
 

 

Solutions to Selected Problem 

Chapter 2 

Section 2.1 

1. The collections (a), (c) are equal setes. The collection (b) is not a set since the  
element 3−  appears twice. 

2. If BAx −∈  then BxAx ∉∈ , , i.e., ABx −∉ .  4. (b) There are 8 elements 

in S . 
7. Let )( CBAx ∪−∈ . Then, CBxAx ∪∉∈ , . Consequently CxBx ∉∉ , , 

i.e., BAx −∈  and finally CBAx −−∈ )( . Thus, CBACBA −−⊆∪− )()(  

and Similarly CBACBA −−⊇∪− )()( , which completes the proof.  

Section 2.2 

8. (a) By definition )1)(1()1( 2 ++=+ nnn  which implies 

)111()1()1(1)1()1( 22 ⋅+⋅+⋅+=+⋅++⋅=+ nnnnnnn  

and finally leads to 12)1( 22 ++=+ nnn  

9. The inequality 32 +> nn  certainly holds for 3=n  since 633932 =+>= .  
Assume that it holds for some arbitrary n . 

Section 2.3 

3. Define 221 =  and 1,222 1 ≥⋅=+ nnn . The inequality nn >2  holds for 

1=n   since 12 > . If it holds for arbitrary n , i.e., if nn >2 , then  

122222 1 +≥+>+=⋅=+ nnnnnnn  
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7. 
2

sr
t

+=  

9. (a) 1=n : nrrr n +=+=+ 11)1(   (b)  Assume nrr n +≥+ 1)1(  for arbitrary 

n , Then, since 01 >+ r , we get )1)(1()1()1()1( 1 rnrrrr nn ++≥++=+ + , 

i.e., 

rnrrnrrnrr n )1(1)1(11)1( 221 ++≥+++=+++≥+ +  

 
Section 2.4 

1. Let k  be a prime number and consider a rational number 
n

m
x =  such that 

nm,  have no common factor and ll knm =  . Consequently, k  must divide 
both m and n  (why?) which contradicts the given input. 

16. Substitute 1== ba  in Newton's binomial theorem (Eq. (2.4.3)). 

Section 2.5 

6. We consider four cases: (a) ⇒+<+≥−≥+ 75,07,05 xxxx   no solution.    

(b) xxxx −<+<−≥+ 75,07,05  15 <≤−⇒ x .  The other two cases are left 

for  the reader. 

7. The given inequality is equivalent, for all 0>a , to aa 212 ≥+  which holds 

since 0)1(21 22 ≥−=−+ aaa . 

10. Clearly, 
2

1

2

)1(21
21

+=+=+++≤⋅⋅⋅ n

n

nn

n

n
nn …… . Hence, 

n
n

n ⎟
⎠
⎞

⎜
⎝
⎛ +≤

2

1
! . 

Chapter 3 

Section 3.1 

4. The two straight lines 3,2 == xx . 

5. The particular part of the graph is the set 
{ })5,7(,)3,7(,)7,5(,)5,5(,)7,3(,)3,3(,)2,2( . 

6. { }0,),( >∞<<∞−= yxyxS . 

Section 3.2 

1. (a) The relation is a function with domain { }1≥= xxD . 

(d) The relation has a domain { }10 ≤≤= xxD  and it is not a function. 
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3. The domain is  { }3,2≠= xxD  with range { }0,4 >−≤<∞−= yyyR  

6. (b) 
y

y
x

34

51

−
+=  (d) Show that the function does not have an inverse by 

obtaining a solution other than 21 xx =  to 
2

2
2

1

2
1

11

x
x

x
x +=+  . 

10. (a) strictly increasing    12. (a) 
2

2

1

2

x

xx
gf

+
+

=D . 

Section 3.3 

2. xxy +=  implies ( ) xxy =− 2  and 02 22 =−+− xxxyy , i.e., y is an 

algebraic function  

7. (a) 32 +=x  implies 6252 +=x  and ( ) 0245
22 =−−x , i.e. x  is an 

Algebraic number. 
12. The function is not defined for 0<x , i.e., the domain is the single number 

0=x . 
15. The function )()( xgxf  is odd. 

Section 3.4  

2. For example choose 1
107

23
30 +⎥⎦
⎤

⎢⎣
⎡

⋅
= −n . This is no guarantee that that the 

sequence converges to 
7

1
 or to any limit. 

4. The limit exists and equals 
q−1

1
. 

7. Clearly 
2

1

4

1

4

1

4

1

3

1 =+>+ , 
2

1

8

1

8

1

8

1

8

1

8

1

7

1

6

1

5

1 =+++>+++  etc. Thus, 

na  exceeds 
2

k
 for all positive integer k  as ∞→n . 

10. 
nnn

an
1

2
1

1

1

3

1

2

1

2

1
11 −=⎟

⎠
⎞

⎜
⎝
⎛ −

−
++⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −+= …  which implies 

2lim =
→∞ n

n
a . 

Section 3.5 

2. ( ) ( )( ) ( ) ABCCABcbacbacba n
n

nn
n

nnn
n

nnn
n

====
∞→∞→∞→∞→

lim)(limlimlim . 
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7. Without loss of generality we assume 0≥a . Let m  be an integer such that 
[ ] 1+= am  which implies am > . For an arbitrary mn >  we get 

( ) ( ) ∞→→⎟
⎠
⎞

⎜
⎝
⎛

−
<

+−
=

+−−−
nas

m

a

m

a

n

a

m

a

m

a

m

a

n

a
mnmmn

0
!11!1!

111

…  

11. 
2

51+=A   12. Not necessarily: { } { }…,1,0,1,0=na  and 

{ } { }…,0,1,0,1=nb are divergent while their sum clearly converges to 1 . 

13. For arbitrary r  the sequence 1,
2 ≥+= n

n
ran  is a sequence of irrational  

numbers which converges to r . 
14. No – use the example of problem 12. 

Section 3.6 

1. 0   3. (c) sup ( )
3

4
3 =S , inf ( ) 13 −=S , ( ) ( ) 1limlim 33 == SS . 

4. (d) sup ( )
3

2
4 =S , inf ( )

2

1
4 −=S , ( ) ( ) 0limlim 44 == SS .  

9. The even and the odd terms separately, converge to 0 . This is no guarantee for  

convergence. For example consider the sequence 
⎭
⎬
⎫

⎩
⎨
⎧ …,3,0,

3

1
,2,0,

2

1
,1,0,1 . 

10. The sequence does not converge. sup ( ) 1.1=S , inf ( ) 610−=S , 

( ) ( ) 1limlim == SS . 

Section 3.7 

1. Clearly 12 1211 aa =>=+= . Using Assume nn aa >+1 . We then get 

112 11 +++ =+>+= nnnn aaaa  (obviously 1,0 ≥> nan  - why?). 

3. All the sequence elements are obviously positive  and nnnn aaaa >+=+1 . If 

the sequence converges to some positive A  then AAA +=  which leads to 
0=A  and to contradiction. 

9. ∞→=≥⋅
−

⋅= n
n

n

n

n

nnn
an 1121

…
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Chapter 4 

Section 4.1 

2. For an arbitrary 00 >x write  

0

0
0

xx

xx
xx

+
−=−  

from which we easily get that )(xf  has a limit at 0x . The case 00 =x  is 

straightforward. The function does not have a limit at 1−=x  since it is not 
defined at the interval between 1−  and 0 . 

4. The function has the limit 0  at 0=x . 

Section 4.2 

1. (b) The function is clearly continuous for 0>x  where xxf =)(  and for 

0<x  where  xxf −=)( . It is also continuous at 0=x : Indeed, given 0>ε  

we look for 0>δ  such that δ<− 0x  implies ε<− )0()( fxf  and the 

obvious choice is εδ = . 

3. For any given 0x  and arbitrary 0>ε  choose 
L

εδ = . 

Section 4.3 

1. Clearly, 

)]()()][()()()([)()( 00
1

0
21

0 xfxfxfxfxfxfxfxf nnnnn −+++=− −−− … . 

Since )(xf  is continuous, it is bounded by some 0>M  which implies 

)()()()( 0
1

0 xfxfnMxfxf nnn −≤− −  

where 1−nnM  is constant. Consequently, 0xx →  implies )()( 0xfxf nn →  as 

well. 

3. The function )(sin)( 23 xxxg +=  is a sum of two functions which are 

continuous everywhere. Thus, it is continuous everywhere and so is )(xf  as a 

composite function. 
4. (b) 1≠x  (c) ∞<<−∞ x  
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Section 4.4 

2. The inverse function is 
4

781
)(1 −+

=− y
yf  and it is continuous over [ ]7,2 . 

3. The inverse is 12 −= yx  defined for ∞<< y1 . 

5. The function 
22

,)cos(
ππ ≤≤−= xxy  does not have an inverse since it is not 

one to one. For example ( ) ( )4cos4cos ππ −= . 

Section 4.5 

1. The function is both continuous and uniformly continuous. 
2. (a) The function is continuous. (b) It is not uniformly continuous. 

(c) The function in problem 1 has a limit as ∞→x . 
3. A function defined over a closed interval and satisfies a Lipschitz condition, is 

continuous over this interval and is therefore uniformly continuous there. 
7. (a) The function satisfies a Lipschitz condition: 

yxyxyxyxyx −≤++−=− 272233  

Chapter 5 

Section 5.1 

1. The derivatives are 8,23 2 xx + . 

5. The function is not continuous at any point and therefore derivative nowhere. 
7. When two derivatives are identical the corresponding functions differ by a 

constant. 

10. The function has derivative for 0>x  and 
x

xf
2

1
)( =′  . 

12. At 0=x  the function has a right derivative 0  and a left derivative 1 . Thus it 
does not possess a derivative there. 

Section 5.2  

1. (c) xxx
x

xxxf 434 5.2
2

1
3)( −−− −=+−=′  

2. (a) )12()(3)( 22 ++=′ xxxxf  
 



Solutions to Selected Problem 289
 

 

4. The function is one – to – one and consequently the inverse exists and 

[ ]
2

1

31

1
)(

x
xf

+
=

′−  

7. Solve ( ) 1023 223 =+=
′

+ xxxx . The solutions are 
6

1242 ±−
 and the 

positive one is within the interval ]2,1[ . 

9. 
15

38=ξ . 

Section 5.3 

1. [ ] [ ] 0)sin()cos(2)cos()sin(2)(cos)(sin 22 =−+=
′

+ xxxxxx . 

3. The left-hand side of the relation is always positive! (why?). 

8. (a) 1
4

2

4

2
)(sinh)(cosh

2222
22 =−+−++=−

−− xxxx eeee
xx . 

9. 
)(cosh

1

)(cosh

)(sinh)(cosh
)(htan

22

22

xx

xx
x =−=′  and similarly 

)(sinh

1
)(hcot

2 x
x −=′ . 

11. (a) The domain is all x  for which 0)cosh( >x , i.e., ∞<<−∞ x . 

Section 5.4 

1. (a) )cos()sin( 2 xxxx eeeey +−=′′ .  2. The stationary points are nxx == ,0 . 

4. The function is defined for all 0≠x  and has a minimum at 3
4

1−=x . 

8. Clearly 1>xe  for arbitrary 0>x . By the first mean-value theorem 

xxeeee xx <<=−=− ξξ 0,1 0  

and thus 0,11 >+>+= xxxeex ξ . 

Section 5.5 

1. (a) 
4

3
 2. (b) 2−  4. (b) 0. 
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Chapter 6 

Section 6.1 

1. (a) 5)(
3

0

=∫ dxxf   (b) The integral still exists and its value unchanged. 

4. No. 

Section 6.2 

1. (a) Differentiability (or continuity)  (b) Continuity. 

Section 6.3 

2. Since )(xf  is continuous and )(xg  monotonic increasing and bounded by 

001.0 , all functions are integrable (Theorems 6.3.1, 6.3.5, 6.3.6).  
5. Use Theorem 6.3.6. 

Section 6.4  

1. (a) 10   (c) )2ln(1 +   2. (a) )(tan
3

1
3

xx
x

x −+−+ . 

5. (a) 
12

7π
  (b) 

8

3)2( 88 −+a
 6. (a) )( 2

2

1 xe  

Section 6.5 

2. 164.1
2

1
ln,

2

1 2

0

2

≈⎟⎟
⎠

⎞
⎜
⎜
⎝

⎛ −=−= e
x

eλ  and 0x  is unique. 

3. 451.2,690.0
2

sin,
2 1

0 ≈⎟
⎠
⎞

⎜
⎝
⎛== −

ππ
λ x  

5. By Theorem 6.5.3: ∫∫ ∫ +=
π

ξ

π ξ

π dxxdxxdxxx )sin()cos()sin()0cos()cos()sin(
0 0

 for 

some πξξ ≤≤0: . This implies 0)cos( =ξ , i.e., 
2

πξ = . 
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Section 6.6 

1. (b) ∫ ∫ +−=−= Cexedxexedxxe xxxxx  4. Substitute 21 xu −= . 

7. (a) ))ln(cos(x−  10. The integral is ⎟
⎠
⎞

⎜
⎝
⎛

−
−

− bx

ax

ba
ln

1
 if ba ≠ . Otherwise it is 

xa −
1

. 

Section 6.7  

2. The integrals (b) and (c) are divergent. 3. The integrals (a) and (b) are 
divergent. 

Chapter 7 

Section 7.1 

1. Yes 2. No 4. (a) Converges (b) Converges (d) Diverges 

Section 7.2 

2. 2
2

11

=⎥
⎦

⎤
⎢
⎣

⎡−=
∞∞

∫ xxx

dx
 and the series converges. 

5. 1
3

2

4

3
1

3

2

4

3

2

1

3

2

2

1

3

2

2

1
11

1 <→

⎟
⎠
⎞

⎜
⎝
⎛+

+⎟
⎠
⎞

⎜
⎝
⎛

=

⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛

=
∞→

++

+
nn

n

nn

nn

n

n

a

a
 

6. No, since 1
1
2

→= nn
n

n
a  as ∞→n . 

Section 7.3 

1. Clearly 
1)1(

11

++
>

nnnn
 and 0

1
lim =
→∞ nnn

, i.e., convergence follows by 

Theorem 7.3.1. 
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3. (a) The series is not absolutely convergent ( ∫
∞

2
)ln(xx

dx
 does not exist). 

(b) The series is not absolutely convergent ( 1
)sin(

lim
0

=
→ x

x
x

 and 

∑ ⎟
⎠
⎞

⎜
⎝
⎛

n

2

1
converges). 

5. Before each negative term insert k  (which varies) positive terms whose sum 
exceeds 1 . 

Section 7.4 

2. Cauchy product is …++++
36

11

72

35

4

3
1  

Section 7.5 

1. The radius of convergence is 1=R . The first two derivatives are 

x
xf

−
=′

1

1
)(  and 

( )21

1
)(

x
xf

−
=′′  . 

2. The Taylor series is …+−+−
432

432 xxx
x  and the radius of convergence is 

1=R . 

6. The Taylor series is …++++
!3!2

1
32 xx

x  and it converges uniformly for 

100≤x  since for an arbitrary 0>ε  we can find n  such that 

( ) ε<
+

⋅ +

!1

100 1100

n

e n

 

A similar argument holds for 200≤x  (see Example 7.5.7 and Eq. (10.2.8)). 

Chapter 8 

Section 8.1 

1. (i) Clearly ∫ ∫∫ ++=+==
a aa

a

TxdTxfdxTxfdxxfI
0 0

)()()()( . By substituting 

Txu +=  we get ∫∫
++

==
Ta

T

Ta

T

dxxfduufI )()( . 
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2. ))4sin(
4

1
)3sin(

3

1
)2sin(

2

1
)(sin(2)( …+−+−= xxxxxf  

6. (d) 1,)sin()(cos
1

;0,0
0

2 ≥=≥= ∫ ndxnxxbna nn

π

π
 

Section 8.2 

4. The function 20,)( <<= xxxf  does not satisfy the requirements since 

∞→=′
x

xf
2

1
)(  as 0→x . The function 2001.0,)( <<= xxxf  

satisfies both requirements of Theorem 8.2.1. 

Section 8.3 

1. (a) even  (c) odd  (d) neither 

2. 0
)()(

lim
)()(

lim)0(
00

=−=−−=′
→→ h

hfhf

h

hfhf
f

hh
  

0)0(0)0(20)()()()( =⇒=⇒=−+⇒−=− ggxgxgxgxg  

3. Consider an even function )(xf . Then 

h

xfhxf

h

xfhxf

−
−−−−−=−+ )()()()(

 

and if 0→h  the left-hand side converges to )(xf ′  while the right-hand side 

converges to )(xf ′− .  

Chapter 9 

Section 9.1 

1. We discuss only real solutions. Step 1. Calculate acbA 42 −= . Step 2. If 
0<A  there are no real solutions – stop; If 0=A  get the single solution 

a

b
x

21
−= and stop; Otherwise get the two different solutions 

a

Ab
x

a

Ab
x

2
,

2 21
−−=+−= and stop. 

5. 5  iterations. 
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Section 9.2 

1. Consider the function   

⎪
⎩

⎪
⎨

⎧

≤≤−

<≤
=

1
2

1
,1

2

1
0,2

)(
xx

xx
xf  

Clearly it does not satisfy either condition, yet 
2

1

2

1 =⎟
⎠
⎞

⎜
⎝
⎛

f . 

5. There is an indication that 1)( >sf . 

Section 9.3 

1. 5 iterations, 718771927.15 =x . 3. The Newton method provides the particular 

solution 0=s  where 0)( =′ sf . This is not the case at the other solution 

3=s . 

Section 9.4 

2. The maximum error is bounded by 2106 −⋅ . 

Section 9.5 

3. The quadratic least-squares approximation is xxp =)(2 since the data is an 

exact straight line. 

4. (b) The data is almost linear which indicates a small coefficient for 2x . 
5. The least-squares approximation is 143.2671.4 −= xy . 

Section 9.6 

1. 3.116  2. The exact value is π  and Eq. (9.6.4) provides 006.1)( −=′′ ξf . It is 

easily seen that that the second derivative )cos()sin()( xxxxf +=′′  obtains 

this value somewhere between 
2

π
  and π .  5. The approximated value is 

3894.8  vs. the exact value 3891.8 .  6. The integrand's fourth derivative is 

bounded by 26e . Hence 8
42

10
180

26 −≤⋅⋅ he
 which implies 0119.0≤h . 
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Chapter 10 

Section 10.1 

1. If 
n

m
e =  where nm,  integers than 

2

2

n

m
e = is rational which contradicts 

Theorem 10.1.1. Similarly, if r
e

e =
−
+

1

1
 for some rational r  than 

1

1

−
+=

r

r
e , 

i.e., rational. 

Section 10.2 

1. ∞→≈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
n

nn

n n

,
22 2

π
 5. The approximate value is 446.1

39

81 ≈ . The exact 

value is …441.1  

Section 10.3.1 

1. (b) Definition: the whole plane, discontinuity: both axes. 

2. (a) ( ) )0,0(.,,0,
1

22222
≠

+
=

∂
∂≠

+
+−=

∂
∂

yx
yx

y

y

f
x

yx

x

xx

f
 

Section 10.3.2 

1. 
2

2
,

2

2
2121 −==== xxxx  3. (b) 

22

2

22

2

,
ba

ba
y

ba

ab
x

+
=

+
=  

 
 



Index 

Abel's test, 202 
Abel's theorem, 209 
absolute convergence, 193–203, 206, 208 
absolute value, 30 
absolutely convergent, 195–196, 198–199, 

200, 203, 205, 207 
Aitken's method, 241–242, 244 
algebraic functions, 48–54 
algebraic number, 51, 54 
algorithm, 233–236, 239, 242, 247, 256, 

259 
alternating series, 194–196 
Archimedes, 3, 5, 235 
Archimedes’ axiom, 25 
Aristotle, 2 
arithmetic mean, 33–34 
 
Barrow, 6 
Bernoulli’s inequality, 22, 33, 60, 67 
Bessel’s inequality, 223 
binomial theorem, 27–28, 62, 69, 75 
Bolzano – Weierstrass theorem, 80–81, 

83, 96–97, 100 
bounded sequence, 58, 81 
 
Cantor, 2 
Cartesian product, 37, 39 
Cauchy, 2, 6 
Cauchy condensation test, 189, 190 
Cauchy product, 204–207, 209–210 
Cauchy Sequences, 74, 82–86 
Cauchy's ratio test, 193 
Cauchy's root test, 191–193, 212 
Cauchy-Schwarz inequality, 32, 35 
Cavalieri, 5 
closed interval, 38, 72, 80 

comparison test, 186–187, 190–191,  
196–197, 207 

composite function, 95–96, 117–118, 120, 
127–128 

conditionally convergent, 198 
continuous functions, 87–106 
contractive sequence, 83–85 
convergence rate, 79 
convergence test, 234–235 
convergence theorem, 227–228, 230–231 
convergent sequence, 56, 63, 69, 77,  

82–83 
cubic splines, 250–253 
 
D'Alembert's Ratio Test, 191 
Darboux integrals, 149–155 
Darboux sums, 148, 150–151, 154 
Dedekind cuts, 23–24 
Descartes, 5 
differentiable functions, 107–146 
dirichlet's test, 201, 268 
divergent sequence, 56, 62, 69 
 
elementary function, 175–177 
euclid, 3, 5 
Eudoxus, 2, 3 
Euler, 76 
Euler’s summation formula, 264–266, 268 
even functions, 53–54, 229–230, 232 
exponential function, 100, 103, 127–129 
 
Fermat, 6 
fourier, 217 
fourier coefficients, 220–221, 223,  

229–230 
fourier series, 217–232 
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fourier sine series, 230–232 
fundamental period, 218 
Fundamental Theorem of Calculus,  

165–171 
 
Gaussian integration, 259–261 
geometric means, 33–34 
Gerschgorin’s theorem, 51 
Goethe, 9 
 
harmonic series, 184, 196, 202 
Hermite, 263 
Hieron, 3 
Hipocrates, 2 
Huygens, 7–8 
 
implicit relation, 120–124, 130 
improper integrals, 179–182 
infimum, 42–44, 72–73, 96–97 
infinite products, 203–210 
infinite series, 183–216 
inflection point, 135, 137– 140 
integrable functions, 155–158, 174 
integral test, 188, 190, 193 
integration by parts, 176, 178 
integration by substitution, 177 
interpolation, 247, 251 
interpolator, 247– 251, 253, 257 
inverse function, 42, 119, 127–128, 130 
irrational numbers, 30 
iterative process, 235 
 
jump discontinuity, 91 
 
Kepler, 5 
Kronecker, 14 
 
lagrange interpolation, 250 
lagrange interpolator, 249, 257 
lagrange multipliers, 263, 270–281 
lagrange polynomial, 247–250, 252, 257 
least – squares approximations, 252–256 
left derivative, 110, 114, 131 
Leibniz, 2, 3, 6–9, 107, 117–118 
Leibniz's Alternating Series Test, 194 

length of a curve, 170 
L'Hospital's Rules, 141–146 
limit point, 70–73, 80–81, 83 
linear least – squares method, 253–254 
linear least-squares approximation, 255 
lipschitz condition, 93, 106, 237, 239,  

240, 242 
local maximum, 120–122, 135–138 
local minimum, 120, 135–139 
logarithmic functions, 125, 127–128, 130 
 
mathematical induction, 15, 28 
mean-value theorems, 122–125, 134, 141, 

168, 171–172, 174, 238 
method of exhaustion, 3 
Minkowsky inequality, 35 
monotone decreasing, 75–76, 86 
monotone functions, 42, 45 
monotone increasing, 75–78, 81, 85–86 
monotone sequences, 74–77 
negative integers, 19 
 
Newton, 2, 3, 6–9, 107, 109, 132 
Newton – Raphson Method (NRM),  

242–247 
nonnegative integers, 28 
numerical methods, 233–261 
 
odd functions, 53–54, 229–232 
open interval, 38, 72 
order of convergence, 240 
 
Parmenides, 1 
Parseval’s identity, 224 
partial derivative, 270– 273, 275 
peano axioms, 15 
periodic function, 53, 217, 220, 225,  

228–230 
piecewise continuous, 225–227 
plato, 1, 2 
plutarch, 3 
positive integers, 11, 19, 25 
positive numbers, 13 
power function, 119 
power series, 203, 204, 210–214 
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quadratic least – squares, 254–256 
quadratic least-squares approximation, 

255–256 
quadratic least-squares method, 255 
 
radius of convergence, 212–213, 216 
rational numbers, 17, 19–26, 29–30 
real-valued function, 39 
Riemann integrable, 147, 151, 153,  

155–159, 161, 163, 165, 171 
Riemann integrable functions, 158–159, 

160, 162–163, 165, 172 
Riemann Integral, 147–155, 158–167,  

256 
Riemann sum, 151, 153 
right derivative, 110, 131 
Roberval, 5 
Rolle's theorem, 121–122, 134 
Root Test, 192 
 
sawtooth function, 227 
Schiller, 9 
secant method, 247 
SIM, 236, 239–241, 244 
Simpson's rule, 257–259, 261 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Socrates, 1 
stationary points, 135, 139–141 
stirling’s formula, 266–269 
strictly monotone, 99–100, 103 
supremum, 42–44, 71–73, 96 

 
Taylor series, 210, 213–216 
Taylor's theorem, 131, 133–135, 138, 141, 

146, 214 
The Irrationality of e , 263–264 

theorem, 238 
transcendental number, 51–52 
trapezoidal rule, 256–257, 261 
triangle inequality, 30–31 
triangular wave, 220–221, 230 
Trichotomy law, 16 
trigonometric series, 217–224, 218 

 
uniform continuity, 104–106 

 
Wallis, 6 
Wallis’ formula, 267, 269 

 
Zeno, 1, 2 
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