Appendix A

Tables of Fermat Numbers and Their Prime Factors

The problem of distinguishing prime numbers from
composite numbers and of resolving the latter
into their prime factors is known to be one of

the most important and useful in arithmetic.

Carl Friedrich Gauss
Disquisitiones arithmeticae, Sec. 329

Fermat Numbers

Fy =3,

Fy =5,

Fy =17,

F3 =257,

Fy =65537,

F5 =4294967297,

Fg =18446744073709551617,

F7 =340282366920938463463374607431768211457,

Fg =115792089237316195423570985008687907853
269984665640564039457584007913129639937,

Fy =134078079299425970995740249982058461274
793658205923933777235614437217640300735
469768018742981669034276900318581864860
50853753882811946569946433649006084097,

F19 =179769313486231590772930519078902473361
797697894230657273430081157732675805500
963132708477322407536021120113879871393
357658789768814416622492847430639474124
377767893424865485276302219601246094119
453082952085005768838150682342462881473
913110540827237163350510684586298239947
245938479716304835356329624224137217.

The only known Fermat primes are Fp,..., Fy.
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Completely Factored Composite Fermat Numbers

m | prime factor year |discoverer

5 |641 1732 | Euler

5 | 6700417 1732 | Euler

6 |274177 1855 | Clausen

6 |67280421310721* 1855 | Clausen

7 |59649589127497217 1970 | Morrison, Brillhart

7 | 5704689200685129054721 | 1970 | Morrison, Brillhart

8 |1238926361552897 1980 | Brent, Pollard

8 | pés 1980 | Brent, Pollard

9 (2424833 1903 | Western

9 |pao 1990 | Lenstra, Lenstra, Jr., Manasse, Pollard

9 Ipss” 1990 | Lenstra, Lenstra, Jr., Manasse, Pollard

10 ] 45592577 1953 | Selfridge

10 | 6487031809 1962 | Brillhart

10 | pao 1995 | Brent

10 | p2sso 1995 | Brent

11 | 319489 1899 | Cunningham

11 | 974849 1899 | Cunningham

11 |167988556341760475137 | 1988 | Brent

11 |3560841906445833920513 | 1988 | Brent

11 | pEga* 1988 | Brent

Table A.1. The only known completely factored composite Fermat numbers
F,., 5 < m < 11. The primality was proved by * Landry, Le Lasseur, and

Gérardin; ** Williams; *** Odlyzko; and **** Morain. The numbers p; stand for
primes with j digits, which are given below:

Pe2 =93461639715357977769163558199606896584051237541638188580280321,

Pag =7455602825647884208337395736200454918783366342657,

Pog =74164006262753080152478714190193747405994078109751
9023905821316144415759504705008092818711693940737,



Appendix A

pap =4659775785220018543264560743076778192897,
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D252 =130439874405488189727484768796509903946608530841611892186895295
776832416251471863574140227977573104895898783928842923844831149
032913798729088601617946094119449010595906710130531906171018354
491609619193912488538116080712299672322806217820753127014424577,

Dssa =17346244717914755543025897086430977837742184472
36640846493470190613635791928791088575910383304
08837177983810868451546421940712978306134189864
28082601454275870858924387368556397311894886939
91585455066111474202161325570172605641393943669
45793220968665108959685482705388072645828554151
93640191246493118254609287981573305779557335850
49822792800909428725675915189121186227517143192
29788100979251036035496917279912663527358783236
64719315477709142774537703829458491891759032511
09393813224860442985739716507110592444621775425
40706913047034664643603491382441723306598834177.

Composite Fermat Numbers Without Any Known Prime Factor

m

status

year

discoverer

14
20
22
24

composite
composite
composite

composite

1961
1987
1993
1999

Selfridge, Hurwitz
Young, Buell
Crandall, Doenias, Norrie, Young

Crandall, Mayer, Papadopoulos

Table A.2. Fermat numbers that are known to be composite.
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Factors of Fermat Numbers

m | prime factor year |discoverer ]
12 | 114689 1877 | Lucas, Pervouchine

12 26017793 1903 | Western

12 | 63766529 1903 | Western

12 190274191361 1974 | Hallyburton, Brillhart
12 | 1256132134125569 1986 | Baillie

13 | 2710954639361 1974 | Hallyburton, Brillhart
13 |2663848877152141313 1991 | Crandall

13 |3603109844542291969 1991 | Crandall

13 | 319546020820551643220672513 1995 | Brent

15 | 1214251009 1925 | Kraitchik

15 12327042503868417 1987 | Gostin

15 | 168768817029516972383024127016961 | 1997 | Crandall, Van Halewyn
16 | 825753601 1953 | Selfridge

16 | 188981757975021318420037633 1996 | Crandall, Dilcher

17 | 31065037602817 1978 | Gostin

18 | 13631489 1903 | Western

18 181274690703860512587777 1999 | McIntosh, Tardif

19 | 70525124609 1962 | Riesel

19 | 646730219521 1963 | Wrathall

21 | 4485296422913 1963 | Wrathall

23 167772161 1878 | Pervouchine

25 |25991531462657 1963 | Wrathall

25 |204393464266227713 1985 | Gostin

25 |2170072644496392193 1987 | McLaughlin

26 | 76861124116481 1963 | Wrathall

27 1151413703311361 1963 | Wrathall

27 1231292694251438081 1985 | Gostin

28 |1766730974551267606529 1997 | Taura

29 | 2405286912458753 1980 | Gostin, McLaughlin
30 |640126220763137 1963 | Wrathall

30 | 1095981164658689 1963 | Wrathall

Table A.3. Known prime factors of the Fermat numbers F,,,, 12 < m < 30.
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Prime Factors p = k2" + 1 of Fermat Numbers F,,
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m |p k n
5 | 641 5 7
5 | 6700417 52347 7
6 | 274177 1071 8
6 |67280421310721 262814145745 8
7 159649589127497217 116503103764643 9
7 |5704689200685129054721 11141971095088142685 9
8 |1238926361552897 604944512477 11
8 | pe2 [59 digits] 11
9 2424833 37 16
9 | pao [46 digits] 11
9 |poo [96 digits] 11

10 | 45592577 11131 12

10 | 6487031809 395937 14

10 | pao (37 digits] 12

10 | poso [248 digits] 13

11 | 319489 39 13

11 [974849 119 13

11 | 167988556341760475137 10253207784531279 14

11 |3560841906445833920513 434673084282938711 13

11 | psea [560 digits] 13

12 | 114689 7 14

12 126017793 397 16

12 | 63766529 973 16

12 | 190274191361 11613415 14

12 | 1256132134125569 76668221077 14

13 | 2710954639361 41365885 16

13 |2663848877152141313 20323554055421 17

13 | 3603109844542291969 6872386635861 19

13 | 319546020820551643220672513 | 609485665932753836099 19

15 | 1214251009 579 21

15 |2327042503868417 17753925353 17

15 | 168768 ... 016961 1287603889690528658928101555 |17

Table A.4. The form p = k2" + 1 of prime factors of the Fermat numbers Fi,,
5 < m < 15. The primes p; are listed after Table A.1.
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m |p k n

16 | 825753601 1575 19
16 | 188981757975021318420037633 | 180227048850079840107 | 20
17 | 31065037602817 59251857 19
18 | 13631489 13 20
18 | 81274690703860512587777 9688698137266697 23
19 | 70525124609 33629 21
19 | 646730219521 308385 21
21 | 4485296422913 534689 23
23 (167772161 5 25
25 |25991531462657 48413 29
25 [204393464266227713 1522849979 27
25 [2170072644496392193 16168301139 27
26 | 76861124116481 143165 29
27 1151413703311361 141015 30
27 |231292694251438081 430816215 29
28 11766730974551267606529 25709319373 36
29 [2405286912458753 1120049 31
30 |640126220763137 149041 32
30 | 1095981164658689 127589 33

Table A.5. The form p = k2™ + 1 of prime factors of the Fermat numbers F,,,
16 <m < 30.

Further factors of F,, can be found in [Brillhart, Lehmer, Selfridge, Tuckerman,
Wagstaff] and [wwwl].
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Mersenne Numbers

The numbers 2™ — 1 are prime for
n=2,3,571713,17,19,31,67,127, 257
and composite for all other

positive integers n < 257.

Incorrect statement by

Father Marin Mersenne,

from Preface to his Cogitata
Physica-Mathematica (1644)

The number M, = 27 — 1, where p is prime, is called a Mersenne number. If
2P — 1 itself is prime, then it is called a Mersenne prime. Primes of this type were
investigated by the French mathematician Marin Mersenne (1588-1648).

Notice that the number 29 — 1 for integers ¢ > 1 and j > 1 can be written as a
product of two nontrivial factors:

(B.1) 29 1= (20— 1)(210~Y 4 200-D ...y 2 4 1),

This is why we require that the exponent p of the Mersenne number 27 — 1 be
prime. By a contradiction argument, factorization (B.1) immediately leads to the
following theorem, which was already known by Pierre de Fermat (see [Dickson,
p-12], [Mahoney, p.294]).

Theorem B.1. If 2P — 1 is prime, then so is p.

We see that the first four prime exponents p = 2, 3, 5, 7 yield the primes
3, 7, 31, 127. However, for p = 11 the number 21! — 1 = 2047 is divisible by 23.
Hence, the converse of Theorem B.1 does not hold. The foregoing example with
p = 11 is generalized in Theorem B.4 below.

At the present time, almost 40 Mersenne primes have been discovered, but very
little is know about their distribution (some empirical formulae are surveyed, e.g.,
in [Schroeder]). The number M, is prime if

p=2,3,5 17 13,17, 19, 31, 61, 89,
107, 127, 521, 607, 1279, 2203, 2281, 3217, 4253, 4423,
9689, 9941, 11213, 19937, 21701, 23209, 44497, 86243, 110503, 132049,
216091, 756839, 859433, 1257787, 1398269, 2976221, 3021377, 7, 6972593, ... .
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Here the symbol ? indicates that as of 2000 not all lower exponents have been
checked, i.e., it was not known whether 6972593 is the next Mersenne prime expo-
nent after 3021377. According to [Kraitchik, 1952], Fermat himself factored 27 — 1
for p = 11,23, 37. His results led him to the discovery of Fermat’s little theorem.
Let us denote by M(n) the nth Mersenne prime, ie., M(1) = 22 -1 = 3,
M2)=22-1=7,MB)=2"-1=31, M(4)=2"-1=127,.... In Figure B.1
we observe an interesting pattern in the distribution of the Mersenne primes M (n).

Figure B.1. The values of log,(log, M(n)) versus n.

The 37th Mersenne prime number M (37) = 23921377 — 1 was discovered in 1998.
It has more than nine hundred thousand digits. The largest known Mersenne prime,
26972593 _ 1 was discovered in 1999 and has more than two million digits. This is
the first known prime with more than one million digits. A table of discoverers of
Mersenne primes including the year of the discovery is, e.g., in [Ribenboim, 1996,
p-94] and in [www2].

Theorem B.2 (Lucas-Lehmer Test). Let S; = 4 and Si41 = S — 2 for
k=1,2,... . Then, for p > 2, the Mersenne number M, = 2P — 1 is prime if and
only if M, divides S,_1.

For a proof see [Lehmer, 1930, Theorem 5.4] or [Riesel, 1985, p. 126].

A table of factors of the Mersenne numbers M,, p < 257 prime, is contained in
[Riesel, 1985]. For more extensive tables see [Brillhart, Lehmer, Selfridge, Tucker-
man, Wagstaff]. A general form of possible divisors of Mersenne numbers is given
by the following theorem, which was also known by Fermat (see [Dickson, p.12],
[Mahoney, p.294]).

Theorem B.3. Let p > 2 be a prime. Then all prime divisors of 2P — 1 have
the form 2kp + 1.

Proof. Let ¢ be a prime divisor of 22 — 1. Then 2P =1 (mod g). Since p is
prime and 2! # 1 (mod ¢), we derive that ord,2 = p. By Fermat’s little theorem
(i.e., 2271 =1 (mod gq)) we get p | ¢ — 1. Thus there exists j such that jp = ¢ — 1.
Since p is odd and q — 1 is even, j = 2k for some integer k. O

The following theorem was also suggested by Fermat and later proved by Euler
and independently also by Lagrange.

Theorem B.4. Let p be a prime such that p = 3 (mod 4). Then 2p+ 1| M, if
and only if 2p + 1 is prime.
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For a proof see, e.g., [Ribenboim, 1996, pp.90-91], [Robbins, p.149]. Thus if
p=11,23,83,..., then M, has a factor 23,47, 167, ... (compare with Remark 5.32
on the Sophie Germain primes).

Theorem B.5. If n | M, and p > 2, then n = +1 (mod 8).
For the proof see [Ribenboim, 1991, p. 66].

There is an interesting connection between Mersenne primes and the perfect
numbers. Recall that a natural number n is said to be perfect if it is equal to
the sum of all its divisors less than n. For example, the numbers 6 and 28 are
perfect, since 6 =1+ 2+ 3 and 28 =1+ 2+ 4+ 7+ 14. Let » be an arbitrary
natural number. Denote by o(n) the sum of all its positive divisors. Then we
have an equivalent definition, namely, n is perfect if and only if o(n) = 2n. A
necessary and sufficient condition for an even number n to be perfect is that it be
of the form n = 2P~1(2P — 1), where p > 1 is a natural number and 27 — 1 is a
prime (i.e., p is also prime). Euclid (4th-3rd century B.C.) already knew that this
condition is sufficient, but did not know whether it is also necessary. This question
was answered two millennia later by Leonhard Euler (1707-1783), who proved its
necessity.

Theorem B.6 (Euclid). If 2P — 1 is prime, then the number n = 2P~1(2P — 1)
is perfect.

Proof. We have

o(n) = 0@ o2 —1) = 2L (142 1) = (2"~ 12" =2,

and thus n is perfect. |
Theorem B.7 (Euler). All even perfect numbers are of the form

n=2P"1(2F - 1),

where p > 1 and 2P — 1 is a prime.

Proof. If niseven, then we can write n = 2P~ 1u, where p > 1 and u is odd.
Since 2P~ ! and u are coprime, the sum of the divisors of n is equal to

o(n) = o(2*"No(u) = (27 — )a(u).
If n is perfect, we have
o(n) = 2n = 2Pu,

and thus
(27 ~ 1)o(u) = 2Pu.

Since 2P — 1 and 2P are coprime, we see that o(u) = 2Pt and u = (2P — 1)t, where
t is a natural number. However, since u has at least the divisors 1, ¢, 2P — 1, and
t(2P — 1) for t > 1, the sum of the divisors of u satisfies the inequality

o(u) > 1+t +2°P — 14+ ¢(2P — 1) = 2P(1 + ),



216 17 lectures on Fermat numbers

which contradicts ¢(u) = 2Pt. Therefore, t = 1. But then o(u) > 1+ 2° — 1 = 27,
and the required equality becomes true only if 2P — 1 is a prime. O

According to Theorems B.6 and B.7, there is another interesting relation between
the even perfect numbers n and the Mersenne primes M,,, namely,

2P 4
n:2”_1(2”—1):—2——(2”—1):1+2+---+(2”—1):Zi.

Theorem B.8. If you sum the digits of any even perfect number greater than
6, then sum the digits of the resulting number, and repeat this process until you
get a single digit, then that digit will be one.

For the proof see [www2].
The following theorem can be found in [Kraitchik, 1952].

Theorem B.9 (Heath). Every even perfect number 2P71(2P — 1) for p > 2 is
the sum of cubes of 2(P~Y/2 odd numbers.

P roof. First note that by Theorems B.1 and B.7, p is prime. Let p > 2.
Setting k = (p — 1)/2 and m = 2F, we get

m

s=134+334+5%+... 4+ 2m—1)° Z(Zk—l =) (8k® — 12k + 6k — 1)
k=1
2 2 2 1
_gMm (m+1) _12m(m+1)( m+1) +6m(m+ )~m
4 6 2
= m?(2m? - 1).
Now we see that s = 22k(22k+1 _ 1) = 2p=1(2pP — 1), O

Recall (see Theorem 5.11) that all Mersenne numbers are primes or pscudo-
primes, that is,
2Mr =2 (mod M,).

There are many open problems concerning Mersenne numbers. It is conjectured
that there are infinitely many Mersenne primes, and thus infinitely many perfect
numbers. However, up to now we do not know whether there is an odd perfect
number. There are only necessary conditions for such a number to exist. For
instance, it has been proved that each odd perfect number is larger than 103°° and
has at least 8 different prime divisors. We also know that each odd perfect number
has the form 125 + 1 or 365 + 9 for a suitable integer j.

It has also been conjectured that the prime M, yields another prime Mu, =
2M> _ 1. However, a counterexample was found for p = 13, since M3 = 8191 is
prime, whereas 28191 —1 is composite (see [Ribenboim, 1987]). Anyway, there is still
another unsolved conjecture: whether the sequence mg41 = 2™* — 1 starting from
m = 2 contains only primes. Indeed, the first five terms m; = 2, my =22 —1 = 3,
my3=23~1=7my=2"—1=127, and

ms = 2127 — 1 = 170141183460469231731687303715884105727
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are the Mersenne primes My, My, M3, M7, and My97. The character of mg is
unknown at the present time. However, if m; were to be composite for some k,
then my4, would also be composite due to (B.1).

Other well-known conjectures include the following: Are there infinitely many
composite Mersenne numbers? Is every Mersenne number square-free? (Cf. [Rotkie-
wicz, 1965] and also later [Warren, Bray].) We know only that if a prime p divides
a Mersenne number M, then

PP | M, <= 2P"'=1 (modp?) (Wieferich’s congruence).

For more information about the Mersenne numbers see, e.g., [Dickson], [Riben-
boim, 1996], or [www3]. The Mersenne number transform, which is defined simi-
larly to the Fermat number transform (15.1), is examined, e.g., in [Crandall, Fagin],
[Dimitrov, Cooklev, Donevsky], [Elliott, Rao, p.425], [Gorshkov, 1994b], [Kucera].

EN CETTE EGLISE FUT BAPTISE
LE 8 SEPTEMBRE 1588

MARIN  MERSENNE

B

RELIGIEUX DE L ORDRE DES PERES MIHIMESLE
NE LE MEME JOUR AU BOURG D'0IZE '8

INITIATEUR DE L ESPRIT SCIENTIFIQUE &
“SECRETAIRE DE L EUROPE SAVANTE"}
PERE SPIRITUEL DE L ACADEMIE DES SCIENCE

' ©3:09-88

Figure B.2. Memorial plaque of Marin Mersenne at his birthplace in Oizé (dépt.
Sarthe, formerly dépt. Maine, France).
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Remembrance of Pierre de Fermat

Fermat, U'un des plus beaux génies
qui atent illustré la France.
1839
CAUCHY

Inscription on the base of Fermat’s
statue in Beaumont-de-Lomagne.

\

Figure C.1. Birthplace of Pierre de Fermat in Beaumont-de-Lomagne.
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Figure C.2. Memorial plaque of Pierre de Fermat at his birthplace.
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Figure C.3. Statue of Pierre de Fermat in his native Beaumont-de-Lomagne.
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Figure C.4. Fermat and a muse in the “Salle des Illustres” in Capitole of Toulouse
(see [Hiriart-Urruty, p. 53] for details).
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Figure C.5. Bust of Pierre de Fermat in the “Salle Henri-Martin” in Capitole of
Toulouse.

Figure C.6. Lycée Pierre de Fermat and College Pierre de Fermat in Toulouse.
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Figure C.7. Statue of Pierre de Fermat in “Musée des Augustins” in Toulouse.
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Figure C.8. Portrait of Pierre de Fermat by Roland Lefévre in the Narbonne
City Museums, France.
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Figure C.9. Fermat’s autographical testament (with his signature) saved in the
Museum of Pierre de Fermat in Beaumont-de-Lomagne.
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parabola vii, xii, xiv, 180
paraboloid xiv
parallel implementation 170
parametrization 101
patteru re-ognition 167
period 180-186
minimal 180, 181, 183
periodicity 182
permutation 48
physical particles 17
point, accumulation 177
bifurcation 177
Fermat ix, x
fixed 54
lattice 12
polygon, constructible regular 205
regular 2, 33-35, 85, 97, 109, 117,
159, 164, 191, 194
polygonal shape 96
polyhedra, Platonic 163, 164
polyhedron, regular 163, 164
polynomial, algebraic xiv
cyclotomic 148, 150, 181-186, 192
fundamental symmetric 85
in two variables 182
irreducible 192
irreducible lower-order 183
minimal 189, 190, 192
monic 98, 189
nonzero 189
polynomial time 8
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power 31, 152
composite prime 152
higher 121-124, 126-129
negative 173
perfect 94, 150, 152, 155
prime 97-99, 149
precision, finite 167
primality 5, 7, 47, 50, 51 56, 58, 73
primality testing 6, 41, 71, 153, 173
prime xii, xvi, 2, 3, 9, 41, 45-47, 56,
59, 63, 70, 111, 147, 148, 163, 165,
169, 181
Cullen 157
elite 44, 163
Fermat 1-3, 54-57, 85, 88, 91, 93,
97, 99, 109, 110, 117, 118, 120, 125,
144, 157-159, 163, 184, 194, 206, 207
irregular xii
Mersenne 153, 154, 213-217
odd xv, 51-53, 56, 87, 140, 155, 156
probable 137, 138, 148, 154
Sophie Germain 54, 215
Wieferich’s 68, 69
principle 164, 206
Dirichlet pigeonhole 111
Fermat vii, xvi
well-ordering xiii, 11
probability xvi, 137, 138, 158
problem, algebraic 205
deconvolution 171
four-line xv
geometric xv, 205
of the duplicated cube 202
processing, digital signal 3, 165
image 167
product, infinite 113
pointwise 168
progression 178
arithmetic 22, 77, 139
geometric 169, 178
projection, orthogonal 203
pseudoprime 3, 36, 37, 44, 47, 131-135
137, 139, 141, 142, 149, 150, 152,
153, 165, 216
absolute 135-137
Euler 137-139, 150, 151
Fermat d 136, 137

for the function 144

odd 133

strong 137-139, 147, 150152
to the base 137

quadratic nonresidue 23, 30, 44, 50, 52,
54, 174 »

quadratrix xiv

quadrature xiv

quantization 167

quotient, Fermat 17

radar 171
ratio 154
rationality 109
reciprocal 104, 109
record 174
regular heptadecagon 33, 34, 193, 197,
198, 203
heptagon 194
nonagon 194
pentagon 3, 34, 198, 202, 203
triangle 34, 198
n-gon 3, 34, 203-205
p-gon 48
2'n-gon 205
7-gon 3
9-gon 3, 205
15-gon 205
17-gon 3, 194, 196, 204
60-gon 33
257-gon 3, 34, 204
65537-gon 3, 34, 204
relation, divisibility 96
recurrence 27
reflexive 14
symmetric 14
transitive 14
remainder 11, 15, 16, 55-57, 173-176,
202
repeller-curve 185
representation, balanced 168
binary 121
residue, cubic 64
quadratic 23, 24, 50, 64, 100, 120
kth power 64
nonnegative 94
nonzero 202
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of @ modulo m 13 periodic 168
root 2, 189, 190, 198, 201, 202, 205 transformed 168
incongruent primitive 20 simulation of physical processes 173
of unity 191 Sino-representation 16
primitive 9, 18, 20, 22, 24, 30, 41, solution, analytic xv
42, 50, 54, 56, 64, 145, 174, 186, 192, computable 85
201 general 15
smallest primitive 202 integer 12
square 6, 171, 197 nonconstant periodic 178
rotation 48 nonperiodic 180, 181
round-off error 167, 171 nontrivial 85
ruler 2, 3, 33-35, 85, 109, 117, 187, periodic 179-184, 186
190-192, 194, 197, 202, 205, 206 trivial 181, 183
true 8
scheme, hashing 3, 165, 174 unstable 177, 178
iteration 54, 55 sonar 171
semiperimeter 97 space 188
sequence 46, 72, 113, 179, 180 spiral xv
bounded 179 Fermat vii
cyclic 54 square xiii, 6, 7, 10, 11, 17, 31, 49, 50,
deterministic 173 63, 68, 94, 98, 99, 150, 151, 161
Fibonacci 114, 115 magic ix, xv
increasing 104, 113 perfect 94, 152
Lucas 114, 119, 182 square-free kernel 140, 150
monotonically increasing 35 star, 17-pointed 194, 196
monotone 159 stereometry 163
of positive integers 113 straight line 12
of pseudorandom numbers 174 straight line segment 197
of random numbers 173 straightedge 2
periodic 57, 174 structural vibration 167
pscudorandom 173 subfield 187, 192
set, covering 72, 73 subgraph 55
finite 54 subideal 154
fractal 35, 179 subgroup 192
key 174 subsequence 182
linearly independent 188, 189 sum, irrational 108
Mandelbrot 179, 180 of the series 104, 107, 108, 114
of positive integers 75 of the reciprocals 108, 162
of prime numbers 75 superpseudoprime 3, 139, 141-144,
of primes 22, 76 150-152, 160
Sierpinski fractal 35 supercomputer 4
sieve, number field 4 supercomputing 7
of Eratosthenes 9 symbol, Jacobi 25, 42-44, 137
signal 166-168, 170 Legendre 23-25, 151
complex 171 symmetrization 55
digital 167 symmetry 17, 82, 86

filtering 170 . system, binary 32
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convolution 171 190-192, 194, 205
dynamical 178 Goldbach 33, 38, 40, 45, 47, 56, 60,
dynamical biological 177 69, 112, 132, 134, 143, 147, 152, 161,
of congruences 72 176, 184
of equations 191 Heath 216
of simultaneous congruences 14 Inkeri 46
Jones, Pearce 57
tangent vii, xiv, xv Korselt 136
test, deterministic primality 47, 138 Lucas 6, 39, 40, 49, 59, 64, 68, 74,
Lucas 41 76, 101, 143, 152, 159, 160-162
Lucas-Lehmer 182, 214 McIntosh 46
Pepin’s 5, 42, 43, 46, 56, 70, 165 Pocklington 70, 71
primality 49, 70 prime number 5, 135, 158
probabilistic primality 137, 138 Proth 70, 71
Selfridge 42 Raclig 30
Solovay—Strassen primality 138 Rotkiewicz 133, 139
statistical 173 Sédndor 113
strong probabilistic primality 47 Schinzel 140, 143
tetrahedron 163, 164 Sierpinski 71, 72
theorem, Antonyuk, Stanyukovich 185 Sophie Germain 32
binomial 60, 68, 74, 151 Suyama 40, 70, 71, 78, 79
Bolyai 31 Szalay 55
Carmichael 21, 136, 145 Szymiczek 153
Chang 176 Wieferich 69
Chinese remainder 14-16, 22, 71, Wilson 47-49
150, 171 Zsigmondy 140, 144
Cipolla 132, 133, 152 theory, algebraic number 154
converse 163 analytic number 73
Dirichlet 22, 77, 162 Galois 33, 187, 192
Euclid 9, 215 Gauss 193
Euclid for a right triangle 197 group 3
Euclid on the infinitude of primes 9, Jacobi x
33 number vii, xiii, 14, 16, 22, 33, 35,
Erdés 113 94, 130, 158, 165
Erdés, Straus 113 of chaos 177
Euler 20, 21, 38, 41, 42, 49, 175, 215 of fields 188
Fermat’s last vii, xi, xii, xvi, 1, 68, of indices 18
69 perturbation 182, 184
Fermat’s last, first case 69 transcendence 115
Fermat’s little vii, xv—xvii, 1, 6, 16—  transform, digital 167
18, 24, 30, 31, 36, 38, 45, 47, 60, 64, discrete Fourier 167
70, 119, 130, 132, 135, 138, 140, 151, discrete weighted 171
157, 214 fast Fourier 167
four-squares x Fermat number 3, 165, 170
fundamental of algebra 198 Fourier 166, 167, 171
fundamental of arithmetic 9, 10 inverse 168

Gauss 33, 34, 109, 164, 187, 188, Laplace 166
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linear invertible 168
Mersenne number 217
number-theoretic 165, 171
pseudo-Fermat number 170
transformation 169
transition to chaos 178
transitivity 14, 188
tree, bifurcation 184, 186
binary 56
of cyclotomic polynomials 186
trial division 3, 6, 63
triangle x, 100
equilateral x
Heron 97, 98

257

infinite 80
isosceles 98
Pascal 35, 80-83, 85, 86
Pythagorean xiii
right 197, 203
similar 191
trigonometry ix
triple, Pythagorean 98-100
reduced Pythagorean 101
twin primes 66, 157

universe 4, 187
vertex 55, 164
windows 178, 180

Rue Fermat in Paris.



