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A.1 Scale-by-Scale Analysis
Geophysical systems in general, and clouds in particular, exhibit structure over a
wide range of scales and have high levels of variability. Thus, to better understand
cloud structure, we compile statistical information on a scale-by-scale basis and seek
simple connections that relate properties at one scale to another. Based on the turbulent nature of clouds and following a well-established tradition in turbulence study,
we seek power laws in the scale parameter, r. The physical meaning of a statistical
power law in r is that the same physical processes dominate over a wide range of
scales. Smaller parts of the system therefore look like scaled-down versions of larger
parts, and vice versa. The most important quantity is then the exponent of the power
law. A power-law statistic rα is invariant under a change of scale r → λr in the sense
that only the scale ratio λ and the exponent α are required to predict the new value.
Observation of a power law therefore reﬂects a statistical invariance under change
of scale, called “scale-invariance” or just “scaling.” In practice, this means linear
relations in log(statistic) – log(scale) plots.
A.1.1 Wavenumber Spectrum and Autocorrelation Function
Let us assume that we have a stochastic process φ(x), 0 ≤ x ≤ L and let
3
φ(k), −∞ < k < ∞ be its Fourier transform. The wavenumber (or energy, or power)
spectrum (or spectral density) E(k) of φ is deﬁned as
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E(k) =

1 3
|φ(k)|2 + |3
φ(−k)|2 , k > 0 ,
L

(A.1)

where · designates ensemble averaging, i.e., over all possible realizations of φ. For
scale-invariant processes, the wavenumber spectrum follows a power law
E(k) ∝ k −β

(A.2)

over the large range of wavenumbers k = 1/r. The spectral exponent β contains
valuable information on the variability in φ.
For a real stationary process, a power spectrum can be obtained from a cosine
transform of its autocorrelation (e.g., Papoulis, 1965, p. 338),
∞

cos(2πkr) G(r) dr

E(k) = 2

(A.3)

0

where
G(r) = φ(x + r) φ(x)

(A.4)

is the autocorrelation function (assuming φ(x) = 0). The stationarity assumption
translates here in ﬁnding no dependence of φ(x + r) φ(x) on x upon ensemble
averaging. Conversely, we have
∞

cos(2πkr) E(k) dk .

G(r) = 2

(A.5)

0

Note that

∞

|φ (x)| = G(0) = 2
2

E(k) dk .

(A.6)

0

Finally, it follows from (A.4) that
[φ(x + r) − φ(x)]2  = 2[G(0) − G(r)] ≥ 0 .

(A.7)

So if the autocorrelation function G(r) is continuous at r = 0, process φ(x) is stochastically continuous, meaning that (A.7) goes to 0 with r.
For real measurements, we generally have only a small number of “realizations”
with a ﬁnite spatial sampling,
φi = φ(xi ), xi = il (i = 1, 2, . . . , N ) ,

(A.8)

where N = L/l is the total number of points, L the spatial length of record, and l the
step size. Let us for simplicity assume that N is a power of 2, and denote the discrete
Fourier transform of the data in (A.8) as


j
N
3
3
φ±j = φ(±kj ), kj =
j = 0, 1, . . . ,
.
(A.9)
L
2
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The associated energy density, as a discrete counterpart of (A.1) is


2
N
φj |2 , j = 1, 2, . . . ,
−1
E(kj ) = |3
L
2
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(A.10)

∗
since 3
φ−j = 3
φ+j for real data in (A.8).
Now plotting N/2 − 1 values of E(kj ) versus kj in a log-log plot gives us an
estimate of a slope β. However, without a judicious weighting scheme, a least square
ﬁt to the power-law in form (A.2) on a log E versus log k plot will be dominated
by the smallest scales r (largest wavenumbers k). The contribution of large scales
to the exponent β becomes virtually nil. To make all scales contribute equally and
simultaneously yield log-log plots that are easy to interpret visually, we average E(k)
by octaves, that is, a factor of 2 in k,

Em =

m
2
−1

1
2m−1

E(kj ), m = 1, . . . , log2 N − 1 .

(A.11)

j=2m−1

This corresponds to average wavenumber
km =

m
−1
2

1
2m−1

kj =

j=2m−1

3 m−1 1
2
− , m = 1, . . . , log2 N − 1
2
2

(A.12)

which are equally spaced on a log scale only in the limit m  1. We thus obtain
exactly log2 N − 1 estimates for E(k).
A.1.2 Structure Functions
For a stochastic process φ(x), let us deﬁne the absolute increments across scale r,
∆φ(r; x) = |φ(x + r) − φ(x)|, 0 ≤ r ≤ L, 0 ≤ x ≤ L − r

(A.13)

and consider their statistical moments. We assume that the statistical properties of
∆φ(r; x) are independent of position x. This is weaker than the assumption of stationary increments. Then, because of the scale-invariance, we expect
Sq (r) = ∆φ(r; x)q  ≡ ∆φ(r)q  ∝ rζ(q) ,

(A.14)

where Sq (r) is called the structure function of order q ≥ 0. The family of exponents
ζ(q), as a function of q, has the following properties:
(a) it is normalized,
ζ(0) = 0 ;

(A.15a)

(b) it is a convex function (Frisch and Parisi, 1985), i.e.,


ζ (q) ≤ 0 ;

(A.15b)
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(c) ﬁnally, if the increments in (A.13) are bounded, ζ(q) is nondecreasing (Frisch,
1991; Marshak et al., 1994), i.e.


ζ (q) ≥ 0 .

(A.15c)

These last two inequality properties are contingent on the fact that the q-dependence
of the prefactors (proportionality constants) in (A.14) is weak enough to neglect.
Two low-order exponents are well known. For q = 1, there is
0 ≤ ζ(1) = H1 ≤ 1 ,

(A.16)

which is called the roughness or Hurst exponent. It characterizes the smoothness of
the signal: the larger H1 the smoother the signal. Referring back to (A.14), the limit
H1 → 1 corresponds to almost everywhere differentiable signals. The opposite limit
H1 → 0 leads to a signal with scale-independent increments. White noise is the most
famous example of a signal with H1 = 0, but any scale-invariant stationary process
yields the same answer.
The second order (q = 2) structure function
S2 (r) = |φ(x + r) − φ(x)|2  ∝ rζ(2)

(A.17)

is related to a wavenumber spectrum through the Wiener-Khinchine theorem. This
theorem generalized to nonstationary processes with stationary increments (Monin
and Yaglom, 1975) reads as
1 ≤ β = ζ(2) + 1 ≤ 3 .

(A.18)

We will use these moments in the examples below.
A.1.3 Examples with Cloud Liquid Water Data
We illustrate the above concepts on cloud liquid water content (LWC) data measured
during the Atlantic Stratocumulus Transition Experiment (ASTEX) from an aircraft
in June 1992 (Albrecht et al., 1995). Figure A.1a shows a 16384-point data stream
sampled approximately every 8 m for an overall length of about 130 km (Davis et al.,
1994). So, in the notations of (A.8), we have N = 214 = 16384, l = 8 m, and L =
130 km. The wavenumber spectrum of this data set (panel A.1b) follows a power-law
behavior (A.2) with spectral exponent β ≈ 1.5 over a quite large range of scales from
tens of meters to tens of kilometers. In addition to N/2 − 1 wavenumber points, as in
(A.10), we also plotted log2 N − 1 = 13 octave averaged dots as in (A.11)–(A.12).
Note that because of fewer contributions from small scales, the octave averaged loglog plot yields slightly smaller spectral exponent (β ≈ 1.45). A detailed discussion
of different estimates of spectral exponents for wavenumber spectra can be found in
Davis et al. (1996).
The ﬁrst ﬁve integer moments of the absolute increments over scale r, (A.13),
for the LWC data in panel A.1a are shown in panel A.1c. Again we see a remarkably
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Fig. A.1. Wavenumber spectrum and structure functions of a real-world data set. (a) A horizontal transect of cloud liquid water content (LWC) sampled at 10 Hz, 8 m at aircraft speed
80 m/s. The data were collected with the PVM-100 (Gerber, 1991) during the ASTEX experiment in June 1992. (b) Wavenumber spectrum for the data on panel (a). Circles correspond
to the octave-averaged data described in (A.11)–(A.12). (c) Structure functions of order 1 to
5 plotted versus scale r. Scaling is indicated from several tens of meters to several tens of
kilometers. (d) The resulting structure function exponents versus q. The linear relation corresponds to fractional Brownian motion with the same Hurst exponent

good scaling (with correlation coefﬁcient of 0.99) over three orders of magnitude
for all ﬁve moments. The exponents ζ(q) of structure function Sq (r) are plotted in
panel A.1d. We can easily see that ζ(q) is a convex nondecreasing function with
ζ(0) = 0 as stated in (A.15a)–(A.15c). The Hurst exponent H1 = 0.32 which is
typical for marine Sc (Davis et al., 1994, 1999; Marshak et al., 1997). Note that
ζ(2) + 1 = 1.57 that is close to spectral exponent β in panel A.1b and thus consistent
with the Wiener-Khinchine relation in (A.18).
The straight dashed line in panel Fig. A.1d would correspond to fractional
Brownian motion (fBm) (Mandelbrot, 1977) with the same Hurst exponent H = H1 ;
i.e.,
ζ(q) = qH
(A.19)
is a linear function. This linearity is the hallmark of “monoscaling” and, statistically,
it corresponds to relatively narrow distributions of the increments across all scales,
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e.g., Gaussian distributions which are determined entirely by their variance (and fBm
is Gaussian by deﬁnition).
The observed nonlinearity or “multiscaling” of ζ(q) for LWC data indicates a
level of intermittency in the data that follows from the non-Gaussian nature of the
turbulent signal. Notice that ζ(2) is visibly lower than the monoscaling prediction
2H1 . More analysis results and references to data analysis of LWC or other kinds of
cloud data can be found, for instance, in Lovejoy and Schertzer (1990), Tessier et al.
(1993), Ivanova and Ackerman (1999), and Davis et al. (1999).

A.2 Fractal Models
In this section we describe stochastic models that simulate ﬂuctuations of cloud liquid water. As we saw in the previous section, LWC ﬂuctuations inside marine Sc
obey power-law statistics over at least three orders of magnitude in scale. Hence, the
main feature we seek in a stochastic model is scale-invariance. In turbulence studies
the most popular scale-invariant models are multiplicative cascade models. The construction of a mass-conserving cascade model is as follows (Fig. A.2). Start with a
homogeneous slab of length L. Divide into 2 parts and then transfer a fraction f1 of
the mass from one half to the other in a randomly chosen direction. This is equivalent to multiplying the originally uniform density ﬁeld on either side by factors
(±)
W1 = 1 ± f1 . The same procedure is repeated recursively at ever smaller scales
using fractions fi (i = 2, 3, . . . ) on segments of length ri+1 where ri+1 = L/2i .
Start with uniform slab,

transfer fraction f1 of the mass,

⇐

random direction

then transfer fraction f2 within each half,

⇒

⇐
and so on ...

⇒

⇐

⇒

⇒

Fig. A.2. Schematic construction of a mass-conservative multiplicative cascade model
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Fig. A.3. A multiplicative 12 cascades “p-model” with unit mean and p = 0.375, thus from
(A.21) βε (p) = 0.91

A.2.1 Singular Cascades
We now parameterize the multiplicative weights as

2p, or
(±)
Wi = 1 ± fi = 1 ± (1 − 2p) =
,
2(1 − p)

0≤p<

1
,
2

(A.20)

independently of i = 1, 2, . . . , with 50/50 probability for the signs. This leads to a
singular (multi)fractal model ε(x) called the “p-model” (Meneveau and Sreenivasan,
1987); in this model, parameter p controls the degree of mass (energy) redistribution at each cascade step. The p-model (illustrated in Fig. A.3) is scale-invariant; its
wavenumber spectrum exhibits a power law, Eε (k) ∝ k −βε , k > 0, with spectral
exponent
(A.21)
0 ≤ βε (p) = 1 − log2 [1 + (1 − 2p)2 ] < 1 .
Singular cascade models ε(x) have interesting intermittency properties but their
spectra with βε < 1 do not scale as observed cloud liquid water ﬁelds (that have
β > 1) and therefore they do not show stochastic continuity.
A.2.2 Bounded Cascades
A simple way to obtain β > 1 is to reduce the variance of the multiplicative weights
in (A.20) at each cascade step. Taking
(±)

Wi

= 1 ± (1 − 2p)2−H(i−1) , 0 ≤ p < 1/2, H > 0, i = 1, 2, . . .

(A.22)

leads to “bounded” cascade models (Cahalan, 1994). The limit H → ∞ yields a
single jump (Heaviside step) from 2p to 2(1 − p) at x = L/2.
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By reducing the size of the jumps as the scale decreases, we are effectively introducing a degree of continuity into the model. One can show that in this case, its
autocorrelation function is a continuous function at r = 0 and a generated ﬁeld φ(x)
is stochastically continuous (A.7). As a result, the spectral exponent has moved into
the range
(A.23)
1 < βφ (H) = min{2H, 1} + 1 ≤ 2 ,
independently of p. Figure A.4 (top panel) shows a realization of a 14-step bounded
cascade model with H = 1/3 and p = 0.375.
In the limit of an inﬁnite number of cascade-steps, the structure function exponents ζ(q) have a nonlinear form (Marshak et al., 1994),

qH, 0 ≤ q ≤ 1/H
ζ(q) = min{qH, 1} =
;
(A.24)
1,
1/H ≤ q < ∞
so (A.23) follows from (A.18) and (A.24). Since the spectral exponents of a monoscaling fBm is a linear function, ζ(q) = qH, the bounded cascade model cannot be
distinguished from fBm for moments smaller than q = 1/H. This is clearly seen
in Fig. A.5 which shows theoretical structure function exponents for both bounded
models (A.24) and fBm (A.19).
To summarize, the bounded cascade model is a good tutorial model for cloud
horizontal inhomogeneity. To a ﬁrst approximation, it reproduces lower-order statistical moments of cloud liquid water distribution. However, as follows from (A.24), its
ζ(q) = 1 for q ≥ 1/H whereas the higher-order moments of LWC ﬂuctuations have
exponents that substantially exceed unity and show strong curvature even for low
values of q. In the next subsection we describe another model, fractionally integrated
cascades (Schertzer and Lovejoy, 1987) that overcomes these limitations.
A.2.3 Fractional Integration
Another way of transforming singular cascades with βε < 1 into a more realistic one
with βφ > 1 is power-law ﬁltering in Fourier space (Schertzer and Lovejoy, 1987);
this will bring the spectral exponent to any prescribed value. In particular, we have
βφ (p, H ∗ ) = βε (p) + 2H ∗

(A.25)
∗

where 0 < H ∗ < 1 describes the low-pass ﬁlter in k −H . Mathematically, this
operation – also known as “fractional integration” (FI) – is a convolution with a
weakly singular kernel:
φ(x) =

ε(y)|x − y|H

∗

−1

dy .

(A.26)

This is called FI since for H ∗ = 1 it corresponds to ordinary integration. Here again,
thanks to the FI term in (A.25), ﬁeld φ(x) is stochastically continuous. As an example, Fig. A.4 shows a realization of the FI cascade model with p = 0.375 (thus
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Fig. A.4. Three fractal models with the same spectral exponent −5/3 and overall mean and
variance. From top to bottom: bounded (Bo) cascade model with H = 1/3 and p = 0.375;
fractionally integrated (FI) cascade model with p = 0.375 and H ∗ = 0.38; fractional Brownian motion (fBm) with H = 1/3. Bo and FI are generated with 14 cascade steps; fBm is
generated using mid-point displacement method (e.g., Peitgen and Saupe, 1988) also with 14
steps. As a result, all models have 214 = 16384 pixels. In all three models average φ = 1
and standard deviation = 1/3. Note that, by construction, both Bo and FI multiplicative cascade models have only positive values while φ(x) for fBm can be either positive or negative
since its probability density function is Gaussian

βε (p) = 0.91) and H ∗ = 0.38 (thus βφ (p, H ∗ ) = 5/3). In contrast to the bounded
model, we have only approximate formulas for the structure function exponents for
FI model. They are exact for q = 0 and q = 2 and quite accurate for all low-order
moments and, moreover, numerical results are always available.
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Fig. A.5. Comparison of exponent functions ζ(q) for three fractal models. Fractional Brownian motion (fBm) with H = 1/3, bounded cascades (Bo) with H = 1/3 and fractionally
integrated (FI) cascades with p = 0.375 and H ∗ = 0.38. Note that while for fBm and Bo
models we give theoretical curves, FI shows the results of numerical calculations with 15
cascade steps averaged over 100 realizations

To compare the three models (monoscaling fBm and two multiscaling models,
bounded and FI cascades), we plotted their structure function exponents ζ(q) in Fig.
A.5 for q going from 0 to 5. As we see, the bounded model is the most intermittent
among them since its ζ(q) is the most nonlinear. However, with at least one more
tunable parameter than bounded cascades, FI cascades are better candidates for simulating observed liquid water ﬂuctuations.
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Epilogue: What Happens Next?

Radiative Transfer Problems
Let’s make the circumstantially reasonable assumption that we have a tough radiative
transfer (RT) problem to solve. Maybe clouds are in the picture. For simplicity, let’s
assume it is a “forward” RT problem where we know the optical properties of the
atmosphere and surface. If we are faced with an “inverse” problem, as is often the
case in remote sensing, then we ﬁrst need to establish that we can solve the forward
problem anyway. We are thus asked to compute some radiance values I(x, Ω) for
a given wavelength where x is position in three-dimensional (3D) space and Ω is a
direction of propagation on the unit sphere.
In remote sensing, x is likely to be the position of a sensor and −Ω will be the
direction it is looking into, deﬁned (say) by one of many pixels at the focal plane.1
In radiation energy budget modeling, we are only interested in angular integrals of
I(x, Ω), weighted or not with |Ωz | (the vertical direction cosine). At any rate, we
now have to somehow ﬁnd a solution of the integro-differential RT equation that
looks like
p(Ω • Ω)I(x, Ω )dΩ ] + Q(x, Ω)

Ω • ∇I = −σ(x)[I(x, Ω) − 0
4π

in the relatively simple case where scattering properties, single-scattering albedo
0 and phase function p, are assumed uniform but the extinction coefﬁcient σ(x)
varies spatially. Q(x, Ω) is a given volume source term, e.g., thermal emission. There
will also be boundary conditions to satisfy and, for simplicity, we will assume these
boundaries are ﬂat, at a constant z-coordinate: the upper (top-of-atmosphere, TOA)
condition is typically an incoming uniform collimated solar beam; the lower (surface) condition can be quite complex, with spatially and angularly varying reﬂection
and/or emission. If there is an interest in polarization, then I is a 4-vector and p is a
1

From large stand-off distances, x can also be viewed as a variable point on the upper boundary of the atmosphere-surface medium and Ω is then the constant (or x-dependent, depending on distance) direction of the sensor.
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4 × 4 matrix – a relatively minor complication in view of all the spatial and angular
variables in the balance.
The above stated 3D RT problem includes the majority of current remote sensing
and climate needs. But we still have to ﬁnd a way to solve the scalar or vector RT
equation.
Classic Solutions, and Their Limitations
There are only two situations where exact solutions exist, clearly a desirable scenario
and especially in remote sensing:
1. 0 = 0 (no scattering) and a non-reﬂecting surface, hence no coupling at all between beams in direction or in polarization. In this case, σ(x) and Q(x, Ω) can be
arbitrarily complicated, and the same is true for the surface source distribution.
Here, we can even write an analytical expression for I(x, Ω): a one-dimensional
integral along the beam {x, Ω} using the boundary source, Q, and transmission
functions (negative exponentials of line-integrals of σ under the present monochromatic assumption).
2. σ(x) ≡ σ(z) and Q(x, Ω) ≡ Q(z, Ω), hence I(x, Ω) ≡ I(z, Ω). This is the
famous horizontally uniform atmosphere/surface plane-parallel system of onedimensional (1D) RT. Under the present assumptions of vertically uniform scattering properties, 0 < 0 ≤ 1 and p(·), this multiple-scattering problem is
amenable, via invariant embedding and superposition, to Chandrasekhar’s H-,
or X- and Y -functions using the dimensionless coordinate dτ = σ(z)dz.
If, in problem #1, the surface becomes partially reﬂective then there will be at the
most one reﬂection off the (ﬂat) ground. Thus, if a surface point xS is in view, an
angular integral over the down-welling hemisphere (weighted by surface reﬂectivity and |Ωz |) of the closed-form solutions at xS is required to adjust the boundary
source term. Then the exact 1D solution along the beam going from the sensor to
xS can be applied. Early releases of the remote-sensing workhorse code known as
MODTRAN were designed speciﬁcally to solve this problem for a 1D (i.e., stratiﬁed) atmosphere.2 If, in problem #2, the scattering properties 0 and p become
dependent on the sole spatial coordinate τ(z) of the 1D RT problem, then we know
how to obtain accurate numerical solutions using popular codes such as DISORT or,
for spectral details, a recent release of MODTRAN (which will in fact call DISORT
for the multiple scattering).
2

The main problem that MODTRAN designers, and contributing molecular spectroscopy
experts, address is the weighted (sensor-response) integration over potentially complicated
and fast spectral variability of absorbing atmospheric gases computed on the ﬂy for a given
atmospheric composition. The MODTRAN solution to the spectral variability problem generally requires averaging over many values of the extinction/absorption coefﬁcient σ, even
at the smallest allowable wavelength interval. This spectral averaging in turn leads to transmission functions that are not exponential in the amounts of absorbers. MODTRAN developers have also enabled spherical 1D (stratiﬁed) geometry, including refractivity.
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That’s it. Every other solution of the 3D RT equation will call for some sophisticated mathematical analysis, an intricate time-consuming numerical implementation,
and then probably too many computer cycles . . . so only research-mode utilization is
contemplated. At least that is the conventional wisdom. It is therefore not surprising
that virtually all operational remote sensing and radiation energy budget estimations
are done with one of the above pair of text-book solutions, too often regardless of
their applicability.
Take, for instance, atmospheric sounding – extracting (say) temperature and water vapor proﬁles, via σ(z) and Q(z), from measured I(ground, zenith) or I(TOA,
nadir) at a number of wavelengths. This application uses the “no-scattering” solution #1, often in the microwave region where its strong assumptions are considered
reasonably valid. But are they really? Apparently not in the presence of heavy precipitation.
In radiation energy budget problems, two “streams” of radiation (one up and one
down) are usually considered sufﬁcient. Schuster, arguably the founding father of
atmospheric RT, showed – one hundred years ago at the time of writing – that the
“scattering/absorption” problem #2 then becomes analytically tractable in closedform. This outcome is always a plus in applications such as GCM-based climate
simulations where very many RT computations need to be performed (one per layer
and per cell and at as many time-steps as possible). But can we be conﬁdent in
century-old transport physics for such a critical aspect of the the climate problem?
A New Perspective on Atmospheric Radiative Transfer
The above formulation of 3D RT in the atmosphere/surface system is not just a challenging problem in computational physics. It should be viewed as an accurate description of the photon ﬂow that is actually unfolding in Nature. It is a codiﬁed representation of the reality we are dealing with, hardly a “problem.” So the preferred
mathematically exact solutions #1 and #2 are in fact just physical approximations.
Indeed, a purely emitting/absorbing medium is an abstraction . . . as we know from
practical thermodynamics that it is impossible to make a perfect black-body (every
material will reﬂect or scatter at least a little).3 And of course, an exactly uniform
plane-parallel cloud layer has never materialized since cloud structure and evolution
are part of normal tropospheric dynamics. These ﬂuid dynamics (a.k.a. “weather”)
are clearly stratiﬁed (lapse rates, boundary layers, inversion layers, etc.) but they are
also very 3D in nature at all scales (general circulation, fronts, waves, jets, convection, precipitation, instability, turbulence, and so on).
We can make an immediate damage assessment here. Any volume scattering perturbs solution #1 and horizontal gradients in anything perturb solution #2 for scattering media. In cloud remote sensing at optical wavelengths, blind faith in solution
#2 is to believe that satellite pixels are radiatively independent. That would be reasonable only if they were huge. But then again, if we approximated that situation by
3

For the more theoretically minded, this is traceable to the Kramers-Kronig causality relations, a precursor to the linear response formalism for transport coefﬁcient estimation.
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aggregating enough pixels deemed too-small, would it be reasonable to assume the
pixels are internally uniform?
Much of the 3D RT literature so far has used the uniform plane-parallel cloud
model as a benchmark, estimating the bias associated with that 1D model simply
because it is so widely accepted. We propose that for the next century of atmospheric
RT, the plane-parallel model be considered what it really is: an approximation that,
like any other, needs validation or at least a convincing justiﬁcation. It should not be
a convenient assumption we can make . . . just because most everyone else does, just
because that is what MODTRAN delivers.
For instance, letting Ω = (sin θ cos φ, sin θ sin φ, cos θ)T in the usual polar representation and looking back at the left-hand side of the above 3D RT equation, a
modeler intent on using 1D RT should explain to the end-user why






∂I 
∂I
∂I 


+ sin φ 
sin θ cos φ
cos θ ∂z  .
∂x
∂y
This case for weak “3D-ness” can be made by stating the (preferably low) value
→
of 0 and/or by noting that σ(x) is a stronger function of z than of x = (x, y)T ,
by making a solid theoretical argument based on a conceptual model, by using a
computational 3D model as a benchmark, by analyzing real-world data which is 3Dcompliant by deﬁnition, or any combination of these approaches. At least this way
we collectively reinforce the awareness that 1D RT is an approximate solution of the
real 3D RT problem at hand.
Assuming the case for using a 1D model has been made, what will be done
→
with the residual horizontal variability ( x -dependence) of σ(x) and Q(x, Ω) on the
right-hand side of the transport equation? Will it be averaged out? Will it be treated
parameterically? That is, extinction in the 1D transport solver will be processed as
→
σ(z; x ) where the semi-colon emphasizes the difference between variables and parameters. This is known as the local Independent Column Approximation (ICA). Will
we horizontally average the outcome of the local ICA result, say, for I(TOA,nadir),
→
over all x values? Will an “effective” extinction be used that attempts to capture 3D
effects in some statistical sense? And what will we do about Q(x, Ω)? At any rate,
we can no longer say: What else than 1D RT can be done? This monograph demonstrates that much more can be done, and not necessarily at a large computational
cost.
The above questions collide head-on with a new and interesting quantity that
arises in 3D RT modeling. What is the “scale” r of interest? & What are the RT
“dynamics” of I r (x, Ω), the radiance ﬁeld coarse-grained to scale r? The instinctive
answer will likely be that r is the resolution of the instrument (the pixel-size) or the
mesh spacing in the climate- or cloud-dynamics model (the grid-constant). These
are important but artiﬁcial scales. First, sensors as well as computational meshes
are becoming ever-more “adaptive,” so pixel- or grid-scales are moving targets. Second, there are equally if not more important physical scales and dimensionless ratios
thereof to consider: the photon mean-free-path, the cloud-layer thickness, the photon
diffusion scale, cloud aspect ratio, dominant variability scales, and so on.
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Where observational or computational resolution plays an essential role, at least
from the 3D RT modeling perspective, is in telling us whether or not the variability
of concern is resolved. What comes next?
• In the case of resolved variability, we have to worry about (the divergence of net)
radiative ﬂuxes that cross boundaries of pixels or grid-cells. These ﬂuxes will invalidate a preemptive 1D treatment of the RT. Is there a simple way to estimate
them and remove the bias from the 1D model?
• In the case of unresolved variability, we have to make statistical assumptions about
it and try to estimate its likely impact on the resolved scales. Can we formulate an
“effective medium” theory where modiﬁed optical properties will incorporate the
bulk effects of small-scale ﬂuctuations?
In 3D reality of course, both processes are at work to some extent. At any rate, we
must learn how to manage all the identiﬁed radiative processes at various scales
and make informed decisions about their importance based on experience and on
programmatic priorities. This is by no means easy. All too frequently, the “ignorance
is bliss” modus-operandi prevails.
Time: The New Frontier in Atmospheric Remote Sensing
Time-dependence is a dimension of RT that we have only started to explore in any
depth for real – that is, 3D – atmospheric RT. So now we consider I(t, x, Ω), typically
with t ≥ 0, that obeys a RT equation in “3 + 1” dimensions: the volume- and/or
boundary-sources become t-dependent and, most notably, the monokinetic advection
operator Ω • ∇ becomes4
1 ∂
+ Ω•∇ .
c ∂t
Even for steady-state photon transport in 1D geometry, the dominant number of
scattering events or mean photon time-of-ﬂight for a given outcome (e.g., reﬂection
versus transmission) are profoundly informative quantities. There is already a core
international community invested in differential absorption spectroscopy in the oxygen A-band as a means of accessing solar photon path length statistics. These new
observables have proven to be highly sensitive to the degree of spatial complexity in
cloudiness, e.g., single/unbroken layers versus multiple and/or broken layers. Pulsed
(laser) sources or rapidly time-varying sources (e.g., lightning ﬂashes) can be traced
along convoluted multiple-scattering paths through dense clouds. Thanks to recent
technological advances, we can now observe the resulting waveforms, and these can
be analyzed in terms of cloud or source properties using time-dependent RT, in 3D
as needed.
4

Somewhat miraculously, this is not so new as it appears at ﬁrst glance, at least for pulsed
sources. A temporal Laplace transform indeed converts the t-derivative into what looks like
a spatially uniform (hence gaseous) absorption term with a coefﬁcient varying from 0 to
∞ while the δ-in-time source term becomes a constant. The converse statement – if we
know the detailed t-dependence, then we can compute the effect of any level of gaseous
absorption – is known as the “Equivalence Theorem.”
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Last but not least, temporal (i.e., pulse-stretching) scales and some of the abovementioned spatial scales are so tightly connected through the fractal nature of photon
random walks in the Earth’s cloudy atmosphere that they are really just two sides of
the same coin. This insight has far-reaching ramiﬁcations that, in particular, have yet
to be exploited for the teaching of radiative transfer through geometry and probability
rather than through calculus.
In summary, we feel that future generations of atmospheric and remote-sensing scientists, whether or not they become “RT” experts, need to be exposed to the rich
phenomenology of 3D radiative transfer and encouraged to explore it to their young
heart’s content.
Los Alamos, New Mexico
January, 2005

Anthony Davis
Alexander Marshak

Notations

In this volume, we have adopted standard notations for radiance/intensity Iλ (x, Ω),
irradiance/ﬂux Fλ (x), transmittance T , optical depth τ, extinction σ, and so on, from
the astrophysical and transport-theoretical literatures because they are also very well
known in the geophysics community. However, some readers more familiar with
remote-sensing textbooks will recognize respectively Lλ , Eλ , τ, δ, β, etc.
Square brackets designate an [alternate] name or unit for some quantity. Parentheses identify an (optional qualiﬁer) of some quantity’s name, or units that can be
omitted by proper normalization and/or spectral integration. A dagger† designates a
quantity that can be “spectral,” and therefore carry a subscript λ or ν as in Planck
function; in this case, (/µm) or (/cm−1 ) appears in their units. In solar problems,
where one can set µ0 F0 to unity, these quantities can be non-dimensionalized altogether (hence the optional units of W/m2 ). Many other optical quantities, e.g., σ or
τ, can depend parameterically on λ or ν but this does not affect their units.

1 Scalar and Vector Quantities, about Units
In the following table, four different SI-derived units of length are used – sometimes
in combinations – and each has its dedicated purpose in accounting for cloud optics,
microphysics, radiation sources/sinks and transport:
• the “µm” is assigned to wavelengths and particle sizes (hence to spectral and/or
single-scattering considerations in cloud/aerosol optics);
• the “cm” is assigned to droplet densities (hence to cloud microphysical considerations);
• the “m” is assigned to ﬂux/irradiance units (hence to radiation budget considerations);
• the “km” is assigned to photon transport coefﬁcients and scales of variability in
clouds, including outer scales such as physical thickness (hence to all radiative
transfer considerations).
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In the volume, yet another derived SI unit is used occasionally, following established
tradition: the “mm,” for vertically-integrated liquid- and/or ice-water in cloud layers,
while the “cm” is often used for total precipitable water in the atmosphere (always
dominated by the vapor phase).

absorptance
cloud fraction
Planck(’s) function
Planck(’s) function, by wavelength
(boundary) radiance as a Bidirectional Reﬂection
Function
distance
(radiative [photon]) diffusivity
diffusivity, for steady-state
(radiant energy) ﬂux vector†
photon ﬂux [current density] vector†
upward (hemispherical) ﬂux [irradiance]†
downward (hemispherical) ﬂux [irradiance]†
solar constant [ﬂux] [irradiance]†
asymmetry factor (of phase function)
cloud geometrical [physical] thickness
(vertical integral of) horizonal ﬂux (divergence)
radiance [(speciﬁc) intensity]†
directly transmitted [un-collided] radiance†
scalar [spherical, or actinic] ﬂux†
scalar [spherical, or actinic] photon ﬂux†
wavenumber [Fourier-conjugate of position]
(gaseous) absorption coefﬁcient
kernel of an integral RT equation

A
Ac
Bν (T )
Bλ (T )
BRF

d
D
D
F
F
Fu , F ↑
Fd , F ↓
F0 , F 
g
h
H
I(x, Ω)
I0 (x)
J
J
k
k, kν , kλ
K, K

Name

Symbol



µs P (µs )dµs

I(·, Ω)dΩ
J/hν
(2π×)1/r



1 − (A + R + T )

2π

ct /3
D/c
= t /3

ΩI(·, Ω)dΩ
F/hν

µI(·, Ω)dΩ
µ>0
|µ|I(·, Ω)dΩ
µ<0

2hν3 /c2 (ehν/kT − 1)
Bν(λ) (T ) |dν/dλ|(λ)
πI/µ0 F0

Relation to Others

1. SCALAR AND VECTOR QUANTITIES, BEGIN

km
km2 /s
km
(W/m2 (/µm))
(m−2 s−1 (µm−1 ))
(W/m2 (/µm))
(W/m2 (/µm))
(W/m2 (/µm))
–
km
–
(W/m2 (/µm))/sr
(W/m2 (/µm))/sr
(W/m2 (/µm))
(m−2 s−1 (µm−1 ))
(rad)km−1
km−1
km−3 sr−1

–
–
W/m2 /cm−1 /sr
W/m2 /µm/sr
–

Units (-: none)
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integro-differential operator in RT equation
(cumulative [total]) (geometrical) (photon)
path((-)length)
diffusion length
horizontal domain size [outer scale]
liquid water content
(local) (photon) mean-free-path, or “MFP”
transport mean-free-path
order [number] of scattering[s]
(cloud) droplet [particle] size-distribution
[-spectrum]
(cloud) droplet [particle] density
(scattering) phase function
(azimuthally-symmetric) phase function
(alternately normalized) phase function
source term† in RT equation
distance [scale (in spatial statistics)]
droplet [particle] radius
qth moment of droplet [particle] radius
effective (droplet) radius
reﬂectance [albedo]
cross-section (per particle)
(photon) free path [step] (between two collisions)
Laplace-conjugate (variable) of time t
similarity factor
source function†
time

L, L
L

N
p(Ω → Ω )
p(cos θs )
P (θs )
Q(x, Ω)
r
r
rq
re
R
s
s
s
S
S(x, Ω)
t

Ld
LD
L, Lwc

t
n
n(r)

Name

Symbol

t /Ld 
σs (x) p(Ω → Ω)I(x, Ω )dΩ

rq n(r)dr/N
r3 /r2



[(2π×)1/k]


 n(r)dr
p(Ω → Ω )dΩ = 1
4π
+1
2π −1 p(cos θs )d cos θs = 1
 +π
P (θs ) sin θs dθs = 2
−π

1/σ
/(1 − 0 g)

/ 3(1 − 0 )(1 − 0 g)

ct
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1. SCALAR AND VECTOR QUANTITIES, CONTINUED

cm−3
1/sr
1/sr
–
(W/m2 (/µm))/sr/km
km
µm
µmq
µm
–
m2
m
s−1
–
(W/m2 (/µm))/sr/km
s

km
km
g/m3
km
km
–
cm−3 /µm

km−1
km

Units (-: none)

temperature
(total) transmittance
direct [un-collided] transmittance
diffuse transmittance
photon [radiant energy] density
liquid water path
liquid water path
(Cartesian) coordinates, with z increasing
upwards
position (in 3D space)
position in the horizontal plane
position on the 2D boundary of a 3D volume

(planar) albedo
surface albedo
(numerical) extrapolation length factor
extrapolation length
emissivity
wavelength
(dimensionless) optical pathlength [cumulated
extinction]
cosine of zenith [polar] angle
cosine of solar (zenith) angle
cosine of scattering angle
frequency [wavenumber] (of photon [E-M wave])

T
T
T0 , Tdir , T
Td , Tdif
U
W
W
x, y, z

α
αS
χ
χt
ε
λ
λ

µ
µ0 > 0
µs
ν

x
→
x
xS

Name

Symbol

–
–
–
cm−1 [Hz]

104 [c]/ν
σL
cos θ
cos θ0
cos θs
104 [c]/λ

km
km
km

K [◦ C]
–
–
–
m−3 [J/m3 ]
g/m2
cm [mm]
km

Units (-: none)

–
–
–
km
–
µm [m]
–
O(1)

(x, y, z)T
(x, y)T

J/c

Ldz
W/ρw

T0[dir] + Td(if)
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Notations
675

azimuthal angle
solar azimuthal angle
scattering azimuthal angle
single-scattering albedo
horizontal radius [displacement]
(ground) reﬂectivity [albedo]
(particle [mass]) density
extinction (coefﬁcient)
absorption coefﬁcient
scattering coefﬁcient
optical distance
(cloud) optical depth [thickness]
transport [rescaled] optical depth [thickness]
zenith [polar] angle, with θ = 0 meaning “up”
solar (zenith) [incidence] angle
scattering angle
direction of propagation [viewing direction]
direction-cosine in x
direction-cosine in y
direction-cosine in z
direction of incoming (collimated) (solar)
radiation
element of solid angle
differential cross-section

φ
φ0
φs
0
ρ
ρ
ρ, n, N
σ, σe
σa
σs
τ
τ, τc
τt
θ
θ0 < π/2
θs
Ω(µ, φ)
Ωx
Ωy
Ωz
Ω0

dΩ
ds/dΩ

Name

Symbol

dµdφ
σs p(·)/N

sin θ cos φ
sin θ sin φ
cos θ
Ω(−µ0 , π − φ0 )

cos−1 (Ω • Ω )

σa + σs
sa N
ss N
σds]
h/ = σh
h/t = (1 − 0 g)τ

σs /σ
x2 + y 2

Relation to Others

1. SCALAR AND VECTOR QUANTITIES, END

sr
m2 /sr

◦

[rad]
[rad]
◦
[rad]
–
km
–
m−3 (kg/m3 )
km−1
km−1
km−1
–
–
–
◦
[rad]
◦
[rad]
◦
[rad]
–
–
–
–
–

◦

Units (-: none)
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Name

velocity of light (in vacuum)
Planck’s constant
Boltzmann’s constant

Stefan-Boltzmann constant, π Bν (T )dν/T 4 = 2π5 k4 /15c2 h3
Wien’s wavelength displacement constant, 0.20141 · · · × hc/k
Wien’s wavenumber displacement constant, 0.35443 · · · × hc/k
triple-point of water
density of liquid water (at S.T.P.)

Symbol

c
h
k
σB
T λmax
T c/νmax
Ts
ρw

2. PHYSICAL CONSTANTS
Units
m/s
Js
J/K
W/m2 /K4
cm K
cm K
K
kg/m3 [g/cm3 ]

Value
2.99825 × 108
6.62618 × 1034
1.38066 × 1023
5.67032 × 10−8
0.28978
0.50995
273.16
103 [1]
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Name

Sun’s effective emission temperature
Sun’s (equatorial) radius
(mean) Sun-Earth distance [Astronomical Unit]
angular diameter of Sun from Earth [31.9876 arc min]
2
solid angle subtended by Sun from Earth, πR
/AU2
4
4
(mean) solar constant, (σT /π)δΩ = σT (R /AU)2
Earth’s (equatorial) radius
standard surface gravity
standard surface pressure (N.B. 105 Pa = 103 hPa = 103 mbar)
speciﬁc gas constant of dry air
density of dry air (at S.T.P.)
mass density of dry air (at S.T.P.), Ra Ts /ps
constant-volume speciﬁc heat of dry air (at S.T.P.)
constant-pressure speciﬁc heat of dry air (at S.T.P.), ≈(7/5)Cv
(nominal) scale-height of atmosphere, Ra Ts /g

Symbol

T
R
AU
2R /AU
δΩ
F0
R⊕
g
ps
Ra
ns
ρs
Cv
Cp
H

Units
K
km
km
mrad
sr
W/m2
km
m/s2
105 Pa [J/m3 ]
J/K/kg
m−3
kg/m3
J/K/kg
J/K/kg
km

Value
≈5775
6.960 × 105
1.4960 × 108
9.3048
6.799 × 10−5
≈1.365 × 103
6.378388 × 103
9.80665
1.01325
2.8704 × 102
2.686754 × 1025
1.2925
0.718 × 103
1.005 × 103
7.994

3. SOLAR, TERRESTRIAL AND ATMOSPHERIC CONSTANTS
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Name

all (non-negative) integers
all (signed) integers
all real numbers
non-negative real numbers
closed interval of R
open interval of R
a semi-open interval of R
another semi-open interval
unit sphere (of direction vectors)
upward hemisphere (of directions)
downward hemisphere (of directions)
(Cartesian) product of 2 sets, e.g., (x, Ω) ∈ R3 × Ξ
indicator function of set S
closure of a point-set S [itself and limits of all its inﬁnite sequences]
((open) convex) (optical) medium
boundary of a(n optical) medium

Symbol

N
Z
R
R+
[a, b]
(a, b)
[a, b)
(a, b]
Ξ
Ξ+
Ξ−
S1 × S2
1S (x)
S
M
∂M

4. SETS AND TOPOLOGY

= 1 if x ∈ S, = 0 otherwise
⊇S, =S if it is closed
⊆ R3

{0, 1, 2, . . .}
{. . . , −2, −1, 0, 1, 2, . . .}
(−∞, +∞)
[0, +∞)
{x ∈ R : a ≤ x ≤ b}
{x ∈ R : a < x < b}
{x ∈ R : a ≤ x < b}
{x ∈ R : a < x ≤ b}
{Ω ∈ R3 : Ω = 1}
{Ω(µ, φ) ∈ Ξ : µ ≥ 0}
{Ω(µ, φ) ∈ Ξ : µ ≤ 0}
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→
→
f ( x ), F −1 [f˜]( x )
a
ab
a•b
a, a
< f, g >, (f, g)
f 2
∂/∂ξ, ∂ξ
∇
∇2
δ(·)
H(·), Θ(·)
Γ(a)
n(x)

a small amount [perturbation] of quantity q
function f of (ﬁxed) parameter a and variable x
Laplace transform of f (t)
2D ([horizontal position]) vector

δq, ∆q
fa (x), f (a; x)
fˆ(s), L[f ](s)
→
x
f˜(k), F [f ](k)

2D Fourier transform of f ( x )
inverse Fourier transform of f˜(k) in 2D
an arbitrary 3D vector
tensor [outer] product of vectors a and b
scalar [inner] product of vectors a and b
(Euclidian) norm of vector a
scalar [inner] product of functions f and g
(L2 ) norm of function f , squared
partial derivative with respect to ξ = t, x, y, z or . . .
gradient [nabla] (operator)
Laplacian (operator)
(Dirac) delta-function, has 1/(·)d -units in d dimensions
(Heaviside) step-function 
∞
(Euler’s) Gamma-function 0 xa−1 e−x dx
(outward) (unit) normal vector (to boundary ∂M) (at x)

→

Name

Symbol

5. MATHEMATICAL ANALYSIS

→

f (t)e−st dt
•

→ →

integral of δ(·) in d = 1
Γ(n + 1) = n!, n ∈ N

(∂x , ∂y , ∂z )T
∇ • ∇ = ∂x2 + ∂y2 + ∂z2

Trace[ab]
(a • a)1/2
 → → →
f ( x )g( x )d x
< f, f >

f ( x )e±(2π)ik x d x
→

•
f˜(k)e∓(2π)ik x dk(/(2π)2 )
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Name

probability of event deﬁned in argument
probability of discrete event with index “i”
(cumulative) probability distribution function,
probability density function, has 1/(·)-units
(mathematical) expectation of argument
variance of argument
mean of quantity f
standard deviation of quantity f
spatial average of (· · · ) over a domain S
spatial or ensemble average (or both)
→
(wavenumber [energy] [power]) spectrum of f ( x )
(1D (wavenumber [etc.])) spectrum of f (x)
spectral exponent

Symbol

Pr{·}
pi
P (·)
p(·)
E(·)
D(·)
mf
σf , s f
(· · · )
· · ·
Ef (k)
Ef (k)
β

E(([·] − E(·))2 ) = E([·]2 ) − E(·)2
an alternative for E(f )
an alternative for D(f )1/2

→ 
→
S (· · · )d x / S d x
(· · · )dP (· · · )
2
˜
∝
 |f (k)|

Ef (k )δ( k − k)dk
E(k) ∝ k−β

a deﬁnite integral of p(·)
±dP/d(·)
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Index

3D radiative transfer

465, 488, 523, 576

absorptance 165, 191, 474, 633
absorption 115, 116, 170, 551, 597
coefﬁcient 112, 176, 456, 493, 546, 627
addition theorem 244, 248, 626
Aerosol Robotic Network (AERONET)
643
aerosol(s) 20, 131, 174, 195, 216, 371, 461
air mass 594
albedo 185, 346, 453, 524, 529, 531
bias 428, 434, 532
leaf 624, 635
planetary 452
single-scattering 170
spherical 185
surface 215, 454, 590
anomalous diffusion 366
asymmetry factor 174, 265, 303
Atmospheric Radiation Measurement
(ARM) VII, 9, 18, 26, 41, 44, 95,
134, 142, 386, 417, 455, 479, 506
AVHRR 4, 529, 589
azimuthal angle 245, 247
backscattering 177
backward Monte Carlo 272, 273, 509, 549
band model 492
Beer Law 168, 366
bidirectional reﬂectance distribution function
(BRDF) 184, 185, 188, 222
bidirectional reﬂectance factor (BRF) 163,
185, 630, 639, 650
bihemispherical reﬂectance (BHR) 630

blackbody 114, 118, 512
boundary conditions 194, 247–250, 252,
255, 457, 488, 556, 628, 636
boundary value problem 243, 555, 630
CALIPSO 16, 591
cirrus 6, 38, 142, 490, 525
climate 317, 386, 425, 449, 479
model 8, 9, 25, 95, 284, 456, 491
cloud droplet 8, 100, 102, 459
cloud fraction 76, 95, 97, 346, 372, 428,
453, 462, 498
cloud overlap 463, 467, 475
cloud particles 99, 100, 104, 106, 137
cloud radiative forcing 439, 450
CloudSat 15, 21, 591
continuous random number 262
cooling rate 190, 462, 497
cross-section 110–112, 115, 117, 121, 123,
168, 172
absorption 176
differential 172, 176
extinction 169, 170
maximum 261, 274
cumulonimbus 226, 525
cumulus 142, 276, 320, 417, 471, 493, 525
diffuse ﬁeld 159, 595
diffuse hemispherical reﬂectance 625
diffuse irradiance 134, 144, 145
diffuse radiation 182, 244, 628, 630
diffuse source 161
diffusion equation 287, 306, 386
diffusivity 289, 560
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Index

Dirac δ-function 213, 217, 269, 628, 635
directional reciprocity 223, 530
Discrete Ordinate Method (DOM) 252,
253
discrete ordinates 37, 244–247, 252–259
discrete random number 263
DISORT 21, 246, 549
doubling-adding method 246, 599
effective cloud fraction 331, 501, 643
effective radius 41, 46, 123, 169, 370
eigenmatrix method 246
eigenvalue 246, 304, 634, 641, 645
eigenvector 304, 634
elementary volume 28, 189, 618, 627
emission 113, 182, 184, 508
emissivity 184, 186, 196, 495, 505
energy balance 546
energy budget 164
equivalence theorem 597
escape 178, 198, 204, 559
extinction 48, 49, 121, 123, 166–171, 625
coefﬁcient 110, 166, 170, 262, 596, 625,
627
extrapolation length 207, 555
ﬂux 158, 159
actinic 164, 285
hemispherical 162, 163, 303
horizontal 162, 543, 547, 548
net 164
scalar 164, 304, 546
vector 164, 304, 322
vertical 162
forward Monte Carlo 267, 509
Fourier series 244, 250
Fourier transform 250, 259, 298, 653, 654
free path 179–181, 366, 612
frequency 167
Global Ozone Monitoring Experiment
(GOME) 589, 611
Green function 213, 298, 555, 578
surface 214, 315, 637, 640
volume 213
grid cells 95, 259
heating rate 14, 190, 296, 473, 477, 515
Hemispherical-Directional Reﬂectance
Factor (HDRF) 630

Henyey–Greenstein phase function 174,
460
homogeneous clouds 34, 533
horizontal ﬂux divergence 315, 547
horizontal transport 546, 568, 606
hot spot 618
ice particle 102, 105
ice water content 103
Independent Column/Pixel Approximation
(ICA/IPA) 324, 427, 433, 607
accuracy 548–552, 568, 569
bias 330, 433
integral radiative transfer equation (integral
RTE) 202, 267
integro-differential
adjoint 218
equation 189
operator 189, 309
intensity 159, 510
interception 182, 631, 633–635
irradiance 188
broadband (BB) 450, 459
longwave 135, 138, 350
shortwave 134, 135, 144
spectral 454
k-distribution 24, 455, 493
kernel
smoothing 578
transport 202, 214, 267
weakly singular 660
Lambertian
emittance 163
reﬂection 186
surface 185, 187
LandSat 96, 274, 543, 572, 606
Legendre
coefﬁcients 176, 190, 244
functions 245, 248
polynomials 173, 244
series 244
lidar 44, 46–48, 134, 136, 142, 195, 218,
302, 321
line proﬁle 605
line-by-line (LBL) radiative transfer model
(RTM) 115, 454, 492, 510
linear transport equation 617

Index
liquid water content (LWC) 100–102, 145,
370, 471, 656–658
liquid water path (LWP) 433
longwave radiation 109, 124, 452, 488
Lorenz-Mie theory 175
mean photon geometric path 597
mean photon pathlength 555, 602
mean-free-path 179, 262, 289, 319, 626
microwave 27, 29, 34, 40, 124, 135, 142
MISR 125–129, 132, 526, 533, 535
MODIS 16, 45, 46, 125–129, 131, 132,
143, 527, 622
monochromatic 244, 454, 492
monodirectional 213, 628
Monte Carlo 28, 35, 37, 48, 243, 261, 272,
374, 458, 508
MTI 210
multi-angle remote sensing 524
multiple scattering 52, 183, 591
net ﬂux 162, 323, 450, 547
Neumann series 268, 272
Nonlocal Independent Pixel Approximation
(NIPA) 314, 576–582
Normalized Difference Cloud Index (NDCI)
641
number of scatterings 263, 555
optical depth 45, 46, 49, 170, 263, 427,
529
absorption 468, 506
aerosol 590
continuum 599
mean 351
oxygen 601, 612
transport 332
water vapor 467
optical distance 167, 201, 268, 618
optical medium 154
optical thickness 205
absorption 117
effective 427
horizontal 430
scattering 117
total 120
vertical 429
order-of-scattering 252, 261, 368, 559, 612
oxygen
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A-band 369, 456, 593
absorption 117, 589, 613
lines 321, 594
particle density 169
particle size 105, 120, 489
particle size distribution 94
pathlength 321, 412, 596, 602, 625
photon mean-free-path see mean-free-path
photon pathlength see pathlength
Planck function 114, 184, 488
plane-parallel albedo bias 428, 436, 531
plane-parallel medium 195, 204, 310
polarization 160
POLDER 185, 619
probability of a clear line of sight (PCL)
499
quadrature

245, 253

radar 34, 39, 47, 121, 133, 134
radiance 159–163, 285, 302, 309
radiant energy 158, 161
radiative
forcing 10, 450
roughening 570, 572
smoothing 302, 315, 543, 570, 572, 582
radiative transfer equation
adjoint 218
integral 202, 267
integro-differential 189
plane-parallel 244
stochastic 412
radiosity 306, 308
random walk 290, 559
Rayleigh scattering 175
cross-section 175
phase function 177
reciprocity 221, 530
reﬂectance 204
bidirectional 163, 184
bottom of atmosphere 640
canopy 638
leaf 624, 625
local 547
top of atmosphere 163
reﬂection 186, 188, 535, 630
remote sensing 523, 608
clouds 319
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Index

Rotating Shadowband Spectrometer (RSS)
602
scattering 170–178, 290
angle 109, 174, 244
center 617, 618
coefﬁcient 171, 626
cross-section 116
phase function 171, 244, 289, 304, 626
shortwave radiation 419
single-scattering albedo 170, 263, 627
solar constant 182
solar zenith angle 529
solid angle 108, 159, 162
source function 183, 201, 257
source term 181, 184, 555
spectrum
electromagnetic (EM) 345
longwave (thermal) 156, 165, 186, 488
shortwave (solar) 165, 458
wavenumber (power) 430, 568, 653
spherical harmonics 173, 244, 248, 311
Spherical Harmonics Discrete Ordinate
Method (SHDOM) 257–261
stochastic 358, 386–465
stratocumulus 8, 318, 352, 371, 505, 543
structure function 655

surface reﬂection

181, 186

top-of-atmosphere (TOA) 163
total path 368, 561
transmission 110, 168, 179, 298
transmittance 204, 455
canopy 634
diffuse 463
leaf 624
local 547
transport mean-free-path 555
two-stream approximation 347
water vapor 117, 126, 598
wavelength
centimeter (cm) 34
infrared 6, 39
microwave 39, 137, 142
millimeter (mm) 15, 133, 602
near-infrared 131
solar 6, 39, 458
sub-millimeter 31
wavenumber 488
spectrum 565, 653, 655
window 488
zenith angle

185

