Appendix A

Nonexponential Asymptotic Solutions of Systems
of Functional-Differential Equations

As was mentioned in the introduction, the methods presented for constructing
particular solutions are valid for a wider class of objects than systems of ordinary
differential equations, among the simplest of which are systems of differential
equations with deviating arguments:
xP D f .x.t/; x.t C t1 /; : : : ; x.t C ts // ; x 2 Rn ; t1 ; : : : ; ts 2 R;

(A.1)



where f D f x.0/ ; x.1/ ; : : : ; x.s/ is a smooth vector function of its arguments, where
we will suppose that each of its components can be expanded in a Maclaurin series
in the component vectors x.0/ D x.t/; : : : ; x.s/ D x.t C ts /.
For an acquaintance with the theory of such systems we can recommend the
monograph [47]. We suppose that x.t/  0 is a trivial solution of the system (A.1),
i.e. f.0; 0; : : : ; 0/ D 0. Then the question of the stability of such a solution arises
entirely naturally. The Lyapunov theory of stability with some (occasionally very
substantive) changes translates to systems with deviating arguments. We won’t
dwell on the details and refer to the monograph [47] just cited. N.N. Krasovskiy
proved theorems about stability and instability with respect to the first approximation (see his original paper [123] or see [47]). These theorems were mainly
proved by means of the second Lyapunov method, which is likewise used for the
analysis of critical cases [165–168]. It should be noted right away that the analysis
of critical cases for systems of equations with a deviating argument is a highly
laborious problem and that stability criteria are practically never expressed in terms
of the coefficients of the original system. Thus the classical ideas of Lyapunov’s
first method is rather rarely used in the theory of such systems. We show that these
ideas are useful in obtaining necessary conditions for instability precisely in the
critical cases. For systems of the type considered, an important theorem on the center
manifold was proved by Yu.S. Osipov under additional assumptions [147], which
allowed the connection of investigations of the critical cases of stability of systems
of equations with deviating argument with the analysis of certain finite-dimensional
systems of differential equations. We will consider “supercritical” cases, where all
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the roots of the first approximation system are zero and, consequently, reduction on
the finite-dimensional center manifold is impossible.
We equip the space .Rn /sC1 of variables x.0/ ; x.1/ ; : : : ; x.s/ with a quasihomogeneous structure. As usual, let G be some matrix with real elements, whose
eigenvalues have strictly positive real parts. We represent the group of quasihomogeneous dilations in the following form:
G
G
x.0/ 7! G
.0/ x; x.1/ 7! .1/ x; : : : ; x.s/ 7! .s/ x:

Definition A.1. We say that the system of equations (A.1) is quasihomogeneous
with respect to the quasihomogeneous structure generated by the matrix G, and we
denote its right side by f D fq if, for any x.0/ , x.1/ ; : : : ; x.s/ and any  2 RC ; the
following equality is satisfied:




G
G
GCE
fq G
fq x.0/ ; x.1/ ; : : : ; x.s/ :
.0/ x; .1/ x; : : : ; .s/ x D 

(A.2)

It should be noted that, although for quasihomogeneous systems of ordinary
differential equations the quasihomogeneous structure itself gives rise to a particular
solution of ray type, quasihomogeneous systems of equations with deviating
arguments generally don’t have such solutions.
Definition A.2. We call the system of equations (A.1) semi-quasihomogeneous
with respect to the structure generated by the matrix G if its right side can be
represented as a formal sum
1

 X


fqCm x.0/ ; x.1/ ; : : : ; x.s/
fq x.0/ ; x.1/ ; : : : ; x.s/ D
mD0

such that there exists a positive number ˇ such that, for any
x.0/ ; x.1/ ; : : : ; x.s/
and for any m D 0; 1; 2; : : : ; the form fqCm satisfies the equality:




G
G
GCmˇE
fqCm G
fqCm x.0/ ; x.1/ ; : : : ; x.s/ :
.0/ x; .1/ x; : : : ; .s/ x 

(A.3)

By virtue of the specific systems of equations of type (A.1), it makes sense only to
consider positive semi-quasihomogeneous systems, so that everywhere in the sequel
we will assume that ˇ > 0.
The selection of quasihomogeneous truncations of systems of equations with a
deviating argument can be realized with the aid of the already described technique
of Newton manifolds, which we will amply employ.
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We consider a model system of ordinary differential equations:
xP D gq .x/;

(A.4)

where
gq .x/ D fq .x; : : : ; x/:
It turns out that, in the “supercritical” case, a deviating argument in fact has no
effect on the instability of the system. Roughly speaking, if system (A.4) is unstable,
so too will system (A.1) be unstable. More precisely, the following assertion holds,
which generalizes a theorem in the article [64].
Theorem A.1. Let the system (A.1) be semi-quasihomogeneous and suppose that
all the following conditions hold:




1. There exist a vector x0 2 Rn , x0 ¤ 0 and a number  D ˙1 such that the
following equality holds:




  Gx0 D gq .x0 /;
sign  D sign tj ;

2.

j D 1; : : : ; s:

(A.5)
(A.6)

Then system (A.1) has a particular solution x.t/ ! 0 as St !   1.
Proof.
First step.

Construction of a formal solution.

We will look for the solution in the customary form:
x.t/ D . t/G

1
X

xk .ln. t// . t/kˇ :

(A.7)

kD0

For proving the existence of a formal solution of system (A.1) in the form (A.7),
we apply Theorem 3.3.2. Let tj ¤ 0 be one of the numbers t1 ; : : : ; ts . We consider
the formal expansion of the vector function x.j /.t/ D x.t C tj / in powers of the
quantity tj :
1
X
x.p/ .t/
.tj /p :
x.j /.t/ D
pŠ
pD0
From this expansion it is clear that from the formal point of view the system of
equations (A.1) can be rewritten in the form of the following system of ordinary
differential equations


xP D Qf x.t/; xP .t/; xR .t/; : : : ; x.p/ .t/; : : : ;
whose right side contains an unlimited number of higher order derivatives.

(A.8)
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System (A.8), implicit in (and generally unsolvable for) the higher derivatives, is
positive semi-quasihomogeneous with respect to the structure given by the matrix G
in the sense of Definition 3.3.5. Its quasihomogeneous truncation clearly coincides
with the system of ordinary differential equations (A.4) (see Eqs. (A.2) and (A.3))
which, in view of (A.5), has a solution in the form of a quasihomogeneous ray.
Therefore the existence of a formal particular solution of system (A.1) in the form
(A.7) automatically follows from Theorem 3.3.2.
It should be noted that we did not use condition (A.6) for constructing a formal
asymptotic solution for the system considered.
Second step. The proof of existence of an asymptotic solution for system (A.1),
for which (A.7) is an asymptotic expansion.
We make a change of dependent and independent variables by the formulas:
x.t/ D . t/G y./;

 D "1 . t/ˇ ;

0 < "  1:

After this, system (A.1) assumes the form:
 ˇ

X


dy
"m  m fqCm y.0/ .; "/; : : : ; y.s/ .; "/ ;
./ D  Gy./ C
d
mD0

(A.9)

where we have introduced the following notation:
G  
ˇ 

;
y  1 C  tj ."/1=ˇ
y.j /.; "/ D 1 C  tj ."/1=ˇ
j D 0; : : : ; s;

t0 D 0:

Let y./ be a continuous function on the interval Œ0; 1. It is easy to see that, as
" ! 0C; the vector function y.j /.; "/ tends to y./ uniformly on Œ0; 1; for any
j D 0; : : : ; s.
The rest of the proof is almost an exact repetition of the proof of Theorem 1.1.2
(second step), in connection with the application to system (A.9) of the implicit
function theorem [94]. From this alone we get a clear sense of condition (A.6): for
its satisfaction y.j /.; "/ belongs to CŒ0; 1 only if the vector function y./ belongs
to CŒ0; 1; along with its first derivative, and " > 0 is sufficiently small.
The only essential difference in the proof of the given theorem from the proof of
Theorem 1.1.2 consists of the following. Consider the linear operator
T.j / ."/W B1; ! B0; ;

j D 1; : : : ; s;

acting on vector functions z 2 B1; according to the rule:
T.j / ."/.z/./ D

G  
ˇ 

:
z  1 C  tj ."/1=ˇ
D z.j / .; "/ D 1 C  tj ."/1=ˇ
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It should be kept in mind that T.j / ."/ can be considered on a much larger space,
i.e. as a linear operator mapping the space B0; into itself. However, T.j / ."/ is a
continuous operator only as a transformation from B1; into B0; . For example,
the proof presented doesn’t hold for a system of equations of neutral type where the
deviating arguments enter into the expression with the higher derivatives (regarding
classical systems of equations with deviating argument, see the monograph [47]).
Thus we prove the continuity of T.j / ."/ in ". This proof is based on the mean
value theorem and the fact that the positive constant ˇ can always be taken to be
less than unity:


T.j / ."1 /  T.j / ."2 /z D
0;

 

ˇ 

1=ˇ G

z  1 C  tj ."1 /1=ˇ
D  1 C  tj ."1 /



G
ˇ 

 1 C  tj ."2 /1=ˇ
z  1 C  tj ."2 /1=ˇ
 
0;




C1=ˇ
1=ˇ .GCE/
 tj G 1 C  tj ."/

 sup2Œ0;1;"2.0;"0 / 
 
 


ˇ
.GC.ˇC1/E/

C 1 C  tj ."/1=ˇ
 z  1 C  tj ."/1=ˇ
 




ˇ 
 1 C  tj ."/1=ˇ  ˇ z0  1 C  tj ."/1=ˇ

ˇ
ˇ
ˇ
ˇ
ˇ 1=ˇ
ˇ 1=ˇ
1=ˇ ˇ
1=ˇ ˇ
 ˇ"1  "2 ˇ  C kzk1; ˇ"1  "2 ˇ ;
where z 2 B1; is an arbitrary vector function and the constant C > 0 doesn’t
depend on z.
The theorem is proved.
To illustrate the proof of the theorem, we consider a simple example.
Example A.1. We consider a system of two differential equations:
1
x.t/
P
D  x 4 .t/;
3

2
y.t/
P D  x.t C t1 /y 2 .t/:
3

According to the terminology we have introduced, this system is quasihomogeneous with respect to the structure given by the matrix G D diag .1=3; 2=3/ which,
as has already been noted, doesn’t guarantee the existence of a particular solution in
the form of a quasihomogeneous ray. It is, nonetheless, rather easy to “guess” at an
asymptotic solution as t ! ˙1 of the system considered:
x.t/ D t 1=3 ;

y.t/ D .t C t1 /2=3 :

This asymptotic solution admits an expansion into a series of form (A.7)
x.t/ D t 1=3 ;

y.t/ D t 2=3

5
2 t1
C
1
3t
9

!
 2
t1
 ::: :
t
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The model system of ordinary differential equations
1
xP D  x 4 ;
3

2
y.t/
P D  xy 2 ;
3

has a particular solution in the form of a ray,
x ˙ .t/ D t 1=3 ;

y ˙ .t/ D t 2=3 ;

which represents the principal term of the asymptotic expansion of the particular
solution we found for the full system.
Theorem A.1 has important applications in stability theory.
Theorem A.2. Let the system of equations (A.1) of delay type .tj < 0; j D 1; : : : ; s/

n
be semi-quasihomogeneous and let there exist a vector x
0 2 R , x0 such that the
equality

Gx
0 D gq .x0 /:
holds. Then the trivial solution, x.t/  0; of (A.1) is unstable.
Proof. This is immediate from the existence of a particular solution of the system
(A.1): x.t/ ! 0 as t ! 1.
Remark A.1. From Theorem A.1 it follows that, by fulfilling the specified hypothesis, a system of advanced type (i.e. tj > 0, j D 1; : : : ; s) has a particular solution
that is smooth on some positive half-line ŒT; C1/. This is a rather remarkable fact
in that the Cauchy problem, as is known, isn’t ÜÜwell posedÝÝ for the advanced
problem.
The series constructed in Example A.1 are clearly convergent for jtj > jt1 j. In
the general case, the problem of determining the convergence of the series (A.7)
is more complicated than for ordinary differential equations and we won’t dwell
on it at length. Evidently the fact that a method of Chap. 1, based on the implicit
function theorem, was applied to the system under investigation attests in favor of
convergence. On the other hand, for the proof of the existence of a formal solution,
we use Theorem 3.3.2, which is the route we expect to follow in analyzing singular
problems for which formal series typically diverge. However, we remark that, as
in the case of ordinary equations, the presence of a nontrivial linear part leads to
divergence of the asymptotic series. The formulation of the theorem on the existence
of asymptotic solutions in this case would require a discussion of the theory of the
center manifold for systems of functional-differential equations, so that we will not
present a general result here, but rather confine ourselves to considering examples
analogous to Example 3.1.1. Some general results can be found in the article [64].
Example A.2. We consider a system of two equations
xP D x.t/ C y.t C t1 /;

yP D y 2 .t/;

t1 < 0;
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the second of which has the obvious solution y.t/ D t 1 . Upon substitution into the
first equation we obtain
x.t/ D e

t

Z

t
1

.s C t1 /1 e s ds:

This function clearly belongs to the space C1 .1; t1 /, tends to zero as t ! 1
and its expansion into a formal series may diverge everywhere (although it is Borel
summable [75]).
1
X
.k  1/Š.t C t1 /k :
x.t/ D
kD1

This series can be converted into a power series in whole negative powers of t.
We find the asymptotic of its coefficients:
x.t/ D e

t1

Z

t1

1 

. C t/ e d D e

t1

1

1
X

.k; t1 /t k ;

kD1

where
Z
.k; / D

1

uk1 e u du

is the incomplete Euler gamma function [91].
It is easy to see that the following bound holds:
.k; /  .k  1/Š  k 1

k

:

An account of the above method extends, generally speaking, to a broader class
of systems. It evidently applies to functional-differential equations of the Volterra
type in their most general form (for an account of the theory of these equations
see the monograph [73]). Here we won’t, however, introduce such generality and
merely show how to apply this circle of ideas to autonomous functional-differential
equations of the retarded type with discrete and distributed time lags. Thus we
consider a system of equations to the form
Rt
xP D f.x.t/; x.t  t1 /; : : : ; x.t  ts /; 1 L1 .t  u/x.u/ du; : : : ;
Rt
: : : ; 1 Lr .t  u/x.u/ du/

(A.10)

where t1 > 0, i D 1; : : : ; s (for a system of retarded type with discrete time lags we
will ascribe a minus sign), the Lj ./, j D 1; : : : ; r; are matrix functions that are
continuous on the positive interval .0; C1/, and


f D f x.0/ ; x.1/ ; : : : ; x.s/ ; xŒ1 ; : : : ; xŒr
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is a smooth vector function in its arguments, where we have introduced the notation:
Z
xŒ1 D

Z

t

1

L1 .t  u/x.u/ du; : : : ; xŒr D

t
1

Lr .t  u/x.u/ du:

As before, let x.t/  0 be the trivial solution of the system considered. Our goal
will be to establish instability criteria of this solution in “supercritical” cases. If
there are no terms with discrete lags x.1/ ; : : : ; x.s/ on the right side of system (A.10),
then (A.10) is a system of integro-differential equations of Volterra type (for the
basic theory of these systems, see e.g. [35]). In noncritical cases an analogue of
Lyapunov’s first method has been worked out for systems of such form [162, 163].
We make additional assumptions regarding system (A.10). Usually we assume
that the components of the matrices Lj ./, j D 1; : : : ; r are exponentially decreasing, i.e. that we have the inequalities
kLj ./k  Lj e aj  ;

 2 .0; C1/;

j D 1; : : : ; r:

We impose harsher conditions on the matrices Lj ./, i.e. we suppose that they
can be expanded in absolutely convergent series of the form:
Lj ./ D

1
X



e ajl  Mjl cos.bjl / C Njl sin.bjl / :

(A.11)

lD1

We introduce the notations:
.0/

Mjl D Mjl ;

.0/

Njl D Njl ;


1
.pC1/
.p/
.p/
Mjl
a
;
D 2
M
C
b
N
jl
jl
jl
jl
ajl C bjl2


1
.pC1/
.p/
.p/
Njl
D 2
bjl Mjl  ajl Njl ;
ajl C bjl2

for p D 0; 1; : : :.
The following assumption, stronger than the assumption of absolute convergence
for the series (A.11), consists of the matrix series
1
X
lD1

.p/

Mjl ;

1
X

.p/

Njl ;

(A.12)

lD1
.p/

.p/

which is absolutely convergent to certain matrices Mj , Nj , j D 1; : : : ; r, p D
0; 1; : : :
For a system of type (A.10) we introduce concepts of quasihomogeneity and
semi-quasihomogeneity.
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Definition A.3. We say that the system of equations (A.10) is quasihomogeneous
with respect to the quasihomogeneous structure generated by the matrix G and will
denote its right side by f D fq if, for any system x.0/ ; x.1/ ; : : : ; x.s/ ; xŒ1 ; : : : ; xŒr and
any  2 RC , we have the equality


G
G
G
G
fq G
.0/ x; .1/ x; : : : ; .s/ x; Œ1 x; : : : ; Œr x D


D GCE fq x.0/ ; x.1/ ; : : : ; x.s/ ; xŒ1 ; : : : ; xŒr :

(A.13)

Definition A.4. We say that the system of equations (A.10) is semi-quasihomogeneous with respect to the structure generated by the matrix G if its right
side is represented as a formal sum
1
 X



fqCm x.0/ ; x.1/ ; : : : ; x.s/
f x.0/ ; x.1/ ; : : : ; x.s/ D
mD0

such that, for any x.0/ ; x.1/ ; : : : ; x.s/ ; xŒ1 ; : : : ; xŒr and  2 RC for any m–th form
fqCm , we have the equality


G
G
G
G
fqCm G
.0/ x; .1/ x; : : : ; .s/ x; Œ1 x; : : : ; Œr x D


D GCmˇE fqCm x.0/ ; x.1/ ; : : : ; x.s/ ; xŒ1 ; : : : ; xŒr ;

(A.14)

where ˇ is some positive number.
We consider a model system of ordinary differential equations:
xP D gq .x/;
where

(A.15)



.1/
gq .x/ D fq x; : : : ; x; M1 x; : : : ; M.1/
r x :

We will determine a connection between instability for the model system (A.15)
and instability for the full system (A.10). However, instability for the full system
bears a formal character that will be elaborated below.
Theorem A.3. Let the system of equations (A.10) be semi-quasihomogeneous and
suppose there exists a nonzero vector x
0 such that we have the following equality:

Gx
0 D gq .x0 /:

Then system (A.10) has a particular formal solution represented in the form of a
series, each term of which converges to zero as t ! 1.
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If the series referred to in the statement of Theorem A.3 converges, then system
(A.10) will have a particular solution
x.t/ ! 0 as t ! 1;
which points to instability. We show below, in a concrete example, that this series
can diverge. In the case considered, however, the theory of Kuznetsov [125, 126]
is inapplicable, since this was developed only for systems of ordinary differential
equations. We therefore speak only of formal instability.
Proof of Theorem A.3. The required particular formal solution will be sought in the
usual form:
1
X
xŒj  .t/ D .t/G
x .ln.t// .t/kˇ :
(A.16)
kD0

Here we can again use Theorem 3.3.2. Applying integration by parts an infinite
number of times to the vector functions x.t/; : : : ; xŒr .t/, we obtain the formal
expansion
1
X
.pC1/ .p/
.1/p Mj
x .t/
xŒj  .t/ D
pD0

for each j D 1; : : : ; r. Here we use the absolute convergence of the series (A.12).
Such a representation of the quantities xŒ1 ; : : : ; xŒr again converts the system
being investigated into a system of ordinary differential equations of type (A.8).
From the equalities (A.13) and (A.14), it follows that this system (implicit with
respect to higher derivatives!) is semi-quasihomogeneous with respect to the
structure given by the matrix G (see Definition 3.3.5), where its quasihomogeneous
truncation coincides with system (A.15) which has, by the hypothesis of the
theorem, a particular solution in the form of a ray tending to the point xD 0 as
t ! 1. Application of Theorem 3.3.2 allows us to assert that system (A.10) has
a formal particular solution in the form of series (A.16).
The theorem is proved.
Example A.3. We consider the system of equations:

Z
xP D x .t/ 1 C

t

2

e

.t u/


y.u/ du ;

y.t/
P D y 2 .t/:

1

According to the definitions introduced above, this system is semi-(quasi)homogeneous with respect to the structure generated by the identity matrix E. The
corresponding model system
xP D x 2 ;

yP D y 2

1
has the obvious asymptotic solution x  .t/ D y  .t/ D  :
t
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The second equation of the original system is easily integrated. Its asymptotic
solution has the simple form:
y.t/ D t 1 :
But then the result of an integral transformation of the function y.t/;
Z

t

e .t u/ y.u/ du D

1

1
X
.k  1/Št k ;
kD1

is represented as an everywhere divergent series.
We denote by .t/ the formal expansion of the following integral:
Z

Z

t

u

.t/ D

e
1

.uv/ 1

v

dv  u

1


du D 

1

1
X

.k  2/Št kC1 :

kD2

Now we can find an expansion of a formal asymptotic solution for the first
equation of the system considered:

1
x.t/ D t 1 1 C t 1 ln.t/ C t 1 .t/
D
D .t/

1

1  .t/

1

ln.t/ C

1
X

!1
.1/

k1

.k  2/Š.t/

k

:

kD2

Having converted the last expression to an expansion in powers of t, we obtain
a series of type (A.16) which will, of course, diverge. As is to be expected, the
principal term of this expansion will coincide with x  .t/.
We consider some applications of the theory we have constructed.
Example A.4. In (1.63) of the first chapter we considered a so-called logistical
system of ordinary differential equations, (1.64), describing processes of mutual
interaction. We should, however, keep in mind that the impact upon the numbers
of individuals in populations by the birthrates of species proceeds with a certain
time lag, as reflected in the following mathematical model, described by a system
of functional differential equations containing discrete and continuous time lags
[180, 189]:
NP i .t/ D

0

Z
n 
X
D N i .t/ @ki C bi1
api N p .t  tip / C
pD1

t
1

1

fpi .t  u/N p .u/ du A ;
(A.17)

where i D 1; : : : ; n.
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Here the tip > 0, i; p D 1; : : : ; n are discrete lag arguments, and the matrix

n
F./ D fpi ./

i;pD1

possesses the very same properties as the matrices L1 ./; : : : ; Lr ./ that figure in
the statement of Theorem A.3
We likewise introduce the following notation:


FQ D fQpi

n
i;pD1

01
1n
Z
D @ fpi ./ d A
0

:

i;pD1

We will find sufficient conditions for the instability of the trivial solution of
system (A.17) for the “supercritical” case, where the values of all the “Malthusian
birthrates” ki , i D 1; : : : ; n, i.e. the average number of individuals in populations
when left to themselves, equal zero. Thus the object of our investigations will be the
system
NP i .t/ D
D bi1 N i .t/

n 
P
pD1

api N p .t  tip / C


i
p
f
.t

u/N
.u/
du
;
p
1

Rt

(A.18)

i D 1; : : : ; n:
This system (A.18) of functional-differential equations of retarded type is
(quasi)homogeneous, according to the definitions introduced. The corresponding
model system of ordinary differential equations has the following appearance:
NP i D bi1 N i

n 

X
api C fQpi N p ;

i D 1; : : : ; n:

(A.19)

pD1

System (A.19) has an increasing solution in the form of a linear ray,

N .t/ D .t/1
0 N0 ;

N D .N 1 ; : : : ; N n /;



provided the system, when solved with respect to N
0 D .N0 ; : : : ; N0 /, is a linear
system of algebraic equations
1

n

n 

X
p
api C fQpi N0 D bi :
pD1

Here, of course, we need only look for the positive solution of this linear system,
since the population sizes must be positive.
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The asymptotic particular solution as t ! 1 of the truncated system (A.19)
generates a formal solution of the full system (A.18) of the form
N.t/ D

1
X

Nk .ln.t// .t/k :

kD1

In the case of convergence of this series, the existence of a similar solution
would indicate instability. If a continuous time lag is absent, then by Theorem A.2
we will have Lyapunov instability. This instability has an explosive character:
populations which find themselves on the verge of extinction at some initial moment
begin to grow by a roughly exponential law, whereby the number of individuals in
them theoretically can become infinite in finite time. This interesting effect, where
populations “pull themselves up by their hair” (like baron Münchhausen) from the
“morass of extinction”, was discussed previously in the article [64] for systems with
discrete time lags.

Appendix B

Arithmetic Properties of the Eigenvalues
of the Kovalevsky Matrix and Conditions
for the Nonintegrability
of Semi-quasihomogeneous Systems
of Ordinary Differential Equations

In the introduction we mentioned, in passing, a series of papers dedicated to
problems of integrability of equations of motion and to the chaotic behavior of
trajectories of nonlinear dynamical systems from the point of view of bifurcation, in
the complex time plane, of particular solutions with generalized power asymptotic.
It was noted that there are no rigorous results that allow us to treat properties
such as the integrability of these solutions. In this appendix we state a series of
results [65] concerning the nonintegrability of semi-quasihomogeneous differential
equations obtained by using the proven existence of solutions with generalized
power asymptotic. This should be regarded as a zero-th order theory, since it
only contains properties of quasihomogeneous truncations and principal terms of
asymptotic expansions of solutions. The results obtained constitute an extension of
those in a paper by H. Yoshida [197], where it was first noted that the eigenvalues
of the Kovalevsky matrix of an integrable quasihomogeneous system of equations
must satisfy certain resonance relationships.
Here we introduce a different treatment of this idea, based on different considerations. In order to better understand the essence of this phenomenon, we consider the
following simplified situation. Let there be given a system of differential equations
with analytic right side:
uP D h.u/; u 2 Cn ;
(B.1)
for which the origin u D 0 is a critical point (h.0/ D 0).
Let A D dh.0/ be the Jacobian matrix of the vector field h.u/, computed at the
critical point. For simplicity, we further assume that the matrix A is diagonalizable
and that the coordinates .u1 ; : : : ; un / are chosen so that A already has diagonal form:
A D diag .1 ; : : : ; n /.
The basic idea amounts to the observation that, if system (B.1) has an analytic
integral, then the eigenvalues of the matrix A must satisfy certain resonance
conditions. More precisely, we have
Lemma B.1. Suppose det A ¤ 0Pand that, for any choice of nonnegative integers
k1 ; : : : ; kn , kj 2 N [ f0g, where nj D1 kj  1;
V.V. Kozlov and S.D. Furta, Asymptotic Solutions of Strongly Nonlinear Systems
of Differential Equations, Springer Monographs in Mathematics,
DOI 10.1007/978-3-642-33817-5, © Springer-Verlag Berlin Heidelberg 2013
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n
X

kj

j

¤ 0:

(B.2)

j D1

Then the system (B.1) has no integral that is infinitely differentiable in the
neighborhood of u D 0, i.e. which admits a nontrivial formal Maclaurin expansion.
Proof. Suppose there exists a smooth function .u/ that admits expansion into a
nontrivial formal Maclaurin series and is an integral of system (B.1). This function
must satisfy the following first order partial differential equation:
hd .u/; h.u/i D 0;

(B.3)

where the symbol h; i now denotes the Hermite scalar product on Cn .
Without loss of generality we may suppose that .0/ D 0. Consider the expansion of .u/ into a series in the neighborhood of u D 0:
.u/ D

1
X

.s/ .u/;

sD1

where the .s/ .u/, s D 1; 2; : : : ; are homogeneous polynomials in u of degree s.
We consider first the form of the expansion of the integral .u/:
.1/ .u/

D hb; ui;

where b 2 Cn is a constant vector. If we equate the terms of (B.3) that are linear in
u, we obtain the equality
hb; Aui D 0;
(B.4)
which must be satisfied for any u 2 Cn .
Then it follows from (B.4) that the vector b is an eigenvector of the matrix A (the
symbol . / denotes Hermite conjugation) with zero eigenvalue, which contradicts
the condition det A ¤ 0. Therefore b D 0.
Suppose now that we have proved that .1/  : : :  .s1/  0. Then from (B.3)
it follows that
˝
˛
d .s/ .u/; Au D 0:
(B.5)
We denote by D .s/ .v; u/ the s–th differential of the function at the point v,
computed at the vector u.
On the basis of (B.5) we can make an important observation: the first nontrivial
form in the expansion of the integral of system (B.1),
.s/ .u/

D D.s/ .0; u/;

is an integral of the linear system
uP D Au:
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Equation (B.5) can be rewritten in the following form:
n
X
j
j D1

@ .s/
.u/uj D 0:
@uj

We rewrite the homogeneous polynomials
elementary monomials:
.s/ .u

1

X

; : : : ; un / D

(B.6)

.s/ .u/

k1 :::kn .u

in the form of a sum of

1 k1

/ : : : .un /kn :

k1 C:::Ckn Ds

Then (B.6) assumes the form:
X

.k1

1

C : : : C kn

n/

k1 :::kn .u

/ : : : .un /kn D 0;

1 k1

(B.7)

k1 C:::Ckn Ds

and it follows from equality (B.7) that, if only the coefficient
then
k1 1 C : : : C kn n D 0;

k1 :::kn

¤ is nonzero,

which contradicts condition (B.2).
The lemma is proved.
Remark B.1. The explicit requirement that det A ¤ 0 can in fact be dropped, since
condition (B.2) on the absence of resonances itself contains this requirement.
We now consider a more complicated situation. Let there be given a semiquasihomogeneous system of ordinary differential equations
xP D f.x:/

(B.8)

Here it will be more convenient for us to use the traditional definitions of
quasihomogeneity and semi-quasihomogeneity 1.1.2 and 1.1.4, whose introduction
was based on the Newton manifold technique. Then the elements of the diagonal
1
matrix G D˛S, ˛ D
, S D diag .s1 ; : : : ; sn /, sj 2 N [ f0g, j D 1; : : : ; n,
q1
q 2 N, q ¤ 1, that determine the quasihomogeneous structure, are rational and
nonnegative.
We will consider two different problems:
(a) If system (B.8) is positive semi-quasihomogeneous, we investigate for the
system the question of existence of smooth integrals, represented in the form
of nontrivial Maclaurin series
F .x/ D F .x 1 ; : : : ; x n / D

1
X
k1 0;:::;kn 0

Fk1 :::kn .x 1 /k1 : : : .x n /kn I

(B.9)
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(b) If system (B.8) is negative semi-quasihomogeneous, then we will look for
polynomial integrals, i.e. integrals for which expansion (B.9) contains only a
finite number of terms.
We have:
Lemma B.2. If the semi-quasihomogeneous system (B.8) has a nontrivial integral
of the form (B.9), polynomial in the case of positive semi-quasihomogeneity, then
the corresponding truncation of the system has a quasihomogeneous integral.
Proof. We consider first case (a). The function F .x/ can be assumed to be positive
semi-quasihomogeneous and re-expanded in a series of quasihomogeneous form,
conforming to the quasihomogeneous structure with matrix S:
F .x/ D

1
X

FN Cm .x/:

mD0

After the substitution x 7!
F.

S

S

x this function takes the form

x/ D

N

X

m

FN Cm .x/:

mD0

Regardless of the sign of semi-quasihomogeneity the system of equations (B.8),
after the substitution x 7!G x, t 7! 1 t , is written in the form
xP D f.x;/ D fq .x/ C

X

ˇm fqCm .x/:

(B.10)

mD1

Here  D q1 , ˇ D ˙˛, D sign ˇ.
In case (a), as  ! 0; Eq. (B.10) is transformed into the truncated system
xP D fq .x/:

(B.11)

System (B.10) clearly has, for any  2 .0; C1/, the integral
F .x;/ D FN .x/ C

X

ˇm FN C

m .x/;

(B.12)

mD1

(in case (a),

D C1) as  ! 0C, passing to the quasihomogeneous function
FN .x/;

which in its turn is an integral of the truncated system (B.11).

(B.13)
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Case (b) is treated analogously. The polynomial integral F .x/ decomposes into
a finite sum of quasihomogeneous form, generated by the structure with matrix
G. Therefore this function may be taken to be negative semi-quasihomogeneous,
whence the relation
F.

S

x/ D

N

M
X

m

FN m .x/; N  M:

mD0

In case (b), system (B.10) also has an integral of type (B.12), whose expansion
in powers of ˇ , ˇ D ˛ in fact contains only a finite number of terms. When
! C1, system (B.10) passes to the truncated system (B.11), and the integral
(B.12) to the integral (B.13) of the truncated system.
The lemma is proved.
We now consider more closely the truncated system (B.11), which we suppose has
a particular solution in the form of a (possibly complex) quasihomogeneous ray
x.0/ .t/ D t G x0 ;

(B.14)

where x0 2 Cn is a constant nonzero vector satisfying the equation
Gx0 C fq .x0 / D 0:
It is clear that, if FN .x/ is an integral of system (B.11), then FN .x0 / D 0.
We compute the Kovalevsky matrix for the linear system
K D GCd fq .x0 /:
Let

1; : : : ; n

be the roots of the characteristic equation
det.K  E/ D 0:

For simplicity we will hereafter always assume that the Kovalevsky matrix
reduces to diagonal form.
We have:
Lemma
B.3. Suppose that, for any choice of the numbers .k1 : : : kn /, kj 2 N[f0g,
Pn
k
 1; the inequality
j
j D1
n
X
kj j ¤ 0:
(B.15)
j D1

is satisfied. Then any quasihomogeneous integral of the truncated system (B.11) is
trivial.
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Proof. Suppose system (B.11) has a nontrivial quasihomogeneous integral (B.13).
After the change of variables
x Dt G .x0 C u/
the system of equations (B.11) is transformed to the system
t uP D Ku C Of.u/;

(B.16)

where K is the Kovalevsky matrix and Of.u/ (with Of.0/ D 0, d Of.0/ D 0) is the vector
field computed by the formula
Of.u/ D fq .x0 C u/  fq .x0 /d fq .x0 /u:
If we make a logarithmic change of time D ln t , then system (B.16) transforms
into the system
u0 D Ku C Of.u/;
(B.17)
where the prime signifies differentiation with respect to “logarithmic time” of the
analogous system (B.1) that was considered at the beginning of this appendix.
However, the originally autonomous integral (B.13) of system (B.11) is transformed into a time-dependent integral of system (B.17):
FN .x/ D e ˛N FN .x0 C u/:
We make an additional substitution u0 D e ˛ and consider the extended system
of equations
0
(B.18)
u0 D ˛u0 ; u0 D Ku C Of.u/:
If the quasihomogeneous system (B.11) has a nontrivial quasihomogeneous
integral (B.13), then the autonomous extended system (B.18) has a nontrivial
autonomous integral
.u0 ; u/ D .u0 /N FN .x0 C u/:
Then, by virtue
P of Lemma B.1, there exists a set of nonnegative integers
.k0 ; k1 ; : : : ; kn /, nj D0 kj  1, such that
 ˛N k0 C

n
X

kj

j

D 0:

(B.19)

j D1

According to Lemma 1.1.2, D 1 is always an eigenvalue of the Kovalevsky
matrix K, so that without loss of generality we may assume that the first eigenvalue
1 of this matrix equals 1. We rewrite the equality (B.19) in the form
1.N k0

C .q 

1/k1 /

C .q  1/

n
X
j D2

kj

j

D 0:
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However, according to the hypothesis of the lemma (cf. (B.15)), this equation be
cannot be satisfied.
The lemma is proved.
In proving Lemma B.3 based on Lemma B.1, we implicitly used a fact that we will
be need in the sequel.
Remark B.2. Suppose the truncation of system (B.8) has a nontrivial quasihomogeneous integral FN .x/. Then the linear system
0

u0 D ˛u0 ;

u0 D Ku

(B.20)

has a homogeneous integral of the form
.sCN / .u

0

; u/ D .u0 /N D .s/ FN .x0 ; u/;

where s  1 is a natural number such that
D .p/ FN .x0 ; u/  0;

p D 1; : : : ; s;

D .s/ FN .x0 ; u/ 6 0:

The proof of the following theorem on nonintegrability consists of a succession of
applications of Lemmas B.2 and B.3.
Theorem B.1. Suppose that system (B.8) has a infinitely differentiable right side
and is semi-quasihomogeneous with respect to some structure given by the diagonal
matrix G with rational nonnegative elements. Let 1 ; : : : ; n be the eigenvalues
(possibly complex) of the diagonalizable Kovalevsky matrix, computed for one of
the solutions of the truncated P
system (B.11). Suppose, for any choice of numbers
.k1 ; : : : ; kn /, kj 2 N [ f0g, nj D1 kj  1; that we have the inequality (B.15).
Then system (B.8) has no semi-quasihomogeneous integral. If system (B.8) is
positive semi-quasihomogeneous, then (B.8) likewise doesn’t have any infinitely
differentiable integral that is represented as a nontrivial formal Maclaurin series
(B.9).
A much more complicated and interesting integrability problem arises in the
case where system (B.8) has a nontrivial integral. The question usually arises in
the following way: do their exist other integrals in the given class, functionally
independent from those that are known?
We first present the following result, stated and proved in the paper [197].
Lemma B.4. We suppose that the quasihomogeneous system (B.11) has a quasihomogeneous integral (B.13) that is nondegenerate for any particular solution of
this system of quasihomogeneous ray type x.0/ .t/ D tG x0 , i.e. dFN .x0 / ¤ 0. Let
Q D ˛N be a rational quasihomogeneous “degree” of this integral: FN .G x/ D
Q FN .x/. Then Q is one of the eigenvalues of the Kovalevsky matrix.
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Proof. We introduce the notation:
b D dFN .x0 /:
Then the auxiliary system (B.18) has an integral, which can be expanded in a series
of homogeneous forms in the variables .u0 ; u/:
.u0 ; u/ D .u0 /N FN .x0 C u/ D

1
X

.s/ .u

0

; u/;

sD1

where
.1/ .u

0

; u/  : : : 

.N / .u

0

; u/  0;

0
.N C1/ .u ; u/

 .u0 /N hb; ui:

According to Remark B.2, the form .N C1/ .u0 ; u/ is an integral of the linear
system (B.20), from which it immediately follows that, for any u 2 Cn ,
hb; .K  ˛N E/ui D 0:
Since the matrix K is diagonalizable by assumption, it follows from the last
relation that the vector b is its eigenvector with eigenvalue Q.
The lemma is proved.
Above we stipulated that 1 D 1 is the first eigenvalue of the Kovalevsky matrix,
with eigenvector p D fq .x0 /. Without loss of generality we may suppose that the
vector p is parallel to the first basis vector e1 D .1; 0; : : : ; 0/. Using Lemma B.4, we
may assume that N D Q is the last eigenvalue of the Kovalevsky matrix and that b
is parallel to the last basis vector en D .0; 0; : : : ; 1/.
Thus one of the resonance relationships satisfied by the eigenvalues of the
Kovalevsky matrix has, in this case, the form
k1 C Qkn D 0;

k1 D r;

kn D p;

where Q D p=r, gcd.p; r/ D 1:
We have the following result on the nonintegrability of a system of type (B.8),
based on the arithmetic properties of the Kovalevsky matrix.
Theorem B.2. Suppose that the system (B.8), with infinitely differentiable right
side, is semi-quasihomogeneous with respect to some structure with diagonal matrix
G with nonnegative rational elements, and that it has a nontrivial integral F .x/ that
is polynomial in the case of a negative semi-quasihomogeneous system, or infinitely
differentiable and represented as a formal nontrivial Maclaurin series in the case of
a positive semi-quasihomogeneous system. Let the quasihomogeneous truncation of
this integral FN .x/ be nondegenerate for one of the solutions of the truncated system
(B.11) in the form of a ray. Suppose likewise that the Kovalevsky matrix K, computed
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at this solution, is diagonalizable and that its first n  1 eigenvalues 1 ; : : : ; n1
are such that for any choice of (possibly negative) integers k1 ; : : : ; kn1 , kj 2 Z,
Pn1
j D1 jkj j ¤ 0; the inequality
n1
X

kj

j

¤ 0:

(B.21)

j D1

is satisfied. Then any other integral G.x/ of system (B.8), polynomial in the negative
semi-quasihomogeneous case and represented in the form of a formal power series
in the positive semi-quasihomogeneous case, is functionally dependent on F .x/, i.e.
there exists a smooth function H W R ! R such that
G.x/ D H.F .x//:

(B.22)

The proof depends on several auxiliary assertions.
Lemma B.5. Suppose that system (B.8) has a smooth integral F .x/ and that
any nontrivial quasihomogeneous integral GK .x/ .GK . S x/ D K GK .x// of the
truncated system (B.11) is a function of the truncation FN .x/ of the integral F .x/,
i.e.
GK .x/ D ˆ .FN .x//
(B.23)
(The function ˆW R ! R generally might be just an elementary monomial.) Then
any nontrivial integral G.x/ of system (B.8) is a smooth function of F .x/ (see
(B.22)).
Proof. Making the change of variables " D ˇ in (B.10), we obtain
xP D f.x; "/ D

1
X

"m fqCm .x/:

(B.24)

mD0

As " ! 0; system (B.24) is transformed into the truncated system (B.11). System
(B.24) has the integral form
F .x;"/ D

1
X

"m FNCm .x/;

(B.25)

mD0

which, as " ! 0; is transformed into an integral of the truncated system (B.11).
If (B.8) has an additional integral G.x/, then (B.24) likewise has an additional
integral of type analogous to (B.25):
G.x;"/ D

1
X
mD0

"m G KCm .x/;

(B.26)
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As " ! 0; the integral (B.26) passes to the truncation of GK .x/, which is an
integral of system (B.11).
The function in the variables x;";
G .1/ .x;"/ D G .0/ .x;"/  ˆ.0/ .F .x;"// ;
where we have introduced the notations G .0/ .x;"/ D G.x;"/, ˆ.0/ .F / D ˆ.F /, is
likewise an integral of (B.24) and, by (B.23) and has a first order of smallness in ".
We consider the following function:
GK1 .x/ D lim "1 G .1/ .x;"/:
.1/

"!0

Since the integrals (B.25) and (B.26) are power series, whose coefficients are
.1/
quasihomogeneous functions, GK1 .x/ is likewise a quasihomogeneous function of
.1/

.1/

some degree K1 , where GK1 . S x/ D K1 GK1 .x/, and is an integral of (B.11). But
then
.1/
GK1 .x/ D ˆ.1/ .FN .x// ;
where ˆ.1/ W R ! R is some smooth function.
The function
G .2/ .x; "/ D G .1/ .x; "/  ˆ.1/ .F .x; "//
is an integral of (B.24) and has a second order degree of smallness in ".
But then
GK1 .x/ D lim "2 G .2/ .x; "/
.2/

"!0

will be a quasihomogeneous integral of the truncated system (B.11), from which it
follows that
.2/
GK2 .x/ D ˆ.2/ .FN .x// ;
for some smooth function ˆ.2/ W R ! R.
Repeating this process ad infinitum we obtain that
G.x; "/ D

1
X

ˆ.m/ .F .x// :

mD0

But this indicates that there exists a function H W R ! R, such that (B.22) holds.
The lemma is proved.
If system (B.8) has an additional integral G.x/ then, according to Remark B.2, the
linear system (B.20) has two homogeneous integrals
.N C1/ .u

0

0
0 K
; u/ D.u0 /N hb; ui;
.sCK/ .u ; u/ D.u / '.s/ .u/;
.s/
'.s/ .u/ D D GK .x0 ; u/:
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As has already been noted, we may assume that the first basis vector
e1 D .1; 0; : : : ; 0/ is an eigenvector of the Kovalevsky matrix K with eigenvalue
1 D 1. With this assumption we have:
Lemma B.6. The integral
depend on the variable u1 .

.sCK/ .u

0

; u/ of the linear system (B.20) does not

Proof. Consider the quasihomogeneous integral GK .x/ of the truncated system
(B.11), and let GP K .x/ denote its total time derivative using system (B.11):
˝
˛
GP K .x/ D dGK .x/; fq .x/ :
By the assumptions made above respecting the smoothness of the vector field f.x/
and the properties of the matrix G determining the quasihomogeneous structure,
GP K .x/ is a polynomial in x that is identically equal to zero. Therefore,—by the
Leibniz rule—for any natural number j ,
D .j / GP K .x0 ; u/ D

j
X

˝
˛
Cji D .j 1/ .d GP K /.x0 ; u/; D .j /fq .x0 ; u/  0;

i D0

jŠ
.
i Š.j  i /Š
Since the differential operators D and d clearly commute, by taking j D s,
where s is the smallest integer for which D .s/ GK .x0 ; u/ 6 0, we obtain
where Cji D

˝ 

˛ ˝
˛
D .s/ GP K .x0 ; u/ D d D .s/ GP K .x0 ; u/ ; fq .x0 / D d' .s/.u/; p  0:
From this, taking into account that p D pe1 D .p; 0; : : : ; 0/, we obtain
@'.s/
.u/  0;
@u1
and the lemma is proved.
As discussed above, we may suppose that b D .0; : : : ; 0; b/ is an eigenvector of the
Kovalevsky matrix K with eigenvalue n D Q. We have
Lemma B.7. Let the quasihomogeneous integral FN .x/ of the truncated system
(B.11) be nonsingular for the solution of this system (B.14), i.e. dFN .x0 / ¤ 0. If this
system has a quasihomogeneous integral GK .x/ that is functionally independent
of FN .x/, then the linear system (B.20) has a nontrivial homogeneous integral
Q lCR .u0 ; u/, independent of u1 and un , of the following form:
Q lCR .u0 ; u/ D .u0 /R 'Q.l/ .u2 ; : : : ; un1 /;

(B.27)

where R is some (possibly negative) integer, and 'Q.l/ is a homogeneous form in the
variables u2 ; : : : ; un of positive integral degree l.
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Proof. We rewrite the integral

lCR .u

0
0 K
sCK .u ; u/ D .u /

0

; u/ in the following way:

s
X
'Q.sj / .u2 ; : : : ; un1 /.un /j ;

(B.28)

jD0

where 'Q.sj / is a homogeneous form of degree s  j in its arguments.
The integral of system (B.20) has the form:
.N C1/ .u

0

; u/ D .u0 /N hb; ui D b.u0 /N un  c D const:

Therefore we can rewrite (B.28) in the form
s
 c j
X
.u ; u;c/ D
.u0 /KjN 'Q.sj /.u2 ; : : : ; un1 /
:
b
j D0
0

Since the constant c is arbitrary, each coefficient
Q .sCK.N C1/j /.u0 ; u/ D .u0 /KjN 'Q.sj /.u2 ; : : : ; un1 /
of

 c j

is an integral of system (B.20) having the required form.
b
However, a theoretically possible situation is where all the homogeneous polynomials 'Q.sj / , j D 0; : : : ; s  1 are identically equal to zero, i.e. the integral (B.28)
of system (B.20) has the form
.sCK/ .u

0

; u/ D as .u0 /K .un /s :

Since Q D ˛N is the last eigenvalue of the Kovalevsky matrix, it follows
immediately that
K D sN:
Consider another integral of the truncated system (B.11):

GK
.x/ D GK .x/ D

s
as  1
b FN .x/ ;
sŠ

which likewise is a quasihomogeneous function of degree K.

.x/ in the neighborhood of x D x0 begins with
The Taylor series expansion of GK
terms of order at least s C 1, so that the linear system (B.20) has a homogeneous
integral of the form

0
.s1 CK/ .u ; u/

D .u0 /K '.s 1 / .u/;


.x0 /u;
'.s 1 / .u/ D D .s1 / GK

s < s1 < C1:
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With this integral we can perform the procedure described above. If this integral
likewise has the form

0
.s1 CK/ .u ; u/

D as1 .u0 /K .un /s1 ;

then
K D s1 N;
which contradicts the condition s1 > s.

But if s1 D C1, then GK
.x/  0. This means that GK .x/ is the function FN .x/
and we have obtained a contradiction.
The lemma is proved.
We continue the proof of Theorem B.2. If the truncated system (B.11) has a
quasihomogeneous integral GK .x/ that is functionally independent of FN .x/, then
according to Lemmas B.6 and B.7 the linear system (B.20) possesses a nontrivial
integral of the form (B.27). Then the functions 'Q.l/ .u2 ; : : : ; un1 / must satisfy the
following first order partial differential equation
˝
˛
˛R'Q.l/ .u/C d 'Q.l/ .u/; Ku D
Xn1
j @'Q.l/
D ˛R'Q.l/ .u/C
.u/ D 0:
ju
j D2
@uj

(B.29)

Writing, as before, the homogeneous function 'Q .l/ .u2 ; : : : ; un1 / as a sum of
elementary monomials
'Q.l/ .u2 ; : : : ; un1 / D

X

'Q k2 :::kn1 .u2 /k2 : : : .un1 /kn1 ;

k2 C:::Ckn1 Dl

from Eq. (B.29) we obtain that any nonzero coefficient 'Qk2 :::kn1 in the above
expansion must satisfy the resonance relation
R C .q  1/

n1
X

kj

j

D 0;

j D2

which can be interpreted as a condition of the form (B.21), since 1 D 1.
We need only apply Lemma B.5 to complete the proof.
The theorem is proved.
Unfortunately, the result obtained in not applicable to Hamiltonian systems,
which are the most frequently encountered systems in mechanics. As shown in
the paper [197], Hamiltonian systems necessarily have resonances of a special
type between pairs of eigenvalues of the Kovalevsky matrix. On the other hand, it
follows from results from the paper [109] that these resonances are not so much
consequences of the presence of integrals—Hamiltonian functions—as they are
consequences of the presence of invariant measures.
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We apply our results to a concrete system of equations.
Example B.1. We consider the two-dimensional logistical system [189]
xP D x.a C cx C dy/;

yP D y.b C ex C f y/

(B.30)

and find arithmetical conditions that must be satisfied by the coefficients of (B.30)
so that the system considered not have smooth integrals represented in the form of
nontrivial formal Maclaurin series in the neighborhood of the origin x D y D 0.
Of course, this autonomous two-dimensional system with analytic right sides
cannot display chaotic behavior and must be integrable in the defined sense.
However, under certain conditions, the integrals of this system will in some sense
be “bad”.
First of all, as follows from Lemma B.1, system (B.30) doesn’t have integrals
that can be written as formal power series in x; y if, for any k1 ; k2 2 N [ f0g,
k1 C k2  1; the equation
k1 a C k2 b ¤ 0;
holds. This may be rewritten as


a
62 QC :
b

On the other hand, system (B.30) is negative semi-quasihomogeneous. Its
truncation
xP D x.cx C dy/; yP D y.ex C f y/
(B.31)
is a homogeneous system of order 2.
The truncated system (B.31) has an affine solution in the form of a ray
x.0/ .t/ D

x0
;
t

x.0/ .t/ D

y0
;
t

x0 D

d f
;
cf  ed

y0 D

ec
;
cf  ed

provided that cf  ed ¤ 0.
It is not difficult to compute the eigenvalues of the Kovalevsky matrix:
1

D 1;

2

D

D

.d  f /.e  c/
:
cf  ed

Consequently, according to Theorem B.1, system (B.30) has no polynomial
integrals if
k1 ¤ k2
for any k1 ; k2 2 N [ f0g, k1 C k2  1, i.e. if
.d  f /.e  c/
62 QC :
cf  ed
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Example B.2. We consider a system of equations describing the perturbed Oregonator [186]:
xP D a.y  xy C x  "xz  bx 2 /;
yP D a1 .y  xy C cz/;

(B.32)

zP D d.x  "xz  z/:
This system of equations describes a certain hypothetical chemical reaction of
the Belousov-Zhabotinsky type, where the variables x; y; z denote concentrations
of reagents and the constants a; b; c; d; " are reaction coefficients, where " > 0
is sufficiently small. Chronologically, the unperturbed case (" D 0) was the first
considered [50]. It turns out, even for very small values of "; that the behavior of the
system differs sharply from that of the unperturbed system. It was discovered that
chaotic behavior is possible in system (B.32).
We will find arithmetic relations which, when satisfied, would guarantee that
system (B.32) does not have polynomial integrals or even integrals that can be
represented as formal Maclaurin series.
Explicit formulae for the eigenvalues of the matrix for the linear approximating
system are quite unwieldy, so that Lemma B.1 isn’t of much use as a means for
establishing nonintegrability.
We apply Theorem B.1. System (B.32) is negative semi-quasihomogeneous. Its
truncation
yP D a1 xy;

xP D ax.y C bx/;

zP D dx.1  "z/

(B.33)

is a quasihomogeneous system of order q D 2 with indices sx D sy D 1, sz D 0.
System (B.33) has a real particular solution of quasihomogeneous ray type:
x.0/ .t/ D

y.0/ .t/ D

x0
;
t

x0 D a;

y0
;
t

y0 D a1  ab;

z.0/ .t/ D z0 ;
z0 D "1 :

The eigenvalues of the Kovalevsky matrix are:
1

D 1;

2

D 1  a2 b;

3

D ad ":

By Theorem B.1, the system of equations (B.32) doesn’t have polynomial
integrals when
k1 C .1  a2 b/k2  ad"k3 ¤ 0;
where k1 ; k2 ; k3 2 N [ f0g, k1 C k2 C k3  1.
Example B.3. By way of an example that illustrates Theorem B.2, we consider the
problem of the integrability of the Euler-Poincaré equations over a Lie algebra
[152], which has been studied in various fields of mathematical physics. In the
occidental literature these equations likewise are often called the Poincaré -Arnold
equations in connection with the paper [4] of V.I. Arnold. They are natural
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generalizations of the famous Euler equations from dynamics, which describe the
inertial motion of a solid body from a point at rest and can be written in the following
way:
n
X
j
m
Pl D
Ci l ! i mj ; l D 1; : : : ; n:
(B.34)
i;j D1
j

The constants fCi l gni;j;lD1 are so-called structure constants of some n–
dimensional Lie algebra g, and ! D .! 1 ; : : : ; ! n / is the “angular velocity” vector
that is connected with the momentum covector m D .m1 ; : : : ; mn / by
mj D

n
X

Iij ! i ;

i D1

where fIij gni;j D1 is a positive definite symmetric tensor of type .0; 2/, analogous to
the energy tensor for an ordinary solid body.
In the usual situation of the motion of a solid body, we have g D so.3/.
Equation (B.34) always have an “energy integral”:
T D

n
1 X
Iij ! i ! j :
2 i;j D1

(B.35)

As usual, the question arises as to whether Eq. (B.34) has additional integrals
that are functionally independent of (B.35). A good bit of research has been devoted
to this and related problems (see e.g. the monographs [51, 112, 185] along with
the literature cited there). The publications [107, 112] study the closely related
question of the existence of an integral invariant (an invariant measure with an
infinitely smooth density function) for the equations (B.34). Exhaustive answers to
the question posed have been given in the cited papers in the case of low dimensions.
It turns out that, for n D 3; only the solvable Lie algebras provide us examples of
Euler-Poincaré systems without integral invariants. It is entirely possible that the
solvability of the algebra g will turn out to be a general obstacle to integrability.
Thus we limit ourselves to the case of solvable algebras with n D 3.
According to [89] there exists a canonical basis fe1 ; e2 ; e3 g such that the only
j
nonzero structure constants Ci l are
1
1
2
2
D C31
D ˛; C13
D C31
D ˇ;
C13
1
1
2
2
D C32
D ; C23
D C32
D ı:
C23

We likewise impose a nondegeneracy condition of the structure constants of the
algebra g:
˛ı  ˇ ¤ 0:
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So as to keep the “angular velocity” in analogy with the dynamics of a solid body,
we use the notation ! D .p; q; r/. For the “inertial tensor” I and its inverse I1 we
introduce the following notation:
0

1
ADE
I D @D B F A ;
E F C

0

I1

1
a d e
D @d b f A
e f c

We let m D .x; y; z/ denote the vector of “moments of momentum”. Then the
corresponding Euler-Poincaré equations assume the form:
xP D r.˛x C ˇy/;
yP D r.x C ıy/;
zP D p.˛x C ˇy/ C q.x C ıy/;

(B.36)

where p D ax C dy C ez, q D dx C by C f z, r D ex C f y C cz.
The integral of energy can be written in the following way:
T D 12 .xp C yq C zr/
D 12 .Ap2 C Bq2 C Cr2 C 2Dpq C 2Epr C 2Fqr/
D

1
.ax2
2

(B.37)

C by C cz C 2dxy C 2exz C 2fyz/:
2

2

The system (B.36) is homogeneous with a quadratic right side, so that we may
regard it as quasihomogeneous and semi-quasihomogeneous. The integral (B.37) is,
of course, nondegenerate for any vector .x0 ; y0 ; z0 /.
We can show rather easily that Eq. (B.36) has a linear particular solution in the
form of a ray:
x.0/ .t/ D

x0
;
t

y.0/ .t/ D

y0
;
t

z.0/ .t/ D

z0
;
t

where .x0 ; y0 ; z0 / are certain (in general complex) numbers and jx0 j2 C jy0 j2 C
jz0 j2 ¤ 0. However, in order to compute the eigenvalues of the Kovalevsky matrix,
we need to use the following technical device. The matrix K in general has the form:
0

1
1  eX  ˛w
f X  ˇw
cX
A;
K D@
eY   w
1  f Y  ıw
cY
aX C dY C ˛u C  v dX C bY C ˇu C ıv 1 C eX C fY
where we have introduced the notations
u D ax0 C dy0 C ez0 ;

v D dx0 C by0 C fz0 ;

X D ˛x0 C ˇy0 ;

w D ex0 C fy0 C cz0 ;

Y D x0 C ıy0 :
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Since Eq. (B.36) has a quadratic energy integral (B.37), we have a priori knowledge of two roots of the characteristic polynomial K . /:
1

D 1;

3

D 2:

Consequently the quadratic trinomial
P. / D

2

 2

divides the polynomial K . /.
Looking at the matrix K, we can compute the remainder upon division of K . /
by P . /:
Q. / D  2 C .˛ C ı/w:
Consequently
D .w/ D 2  .˛ C ı/w;
so that, in determining 2 , it suffices to compute the quantity w.
For this we need to pay attention to the fact that the equation for determining
x0 ; y0 “almost ” has the closed form:
.1  ˛w/x0  ˇwy0 D 0;

 wx0 C .1  ıw/y0 D 0:

This linear homogeneous system has a nontrivial solution if and only if its
determinant equals zero. From this we get
p
1 ˛ C ı ˙ .˛  ı/2 C 4ˇ
wD
:
2
˛ı  ˇ

(B.38)

If
.w/ 2 Q;
where the quantity w is given by the equalities (B.38), then the eigenvalues of the
Kovalevsky matrix don’t satisfy resonance relations of type (B.24) and the EulerPoincaré equations (B.36) don’t have an integral that is representable as a nontrivial
formal power series in x; y; z or in p; q; r; and that is functionally independent of
(B.37).
We look at two interesting particular cases. Let ˛ D ı D 0. Then
2

D 2;

and (B.36) becomes suspect for integrability.
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In fact, in this case there is an obvious additional first integral:
GD

1
.x 2  ˇy 2 /:
2

It is interesting to note that if ˇ < 0, then, as shown in [107, 112] the system
considered has an integral invariant (the Lie group that generates the Lie algebra g
is unimodular). If, conversely, ˇ > 0, then there is no integral invariant but there
exists an invariant measure, whose density function has the desired high (but finite)
order of smoothness.
Now let ˇ D  D 0. Then
2

D1

˛
ı

or 1 

ı
;
˛

and the condition for integrability assumes the form
˛
62 Q:
ı
If aı > 0; then it follows from [107, 112] that the Euler-Poincaré system (B.36)
does not possess an invariant measure even with summable density.
In the paper [88] the Euler-Poincaré equation is studied on a multidimensional
solvable Lie algebra. It is shown that, independent of the structure of the inertia
tensor for a typical non-nilpotent solvable Lie algebra, the Euler-Poincaré equation
branches in the plane of complex time.
In conclusion we will briefly discuss the conditions for nonintegrability obtained
in Theorems B.1 and B.2 and compare them with Yosida’s criterion [197].
According to Yoshida’s criterion, if at least one of the eigenvalues of the
Kovalevsky matrix is irrational, then the quasihomogeneous system of differential
equations is algebraically nonintegrable. This assertion admits a complex-analytic
interpretation in the spirit of a paper of S.L. Ziglin [202]. The basic idea of that
paper is that the branching of solutions in the complex plane impedes integrability.
Consider a Fuchsian system of linear differential equations, obtained from
system (B.16) by linearization in the neighborhood of u D 0:
t uP D Ku:

(B.39)

The monodromy operator, acting on the space of solutions of this system, has the
matrix
M D exp.2 i K/
which, if the hypothesis of Yoshida’s criterion is satisfied, cannot be a rational root
of the identity matrix E.
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This means that system (B.39) has a particular solution with an unbounded
Riemann surface. But if either of the inequalities (B.15) or (B.21) is satisfied, then
the space of solutions of system (B.39) has a still more complicated structure.
As follows from Lemma B.4, any n  1 quasihomogeneous integrals of the
truncated system (B.11) are functionally dependent at the point x D x0 if the
hypothesis of Yoshida’s criterion is satisfied. It is, however, unclear—as is noted
in the paper [69]—whether this domain of dependency can be extended. The
hypothesis of Theorems B.1 and B.2 impose substantially harsher requirements
on the properties of the eigenvalues of the Kovalevsky matrix, which allow us to
formulate a stronger assertion about nonintegrability.
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Poincaré-Dulac, 95
Schwarzschild-Littlewood, 55
Williamson’s, 111
Theory
Floquet-Lyapunov, 92
group, xvi
Kuznetsov’s, 152
Thom’s conjecture, 200
Truncated system, 5

Uniformly distributed motion, 107
Unstable manifold, 2
Vector field
eigenvector of, 8
homogeneous, 86
negative semi-quasihomogeneous, 4
positive semi-quasihomogeneous, 4
quasihomogeneous, 3, 6
semi-quasihomogeneous, 4
Veretennikov, V.G., xiii
Vorontsov, B.D., 182
Williamson’s theorem, 111
Yoshida’s criterion, 247
Yoshida, H., xiv
Ziglin, S.L., xiv

