Annex A

Mathematical Framework

This annex is a summary of the mathematical background needed for this book.

A.1 Dynamical Systems
In this book we only consider two kinds of “discrete-time” dynamical systems: continuous and measure-preserving systems. Roughly speaking, the first are the basic
objects of topological dynamics and the second ones play a major role in the study
of statistical properties.
Definition 7 A continuous (or topological) dynamical system is a pair (M, f ), where
M is a topological space and f :M → M a continuous map.
Let  be a non-empty set, B a sigma-algebra of subsets of , and μ:B →
R ∪ {+∞} a positive measure on the measurable space (, B). A typical example
of measurable space is a topological space endowed with the Borel sigma-algebra,
i.e., the sigma-algebra generated by the open sets. The measure space (, B, μ) is
called a finite-measure space if μ() < ∞. A measurable map (function, transformation) f : →  is said to preserve the measure μ, or to be μ-preserving,
if μ(f −1 (B)) = μ(B) for all B ∈ B. Equivalently, the measure μ is said to be
f -invariant. Sometimes (, B, μ) is called the state space of the dynamic f .
Definition 8 Let (, B, μ) be a finite-measure space and f : →  a μ-preserving
map. Then (, B, μ, f ) is called a measure-preserving dynamical system.
If (, B, μ, f ) is a measure-preserving dynamical system, we can assume without
loss of generality that μ() = 1, i.e., that (, B, μ) is a probability space. In this
light,  is the space of elementary events, B comprises all outcomes we might be
interested in, and μ(B) is the probability of the outcome B ∈ B.
Given a measurable map f : → , it is very difficult in practice to prove that
f preserves the measure μ since, in general, not all elements B ∈ B are explicitly
known. In general, all we know is a semi-algebra S generating B. For example, if B
is the Borel sigma-algebra of the interval [0, 1] ⊂ R with the standard topology, then
S can be taken to be the collection of all subintervals of [0, 1], or just the collection
J.M. Amigó, Permutation Complexity in Dynamical Systems,
Springer Series in Synergetics, DOI 10.1007/978-3-642-04084-9,

C Springer-Verlag Berlin Heidelberg 2010

199

200

A Mathematical Framework

of subintervals of the forms [0, b] and (a, b], 0 ≤ a < b ≤ 1. It can be proved
[202] that if (i) S is a semi-algebra which generates B and (ii) for every A ∈ S,
f −1 (A) ∈ B and μ(f −1 (A)) = μ(A), then f preserves the measure μ.
Exercise 13 Prove that S = {[a, b):0 ≤ a < b < 1} is a semi-algebra of subsets of
the interval [0, 1) that generates the Borel sigma-algebra of [0, 1).
Example 22 Suppose  = [0, 1), B is the Borel sigma-algebra of [0, 1), and λ is
the Lebesgue measure on [0, 1). Furthermore, let f : →  be the map given by
f (x) = Nx mod 1, where N ∈ Z, |N| ≥ 2. Then f preserves λ. Indeed, for every
half-open interval [a, b) ⊂ [0, 1),
f

−1

([a, b)) =

N−1
$
i=0

a+i b+i
,
N
N



if N ≥ 2 and
f −1 ([a, b)) =

'
|N|
$
i−b i−a
,
|N| |N|
i=1

if N ≤ −2. Hence,


λ f

−1



[a, b) =

N−1

i=0

|N|

b−a b−a
=
= b − a = λ([a, b)).
|N|
N
i=1

Example 23 Let the measure space (, B, μ) be as in the previous example and
f : →  be given now by f (x) = x + r mod 1, with r > 0. This transformation
preserves also the Lebesgue measure λ since, for every [a, b) ⊂ [0, 1),
f −1 ([a, b)) = [a − r, b − r)
f −1 ([a, b)) = [a + 1 − r, b + 1 − r)
f −1 ([a, b)) = [0, b − r) ∪ [a + 1 − r, 1)

if a ≥ r,
if b ≤ r,
if a < r < b.

In any case,


λ f −1 ([a, b)) = b − a = λ([a, b)).
A perhaps more natural way of dealing with this example views f as a rotation on
the circle. The f -invariance of λ is then straightforward.
More generally, the Lebesgue measure on Rn is invariant under translations and
rotations in Rn . More sophisticated examples of invariant measures include the Haar
measure on a locally compact topological group, the map being the action of the
group. In the next section we will meet invariant measures on product spaces.
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Exercise 14 Let f :[0, 1) → [0, 1) be the Gauss transformation,

f (x) =

0
1
x

(mod 1)

if x = 0,
if x = 0.

Show that f preserves the measure
1
μ(B) =
ln 2

#
B

dx
,
1+x

(A.1)

where B is a Borel set of [0, 1). Hint:
f

−1

([a, b)) =

∞
$
n=1

'
1
1
,
.
b+n a+n

Krylov and Bogolioubov showed that invariant measures exist under quite general conditions.
Theorem 20 [202] Let  be a compact metric space and f : →  a continuous
map. Then there exists an f -invariant probability measure μ on (, B), where B is
the Borel sigma-algebra of .
In general, there can exist more than one f -invariant measure and, besides, some
of them can be rather “pathological.” For instance, if δp is the Dirac measure at p,
i.e.,

1 if p ∈ B
δp (B) =
,
0 if p ∈
/B
B ∈ B, and x is a period-n point for f , then
1
δf k (x) (B)
n
n−1

μ(B) =

k=0

(f 0 (x) := x and f i (x) = f (f i−1 (x)) for i ≥ 1) is an atomic measure supported on the
points {x, f (x), . . . , f n−1 (x)}. A set E ⊂  is said to be the (unique) support of μ if
(i) E is closed in , (ii) μ(E ∩ U) > 0 if E ∩ U = ∅ and U is open in , and (iii)
μ(E ) = 0, where E = \E is the complement of E.
In general, the ordered set {f i (x):i ≥ 0} is called the orbit or trajectory of the
point (state, initial condition, etc.) x ∈  under the “discrete-time” dynamic f and
denoted by Of (x). In the case of invertible maps, one writes Of+ (x) = {f i (x):i ≥ 0}
for the “forward” orbit, while orbit means Of (x) = {f i (x):i ∈ Z}.
It can happen that for almost all x in a set U ⊂  with positive Lebesgue measure,
its orbit is bounded and, moreover, the sequences of probability measures
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1
δf k (x)
n
n−1
k=0

converge weakly to a measure μ, i.e., for almost all x ∈ U and any continuous map
ϕ: → ,
1
lim
ϕ(f k (x)) =
k→∞ n
n−1
k=0

#


ϕdμ

holds. Then μ is an f -invariant measure that is usually called the natural or physical
measure for its relevance in physics and computer simulations [72].
An important issue in measure-preserving dynamical systems is the existence of
absolutely continuous invariant measures. A measure μ on a topological space 
is said to be absolutely continuous (with respect to the Lebesgue measure dx), if
μ(dx) = ρ(x)dx = : dμ, where the density function ρ: →  (also called the
Radon–Nikodym derivative of μ with respect to the Lebesgue measure, dμ/dx) is
continuous. For example, if μ is measure (A.1) on the interval [0, 1) endowed with
the Borel sigma-algebra, then
μ(dx) =

1 dx
ln 2 1 + x

or

dμ
1
1
=
.
dx
ln 2 1 + x

In general there are few results on the existence of absolutely continuous invariant
measures. In the case of self-maps of one-dimensional intervals, there are some
general conditions that appear in the usual theorems on existence of such measures.
Recall that a partition of a measure space (, B, μ) is a disjoint collection of
elements of B whose union is .
Definition 9 Let α = {Ii }di=1 be a partition of the interval I = [a, b] ⊂ R into
subintervals Ii . Given the map f :I → I, assume that f |Ii is Ck (k ≥ 1) for each i.


(a) f is said to be Ck piecewise expanding if there exists λ > 1 such that f  (x) > λ
for all x ∈ Ii and each i.
(b) f is said to be Ck Markov if f (I˚i ) ⊃ I˚j whenever f (I˚i ) ∩ I˚j = ∅ (“Markov property”), where I˚i stands for the interior of Ii , 1 ≤ i ≤ d. In this case, α is called a
Markov partition for f . The matrix A = (Aij )1≤i, j≤d with
:
Ai, j =

1 if f (I˚i ) ⊃ I˚j ,
0 if f (I˚i ) ∩ I˚j = ∅,

is called the transition matrix for f .

;
(A.2)
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See, for instance, [37, Chap. 5] and [105] for results concerning the existence of
absolutely continuous invariant measures for piecewise expanding and/or Markov
transformations (complying with additional conditions).
Exercise 15 Prove that the logistic map g(x) = 4x(1−x), 0 ≤ x ≤ 1, has an invariant
measure with density function
ρ(x) =
i.e.,

<1
0

1
,
√
π x(1 − x)

(A.3)

ρ(x)dx = 1, and
#

#
ρ(x)dx =
[a,b]

g−1 [a,b]

ρ(x)dx,

for all 0 ≤ a < b ≤ 1. Figure A.1 shows the plot of the function ρ(x). Is g(x)
piecewise expanding? Is g(x) Markovian?

ρ(x)

10

0

1
x

Fig. A.1 The density ρ(x), (A.3)

Once we know that invariant measures are rather abundant objects, suppose that
f : →  is such that f −1 (B) = B for some B ∈ B. Then f −1 (\B) = \B and the
action of f on  can be decomposed into two disjoint pieces: f |B and f |\B . If f is
indecomposable in the previous sense, one says that f is ergodic.
Definition 10 Let (, B, μ, f ) be a measure-preserving dynamical system. The map
f is said to be ergodic if
f −1 (B) = B,

B ∈ B ⇒ μ(B) = 0 or

μ(B) = 1
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Alternatively, μ is said to be an ergodic measure for f . Also, the dynamical system
(, B, μ, f ) is said to be ergodic.
Thus an ergodic measure cannot be decomposed as a (properly weighted or “convex”) sum of invariant measures. It might seem that this definition is a far cry from
the original Boltzmann’s Ergodenhypothese, which states that the trajectory of a
closed thermodynamic system in the phase space (spanned by the coordinates and
conjugate canonical momenta of its constituent particles) covers densely and uniformly the “energy shell,” that is, the hypersurface in phase space defined by the
restriction that the energy of the system is constant. But it was on the way to lying
Boltzmann’s proposal on a mathematically sound basis that G. Birkhoff introduced
the concept of ergodicity in its modern version. Birkhoff’s seminal ergodic theorem
states the following.
Theorem 21 [202] If (, B, μ, f ) is an ergodic dynamical system, then
1
ϕ(f i (x)) =
lim
n→∞ n
n−1
i=0

#


ϕdμ

a.e.

(A.4)

for all ϕ ∈ L1 (μ).
As usual, “a.e.” is shorthand for “almost everywhere” with respect to the relevant
measure (μ here) and L1 (μ) is the space of μ-integrable functions. The property
assumed by the Ergodenhypothese goes by the name of topological transitivity in
the theory of discrete dynamical systems. A continuous self-map f of a compact
metric space  is called topologically transitive if there exists some x ∈  such
that Of (x) is dense in  (if f is invertible, then Of (x) also includes the “backward”
iterates f −n (x), n ∈ N).
Let χB denote the characteristic function of the set B ∈ B,

χB (x) =

1 if x ∈ B
.
0 if x ∈
/B

The substitution ϕ = χB in (A.4) yields then
1
χB (f i (x)) → μ(B)
n
n−1

a.e.,

i=0

when n → ∞. This means that if (, B, μ, f ) is ergodic, then the orbit of almost
every initial condition x ∈  visits the region B of the state space with asymptotic
frequency μ(B). This resembles the law of large numbers in statistics and, in fact,
there are plenty of deep relations between ergodic theory and statistics [31, 67].
Let  be a compact metrizable space , and B the Borel sigma-algebra on . A
continuous map f : →  is called uniquely ergodic if there is only one f -invariant
Borel probability measure on . A map f is uniquely ergodic if and only if it has
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exactly one invariant measure. If f is uniquely ergodic and μ is its invariant measure,
then (A.4) holds for all continuous transformations ϕ and all x ∈  [202].
Ergodicity is just but the first step in a series of notions measuring the statistical
properties of the orbits generated by the dynamic: ergodicity, mixing, completely
positive entropy, etc. Here we will recall only the definition of strong mixing.
Definition 11 The measure-preserving dynamical system (, B, μ, f ) is called (strong)
mixing if
lim μ(f −n (A) ∩ B) = μ(A)μ(B)

n→∞

(A.5)

for all A, B ∈ B.
In contrast to (A.5), f is ergodic if and only if
1
μ(f −i (A) ∩ B) = μ(A)μ(B)
n→∞ n
n−1

lim

(A.6)

i=0

for all A, B ∈ B. Hence mixing is a stronger condition than ergodicity. In practice it
suffices to check (A.6) and (A.5) for A, B ∈ S, a semi-algebra that generates B.
Sufficient conditions for the existence of ergodic absolutely continuous invariant
measures can be found, e.g., in [52, Chap. 5] . Mixing piecewise C2 expanding
Markov maps have unique ergodic invariant measures [105].
As in any other area of mathematics, the notion of isomorphism is central. It
specifies when two dynamical systems are to be considered equivalent from the
point of view of the properties that matter in this theory.
Definition 12 Given the measure-preserving dynamical systems (1 , B1 , μ1 , f1 ) and
(2 , B2 , μ2 , f2 ), we say that f1 is (metrically) isomorphic to f2 if there exist B1 ∈ B1 ,
B2 ∈ B2 with μ1 (B1 ) = μ2 (B2 ) = 1 such that (i) f1 (B1 ) ⊂ B1 , f2 (B2 ) ⊂ B2 and (ii)
there is an invertible, measure-preserving map φ:B1 → B2 with φ ◦ f1 (x) = f2 ◦ φ(x)
for all x ∈ B1 .
The dynamical systems (1 , B1 , μ1 , f1 ) and (2 , B2 , μ2 , f2 ) are said to be isomorphic. Sometimes φ is called an isomorphism “modulo 0” or just “mod 0” (shorthand for modulo measure zero sets), but usually we dispense with measure zero
sets without stating it explicitly. In the more general case that φ is measure preserving but only surjective, (2 , B2 , μ2 , f2 ) is called a factor of (1 , B1 , μ1 , f1 ) (or
(1 , B1 , μ1 , f1 ) a cover of (2 , B2 , μ2 , f2 )) via the factor map φ. Two isomorphic
maps are obtained from each other by a change of coordinates, so that properties
that are independent of such changes of coordinates are invariant. Isomorphism
invariants include ergodicity and mixing.
There is a broader (and more technical) concept called conjugacy that embraces
isomorphism. Both concepts are though equivalent in virtually all probability spaces
that one encounters in applications (e.g., compact metric spaces). Indeed, as it turns
out, there is essentially only one type of probability space, called a Lebesgue space,
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which is characterized as being measure-theoretically isomorphic to the union of an
interval of R endowed with Lebesgue measure, with at most countably many points
of positive measure (called atoms) [177, 202]. In a Lebesgue space, set maps are
always induced by point maps. Conjugacy and isomorphy coincide for a Lebesgue
space, so both terms can be used interchangeably in that case.
Example 24 The symmetric tent map

(x) =

:[0, 1] → [0, 1],

2x
2 − 2x

0 ≤ x ≤ 12
,
1
2 ≤x≤1

(A.7)

1
preserves the Lebesgue measure λ(dx) = dx. If, furthermore, μ(dx) = π √x(1−x)
dx is
the natural invariant measure of the logistic map g:[0, 1] → [0, 1], g(x) = 4x(1 − x)
(see (A.3)), then φ:([0, 1], λ) → ([0, 1], μ) given by

φ(x) = sin2 ( π2 x)
is invertible, measure preserving, and it satisfies g ◦ φ = φ ◦ . Hence,
conjugate.

(A.8)
and g are

Exercise 16 Show that
xk = sin2 (2k ξ ),
ξ ∈ R, is a solution of the logistic recursion (or finite difference equation)
xk+1 = 4xk (1 − xk ),

k ≥ 0,

xk ∈ [0, 1], with initial condition x0 = sin2 ξ .

A.2 Shift Systems
Shift systems are dynamical systems which due to their importance as models and
prototypes are considered separately in this section. In the simplest and most usual
version, the elements of the shift spaces are one-sided or two-sided sequences of
N symbols or “letters”. Sometimes one has to consider also sequences with elements from an arbitrary (countable or uncountable) “alphabet,” and this requires
some degree of sophistication. We set out from this more general situation.
First of all, let us recall the definition of a product measurable space. For our
purposes it is sufficient to consider products of countably many copies of a measurable space (, B). As index set K we take without restriction K = N0 := {0} ∪ N or
K = Z. Then, k∈K (, B) = (K , B ()), where
K = {(ωk )k∈K :ωk ∈ }
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is the set of all one-sided sequences
(ωk )k∈N0 = ω0 , . . . , ωk , . . .
if K = N0 , or the set of all two-sided sequences (also called bisequences or doubly
infinite sequences)
(ωk )k∈Z = . . . , ω−k , . . . , ω0 , . . . , ωn , . . .
if K = Z, and B () is the sigma-algebra generated by the semi-algebra S of cylinder sets
*
*
Aj ×
 = {(ωk )k∈K :ωj ∈ Aj for j ∈ F},
(A.9)
j∈F

k∈
/F

where F ⊂ K is finite and Aj ∈ B for j ∈ F. If K = N0 (correspondingly, K = Z),
then we can take F = {0, 1, . . . , n} (correspondingly, F = {−n, . . . , 0, . . . , n}),
n ∈ N0 , in (A.9) without restriction.
In most applications we have in mind (for instance, to information theory),
(, B) = (S, 2S ) with S = {0, . . . , N–1}, N ≥ 2, and 2S denoting as usual the family
of all subsets of S. In this case, the set of all one-sided sequences of the symbols
0, 1, . . . , N–1,
SN0 = {(sn )n∈N0 :sn ∈ S},

(A.10)

is called the (one-sided) sequence space on N symbols. Depending on the context, the set of symbols S may receive different names. In the setting of information theory, S is called an alphabet, its elements are called letters, and sequences
s = (sn )n∈N0 are called messages. In dynamics, S is sometimes called the state
space and its elements, states. Segments (or words) of symbols of length L, like
sk , sk+1 , . . . , sk+L−1 , will be shortened as skk+L−1 .
If S is thought to be a topological space (eventually endowed with the discrete
topology), then SN0 can be promoted to a topological space by means of the product
topology, which is generated by the corresponding cylinder sets
Ca0 ,...,an = {s ∈ SN0 :sk = ak , 0 ≤ k ≤ n},

(A.11)

where a0 , . . . , an ∈ S. (The general definition (A.9) with Aj = {aj } leads to the same
topology.) The product topology makes SN0 compact, perfect (i.e., it is closed and
all its points are accumulation points), and totally disconnected. Such topological
spaces are sometimes called Cantor sets because they are homeomorphic to Cantor’s
ternary set in the unit interval. By definition, the product sigma-algebra, B (S), is
generated by the cylinder sets (A.11) and comprises all Borel sets of SN0 .
Moreover, SN0 is a metrizable space. In fact, there are several (non-equivalent)
metrics compatible with the topology of SN0 , the perhaps most popular being
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dK (s, s ) =

∞

δ(sn , s )
n

n=0

Kn

,

(A.12)

where δ(sn , sn ) = 1 if sn = sn , δ(sn , sn ) = 0 and K > 2. Observe that given
s ∈ Ca0 ,...,an , then dK (s, s ) < K1n if s ∈ Ca0 ,...,an , and dK (s, s ) ≥ K1n if s ∈
/ Ca0 ,...,an ,
thus Ca0 ,...,an = BdK (s; K1n ), the open ball of radius K −n and center s in the metric
space (SN0 , dK ). Moreover, every point in BdK (s; K1n ) is a center, a property known
from non-Archimedean normed spaces (e.g., the rational numbers with p-adic norms
[115]).
Exercise 17 1. Prove that the cylinder sets (thus the open balls) are also closed in
the product topology. Open and closed sets are sometimes called clopen sets.
2. Prove that the cylinder sets are not connected (i.e., they can be written as a disjoint union of open sets).
Shifting all the symbols of a one-sided sequence to the left one place and dropping the first symbol define a self-map of one-sided sequence spaces which plays
an important role in both theory and applications. Formally, the (one-sided) shift
:SN0 → SN0 is defined as
(s0 , s1 , s2 , . . . ) = (s1 , s2 , s3 , . . . ),

(A.13)

that is, (s) = s with sn = sn+1 . Since  −1 Ca0 ,...,an = ∪a∈S Ca,a0 ,...,an ,  is continuous on (SN0 , dK ), each point s ∈ SN0 having exactly N preimages under .
Furthermore,  has N fixed points: s = a∞
0 , 0 ≤ a ≤ N − 1.
In order to make a measure-preserving dynamical system out of SN0 , B (S), and
, only a -invariant measure is missing. All probability measures on (SN0 , B (S))
that make  a measure-preserving transformation are obtained in the following way
≤ n, let a real number pn (a0 , . . . , an ) be given
[202]. For any n ≥ 0 and ai ∈ S, 0 ≤ i
such
that
(i)
p
(a
,
.
.
.
,
a
)
≥
0,
(ii)
n
0
n
a0 ∈S p0 (a0 ) = 1, and (iii) pn (a0 , . . . , an ) =

an+1 ∈S pn+1 (a0 , . . . , an , an+1 ). If we define now
m(Ca0 ,...,an ) = pn (a0 , . . . , an ),
then m can be extended to a probability measure on (SN0 , B (S)). The resulting
dynamical system (SN0 , B (S), m, ) is called the one-sided shift system.
If instead of considering (one-sided) sequences s = (sn )n∈N0 , sn ∈ S =
{0, . . . , N − 1}, we consider two-sided sequences s = (sn )n∈Z , we are in the realm
of the two-sided sequence spaces on N symbols,
SZ = {(sn )n∈Z :sn ∈ S}.
The corresponding (invertible) two-sided shift on SZ is defined as :s → s with
sn = sn+1 , n ∈ Z. (Although not strictly correct, we use the same letter  for
one-sided and two-sided shifts.) The cylinder sets are given now as
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Ca−n ,...,a0 ,...,an = {s ∈ SZ :sk = ak , |k| ≤ n}
and
dK (s, s ) =

 δ(sn , s )
n∈Z

K |n|

n

,

K > 3, is a metric for SZ . The dynamical system (SZ , B (S), m, ) is called the
two-sided shift system.
Exercise 18 Prove that the cylinder set Ca−n ,...,a0 ,...,an of SZ coincides with the open
ball BdK (s;K 1−n ), where s is any point of Ca−n ,...,a0 ,...,an .
, pN−1 ), N ≥ 2, be a probability vector with
Example 25 (a) Let p = (p0 , p1 , . . .
N−1
pi = 1). Set
non-zero entries (i.e., pi > 0 and i=0
pn (a0 , a1 , . . . , an ) = pa0 pa1 · · · pan .
The resulting measure on (SK , B (S)) is called the Bernoulli measure defined by
p. The dynamical system (SK , B (S), m, ), where m is the Bernoulli measure
defined by the probability vector p, is called a one-sided (if K = N0 ) or two-sided
(if K = Z) p-Bernoulli shift.
(b) Let p = (p0 , p1 , . . . , pN−1 ) be a probability vector as in (a) and P = (pij )0≤i,j≤N−1
N−1
an N × N stochastic matrix (i.e., pij ≥ 0 and
j=0 pij = 1) such that
N−1
i=0 pi pij = pj . Set then
pn (a0 , a1 , . . . , an ) = pa0 pa0 a1 pa1 a2 · · · pan−1 an .
The resulting measure on (SK , B (S)) is called the Markov measure defined by
(p, P). The dynamical system (SK , B (S), m, ), where m is the Markov measure
defined by the probability vector p and the stochastic matrix P, is called a onesided (if K = N0 ) or two-sided (if K = Z) (p, P)-Markov shift. A p-Bernoulli
shift can be considered as a (p, P)-Markov shift by taking pij = pj .
Simple as they might seem, one-sided and two-sided shifts exhibit most of the
basic properties of ergodic theory, like ergodicity and strong mixing. In particular,
they are easily shown to be chaotic in the sense of Devaney [69], i.e., they are
sensitive to initial conditions, are strong mixing, and their periodic points are dense.
Let us recall at this point the notion of sensitivity to initial conditions.
Definition 13 Given a metric space (M, d), a map f :M → M is said to be sensitive
to initial conditions if there exists δ > 0, called a sensitivity constant, such that for
every x ∈  and ε > 0 there exists y ∈  with d(x, y) < ε and d(f n (x), f n (y)) ≥ δ
for some n ∈ N.
Equivalently, a continuous self-map of a compact metric space is said to be
chaotic if it is topologically transitive (that is, it has a dense orbit) and its periodic
points are dense [91].
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Exercise 19 Prove that the one- and two-sided shifts on N symbols are sensitive to
initial conditions, are topological transitive, and their periodic points are dense.
Example 26 Let  = [0, 1], B the Borel sigma-algebra of [0, 1], λ the corresponding Lebesgue measure, and E2 :x → 2x (mod 1) the so-called dyadic map. The
dynamical system ([0, 1], B, λ, E2 ) is then isomorphic (up to a measure zero set) to
the one-sided ( 12 , 12 )-Bernoulli shift on the symbols {0, 1} = S. An isomorphism
φ:SN0 → [0, 1] is given by
(x0 , x1 , . . . , xk , ..) →

∞


xk 2−(k+1) .

(A.14)

k=0

Of course, the map φ is not injective in strict sense because the sequences
(x0 , . . . , xn−1 , 0, 1∞ ) and (x0 , . . . , xn−1 , 1, 0∞ ) are sent to the same point (the upper
label “∞” means indefinite repetition); indeed,
n−1

k=0

−(k+1)

xk 2

+

∞


−(k+1)

2

=

k=n+1

n−1


xk 2−(k+1) + 2−(n+1) .

k=0

However, since the set of sequences eventually terminating in an infinite string of
0’s or 1’s is countable, we conclude that (SN0 , B (S), m, ) and ([0, 1], B, λ, E2 ) are
conjugate modulo 0, i.e., the diagram
:{0, 1}N0
φ↓
E2 :[0, 1]

→
→

{0, 1}N0
↓φ
[0, 1]

is commutative almost everywhere: E2 = φ◦◦φ −1 . Observe that there is otherwise
a topological obstruction that prevents SN0 and [0, 1] from being homeomorphic: the
first is (homeomorphic to) a Cantor set while, certainly, the second is not.
Exercise 20 Prove that the map φ:SN0 → [0, 1] defined in (A.14) is measure preserving, i.e., m(φ −1 (I)) = λ(I) for any interval I ⊂ [0, 1]. It suffices to consider “dyadic” intervals, i.e., intervals of the forms [0, k2 /2n ] and (k1 /2n , k2 /2n ],
0 ≤ k1 < k2 ≤ 2n , n ∈ N.
Let us mention in passing the dyadic map x → 2x (mod 1) is just the first member
of the family of expanding maps of the circle:
EN :x → Nx (mod 1),
where N is an integer of absolute value greater than 1. In a way similar to Example 26 one can show that ([0, 1], B, λ, EN ) and the ( N1 , . . . , N1 )-Bernoulli shift are
conjugate
for N ≥ 2. In this case, map (A.14) is replaced by (x0 , x1 , . . . ) →
∞
−(k+1) .
x
N
k=0 k
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Exercise 21 What transformation induces on the sequence space {0, 1}N0 the expanding map E−2 via map (A.14)?

A.3 Stochastic Processes and Sequence Spaces
A stochastic (or random) process is a mathematical model for the occurrence of
random phenomena as time goes on. This is the case, for example, when a random
experiment is repeated over and over again. Put in a formal way, a stochastic process
is a collection of random variables X = {Xt }t∈T on a common probability space
(, B, μ), called the sample space, taking on values in a measurable space (S, A),
called the state space. Technically this means that Xt : → S is a measurable map
for all t ∈ T , i.e., Xt−1 (A) ∈ B for all A ∈ A. The index t ∈ T is conveniently
interpreted as time, the usual choices for T being (i) T = R or R+ = [0, ∞], in
which case X is called a continuous-time stochastic process or (ii) T = N0 or Z, in
which case X is called a discrete-time stochastic process. The map t → Xt (ω) is the
realization (sample path, trajectory, etc.) of the process X associated with the fixed
sample point ω ∈ . As usual in probability theory and statistics, a realization of a
random variable X will be denoted by the same letter in small caps: X(ω) = x.
The stochastic process X is characterized by its joint (finite-dimensional) probability distributions
μ{ω ∈ :Xt1 (ω) ∈ A1 , . . . , Xtr (ω) ∈ Ar } = Pr{Xt1 ∈ A1 , . . . , Xtr ∈ Ar },
where r ≥ 1, t1 , . . . , tr ∈ T and A1 , . . . , Ar ∈ A. If, furthermore, T is such that
T + t ∈ T for any t ∈ T (think of T = [0, ∞) or T = N0 ) and the distribution of the random vector (Xt1 +t , Xt2 +t , . . . , Xtr +t ) does not depend on t for any
r ≥ 1, t1 , . . . , tr ∈ T , then the process X is called stationary. Stationary stochastic
processes are also called information sources because they are used in information
theory to model data sources.
In this book we consider mostly discrete-time, finite-state, one-sided stochastic
processes modeling, say, finite-alphabet information sources or arising as symbolic
dynamics after dividing the state space of a dynamical system. In this case we use
the following notation for the joint probability distributions of the discrete random
variables X0 , . . . , Xn with states in (without restriction) S = {0, 1, . . . , N − 1}:
μ {ω ∈ :X0 (ω) = x0 , . . . , Xn (ω) = xn } = Pr {X0 = x0 , . . . , Xn = xn }
= p(x0 , . . . , xn ),

(A.15)

and the corresponding notations for the conditional probabilities, etc. Occasionally,
these finite-state processes will arise as discretizations or quantizations X of processes X taking values in a finite interval I ⊂ Rq endowed with the Lebesgue
measure. Formally this means that there exists a (usually uniform) partition δ =
{1 , . . . , |δ| } of I into a finite number of Lebesgue-measurable subsets (say,
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subintervals), such that Xn = aj if Xn ∈ j , where aj ∈ j is usually set by
the precision with which the outputs of X are measured.
Example 27 A finite-state stochastic process X = {Xn }n∈N0 is called a Markov process or Markov chain if
Pr {Xn = xn | Xn−1 = xn−1 , . . . , X0 = x0 } = Pr {Xn = xn | Xn−1 = xn−1 },
n ≥ 1, where x0 , . . . , xn ∈ S = {0, . . . , N − 1}. If, moreover, the conditional probability Pr {Xn = xn | Xn−1 = xn−1 } does not depend on n, then the Markov process X
is called time homogeneous or time invariant. In this case,
Pi,j := Pr {Xn = j| Xn−1 = i},
0 ≤ i, j ≤ N − 1, is called the transition matrix. We call a probability vector p =
(p0 , . . . , pN−1 ) an invariant, stationary, or equilibrium probability for X if p = pP,
that is, if p is a left eigenvector of P with eigenvalue 1.
Any stationary discrete-time stochastic process X = {Xn }n∈K on a probability space (, B, μ) with state space (S, A) corresponds in a standard way to a
shift system (SK , B (S), m, ), where (SK , B (S)) is the product measurable space
k∈K (S, A), via the map : → SK defined by ((ω))n = Xn (ω). Here the measure m is the induced or transported probability on the space of possible outputs,
B (S), of the random process X:
m(B) = μ(−1 B),

B ∈ B (S),

(A.16)

that is, m = μ ◦ −1 (note that −1 B ∈ B because each Xn is measurable). Moreover, because of the stationarity of X, the probability measure m is shift invariant on
cylinder sets and hence on all of B (S).
We will also refer to the shift systems (SK , B (S), m, ) as the (sequence space)
model of the stochastic process or information source X; if S is finite, then we may
speak of a sequence space model. Models allow to focus on the random process
itself as given by the probability distribution of its outputs, dispensing with a perhaps
complicated underlying probability space. Depending on the setting or the process
being modeled, some particular choices for S and/or K may be more convenient. For
instance, one-sided random processes (i.e., K = N0 ) provide better models than the
two-sided processes {Xn }n∈Z for physical information sources that must be turned
on at some time. Also, if the source is digital, a finite state space S is the right choice.
Finally, since each information source has associated a dynamical system—
its sequence space model—we can eventually assign dynamical properties to the
sources. Thus, we say that a source X is ergodic, mixing, etc., if its sequence space
model (SK , B (S), m, ) possesses those properties.

Annex B

Entropy

In this annex we review only the Shannon, Kolmogorov–Sinai, and topological
entropies. Standard references include [91, 169, 202].

B.1 Shannon Entropy
One of the most important characterizations one can attach to a random variable
and to a stochastic process is its entropy and entropy rate, respectively. We refer to
Annex A, Sect. A.3, for the basics of random processes.

B.1.1 The Entropy of a Discrete Random Variable
Let X be a random variable with sample space (, B, μ) and finite state space S. If
ϕ is a real-valued map on S, ϕ:S → R, then ϕ ◦ X = ϕ(X) is a random variable
with finitely many states ϕ(S) ⊂ R. The expectation value or average of ϕ(X) will
be denoted by Eϕ(X),
Eϕ(X) =



p(x)ϕ(x),

x∈S

where p(x) is the probability function of X (see (B.21) with n = 0).
Definition 14 The (Shannon) entropy of a discrete random variable X on a probability space (, B, μ) is defined by
H(X) = −


x∈S

p(x) log p(x) = E log

1
.
p(X)

(B.1)

Whenever convenient, we will write Hμ (X) to make clear which measure enters
into the definition of entropy. Alternatively, one may write H(p) since the entropy
depends actually on the probability function p(x) and not on the values taken by X.
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(The previous observations hold also for the definitions of different kinds of entropy
we will encounter in the sequel.) The logarithm in (B.1) may be taken to any base
greater than 1. If the base 2 is used, the entropy comes in units of bits (shorthand
for “binary digits”). Another usual choice for the logarithm base is Euler’s number
e ≈ 2.7182818 . . ., in which case the units of the entropy are called nats. Unless
otherwise stated, we will henceforth assume the entropy to be in units of bits. Recall
that one can change from one logarithmic base a to another base b by means of the
formula logb p = logb a loga p. By convention, 0 × log 0 := limx→0+ x log x = 0.
1
≥ 0. On the
Note that H(X) ≥ 0 because 0 < p(x) ≤ 1 implies − log p(x) = log p(x)
other hand if |S| denotes the cardinality of the state space S, then H(X) ≤ log |S|,
as can be easily proved, e.g., using Lagrange multipliers, the highest entropy corresponding to random variables with equiprobable outcomes, that is, p(x) = 1/ |S| for
all x ∈ S. Observe that Boltzmann’s equation (6.1) is nothing else but the entropy
for such a flat probability function, H(X) = log |S|, except for the notation (S means
entropy in (6.1), while we use S to denote the state space throughout the book) and
the physical constant kB .
Example 28 Suppose that a random variable X takes values 0, 1 with probabilities
p(0) = p, p(1) = 1 − p(0) = 1 − p. Then
H(X) = −p log p − (1 − p) log (1 − p) = H(p).

(B.2)

The function H(p) is plotted in Fig. B.1. We see that H(p) vanishes when p = 0 or
p = 1, i.e., when the outcome is certain, and it is maximal when p = 1/2, i.e., when
the uncertainty about the outcome is maximal: H(1/2) = log 2 = 1 bit.
The entropy of a discrete random variable can be given different meanings;
see [22] for three interesting interpretations. In information theory one defines

H(p)

1

0

1
p

Fig. B.1 The function H(p), (B.2)
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I(X) = − log p(X) to be the information of a random variable X with probability
function p(x), − log p(x) being the information conveyed by the outcome X = x.
Observe that the more rare the event x (that is, the more unlikely the observation of
the event x), the more information is gained from its occurrence; one can argue that
the most probable events are the less informative ones since their occurrence comes
as no surprise. According to Definition 14, H(X) is then the expected value of the
information of X: H(X) = EI(X). Furthermore, if we agree that uncertainty means
lack of information, then the entropy can be interpreted as the average uncertainty
associated with a random variable or random experiment. In this light, equiprobable
events correspond to maximal uncertainty about the outcome.
We turn now to the problem of characterizing the uncertainty associated with
more than one random variable.
The relative entropy or Kullback–Leibler distance between two probability mass
functions p(x) and q(x), x ∈ S, is defined as
D(p  q) =


x∈S

p(x) log

p(x)
.
q(x)

(B.3)

In this definition, the convention (based on continuity arguments) that 0 log 0q = 0
and p log p0 = ∞ is used. From definition (B.3) it follows that D(p  q) ≥ 0 and
D(p  q) = 0 if and only if p = q [59]. On the other hand (and despite of its
name), D(p  q) is not symmetric in p, q and does not satisfy the triangle inequality. Nonetheless, it is often useful to think of D(p  q) as a “distance” between the
distributions p and q. The relative entropy D(p  q) is a measure of the inefficiency
of assuming that the distribution of the random variable X is q when the true distribution is p. For example, if we knew the true distribution p of X, then we could
construct a code with average code-word length H(p) (see Sect. 1.1.1, (1.2)). If,
instead, we use the code for a distribution q, we would need H(p) + D(p  q) bits on
the average to describe the random variable X.
Let X and Y be two random variables on a common sample space (, B, μ) but, in
general, with different finite state spaces S1 and S2 , respectively. This corresponds to
a situation where two different observations or measurements (with finite precision)
are made at the same random experiment. If X and Y have the joint probability
function
p(x, y) = μ{ω ∈ :X(ω) = x, Y(ω) = y} = Pr (X = x, Y = y)
(x ∈ S1 , y ∈ S2 ), then the joint entropy of X and Y is defined as
H(X, Y) = −


x∈S1 y∈S2

It is easy to prove that

p(x, y) log p(x, y) = E log

1
.
p(X, Y)

(B.4)
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H(X, Y) ≤ H(X) + H(Y).
The generalization of (B.4) to n ≥ 2 random variables is straightforward and needs
no further elaboration.
The joint probability function p(x, y) and the conditional probability function
p(y |x) =

p(x, y)
p(x)

allow the definition of two instrumental concepts in information theory: the conditional entropy and the mutual information. The conditional entropy of Y given X
is
H(Y |X) = −



p(x, y) log p(y |x) = E log

x∈S1 y∈S2

1
,
p(Y |X)

(B.5)

and the mutual information of X and Y is
I(X;Y) = H(X) − H(X |Y) = H(Y) − H(Y |X)
= H(X) + H(Y) − H(X, Y)
= I(Y;X),

(B.6)

where we have used the so-called chain rule [59]:
H(X, Y) = H(X) + H(Y |X) .

(B.7)

Note that H(Y |X) is the average of the uncertainties
H(Y |X = x) = −



p(y |x) log p(y |x)

y∈S2

weighted with the probabilities p(x), x ∈ S1 . As for the mutual information of two
random variables, I(X;Y) is the information about X conveyed by Y (i.e., the information about the realization of X knowing the realization of Y), which is the same
as the information about Y conveyed by X, (B.6). Alternatively,
I(X;Y) = E log

p(X, Y)
.
p(X)p(Y)

Let us mention in passing that the capacity of a discrete memoryless channel with
input X, output Y, and transition probability p(Y |X) is defined as
C = max I(X;Y),
p(x)
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where the maximum is taken over all possible input distributions p(x).
Again, the generalization of these concepts to n1 + n2 random variables X0 , . . . ,
Xn1 −1 and Y0 , . . . , Yn2 −1 is straightforward. In particular, the (joint) entropy of the
random vector X0n−1 = X0 , . . . , Xn−1 , where, say, all components can take the same
states xi ∈ S, is given by


H(X0 , . . . , Xn−1 ) = −

p(x0 , . . . , xn−1 ) log p(x0 , . . . , xn−1 )

x0 ,...,xn−1 ∈S

= E log

1
,
p(X0 , . . . , Xn−1 )

where p(x0 , . . . , xn−1 ) is the joint probability function of X0 , . . . , Xn−1 .
Exercise 22 By iteration of the two-variable rules p(X, Y) = p(X)p(Y |X) and (B.7)
prove the general chain rule for the joint entropy: given the random variables
X0 , . . . , Xn−1 with a joint probability function p(x0 , . . . , xn−1 ), then
p(X0 , . . . , Xn−1 ) =

n−1
*

p(Xi |Xi−1 , . . . , X0 )

(B.8)

H(Xi |Xi−1 , . . . , X0 ) ,

(B.9)

i=0

and
H(X0 , . . . , Xn−1 ) =

n−1

i=0

with the conventions p(X0 |X−1 ) := p(X0 ) and H(X0 |X−1 ) := H(X0 ).

B.1.2 The Entropy Rate of a Discrete-Time Finite-State Stochastic
Process
Definition 15 The entropy rate of a finite-state random process X = {Xn }n∈N0 on a
probability space (, B, μ) is defined by
h(X) = lim

n→∞

1
H(X0 , . . . , Xn−1 ),
n

(B.10)

provided the limit exists.
Sometimes the terms
h(X0 , . . . , Xn−1 ) =

1
H(X0 , . . . , Xn−1 )
n

(n ≥ 2) are called the entropy rates of order n of X. Hence, h(X0 , . . . , Xn−1 ) or, more
compactly written, h(X0n−1 ) is the average uncertainty per symbol (time unit, channel
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use, etc. depending on the interpretation of n) about n consecutive outcomes of the
random experiment modeled by X. If we repeat the experiment an arbitrarily long
number of times, these average uncertainty rates eventually converge to a limit—
Shannon’s entropy rate h(X).
Although h(X0n−1 ) and, consequently, h(X) are actually entropy rates, the term
“rate” is generally omitted—also in other types of entropy. We follow sometimes
this common usage, since this does not lead to misunderstandings.
Lemma 12 For a stationary stochastic process X = {Xn }n∈N0 , the sequence of conditional entropies H(Xn |Xn−1 , . . . , X0 ) is decreasing.
Proof Indeed,
H(Xn+1 |Xn , . . . , X1 , X0 ) ≤ H(Xn+1 |Xn , . . . , X1 )
= H(Xn |Xn−1 , . . . , X0 ) ,
where the inequality follows from the fact that conditioning reduces uncertainty, and
the equality follows from the stationarity of X.

Theorem 22 For a stationary stochastic process X = {Xn }n∈N0 ,
h(X) = lim H(Xn |Xn−1 , . . . , X0 ) .

(B.11)

n→∞

Proof First of all, limit (B.11) converges because, according to Lemma 12, the positive sequence H(Xn |Xn−1 , . . . , X0 ) is decreasing. Furthermore, by the chain rule
(B.9),
1 
H(Xi |Xi−1 , . . . , X0 ) .
n+1
n

h(X0 , . . . , Xn ) =

i=0

By Cesáro’s mean theorem (“If an → a and bn =

1
n+1

n

i=0 ai ,

then bn → a”),

h(X) = lim h(X0 , . . . , Xn ) = lim H(Xn |Xn−1 , . . . , X0 ) .
n→∞

n→∞


From Lemma 12 it follows that the convergence of the entropy rates of order n,
h(X0 , . . . , Xn−1 ), to h(X) is monotonically decreasing:
h(X0 ) ≥ h(X0 , X1 ) ≥ · · · ≥ h(X0 , . . . , Xn−1 ) ≥ · · · .

(B.12)

Thus, when estimating the entropy rate of a stationary random process by its entropy
rate of order n, the estimation always exceeds the true value. Intuitively speaking, with increasing n we see more and more correlations among the variables
X0 , . . . , Xn−1 and this reduces our uncertainty about the next observation Xn . We
turn back to this point in Example 31.
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In an information-theoretical setting and in applications (Sect. A.3), one can
think of a stationary stochastic process X = {Xn }n∈N0 as a data source. Its realizations are then the messages output by the source. This is illustrated in Fig. B.2.
Here x0 can be considered the current and last letter of the message, the other letters
having been output in the past, the greater the index, the earlier in time.
... xn ... x1x0

X

Fig. B.2 A data source X outputs a message x0∞

B.2 Kolmogorov–Sinai Entropy
B.2.1 Deterministic Systems
A partition of a probability space (, B, μ) is a collection
α = (Ai )i∈J of disjoint
=
sets Ai ∈ B, with a countable index set J, such that i∈J μ(Ai ) = 1. If J is finite, α
is called a finite partition. If α is a finite partition of (, B, μ), then the collection of
all elements of B which are unions of elements of α is a finite sub-sigma-algebra of
B which we denote by B(α). We write α ≤ β, where α, β are two finite partitions of
(, B, μ), to mean that each element of α is a union of elements of β. In this case,
β is called a refinement of α. We have α ≤ β iff B(α) ⊂ B(β).
Definition 16 Let α = {A1 , . . . , A|α| } be a finite partition of (, B, μ). The entropy
of the partition α is the number
Hμ (α) = −

|α|


μ(Ai ) log μ(Ai ).

i=1

The same considerations concerning the base of the logarithm we made after
the definition of Shannon’s entropy, Definition 14, apply here as well. By the
same token, H(α) is a measure of the information gained (or the uncertainty
removed) by performing a random experiment whose outcomes have probabilities
μ(A1 ), . . . , μ(A|α| ).
Sometimes it is convenient to quantify the “coarseness” of a partition. Roughly
speaking, if we assign a “size” to each A ∈ α, then we can take the maximum of
those sizes as the coarseness of α. The resulting parameter is called the norm of
the partition α and denoted by α. In metric spaces (X, d), one can take α =
maxA∈α diam(A), where diam(A) = sup{d(x, y):x, y ∈ A} is called the “diameter”
of A.
If f : →  is a measure-preserving function on the probability space (, B, μ),
we denote by f −n α the partition {f −n A1 , . . . , f −n A|α| }. Furthermore, given two finite
partitions α = {A1 , . . . , A|α| } and β = {B1 , . . . , B|β| } of (, B, μ), we denote by
α ∨ β their least common refinement,
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α ∨ β = {A ∩ B:A ∈ α, B ∈ β, μ(A ∩ B) > 0}.
More general refinements, like
α ∨ f −1 α ∨ · · · ∨ f −(n−1) α =

n−1


f −i α,

i=0

are defined recursively.
Definition 17 Let (, B, μ, f ) be a measure-preserving dynamical system. If α is a
finite partition of (, B, μ), then

n−1

1
−i
f α
hμ (f , α) = lim Hμ
n→∞ n

(B.13)

i=0

is called the metric entropy of f with respect to α.
In this setting, consider now a finite-state random process Xα = {Xnα }n∈N0 , with
→ S = {0, . . . , |α| − 1}, defined as follows:

Xnα :

Xnα (ω) = i

iff f n (ω) ∈ Ai ∈ α.

(B.14)

Note that Xn+1 = Xn ◦ f , thus Xn = Xn ◦ f n . Then
Pr X0α = i0 , . . . , Xnα = in = μ ω ∈ :ω ∈ Ai0 , f (ω) ∈ Ai1 , . . . , f n (ω) ∈ Ain
= μ Ai0 ∩ · · · ∩ f −n Ain ,

(B.15)

n ≥ 0, and similarly,


α
Pr Xkα = i0 , . . . , Xn+k
= in = μ f −k (Ai0 ∩ · · · ∩ f −n Ain )
= Pr X0α = i0 , . . . , Xnα = in
because of the f -invariance of μ. We conclude that Xα is a stationary process, which
is called the symbolic dynamics of (, B, μ, f ) with respect to the partition (“coarse
graining” or “quantization”) α. Depending on the context, Xα is also called a coding
map (dynamical systems) or a collection of simple observations with respect to f
with precision α (information theory). Moreover, it follows from (B.15) that
hμ (f , α) = hμ (Xα ).

(B.16)

This not only proves that limit (B.13) does exist but also that the entropy rates of
order n of f with respect to α,
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h(n)
μ (f , α)


n−1

1
−i
f α ,
= Hμ
n
i=0

decrease to hμ (f , α) when n → ∞ (remember (B.12)).
Definition 18 Let (, B, μ, f ) be a measure-preserving dynamical system and α a
finite partition of (, B, μ). Then,
hμ (f ) = sup hμ (f , α)
α

(B.17)

is called the metric entropy (or just, the entropy) of the map f with respect to μ.
Sometimes hμ (f ) is called the Kolmogorov–Sinai entropy or the measure-theoretic
entropy too. To streamline the notation, the subscript μ may be dropped from Hμ (α),
hμ (f , α), and hμ (f ), as we generally do, if the probability measure is clear from the
context.
The isomorphic invariance is one of the fundamental properties of entropy.
Theorem 23(a) If the dynamical systems (1 , B1 , μ1 , f1 ) and (2 , B2 , μ2 , f2 ) are
isomorphic, then h(f1 ) = h(f2 ).
(b) If (2 , B2 , μ2 , f2 ) is a factor of (1 , B1 , μ1 , f1 ), then h(f2 ) ≤ h(f1 ).
It should be obvious from definitions (B.13) and (B.17) that the exact calculation
of h(f ) from scratch is, in general, unfeasible. There are though a few results that,
depending on the specifics of the dynamical system in question, can come to the
rescue. We mention a few next.
A finite partition α of (, B, μ) is called a generating partition or a generator for
a μ-preserving transformation f : →  if (i)
∞


f −n B(α) = B (modulo μ-zero sets)

(B.18)

n=−∞

when f is invertible (i.e., f is an automorphism ) or (ii)
∞


f −n B(α) = B (modulo μ-zero sets)

(B.19)

n=0

when f is non-invertible
is an endomorphism
 (i.e., f −n
∞ ).−nThis means that for any
 ∈
f
B(α)
or
B
B(α), respectively, such
B ∈ B, there is a B ∈ ∞
n=−∞
n=0 f
that μ(B / B ) = 0. If f is invertible and the stronger condition (B.19) holds, then α
is called a strong or one-sided generator for f . Equivalent definitions of generators
and one-sided generators by means of partition refinements converging to the point
partition = {{x}:x ∈ } were given in Sect. 1.3.
Example 29 Since the sigma-algebra B (S) of the one-sided and two-sided shift
spaces are generated by the cylinder sets
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Ca0 ,...,ak = {s = (sn )n∈N0 :s0 = a0 , . . . , sk = ak } =

k


 −i Cai

i=0

and
Ca−k ,...,a0 ,...,ak = {s = (sn )n∈Z :s−k = a−k , . . . , sk = ak } =

k


 −i Cai ,

i=−k

respectively, it follows that the partition
γ = {Ca :a ∈ S}
is a generator of both the one-sided and two-sided shifts.
Generating partitions can be found numerically; see, e.g., [40] for a general
method based on relaxation algorithms. For higher dimensional maps, numerical
techniques have been proposed for the dissipative Henón map [87], the standard
map [53], two-dimensional hyperbolic maps [26], etc. A method based on unstable period orbits was proposed in [63]. The construction of one-dimensional maps
possessing generating partitions was studied in [99].
Theorem 24 (Kolmogorov–Sinai Theorem ) Let (, B, μ, f ) be a dynamical system.
(a) If f is an automorphism and α is a generator or a one-sided generator for f , then
h(f ) = H(f , α).
(b) If f is an endomorphism and α is a generator for f , then h(f ) = H(f , α).
The case of automorphisms with one-sided generators is uninteresting since then
one can show that h(f ) = 0 [202]. More interestingly, Krieger’s theorem states that if
f is an ergodic automorphism with h(f ) < ∞, then f has a generator [67, 130, 169].
Although Krieger’s proof is non-constructive, Smorodinsky [191] and Denker [65]
provided methods to construct a two-sided generator for ergodic and aperiodic automorphisms. Denker’s construction could even be extended by Grillenberger [66] to
all aperiodic automorphisms. The existence of generators for endomorphisms was
proved by Kowalski under different assumptions [128, 129]. At variance with the
previous case, the construction of one-sided generators for endomorphisms remains
an open problem till this very day; see [182] for some progress in this issue.
Example 30 Using the fact that the cylinder sets Ca are generators for the one-sided
and two-sided (p, P)-Markov shifts  on N symbols, one can prove
hμ () = −

N

i,j=1

pi Pij log Pij ,

(B.20)
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where μ is the Markov measure defined by (p, P) (see Example 25 (b)). Upon substituting Pij = pj in (B.20), we get for p-Bernoulli shifts
hμ () = −

N


pj log pj ,

j

where μ is the Bernoulli measure defined by p (see Example 25 (a)).
A second practical way of calculating (or, at least, estimating) the entropy is
provided by the following theorem.
Theorem 25 [169, Ch. 5, Prop. 3.6] Let (, B, μ, f ) be a measure-preserving dynamical system. If α0 ≤ α1 ≤ · · · is an increasing sequence of finite partitions of
(, B, μ) and ∨∞
n=0 A(αn ) = B up to sets of measure 0, then
lim hμ (f , αn ) = hμ (f ).

n→∞

A third practical method calls for Pesin’s theorem and Lyapunov exponents.
Since this topic would take us too far away, we refer the interested reader to the specialized literature [142, 52, 72]. Due to the important role that the Lyapunov exponent(s) play in nonlinear dynamics, several numerical schemes have been developed
to calculate them [193]. On the other hand, Pesin’s theorem and its generalizations
require the invariant measure to possess some properties—but invariant measures
are in many interesting cases unknown. This fact limits the application of this
method. For the calculation of the metric entropy in some one-dimensional systems,
see [105].

B.2.2 Random Systems
Let X = {Xn }n∈N0 be a stationary stochastic process on a probability space
(, B, μ), taking on values in S = {0, . . . , N − 1}. In Sect. A.3 it is shown that X
can be associated in a canonical way with a shift system (SN0 , B (S), m, ), called
its sequence space model, via : → SN0 , ((ω))n = Xn (ω). The joint probability function p(x0 , . . . , xn−1 ) of the random process X is related to the measure of
the cylinder sets Cx0 ,...,xn−1 , x0 , . . . , xn−1 ∈ S, of the sequence space model in the
following way:
p(x0 , . . . , xn−1 ) = μ {ω ∈ :X0 (ω) = x0 , . . . , Xn−1 (ω) = xn−1 }



= μ −1 s ∈ SN0 :s0 = x0 , . . . , sn−1 = xn−1
= m Cx0 ,...,xn−1
= m{Cx0 ∩ · · · ∩  −(n−1) Cxn−1 }.
Since the partition γ = {Cx0 :x0 ∈ S} is a generator of  (Example 29), we have
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1
n→∞ n

hμ (X) = − lim



p(x0 , . . . , xn−1 ) log p(x0 , . . . , xn−1 )

x0 ,...,xn−1 ∈S


n−1

1
 −i γ
= − lim Hm
n→∞ n
i=0

= hm (, γ )
= hm ()
by Theorem 24 (b). In words, the Shannon entropy rate of a stochastic process
X = {Xn }n∈N0 coincides with the Kolmogorov–Sinai entropy rate of its sequence
space model.
An important property of ergodic processes is the so-called asymptotic equipartition property or Shannon–McMillan–Breiman theorem.
Theorem 26 (Shannon–McMillan–Breiman) If X = {Xn }n∈N0 is a finite-valued stationary ergodic process, then − 1n log p(X0 , . . . , Xn−1 ) converges in probability to the
entropy rate h(X).
Example 31 The sequence space model of a finite-state, time-homogeneous Markov
chain X = {Xn }n∈N0 (Example 27) with transition matrix Pi,j , 0 ≤ i, j ≤ N − 1, and
stationary probability vector p is the one-sided (p, P)-Markov shift p,P . Therefore,
h(X) = h(p,P ) = −

N−1


pi Pij log Pij .

i,j=0

For the specific case
P=

1 − p01
p10

p01
1 − p10


=

0.9
0.1


0.1
,
0.9

the stationary probability is
p=

p10
p01
,
p01 + p10 p01 + p10


=


1 1
,
.
2 2

The upper curve in Fig. B.3 shows the entropy rates of order n, h(X0 , . . . , Xn−1 ),
closing in on the true value h(X) = 0.469 bits/symbol (horizontal line). The lower
curve shows what happens in practice when h(X) is estimated numerically in a naive
way. Here the probabilities p(x0 , . . . , xn−1 ) were estimated by the frequencies of the
word x0 , . . . , xn−1 in a sequence of 10,000 draws. In the left part of the experimental
curve, we see the entropy rates of successive order n = 1, 2, . . . converging from
above to the true value. For n ≈ 20, the numerical values provide accurate estimates
of the entropy. For greater lengths, the estimates tend toward zero along the parabola
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h(n) =

log (N − n + 1)
n

due to undersampling.
1,0

Entropy
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40
60
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100

Fig. B.3 The upper dotted line shows the convergence of the entropy rate of order n to the true
value, 0.469 bits/symbol (horizontal line), for an arbitrarily long sequence generated by a two-state
Markov chain with transition probabilities p01 = p10 = 0.1. The lower dotted line shows what
happens in practice due to undersampling

A particular case is of interest. Consider now not a general stationary stochastic
process but the symbolic dynamics Xα = {Xnα }n∈N0 of the system (, B, μ, f ) with
respect to a partition α = {A1 , . . . , A|α| } (see (B.14)), and let (SN0 , B (S), m, ) be
the sequence space model of Xα ; hence S = {1, . . . , |α|} and
m(Ca0 ,a1 ,...,an ) = μ(Aa0 ∩ f −1 Aa1 ∩ · · · ∩ f −n Aan
for any cylinder set Ca0 ,...,an = {s ∈ SN0 :s0 = a0 , . . . , sn = an }, with a0 , . . . , an ∈ S.
In this setting, the following question arises. When are the dynamical systems
(, B, μ, f ) and (SN0 , B (S), m, ) isomorphic (via α : → SN0 , (α (ω))n =
Xnα (ω))? Since {Ca :a ∈ S} is a generator for  and (α )−1 Ca = Aa for every
a ∈ S, we need clearly that
{(α )−1 Ca :1 ≤ a ≤ |α|} = {Aa :1 ≤ a ≤ |α|} = α
is also a generator for f . In other words, a generator for f gives a natural isomorphism
between (, B, μ, f ) and the sequence space model associated with its symbolic
dynamics. By Krieger’s theorem we conclude that any ergodic, invertible dynamical
system with finite entropy can be represented as a two-sided shift system. This result
is useful in that it provides prototypes of ergodic, finite-entropy systems.
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B.3 Topological Entropy
Topological entropy for continuous self-maps of compact topological spaces was
introduced by Adler, Koheim, and McAndrews by means of open covers [3]. Later
Dinaburg [70] and Bowen [36] found alternative approaches via separating and
spanning sets in (not necessarily compact) metric spaces.

B.3.1 Generalities
Recall that a continuous or topological dynamical system is a pair (M, f ), where
M is a topological space and f :M → M is a continuous map. As compared
to measure-theoretical dynamical systems, there is here no measurable structure
involved (although M can be thought to be endowed with the Borel sigma-algebra);
instead, continuity enters the scenario. Sometimes, continuity is weakened to piecewise continuity, especially in conjunction with other properties like piecewise
monotonicity.
Furthermore, in this section (M, d) denotes a metric space and f :M → M a
uniformly continuous map. If, moreover, M is compact, then f needs only to be
continuous (since every continuous self-map of a compact space is uniformly continuous).
Definition 19 Let K be a compact topological space, α an open cover of K, and N(α)
the number of sets in a finite subcover of α with smallest cardinality. The entropy of
the cover α is then defined as H(α) = log N(α).
If α is an open cover of K and f :K → K is continuous, then f −1 α is the open
cover consisting of all sets f −1 A, A ∈ α.
Definition 20 If α is an open cover of the compact space K and f :K → K is continuous, then the entropy of f relative to α is given by
n−1


1
f −i α
h(f , α) = lim H
n→∞ n

(B.21)

i=0

and the topological entropy of f is given by
h(f ) = sup h(f , α).
α

(B.22)

It can be proved that the limit in (B.21) exists and the supremum in (B.22) can
be taken over finite open covers of K.
In a metric space (M, d), the alternative definitions of topological entropy via
spanning and separating sets may be more useful.
Definition 21 Let n ∈ N, ε > 0, and K ⊂ M compact. A subset A ⊂ M is said to
(n, ε)-span K with respect to f :M → M if for each x ∈ K there exists y ∈ A such
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that
max d(f i (x), f i (y)) ≤ ε.

0≤i≤n−1

Furthermore, let rn (ε, K) denote the smallest cardinality of any (n, ε)-spanning set
for K with respect to f .
Definition 22 The topological entropy of f :M → M is
1
hd (f ) = sup lim lim sup log rn (ε, K),
ε→0
n
n→∞
K

(B.23)

where the supremum is taken over all compact subsets of M.
The definition of topological entropy by means of separating sets is as follows.
Definition 23 Let n ∈ N, ε > 0, and K ⊂ M compact. A subset A ⊂ K is said to be
(n, ε)-separated with respect to f :M → M if x, y ∈ A, x = y, implies
max d(f i (x), f i (y)) > ε.

0≤i≤n−1

Furthermore, let sn (ε, K) denote the largest cardinality of any (n, ε)-separated subset
of K with respect to f .
Thus, an (n, ε)-separated subset of  is a kind of microscope that allows us to
distinguish orbits of length n up to a precision ε.
Definition 24 The topological entropy of f :M → M is
1
hd (f ) = sup lim lim sup log sn (ε, K),
ε→0
n→∞ n
K

(B.24)

where the supremum is taken over all compact subsets of M.
If M is compact, then hd (f ) can be shown [202] not to depend on the metric d
(thus, it will be denoted by htop (f )) and, moreover, definitions (B.23) and (B.24) can
be simplified to
1
1
htop (f ) = lim lim sup log rn (ε, M) = lim lim sup log sn (ε, M).
ε→0 n→∞ n
ε→0 n→∞ n

(B.25)

Both rn (ε, M) and sn (ε, M) can be interpreted as the number of orbits of length n up
to an error ε. For ε  1,
enh(f ) ∼ rn (ε, M)

and

enh(f ) ∼ sn (ε, M),

where ∼ stands for “asymptotically as n → ∞” (assuming the convergence of
1
1
n log rn (ε, M) and n log sn (ε, M) in this limit), so the topological entropy measures
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the asymptotic exponential growth rate with n of the number of orbits of length n,
up to error ε.
Definition 25 Let f1 :M1 → M1 and f2 :M2 → M2 be continuous maps of metric
spaces and suppose that there exists a continuous surjective map φ:M1 → M2 such
that φ ◦ f1 = f2 ◦ φ. Then we say that f1 is topologically semiconjugate to f2 or that f2
is a factor of f1 via the topological semi-conjugacy or factor map φ. In the case that
φ is a homeomorphism, then f1 and f2 are said to be topologically conjugate and φ
is said to be a topological conjugacy.
In particular, if two maps are metrically conjugate via a (measure-preserving)
homeomorphism, then they are also topologically conjugate. Such is the case of the
logistic and symmetric tent maps via the homeomorphism A.8 (Example 24). The
qualifiers “topological” and “topologically” may be dropped if it is clear that they
refer to a topological system.
Thus, conjugate maps are obtained from each other by a continuous change of
coordinates. Therefore, properties that are independent of such changes of coordinates will be invariant under topological conjugacy, e.g., sensitivity to initial conditions, topological transitivity, number of periodic orbits of a given period.
Just as metric entropy is an invariant of metric conjugacy, so is topological
entropy an invariant of topological conjugacy.
Theorem 27 Let f1 and f2 be continuous self-maps of compact spaces. If f1 and f2
are topologically conjugate, then h(f1 ) = h(f2 ). More generally, if f2 is a factor of
f1 , then h(f2 ) ≤ h(f1 ).
Exercise 23 Show that the quadratic transformations f1 (x) = vx(1 − x) on [0, 1],
0 < v ≤ 4, and
f2 (y) = 12 (y2 − v2 + 2v)
on [ − v, v] are topologically conjugate via the homeomorphism
φ(x) = v(1 − 2x) = f1 (x).
In spite of not involving a measure-theoretical structure, topological entropy is
tightly related to metric entropy through the following variational principle.
Theorem 28 Let M be a compact metric space endowed with the Borel sigmaalgebra B, and f :M → M a continuous map. Then
htop (f ) = sup hμ (f ),

(B.26)

where the supremum is taken over all f -invariant measures μ on the measurable
space (M, B).
Note that the set of f -invariant measures invoked in the variational principle
(B.26) is non-empty by Theorem 20. Moreover, the supremum in (B.26) can be
restricted to ergodic measures [202],
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htop (f ) =

sup

μ∈E(M,f )

hμ (f ),

(B.27)

where E(M, f ) is the set of f -invariant, ergodic measures on (M, B). Measures μ
such that htop (f ) = hμ (f ) are called measures with maximal entropy for obvious
reasons.
In Sect. A.1 we defined the concept of generator of a measure-preserving transformation. In topological dynamics, there is also a concept of generator that plays a
similar role with respect to the topological entropy. Given a compact metric space
M and a map f :M → M, a finite open cover α = {A1 , . . . , A|α| } of M is said to be a
generator for f if
(a) in case f is invertible, for any bisequence (ai )i∈Z , 1 ≤ ai ≤ |α|, the intersection
∞


f −i Aai

i=−∞

contains at most one point or
(b) in case f is non-invertible, for any sequence (ai )i∈N0 , 1 ≤ ai ≤ |α|, the intersection
∞


f −i Aai

i=0

contains at most one point.
The topological dynamical systems that admit a generator have a simple characterization.
Definition 26 Let M be a compact metric space. A homeomorphism (correspondingly, a continuous map) f :M → M is said to be expansive if there exists δ > 0,
called an expansivity constant for f , such that
d(f n (x), f n (y)) ≤ δ
for all n ∈ Z (correspondingly, n ∈ N0 ) implies x = y. Expansive non-invertible
maps and homeomorphisms for which the expansiveness condition holds already
for non-negative iterates are collectively called positively expansive maps.
Alternatively, if x = y and δ is an expansivity constant for f , then there exists
n ∈ Z (correspondingly, n ∈ N0 ) with d(f n (x), f n (y)) > δ. Notice that expansiveness differs from sensitive dependence in that all nearby points eventually separate
by at least δ (for sensitive dependence it suffices this to occur for a single point in
each neighborhood of the other). Intuitively, the orbits of an expansive map f can
be resolved to any desired precision by taking n sufficiently large. Expansive maps
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f have some nice properties like having a countable number of periodic points, and
at least one invariant measure with maximal entropy [202]. Examples of expansive
maps include the shift transformations and the hyperbolic toral automorphisms. On
the other hand, there are no expansive maps of closed one-dimensional intervals
[19, Thm. 2.2.31] nor expansive homeomorphisms of the circle [202]. Expansiveness and positively expansiveness are topological conjugacy invariants.
Theorem 29 Let f :M → M be a map of the compact metric space (M, d). Then f is
expansive if and only if f has a generator.
Observe that the cylinder sets Ca are generators both in the measure-theoretical
and in the topological senses because, among other considerations, they build a partition and an open cover at the same time. Therefore, shifts on sequence spaces are
expansive transformations. Expansiveness is an invariant of topological conjugacy.
Theorem 30 If f :M → M be an expansive map of the compact metric space (M, d)
and α is a generator for f , then htop (f ) = h(f , α).
Example 32 Let S = {0, . . . , k − 1} and  be the shift on the bisequence space
SZ = {(sn )n∈Z }. Then  has topological entropy log N. Indeed, apply Theorem 30
with α comprising the cylinder sets Cj = {(xn )n∈Z :x0 = j} to obtain
n−1


1
1
−i
htop () = lim log N
 α = lim log kn = log k.
n→∞ n
n→∞ n
i=0

Thus, if μ0 is the Bernoulli measure on (SZ , B (S)) defined by the probability vector
p0 = ( 1k , . . . , 1k ), we have
hμ0 () = log k = htop ().
This illustrates the existence of (in this case, unique) measures of maximal entropy.
The result in the one-sided case is the same.
Example 33 Let S = {0, . . . , k − 1}, A = (aij )k−1
i,j=0 be a k × k matrix whose entries
aij are either 0’s or 1’s, and
A = {ω ∈ SZ :aωn ωn+1 = 1 for ∀n ∈ Z}.
The space A is closed and shift invariant. The restriction
A := |A
is called the two-sided topological Markov chain determined by the matrix A, a
Markov subshift, or a subshift of finite type (see Sect. 1.1.2). One-sided topological
Markov chains are defined analogously over SN0 . The matrix A is said to be irre(n)
(n)
ducible if for any pair i, j there is n > 0 such that aij > 0, where aij are the entries
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of An . If A is irreducible and A is a one-sided or two-sided topological Markov
chain, then [202]
htop (A ) = log λ,

(B.28)

where λ is the largest positive eigenvalue of A. A topological Markov chain A has
a unique measure (called its Parry measure ) of maximal topological entropy.
It can be proved [31, Sect. 4.3] that a C2 piecewise expanding Markov map f is
topologically conjugate (modulo 0) to the one-sided topological Markov chain A ,
where A is the transition matrix for f . Therefore, piecewise expanding Markov maps
admit a symbolic description.
Example 34 Consider the rooftop map f defined by

f (x) =

ax + c
(1 − b)x

if 0 ≤ x ≤ c,
if c ≤ x ≤ 1,

1
; see Fig. B.4. Set I1 = [0, c) and I2 = [c, 1]. Then f is
a > 1, b > 1, and c = 1+a
∞
C on I1 and I2 (lateral derivatives at the endpoints),

  
f (x) =



a if x ∈ I1 ,
b if x ∈ I2 ,

and
f (I˚1 ) = I˚2 ,

f (I˚2 ) ⊃ I˚1 ∪ I˚2 .

It follows that f is a smooth piecewise expanding Markov map with transition matrix
A=

0
1


1
,
1

see (B.2). Finally, from (B.28) we get
√

htop (f ) = htop (A ) = log 1+2 5 .

B.3.2 Topological Entropy of One-Dimensional Maps
Topological entropy, as metric entropy, is in general difficult to calculate and even to
estimate. An exception worth mentioning because of its importance in applications
is the case of one-dimensional interval maps.
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1

0

c

1

Fig. B.4 Rooftop map

Definition 27 Given an interval I ⊂ R, a map f :I → I is said to be piecewise
monotone if there is a finite partition of I into subintervals, such that f is continuous
and monotone on each of those subintervals.
If f :I → I is piecewise monotone, there are different expressions for its topological entropy htop (f ) that allow calculating it analytically in many cases. For instance
[4, 155],
1
log lap(f n )
n→∞ n

(B.29)



1
log {x ∈ I:f n (x) = x} ,
n→∞ n

(B.30)

htop (f ) = lim
and
htop (f ) = lim

where lap(f n ) is the number of pieces of monotonicity of f n (called laps of f n ) and
|·| stands for the cardinality.
Other expressions of h(f ) are related to the notion of variation [4, 155]:
htop (f ) = lim

n→∞

1
log+ var(f n ),
n

(B.31)

where, as usual, log+ x = max{0, log x}. Let us recall that the variation of a function
ϕ:I → R is given as
:
var(ϕ) = sup

s

i=1

;
|ϕ(xi ) − ϕ(xi−1 )| ,
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where the supremum is taken over all finite sequences x0 < x1 < · · · < xs of
elements of I. If ϕ is piecewise monotone, then (i) var(ϕ) < ∞, (ii) ϕ has finite
derivative ϕ  almost everywhere on I, and (iii) ϕ  is integrable on I [95]. In this case,
#
var(ϕ) =

  
ϕ (x) dx.

(B.32)

I

Note that, for a piecewise monotone map ϕ, var(ϕ) is closely related to the length
of the graph of ϕ,
len(ϕ) =

# >
1 + |ϕ  (x)|2 dx.
I

Indeed, since


   >
ϕ (x) < 1 + |ϕ  (x)|2 ≤ ϕ  (x) + 1

(B.33)

var(ϕ) < len(ϕ) ≤ var(ϕ) + len(I),

(B.34)

for all x ∈ I, we have

upon integration of (B.33) over the interval I (len(I) denotes the length of I). It
follows
lim

n→∞

since limn→∞

1
n

1
1
log+ len(f n ) = lim log+ var(f n ) = h(f ),
n→∞ n
n

(B.35)

log+ len(I) = 0.

Corollary 10 If f is a continuous, piecewise monotone interval map of constant
slopes ±s, then
htop (f ) = log+ s.
This result is very interesting for the following reason. If f is a continuous, piecewise monotone interval map and htop (f ) = log β > 0, then f is semiconjugate to
some continuous, piecewise monotone interval map of constant slopes ±β (via a
non-decreasing map) [4]. If, moreover, f is topologically transitive, then “semiconjugate” can be replaced by “conjugate” in the previous statement (and the condition
htop (f ) > 0 can be dropped because it is automatically satisfied).
Finally, let us mention that there are efficient algorithms for the numerical estimation of the topological entropy of piecewise monotone interval maps; see, for
example, [27] for an algorithm that converges rapidly and provides both upper and
lower bounds.
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A
Algorithmic complexity, 15
orbit, 17
Alphabet, 1, 207
Alternating signature, 98
Asymptotic equipartition property, 224
Atom of a partition, 10
Automorphism, 10, 221
Average, see Expectation value
B
BDS test, see Brock-Dechert-Sheinkman test
Bernoulli shift, 16
Bernoulli system, see Bernoulli shift, 17
Bit, 214
Block map, 9
Borel sigma-algebra, 199
Brock-Dechert-Scheinkman test, 168
C
Cantor set, 207
Capacity of a source, 126
Cellular automata, 18
elementary, 178
expansive, 184
hybrid, 19
identification number, 179
positively expansive, 184
Chain rule for the joint entropy, 216, 217
Channel capacity, 216
Chao’s estimator, 141
Characteristic function of a set, 204
Coded orbit, 50
Coding map, 220
Colored noise, 65, 163, 175
Conditional robustness, 65
Conjugacy, 205
Connection matrix, 129
Constrained source, 128

Constrained system, sequence, 128
Control parameter, 37
Coupled map lattice
diffusive, 181
one-way, 181
Critical point of a unimodal map, 37
Cycle of length n, 44, 148
Cylinder set, 16, 20, 50, 207
D
Data compression, 2
Decomposition in s-blocks, 72
Decreasing subsequence, 72
Delay time, 30
Density function of a measure, 202
Diameter of a partition, see Norm of a partition
Dictionary order, see Lexicographical order
Discrete chaos, 147
Discrete entropy, 150
of order n, 148
Discrete Lyapunov exponent, 150
Discrete permutation entropy, 157
Discrete topological entropy
of order n, 157
Dual bit, 86
Dual digit, 92
Dual sequence, 92
Dyadic rational, 7
Dynamical noise, 64
Dynamical robustness, 160
Dynamical system
continuous, 9, 199, 226
measure-preserving, 9
measure-theoretical, 9
topological, 9, 199, 226
E
Embedding dimension, 30
Endomorphism, 10, 221
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Entropy
conditional, 216
joint, 215
metric, 12
of a map relative to a cover, 226
of an open cover, 226
of order n of a map, 220
of order n of a random process, 217
of a random process, 217
relative, 215
Shannon, 213
topological, 226, 227
Entropy joint, 217
Entropy of a source
Shannon entropy, 2
Entropy rate, see Entropy
Ergodenhypothese, 204
Ergodic decomposition, 112
Ergodic Theorem, 204
Euclidean norm, 114
Expectation value, 213
F
False forbidden pattern, 162
Finite partition, 219
Flow, 29
Forward orbit, 201
Fractal dimension, 170
G
Gauss transformation, 120, 201
Generator, 221, 229
one-sided, 12, 221
strong, 221
two-sided, 12
Global transition map of a cellular automaton,
19
Gray ordering, 38
H
Heaviside function, 36
I
Increasing sequence of partitions, 115
Increasing subsequence, 72
Information dimension, 170
Information of a random variable,
215
Information source, 1, 211
ergodic, 212
memoryless, 2
mixing, 212
Irreducible and aperiodic matrix, 130
Irreducible matrix, 130

Index
Irreducible permutation, 148
Itinerary, 5
J
Joint probability distribution, 211
K
Kaplan-Yorke conjecture, 170
Kaplan-Yorke dimension, 170
Kolmogorov-Sinai entropy, 12, 221
Komogorov-Sinai Theorem, 222
Kullback-Leibler distance, see Relative entropy
L
Least common refinement, 219
Lebesgue space, 205
Left sequence, 81
Lempel-Ziv algorithm, 3
LZ76, 3
LZ78, 3
Lempel-Ziv complexity, 3
Letter, 2, 207
Lexicographical order, 52
one-sided sequences, 71
two-sided sequences, 81
Linearly ordered set, 52
Linear order, 52
Local rule of a cellular automaton, 19
Lorenz map, 170
Lyapunov exponent, 123, 223
M
Map(s)
Aperiodic map, 54
baker map, 83
Cat map, 142
chaotic, 209
coding, 5
dyadic, 6, 210
ergodic, 203
expanding of the circle, 210
factor, 205, 228
Hénon map, 143
isomorphic, 205
l-modal, 39
logistic, 14, 22
logistic family, 37
Lozi, 136
Markov, 202
measure-preserving, 9
order-isomorphic, 57
piecewise expanding, 202
piecewise monotone, 26, 232
positively expansive, 229

Index
Rooftop map, 231
sawtooth, 6, 69
sensitive to initial conditions, 209
shift, 6, 69
signed sawtooth, 91
symmetric tent, 12, 85
tent family, 37
topologically conjugate, 228
topologically semiconjugate, 228
topologically transitive, 9, 204, 209
unimodal, 37
uniquely ergodic, 204
Markov chain, see Stochastic process, Markov
topological, 8, 230
Markov process, see Stochastic process,
Markov
Matrix
irreducible, 230
transitive, 9
Measure
absolutely continuous, 202
Bernouilli, 209
Dirac, 201
ergodic, 204
invariant, 199
Markov, 209
natural, 202
natural invariant, 14
non-singular, 9
Parry, 231
physical, 202
physical invariant, 14
with maximal entropy, 229
Measure-preserving dynamical system,
199
cover, 205
ergodic, 204
factor, 205
isomorphic, 205
mixing, 205
Measure-preserving map, 199
Measure space, 199
Measure-theoretical entropy, see metric
entropy
Message, 2, 207
Metric entropy of a source
Shannon entropy, 126
Metric entropy with respect to a partition,
11
Metric permutation entropy of a map, 116,
118
Metric permutation entropy of a random
process, 107
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Metric permutation entropy of order L, 118
of a random process, 107
Monotone subsequence, 72
Mutual information, 216
N
Nat, 2, 214
Neighborhood of a cellular automaton,
18
Noise, 64
Noisy time series, 163
Non-visible ordinal pattern, see Unobservable
ordinal pattern
Norm of a partition, 10,
219
O
Observable ordinal pattern, 65
Observational noise, 65
One-sided sequence, 207
Orbit, 4
forward, 4
Orbit of a point, 201
Order isomorphism, 57
Order of a permutation, 44
Ordinal pattern, 21, 52
admissible, 23, 53, 57
allowed, 23, 53, 57
defined by a point, 22
forbidden, 23, 53, 57
recurrence plot, 37
Oriented graph, 128
Outgrowth forbidden pattern, 61
P
Partition, 10, 202, 219
finite partition, 10
generating, 12, 221
Markov, 202
point partition, 10, 221
Pattern avoidance, 62
Pattern containment, 62
Permutation capacity, 33
Permutation complexity, 37
Permutation entropy
metric, 24
of a sequence, 30
Rényi, 33
topological, 24
Tsallis, 33
Perron-Frobenius Theorem, 129
Point partition, 116
Primitive root, 151
Probability space, 199
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Product measurable space, 206
Product order, see Lexicographical order
Product refinement, 115
Q
Quasi box partitions, 115
Quasi product partitions, 115
R
Radius of a block map, 8
Radon-Nikodym derivative of a measure, see
Density function of a measure
Random process, see Stochastic process
Rank variable, 106
Reconstructed trajectory, 30
Recurrence
matrix, 35
plots, 35
Refinement of a partition, 11, 115, 219
Regularity parameters, 188
Relative entropy, 215
Rényi entropy, 32
Right sequence, 81
Root forbidden pattern, 61
S
Sample space, 211
Semi-algebra, 199
Separating set, 227
Sequence
admissible, 8
incompressible, 16
one-sided, 1, 5
two-sided, 5
typical, 16
Sequence space, 5, 207
two-sided, 208
Sequence space model, 212
Shannon entropy, 2, 126
Shift, 5
Bernoulli, 209
Markov, 209
one-sided, 208
two-sided, 208
Shift system
one-sided, 208
two-sided, 209
Shift transformation, see Shift
Signed lexicographical order, 38
Signed shift, 91
Simple domain, 114
Simple observations, 220
Source pattern
ordinal, 43

Index
Spanning set, 226
Spatial regularity parameter, 188
Spectral radius, 130
Spiralling pattern, 76
State space, 4, 211
Stochastic process, 211
continuous time, 211
discrete time, 211
Markov, 212
stationary, 211
time-homogeneous Markov, 212
Subshift, 8
Markov, 8, 230
of finite order, 230
of finite type, 8
Substitution box, 151
Supremum norm, 115
Symbolic dynamics, 4, 220
Symbolic space, 5
T
Target pattern
ordinal, 43
Temporal regularity parameter, 188
Tent pattern, 76
Theorem
Krieger, 51, 222
Krylov-Bogolioubov, 201
Pesin, 223
Shannon-MacMillan-Breiman, 224
Time-delayed Hénon map, 172
Topological conjugacy, 228
Topological entropy of a source, 126
order L, 125
Topological permutation entropy
of a map, 131, 135
of order L, 135
Topological semiconjugacy, 228
Topological transitivity, 204
Total order, see Linear order
Totally ordered set, see Linearly ordered set
Trajectory, see Orbit
Trajectory of a point, 201
Transcription, 43
Transition matrix for a Markov map, 202
True forbidden pattern, 163
Tsallis entropy, 32
Two-sided sequence, 207
U
Unbservable ordinal pattern, 65
Unconditional robustness, 65
Universal compressor, 3

Index
V
Variational principle, 228
Visible ordinal pattern, see Observable ordinal
pattern

249
W
White noise, 65
Word, 2, 207

