Usually, a metric of this form is called a Bowen-metric or a Bowen–Dinaburg-
metric.6 The metric balls with respect to %n;f are also called Bowen-balls of order n.
A set E � X is called .n; "; f /-separated if the distance of any two distinct points
x; y 2 E measured by the metric %n;f is at least ". A set F � X .n; "; f /-spans
another set K � X if for every x 2 K there exists y 2 F such that %n;f .x; y/ < ".

5This defines a discrete-time dynamical system by ˚ W ZC � X ! X , ˚.n; x/ WD f n.x/.
6Usually, the maximum in the definition of %n;f is only taken over i 2 f0; : : : ; n�1g. However, this
makes no essential difference, and we use the slightly different definition only for formal reasons.
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Equivalently,K is covered by the "-balls in the metric %n;f centered at the elements
of F .7

It is clear that an .n; "; f /-separated subset of a compact set K � X is finite
and that there is an upper bound for its cardinality, since otherwise one could place
infinitely many disjoint Bowen-balls of radius "=2 and order n in K contradicting
compactness. The maximal cardinality of an .n; "; f /-separated subset of K is
denoted by rsep.n; ";K; f /. For the minimal cardinality of a set which .n; "; f /-
spans K we write rspan.n; ";K; f /. A maximal .n; "; f /-separated subset E of
K automatically .n; "; f /-spans K . Otherwise there would exist a point x 2 K

which has distance at least " to every element of E , and E [ fxg would also be
.n; "; f /-separated. On the other hand, given an .n; "; f /-separated subset E of K
and a set F which .n; "=2; f /-spans K , one finds that two distinct elements of
E cannot be contained in the same Bowen-ball of radius "=2 and order n around
an element of F . This defines an injective map from E to F which shows that
rsep.n; ";K; f / � rspan.n; "=2;K; f /. Altogether,

rspan .n; ";K; f / � rsep .n; ";K; f / � rspan

�
n;
"

2
;K; f

�
< 1:

Moreover, these quantities are non-decreasing with decreasing ". Therefore, the
following definitions make sense:

hsep;%.";K; f / WD lim sup
n!1

1

n
log rsep.n; ";K; f /;

hspan;%.";K; f / WD lim sup
n!1

1

n
log rspan.n; ";K; f /;

htop;%.K; f / WD lim
"&0

hsep;%.";K; f / D lim
"&0

hspan;%.";K; f /:

One defines the topological entropy of f as

htop;%.f / WD sup
K	X

htop;%.K; f /;

where the supremum is taken over all nonempty compact subsets of X . In general,
this quantity depends on the metric %. If two metrics %1 and %2 are uniformly
equivalent, that is, if the identity maps id W .X; %1/ ! .X; %2/ and id W .X; %2/ !
.X; %1/ are uniformly continuous, then the corresponding entropies coincide. In
particular, this is the case if X is compact. Then the topological entropy can also
be defined in a purely topological way using open covers of the space X as done

7In the definitions of separated and spanning sets, Bowen requires that %n;f .x; y/ > " and
%n;f .x; y/ � ", respectively. For our purposes however it is more convenient to relax the strict
inequality and vice versa. For the value of topological entropy this makes no difference.
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in [1]. One elementary property of topological entropy which we use in Chap. 3 is
the following power rule (see also Bowen [10, Proposition 4]).

Lemma B.4. Let f W X ! X be a uniformly continuous map on a metric space
.X; %/ and K � X a compact set. Then for each integerm � 1 it holds that

htop;%.K; f
m/ D mhtop;%.K; f /:

Proof. It is clear that rspan.n; ";K; f
m/ � rspan.mn; ";K; f / which implies

hspan;%.";K; f
m/ D lim sup

n!1
1

n
log rspan.n; ";K; f

m/

� m lim sup
n!1

1

mn
log rspan.mn; ";K; f /

� m lim sup
n!1

1

n
log rspan.n; ";K; f / D mhspan;%.";K; f /:

This gives htop;%.K; f
m/ � mhtop;%.K; f /. For the converse inequality, fix m � 1

and " > 0. Choose ı D ı."/ such that %.x; y/ < ı implies %.f j .x/; f j .y// < "

for 0 � j � m, which is possible by uniform continuity of f . Then an
.n; ı;K; f m/-spanning set is automatically .mn; ";K; f /-spanning, which implies
rspan.mn; ";K; f / � rspan.n; ı;K; f

m/. For each k � 1 let nk � 1 be such that
m.nk � 1/ < k � mnk . Then we obtain

hspan;%.";K; f / D lim sup
k!1

1

k
log rspan.k; ";K; f /

� lim sup
k!1

1

k
log rspan.mnk; ";K; f /

� lim sup
k!1

nk

k

1

nk
rspan.nk; ı;K; f

m/:

Since nk=k ! 1=m for k ! 1, it follows that

hspan;%.";K; f / � 1

m
hspan;%.ı;K; f

m/;

which implies the desired inequality. ut
The following result can be found in Bowen [10, Theorem 15]. An elementary

proof can also be found in Matveev and Savkin [79, Theorem 2.4.2].

Proposition B.6. If T W Rd ! R
d is a linear map, then

htop;%.T / D
X
�2�.T /

maxf0; n� log j�jg;
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where % denotes a metric on R
d induced by a norm and n� is the algebraic

multiplicity of the eigenvalue �.

In the same manner as for maps, topological entropy can be defined for
continuous-time dynamical systems on metric spaces: Let ˚ W RC � X ! X be a
semiflow which is uniformly continuous in the sense of [10, Sect. 5], that is, for all
t0 > 0 it holds that

8" > 0 W 9ı > 0 W 8t 2 Œ0; t0� W 8x; y 2 X W
%.x; y/ < ı ) %.˚t .x/; ˚t .y// < ": (B.3)

As we did for maps, we define the Bowen-metrics

%�;˚ .x; y/ WD max
t2Œ0;� �

%.˚t .x/; ˚t .y//; � > 0:

For any real number � > 0 a set E � X is called .�; "; ˚/-separated if
%�;˚ .x; y/ � " for any two distinct points x; y 2 E . A set F � X .�; "; ˚/-
spans another set K if for each x 2 K there is y 2 F with %�;˚ .x; y/ < ".
Then rsep.�; ";K;˚/ and rspan.�; ";K;˚/ are the maximal and minimal cardinalities
of .n; "; ˚/-separated and .n; "; ˚/-spanning sets, respectively. The topological
entropy is again defined by

htop;%.K;˚/ WD lim
"&0

lim sup
�!1

1

�
log rsep.�; ";K;˚/

D lim
"&0

lim sup
�!1

1

�
log rspan.�; ";K;˚/;

htop;%.˚/ WD sup
K	Xcompact

htop;%.K;˚/:

The following proposition shows that the topological entropy of a semiflow
coincides with the entropy of its time-one-map. In particular, together with Propo-
sition B.6, this shows that the entropy of a linear flow .t; x/ 7! eAtx on a Euclidean
space is given by the sum of the positive real parts of the eigenvalues of A (counting
multiplicities):

htop;%.feAt g/ D
X
�2�.A/

maxf0; n� Re.�/g:

As in Proposition B.6, % denotes a metric induced by a norm.

Proposition B.7. The topological entropy of a uniformly continuous semiflow ˚

on a metric space .X; %/ equals the topological entropy of its time-one-map:
htop;%.˚/ D htop;%.˚1/.
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Proof. Fix a compact set K � X and real numbers �; " > 0. Let F � X be
a set which .�; "; ˚/-spans K and define n.�/ 2 ZC to be the greatest integer
such that n.�/ � � . Then for every x 2 K there is some y 2 F with
maxt2Œ0;� � %.˚t .x/; ˚t .y// < ". Since ˚j D .˚1/

j for all j 2 ZC, this implies

%n.�/;˚1.x; y/ D max
0�j�n.�/ %..˚1/

j .x/; .˚1/
j .y// � max

t2Œ0;� � %.˚t .x/; ˚t .y// < ":

Thus, F .n.�/; "; ˚1/-spans the set K , which implies rspan.n.�/; ";K;˚1/ �
rspan.�; ";K;˚/. It follows that

hspan;%.";K;˚1/ D lim sup
n!1

1

n
log rspan.n; ";K;˚1/

� lim sup
n!1

1

n
log rspan.n; ";K;˚/

� lim sup
�!1

1

�
log rspan.�; ";K;˚/

D hspan;%.";K;˚/:

Consequently, htop;%.˚1/ � htop;%.˚/.
In order to show the converse inequality, let �; " > 0 and choose ı D ı."/

according to (B.3) with t0 D 1. Let n.�/ 2 ZC be the smallest integer such that
� � n.�/ and let F � X be a set which .n.�/; ı; ˚1/-spans K . Then for every
x 2 K there is some y 2 F such that %n.�/;˚1.x; y/ < ı. For every t 2 Œ0; �� there
are unique j 2 f0; 1; : : : ; n.�/g and s 2 Œ0; 1/ such that t D j C s, which implies

%.˚t .x/; ˚t .y// D %.˚s.˚j .x//; ˚s.˚j .y///

D %.˚s..˚1/
j .x//; ˚s..˚1/

j .y/// < ":

Consequently, F also .�; "; ˚/-spans the set K . Finally, we obtain

hspan;%.";K;˚/ D lim sup
�!1

1

�
log rspan.�; ";K;˚/

� lim sup
�!1

1

�
log rspan.n.�/; ı;K;˚1/

� lim sup
n!1

1

n � 1 log rspan.n; ı;K;˚1/

D lim sup
n!1

1

n
log rspan.n; ı;K;˚1/ D hspan;%.ı;K;˚1/:

Thus, htop;%.K;˚/ � htop;%.K;˚1/ and htop;%.˚/ � htop;%.˚1/. ut
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Finally, we prove a simple estimate for the topological entropy of a Lipschitz
map. The proof is taken from Katok and Hasselblatt [61, Theorem 3.2.9].

Proposition B.8. Let f W X ! X be a map on a metric space .X; %/, which
satisfies a global Lipschitz condition with Lipschitz constant L.f /. Assume further
that K � X is a compact set of finite upper capacitive dimension. Then

htop;%.K; f / � maxf0; logL.f /g � dimC .K/ < 1:

Proof. Let L WD maxf1;L.f /g, n � 1 and " > 0. Pick x; y 2 X with %.x; y/ <
L�n". Then for any 0 � i � n we have

%.f i .x/; f i .y// � Li%.x; y/ < Li�n" � ":

Hence,

%n;f .x; y/ D max
0�i�n %.f

i .x/; f i .y// < ":

If F � X is a minimal set which .n; "; f /-spans K , then K is covered by the
Bowen-balls of radius " and order n, centered at the elements of F . Each of these
balls contains an .L�n"/-ball (with respect to %), as we have proved. We thus obtain

rspan.n; ";K; f / � n.L�n";K/:

For L�n" < 1 we have j log.L�n"/j D j � n logL C log "j D n logL � log ", and
therefore

n D j log.L�n"/j C log "

logL
D j log.L�n"/j

logL

�
1C log "

j log.L�n"/j
	
:

We may assume that L > 1 and hence

lim
n!1

�
1C log "

j log.L�n"/j
	

D 1:

This implies

hspan;%.";K; f / D lim sup
n!1

log rspan.n; ";K; f /

n
� lim sup

n!1
logn.L�n";K/

n

D logL � lim sup
n!1

logn.L�n";K/
j log.L�n"/j � logL � dimC .K/:

It follows that htop;%.K; f / � logL � dimC .K/, as claimed. ut
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B.4 Additive and Subadditive Cocycles

Let ˚ W T � X ! X be a dynamical system on a set X with time set T 2
fZC;Z;RC;Rg. By an additive cocycle over ˚ we understand a function

a W T �X ! R

which satisfies the equality

a.t C s; x/ D a.t; x/C a.s; ˚.t; x// for all t; s 2 T and x 2 X:

In general, we do not impose any continuity assumptions on ˚ and a. However, in
a topological context, we have the following result proved in [66, Corollary 2] via
investigation of the uniform growth spectrum introduced by Grüne [53].

Theorem B.2. Let ˚ W T � X ! X be a continuous dynamical system on a
Hausdorff space X and a W T � X ! R a continuous additive cocycle over ˚ .
Then, given a compact ˚-invariant set M � X , that is, ˚t.M/ � M for all t 2 T,
we have

inf
x2M lim sup

t!1
1

t
a.t; x/ D inf

x2M lim inf
t!1

1

t
a.t; x/

D lim
t!1 inf

x2M
1

t
a.t; x/ D sup

t>0

inf
x2M

1

t
a.t; x/ (B.4)

and

sup
x2M

lim sup
t!1

1

t
a.t; x/ D sup

x2M
lim inf
t!1

1

t
a.t; x/

D lim
t!1 sup

x2M
1

t
a.t; x/ D inf

t>0
sup
x2M

1

t
a.t; x/: (B.5)

Furthermore, there are x�; x� 2 M such that

inf
x2M lim sup

t!1
1

t
a.t; x/ D lim

t!1
1

t
a.t; x�/;

sup
x2M

lim sup
t!1

1

t
a.t; x/ D lim

t!1
1

t
a.t; x�/:

A subadditive cocycle over the dynamical system ˚ is a function

a W T �X ! R

which satisfies the inequality
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a.t C s; x/ � a.t; x/C a.s; ˚.t; x// for all t; s 2 T and x 2 X: (B.6)

In the case where X is a compact metric space and both ˚ and a are continuous,
Schreiber [97, Theorem 1] shows that

sup
x2X

lim sup
t!1

1

t
a.t; x/ D lim

t!1 sup
x2X

1

t
a.t; x/ D inf

t>0
sup
x2X

1

t
a.t; x/;

using methods from ergodic theory, in particular Kingman’s subadditive ergodic
theorem. For a superadditive cocycle a (where the inequality in (B.6) is reversed),
one has the analogous result with suprema replaced by infima and vice versa, and
limsup replaced by liminf.
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in Banach spaces. In: Aulbach, B., Colonius, F. (eds.) Six Lectures on Dynamical Systems
(Augsburg, 1994), pp. 45–119. World Scientific, River Edge (1996)

6. Bachman, G., Narici, L.: Functional Analysis. Academic, New York (1966)
7. Baillieul, J.: Feedback designs in information-based control. In: Stochastic Theory and

Control (Lawrence, KS, 2001). Lecture Notes in Control and Information Scienes, vol. 280,
pp. 35–57. Springer, Berlin (2002)

8. Boichenko, V.A., Leonov, G.A.: The direct Lyapunov method in estimates for topological
entropy. J. Math. Sci. (New York) 91(6), 3370–3379 (1998). Translation from Zap. Nauchn.
Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 231 (1995), Issled. po Topol. 8, 62–75,
323 (1996)

9. Boichenko, V.A., Leonov, G.A., Reitmann, V.: Dimension Theory for Ordinary Differen-
tial Equations. Teubner-Texte zur Mathematik [Teubner Texts in Mathematics], vol. 141.
B.G. Teubner, Stuttgart (2005)

10. Bowen, R.: Entropy for group endomorphisms and homogeneous spaces. Trans. Am. Math.
Soc. 153, 401–414 (1971); Errata, Trans. Am. Math. Soc. 181, 509–510 (1973)

11. Bowen, R.: Entropy-expansive maps. Trans. Am. Math. Soc. 164, 323–331 (1972)
12. Bowen, R.: Topological entropy for noncompact sets. Trans. Am. Math. Soc. 184, 125–136

(1973)
13. Bowen, R.: Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, 2nd

revised edn. Lecture Notes in Mathematics, vol. 470. Springer, Berlin (2008)
14. Bowen, R., Ruelle, D.: The ergodic theory of axiom A flows. Invent. Math. 29(3), 181–202

(1975)
15. Bullo, F., Lewis, A.D.: Geometric Control of Mechanical Systems. Texts in Applied

Mathematics, vol. 49. Springer, New York (2005)
16. Catalan, T., Tahzibi, A.: A lower bound for topological entropy of generic non Anosov

symplectic diffeomorphisms. Preprint, arXiv:1011.2441 [math.DS] (2010)

C. Kawan, Invariance Entropy for Deterministic Control Systems, Lecture Notes
in Mathematics 2089, DOI 10.1007/978-3-319-01288-9,
© Springer International Publishing Switzerland 2013

263



264 References

17. Chicone, C.: Ordinary Differential Equations with Applications, 2nd edn. Texts in Applied
Mathematics, vol. 34. Springer, New York (2006)

18. Cohn, D.: Measure Theory. Birkhäuser, Boston (1980)
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