Appendix A

Linear Algebra for Quantum Computation

The goal of this appendix is to compile the definitions, notations, and facts of linear
algebra that are important for this book. Quantum computation has inherited linear
algebra from quantum mechanics as the supporting language for describing this
area. It is essential to have a solid knowledge of the basic results of linear algebra
to understand quantum computation and quantum algorithms. If the reader does not
have this base knowledge, we suggest reading some basic references recommended
at the end of this appendix.

A.1

Vector Spaces

A vector space V over the field of complex numbers C is a nonempty set of elements
called vectors together with two operations called vector addition and multiplication
of a vector by a scalar in C. The addition operation is associative and commutative
and satisfies the following axioms:
• There is an element 0 ∈ V , such that, for each v ∈ V , v + 0 = 0 + v = v (existence of neutral element).
• For each v ∈ V , there exists u = (−1)v in V such that v + u = 0 (existence of
inverse element).
0 is called zero vector. The scalar multiplication operation satisfies the following
axioms:
•
•
•
•

a.(b.v) = (a.b).v (associativity),
1.v = v (1 is the neutral element of multiplication),
(a + b).v = a.v + b.v (distributivity over sum of scalars),
a.(v + w) = a.v + a.w (distributivity over vector addition).

where v, w ∈ V and a, b ∈ C.
A vector space can be infinite, but in most applications in quantum computation,
finite vector spaces are used and are denoted by Cn , where n is the number of
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dimensions. In this case, the vectors have n complex entries. In this book, we rarely
use infinite spaces, and in these few cases, we are interested only in finite subspaces.
In the context of quantum mechanics, infinite vector spaces are used more frequently
than finite spaces.
A basis for Cn consists of exactly n linearly independent vectors. If {v1 , . . . , vn }
is a basis for Cn , then an arbitrary vector v can be written as
v=

n


ai vi ,

i=1

where coefficients ai are complex numbers. The dimension of a vector space is the
number of basis vectors and is denoted by dim(V ).

A.2

Inner Product

The inner product is a binary operation (·, ·) : V × V → C, which obeys the following properties:
1. (·, ·) is linear in the second argument

v,

n



ai vi

=

i=1

n


ai (v, vi ) .

i=1

2. (v1 , v2 ) = (v2 , v1 )∗ .
3. (v, v) ≥ 0. The equality holds if and only if v = 0.
In general, the inner product is not linear in the first argument. The property in
question is called conjugate-linear.
There is more than one way to define an inner product on a vector space. In Cn ,
the most used inner product is defined as follows: If
⎡ ⎤
a1
⎢ .. ⎥
v = ⎣ . ⎦,

⎡ ⎤
b1
⎢ .. ⎥
w = ⎣ . ⎦,

an
then
(v, w) =

bn
n


ai∗ bi .

i=1

This expression is equivalent to the matrix product of the transpose–conjugate vector
v† and w.
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Two vectors v1 and v2 are orthogonal if the inner product (v1 , v2 ) is zero. We
also introduce the notion of norm using the inner product. The norm of v, denoted
by v, is defined as
v = (v, v).
A normalized vector or unit vector is a vector whose norm is equal to 1. A basis is
said orthonormal if all vectors are normalized and mutually orthogonal.
A finite vector space with an inner product is called a Hilbert space and denoted
by H. In order to an infinite vector space be a Hilbert space, it must obey additional
properties besides having an inner product. Since we deal primarily with finite vector
spaces, we use the term Hilbert space as a synonym for vector space with an inner
product. A vector subspace (or simply subspace) W of a finite Hilbert space V is
also a Hilbert space. The set of vectors orthogonal to all vectors of W is the Hilbert
space W ⊥ called orthogonal complement. V is the direct sum of W and W ⊥ , that
is, V = W ⊕ W ⊥ . A N -dimensional Hilbert space is denoted by H N to highlight its
dimension. A Hilbert space associated with a system A is denoted by H A or simply
A. If A is a subspace of H, then H = A + A⊥ , which means that any vector in H
can be written as a sum of a vector in A and a vector in A⊥ .
Exercise A.1. Let A and B be subspaces of H. Show that dim(A + B) = dim(A) +
⊥
⊥
dim(B) − dim(A ∩ B), A + B = A⊥ ∩ B ⊥ , and A ∩ B = A⊥ + B ⊥ .
Exercise A.2. Give one example of subspaces A and B of C3 such that (A ∩ B)⊥ =
A ∩ B ⊥ + A⊥ ∩ B + A⊥ ∩ B ⊥ .

A.3

The Dirac Notation

In this review of linear algebra, we use the Dirac or bra–ket notation, which was
introduced by the English physicist Paul Dirac in the context of quantum mechanics
to aid algebraic manipulations. This notation is very easy to grasp. Several alternative
notations for vectors are used, such as v and v. The Dirac notation uses |v . Up to this
point, instead of using boldface or an arrow over letter v, we put letter v between a
vertical bar and a right angle bracket. If we have an indexed basis, that is, {v1 , . . . , vn },
in the Dirac notation we use the form {|v1 , . . . , |vn } or {|1 , . . . , |n }. Note that if
we are using a single basis, letter v is unnecessary in principle. Computer scientists
usually start counting from 0. So, the first basis vector is usually called v0 . In the
Dirac notation we have
v0 = |0 .
Vector |0 is not the zero vector; it is only the first vector in a collection of vectors.
The zero vector is an exception, whose notation is not modified. Here we use the
notation 0.
Suppose that vector |v has the following entries in a basis
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⎡ ⎤
a1
⎢ .. ⎥
|v = ⎣ . ⎦ .
an
The dual vector is denoted by v| and is defined by


v| = a1∗ · · · an∗ .
Vectors and their duals can be seen as column
   and row matrices, respectively. The
matrix product of v| and |v , denoted by v v , is
n
   

vv =
ai∗ ai ,
i=1

which coincides with (|v , |v ). Then, the norm of a vector in the Dirac notation is
    
|v  = v v .
If {|v1 , . . . , |vn } is an orthonormal basis, then
  
vi v j = δi j ,
where δi j is the Kronecker delta. We use the terminology ket for the vector |v and
bra
 the dual vector v|. Keeping consistency, we use the terminology bra–ket for
  for
v v .
It is also very common to see the matrix product of |v and v|, denoted by |v v|,
known as the outer product, whose result is a n × n matrix
⎡ ⎤
a1

⎢ ⎥ 
|v v| = ⎣ ... ⎦ · a1∗ · · · an∗
an
⎡ ∗
a1 a1
⎢
=⎣
an a1∗

⎤
· · · a1 an∗
⎥
..
⎦.
.
∗
· · · an an

The key to the Dirac notation is to always view kets as column matrices, bras as
row matrices, and recognize that a sequence of bras and kets is a matrix product,
hence associative, but noncommutative.
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Computational Basis

The computational basis of Cn is {|0 , . . . , |n − 1 }, where
⎡ ⎤
⎡ ⎤
1
0
⎢0⎥
⎢0⎥
⎢ ⎥
⎢ ⎥
|0 = ⎢ . ⎥ , . . . , |n − 1 = ⎢ . ⎥ .
⎣ .. ⎦
⎣ .. ⎦
0
1
This basis is also known as canonical basis. A few times we use the numbering
of the computational basis beginning with |1 and ending with |n . In this book,
when we use a small-caption Latin letter within a ket or bra, we are referring to the
computational basis. Then, the following expression is always valid
 
i  j = δi j .
The normalized sum of all computational basis vectors defines vector
n−1
1 
|i ,
|D = √
n i=0

which we call diagonal state. When n = 2, the diagonal state is given by |D = |+ ,
where
|0 + |1
|+ = √
.
2
Exercise A.3. Calculate explicitly the values of |i  j| and
n−1


|i i|

i=0

in C3 .

A.5

Qubit and the Bloch Sphere

The qubit is a unit vector in vector space C2 . An arbitrary qubit |ψ is represented
by
|ψ = α |0 + β |1 ,
where coefficients α and β are complex numbers and obey the constraint
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z
|0

Fig. A.1 Bloch sphere. The
state |ψ of a qubit is
represented by a point on the
sphere

θ

|ψ

y
φ
x
|1

|α|2 + |β|2 = 1.
The set {|0 , |1 } is the computational basis of C2 , and α, β are called amplitudes
of state |ψ . The term state (or state vector) is used as a synonym for unit vector in
a Hilbert space.
In principle, we need four real numbers to describe a qubit, two for α and two for
β. The constraint |α|2 + |β|2 = 1 reduces to three numbers. In quantum mechanics,
two vectors that differ from a global phase factor are considered equivalent. A
global phase factor is a complex number of unit modulus multiplying the state. By
eliminating this factor, a qubit can be described by two real numbers θ and φ as
follows:
θ
θ
|ψ = cos |0 + eiφ sin |1 ,
2
2
where 0 ≤ θ ≤ π and 0 ≤ φ < 2π . In the notation above, state |ψ can be represented by a point on the surface of a sphere of unit radius called Bloch sphere.
Numbers θ and φ are spherical angles that locate the point that describes |ψ , as
shown in Fig. A.1. The vector showed there is given by
⎡

⎤
sin θ cos φ
⎣ sin θ sin φ ⎦ .
cos θ
When we disregard global phase factors, there is a one-to-one correspondence
between the quantum states of a qubit and the points on the Bloch sphere. State |0
is the north pole of the sphere because it is obtained by taking θ = 0. State |1 is the
south pole. States
|0 ± |1
|± = √
2
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√
are the intersection points of the x-axis and the sphere; states (|0 ± i|1 )/ 2 are
the intersection points of the y-axis with the sphere.
The representation of classical bits in this context is given by the poles of the
Bloch sphere, and the representation of the probabilistic classical bit, that is, 0 with
probability p and 1 with probability 1 − p, is given by the point on z-axis with
coordinate 2 p − 1. The interior of the Bloch sphere is used to describe states of a
qubit in the presence of decoherence.
Exercise A.4. Using the Dirac notation, show that opposite points on the Bloch
sphere correspond to orthogonal states.
Exercise A.5. Suppose you know that the state of a qubit is either |+ with probability p or |− with probability 1 − p. If this is the best you know about the state of
the qubit, where on the Bloch sphere would you represent this qubit?

A.6

Linear Operators

Let V and W be vector spaces, {|v1 , . . . , |vn } a basis for V , and A a function
A : V → W that satisfies




A
ai |vi =
ai A(|vi ),
i

i

for any complex numbers ai . A is called a linear operator from V to W . The
term linear operator on V means that both the domain and codomain of A are
V . The composition of linear operators A : V1 → V2 and B : V2 → V3 is also a
linear operator C : V1 → V3 obtained through the composition of their functions:
C(|v ) = B(A(|v )). The sum of two linear operators, both from V to W , is defined
by formula (A + B)(|v ) = A(|v ) + B(|v ).
The identity operator I on V is a linear operator such that I(|v ) = |v for all
|v ∈ V . The null operator O on V is a linear operator such that O(|v ) = 0 for all
|v ∈ V .
The rank of a linear operator A on V is the dimension of the image of A. The
kernel or nullspace or support of a linear operator A on V is the set of all vectors
|v such that A(|v ) = 0. The dimension of the kernel is called the nullity of the
operator. The rank–nullity theorem states that rank(A) + nullity(A) = dim(V ).
Fact
If we specify the action of a linear operator A on a basis of vector space V , the action
of A on any vector in V can be determined by using the linearity property.
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Matrix Representation

Linear operators are represented by matrices. Let A : V → W be a linear operator.
Let {|v1 , . . . , |vn } and {|w1 , . . . , |wm } be orthonormal bases for V and W , respectively. The matrix representation of A is obtained by applying A to every vector
in the basis of V and expressing the result as a linear combination of basis vectors
of W , as follows:
m

 
A v j =
ai j |wi ,
i=1

where index j run from 1 to n. Therefore,
ai j are entries of a m × n matrix, which we
 
v j , which means function A applied to argument
call
A.
In
this
case,
expression
A
 
 
v j , is equivalent to the matrix product Av j . Using the outer product notation, we
have
m 
n

 
ai j |wi v j .
A=
i=1 j=1

Using the above equation and the fact that
we can
 the
 basis of V is orthonormal,

verify that the matrix product of A and v j is equal to A v j . The key to this
calculation is to use the associativity of matrix multiplication:
 
  
|wi v j  |vk = |wi v j vk
= δ jk |wi .
In particular, the matrix representation of the identity operator I in any orthonormal basis is the identity matrix I and the matrix representation of the null operator
O in any orthonormal basis is the zero matrix.
If the linear operator C is the composition of the linear operators B and A, the
matrix representation of C is obtained by multiplying the matrix representation of B
with that of A, that is, C = B A.
When we fix orthonormal bases for the vector spaces, there is a one-to-one correspondence between linear operators and matrices. In Cn , we use the computational
basis as a reference basis, so that the terms linear operator and matrix are taken as
synonyms. We also use the term operator as a synonym for linear operator.
Exercise A.6. Suppose B is an operator whose action on the computational basis
of the n-dimensional vector space V is
 
B| j = ψ j ,
 
where ψ j are vectors in V for all j.
1. Obtain the expression
of B using the outer product.

2. Show that ψ j is the jth column in the matrix representation of B.
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3. Suppose that B is the Hadamard operator

1 1
H=√
2 1


1
.
−1

Redo the previous items using operator H .

A.8

Diagonal Representation

Let A be an operator on V . If there exists an orthonormal basis {|v1 , . . . , |vn } of V
such that
n

A=
λi |vi vi |,
i=1

we say that A admits a diagonal representation or, equivalently, A is diagonalizable.
The complex numbers λi are the eigenvalues of A and |vi are the corresponding
eigenvectors. A vector |ψ is an eigenvector of A if there is a scalar λ, called eigenvalue, so that
A|ψ = λ|ψ .
Any multiple of an eigenvector is also an eigenvector. If two eigenvectors are associated with the same eigenvalue, then any linear combination of these eigenvectors
is an eigenvector. The number of linearly independent eigenvectors associated with
the same eigenvalue is the multiplicity of that eigenvalue. We use the short notation
“λ-eigenvectors” for eigenvectors associated with eigenvalues λ.
If there are eigenvalues with multiplicity greater than one, the diagonal representation is factored out as follows:

λPλ ,
A=
λ

where index λ runs only on the distinct eigenvalues and Pλ is the projector on
the eigenspace of A associated with eigenvalue λ. If λ has multiplicity 1, Pλ =
|v v|, where |v is the unit eigenvector associated with λ. If λ has multiplicity 2 and |v1 , |v2 are linearly independent unit eigenvectors associated with λ,
Pλ = |v1 v1 | + |v2 v2 | and so on. The projectors Pλ satisfy


Pλ = I.

λ

An alternative way to define a diagonalizable operator is by requiring that A is
similar to a diagonal matrix. Matrices A and A are similar if A = M −1 AM for some
invertible matrix M. We have interest only in the case when M is a unitary matrix.
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The term diagonalizable used here is narrower than the one used in the literature
because we are demanding that M be a unitary matrix.
The characteristic polynomial of a matrix A, denoted by p A (λ), is the monic
polynomial
p A (λ) = det(λI − A).
The roots of p A (λ) are the eigenvalues of A. Usually, the best way to calculate the
eigenvalues of a matrix is via the characteristic polynomial. For a two-dimensional
matrix U , the characteristic polynomial is given by
pU (λ) = λ2 − tr(U ) λ + det(U ).
If U is a real unitary matrix, the eigenvalues have the form e±iω and the characteristic
polynomial is given by
pU (λ) = λ2 − 2λ cos ω + 1.
Exercise A.7. Suppose that A is a diagonalizable operator with eigenvalues ±1.
Show that
I±A
.
P±1 =
2

A.9

Completeness Relation

The completeness relation is so useful that it deserves to be highlighted. Let {|v1 , . . .,
|vn } be an orthonormal basis of V . Then,
I =

n


|vi vi |.

i=1

The completeness relation is the diagonal representation of the identity matrix.
Exercise A.8. If {|v1 , . . . , |vn } is an orthonormal basis, it is straightforward to
show that
m 
n

 
A=
ai j |wi v j 
i=1 j=1

implies

m
  
A v j =
ai j |wi .
i=1

 
Prove the reverse, that is, given the above expressions for A v j , use the completeness
relation to obtain A. [Hint: Multiply the last equation by v j  and sum over j.]
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Cauchy–Schwarz Inequality

Let V be a Hilbert space and |v , |w ∈ V . Then,
          
 v w  ≤ v  v w w .
A more explicit way of presenting the Cauchy–Schwarz inequality is

2 








2
2
|vi |
|wi | ,
vi wi  ≤



i

i

which is obtained when we take |v =

A.11

i


i

vi∗ |i and |w =


i

wi |i .

Special Operators

Let A be a linear operator on Hilbert space V . Then, there exists a unique linear
operator A† on V , called adjoint operator, that satisfies
(|v , A|w ) = A† |v , |w ,
for all |v , |w ∈ V .
The matrix representation of A† is the transpose–conjugate matrix (A∗ )T . The
main properties of the dagger or transpose–conjugate operation are
1.
2.
3.
4.
5.
6.

(A B)† = B † A†
|v † = v|
†
A|v = v|A†
†
|w v| = |v w|
†

=A

†
= i ai∗ Ai†
i ai Ai

A†


The last property shows that the dagger operation is conjugate-linear when applied
on a linear combination of operators.
Normal Operator
An operator A on V is normal if A† A = A A† .
Spectral Theorem
An operator A on V is diagonalizable if and only if A is normal.
Unitary Operator
An operator U on V is unitary if U † U = UU † = I .
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Facts about Unitary Operators
Unitary operators are normal. They are diagonalizable with respect to an orthonormal
basis. Eigenvectors of a unitary operator associated with different eigenvalues are
orthogonal. The eigenvalues have unit modulus, that is, they have the form eiα , where
α is a real number . Unitary operators preserve the inner product, that is, the inner
product of U |v1 and U |v2 is equal to the inner product of |v1 and |v2 . The action
of a unitary operator on a vector preserves its norm.
Hermitian Operator
An operator A on V is Hermitian or self-adjoint if A† = A.
Facts about Hermitian Operators
Hermitian operators are normal. They are diagonalizable with respect to an orthonormal basis. Eigenvectors of a Hermitian operator associated with different eigenvalues
are orthogonal. The eigenvalues of a Hermitian operator are real numbers. A real
symmetric matrix is Hermitian.
Orthogonal Projector
An operator P on V is an orthogonal projector if P 2 = P and P † = P.
Facts about Orthogonal Projectors
The eigenvalues are equal to 0 or 1. If P is an orthogonal projector, then the orthogonal complement I − P is also an orthogonal projector. Applying a projector to a
vector either decreases its norm or maintains invariant. In this book, we use the term
projector as a synonym for orthogonal projector. We use the term nonorthogonal
projector explicitly to distinguish this case. An example of a nonorthogonal projector
on a qubit is P = |1 (0| + 1|). Note that P is not normal in this example.
Positive Operator

   
An operator A on V is said positive if v  Av ≥ 0 for any |v ∈ V . If the inequality
is strict for any nonzero vector in V , then the operator is said positive definite.
Facts about Positive Operators
Positive operators are Hermitian. The eigenvalues are nonnegative real numbers.
Exercise A.9. Consider matrix

M =

1

0

1

1


.

1. Show that M is not normal.
2. Show that the eigenvectors of M generate a one-dimensional space.
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Exercise A.10. Consider matrix

M =

1

0

1

−1


.

1. Show that the eigenvalues of M are ±1.
2. Show that M is not unitary nor Hermitian.
3. Show that the eigenvectors associated with distinct eigenvalues of M are not
orthogonal.
4. Show that M has a diagonal representation.
Exercise A.11. 1. Show that the product of two unitary operators is a unitary
operator.
2. The sum of two unitary operators is necessarily a unitary operator? If not, give
a counterexample.
Exercise A.12. 1. Show that the sum of two Hermitian operators is a Hermitian
operator.
2. The product of two Hermitian operators is necessarily a Hermitian operator? If
not, give a counterexample.
Exercise A.13. Show that A† A is a positive operator for any operator A.

A.12

Pauli Matrices

The Pauli matrices are

σ0 = I =


10
,
01

 
01
σ1 = σx = X =
,
10


0 −i
,
σ2 = σ y = Y =
i 0


1 0
.
σ3 = σz = Z =
0 −1
These matrices are unitary and Hermitian, and hence their eigenvalues are equal to
±1. Putting in another way: σ j2 = I and σ j† = σ j to j = 0, . . . , 3.
The following facts are extensively used:
X |0 = |1 , X |1 = |0 ,
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Z |0 = |0 , Z |1 = −|1 .
Pauli matrices form a basis for the vector space of 2 × 2 matrices. Therefore, an
arbitrary operator that acts on a qubit can be written as a linear combination of Pauli
matrices.
Exercise A.14. Consider the representation of the state |ψ of a qubit on the Bloch
sphere. What is the representation of states X |ψ , Y |ψ , and Z |ψ relative to |ψ ?
What is the geometric interpretation of the action of the Pauli matrices on the Bloch
sphere?

A.13

Operator Functions

√
If we have an operator A on V , we ask whether it is possible to calculate A, that
is, to find an operator whose square is A? It is more interesting to ask ourselves
whether it makes sense to use an operator as an argument of an arbitrary function
f : C → C, such as the exponential or logarithmic function. If f is analytic, we use
the Taylor expansion of f (x) and replace x by A. This will not work for the square
root function. There is an alternate route for lifting f if operator A is normal. Using
the diagonal representation, A can be written in the form
A=



ai |vi vi |,

i

where ai are the eigenvalues and the set {|vi } is an orthonormal basis of eigenvectors of A. We extend the application of a function f : C → C to the set of normal
operators as follows. If A is a normal operator, then
f (A) =



f (ai )|vi vi |.

i

The result is an operator defined
√ on the same vector space V .
If the goal is to calculate A, first A must be diagonalized, that is, we must
†
, where D is a diagonal matrix.
determine a unitary matrix √
U such that
√ A =† U D U √
Then, we use the fact that A = U D U , where D is calculated by taking the
square root of each diagonal element.
If U is the evolution operator of an isolated quantum system whose state is |ψ(0)
initially, the state at time t is given by
|ψ(t) = U t |ψ(0) .
Usually, the most efficient way to calculate state |ψ(t) is to obtain the diagonal
representation of the unitary operator U , described as
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λi |vi vi |,

i

and to calculate the tth power of U , which is
Ut =



λit |vi vi |.

i

The system state at time t will be
|ψ(t) =




 
λit vi ψ(0) |vi .

i

The trace of a matrix is another type of operator function. In this case, the result
of applying the trace function is a complex number defined as
tr(A) =



aii ,

i

where aii is the ith diagonal element of A. In the Dirac notation,
tr(A) =



vi |A|vi ,

i

where {|v1 , . . . , |vn } is an orthonormal basis of V . The trace function satisfies the
following properties:
1. (Linearity) tr(a A + bB) = a tr(A) + b tr(B),
2. (Commutativity) tr(AB) = tr(B A),
3. (Cyclic property) tr(A B C) = tr(C A B).
The third property follows from the second one. Properties 2 and 3 are valid when A,
B, and C are not square matrices ( AB, ABC, and C AB must be square matrices).
The trace function is invariant under the similarity transformation, that is,
tr(M −1 AM) = tr(A), where M is an invertible matrix. This implies that the trace
does not depend on the basis choice for the matrix representation of A.
A useful formula involving the trace of operators is
   
tr(A|ψ ψ|) = ψ  Aψ ,
for any |ψ ∈ V and any A on V . This formula is easily proved using the cyclic
property of the trace function.
Exercise A.15. Using the method of applying functions to matrices described in
this section, find all matrices M such that
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M =
2

5

4

4

5


.

Exercise A.16. If f is analytic and A is normal, show that f (A) using the Taylor
expansion is equal to f (A) using the spectral decomposition.

A.14

Norm of a Linear Operator

Given a vector space V over the complex numbers, a norm on V is a function
  : V → R with the following properties:
•
•
•
•

a|ψ  = |a|
 
 |ψ ,
|ψ + ψ   ≤ |ψ  + ψ  ,
|ψ  ≥ 0,
|ψ  = 0 if and only if |ψ = 0,
 
for all a ∈ C and all |ψ , ψ  ∈ V ,
The set of all linear operators on a Hilbert space H is a vector space over the complex numbers because it obeys the properties demanded by the definition described
in Sect. A.1. It is possible to define more than one norm on a vector space, and let
us start with the following norm.
Let A be a linear operator on a Hilbert space H. The norm of A is defined as
   
A =  max
   ψ  A ψ  ,
ψ ψ =1
where the maximum is over all normalized states |ψ ∈ H.
The next norm is induced from an inner product. The Hilbert–Schmidt inner
product (also known as Frobenius inner product) of two linear operators A and B is
(A, B) = tr A† B .
Now, we can define another norm (trace norm) of a linear operator A on a Hilbert
space H as

Atr =

tr A† A .

 
In a normed
vector space, the distance between vectors |ψ and ψ  is given by
 
|ψ − ψ . Then, it makes sense to speak about distance between linear operators
A and B, which is the nonnegative number A − B.
Exercise A.17. Show that U  = 1 if U is a unitary operator.
Exercise A.18. Show that the inner product (A, B) = tr(A† B) satisfies the properties described in Sect. A.2.
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√
n if U is a unitary operator on Cn .

Exercise A.20. Show that both norms defined in this section satisfy the properties
described at the beginning of this section.

A.15

Tensor Product

Let V and W be finite Hilbert spaces with basis {|v1 , . . ., |vm } and {|w1 , . . .,
|wn }, respectively. The tensor product of V and W , denoted by V ⊗ W , is a (mn)dimensional Hilbert space with basis {|v1 ⊗ |w1 , |v1 ⊗ |w2 , . . . , |vm ⊗ |wn }.
The tensor product of a vector in V and a vector in W , such as |v ⊗ |w , also
denoted by |v |w or |v, w or |v w , is calculated explicitly via the Kronecker
product, defined
An arbitrary vector in V ⊗ W is a linear combination of
 ahead.

vectors |vi ⊗ w j , that is, if |ψ ∈ V ⊗ W , then
|ψ =

m 
n


 
ai j |vi ⊗ w j .

i=1 j=1

The tensor product is bilinear, that is, linear with respect to each argument:
1. |v ⊗ a |w1 + b |w2
2. a |v1 + b |v2 ⊗ |w

= a |v ⊗ |w1 + b |v ⊗ |w2 ,
= a |v1 ⊗ |w + b |v2 ⊗ |w .

A scalar can always be factored out to the beginning of the expression:
a |v ⊗ |w

= a|v

⊗ |w = |v ⊗ a|w .

The tensor product of a linear operator A on V and B on W , denoted by A ⊗ B,
is a linear operator on V ⊗ W defined by
A ⊗ B |v ⊗ |w

= A|v

⊗ B|w .

In general, an arbitrary linear operator on V ⊗ W cannot be factored out as the
tensor product of the form A ⊗ B, but it can be written as a linear combination of
operators of the form Ai ⊗ B j . The above definition is easily extended to operators
A : V → V  and B : W → W  . In this case, the tensor product of these operators is
(A ⊗ B) : (V ⊗ W ) → (V  ⊗ W  ).
In quantum mechanics, it is very common to use operators in the form of external
products, for example, A = |v v| and B = |w w|. The tensor product of A and B
is represented by the following equivalent ways:
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A ⊗ B = |v v| ⊗ |w w|
= |v v| ⊗ |w w|
= |v, w v, w|.
If A1 , A2 are operators on V and B1 , B2 are operators on W , then
(A1 ⊗ B1 ) · (A2 ⊗ B2 ) = (A1 · A2 ) ⊗ (B1 · B2 ).
The inner product of |v1 ⊗ |w1 and |v2 ⊗ |w2 is defined as
    
= v1 v2 w1 w2 .

|v1 ⊗ |w1 , |v2 ⊗ |w2

The inner product of vectors written as a linear combination of basis vectors is
calculated by applying the linear property to the second argument and the conjugatelinear property on the first argument of the inner product. For example,


n



ai |vi


⊗ |w1 , |v ⊗ |w2

i=1

=

 n





  

ai∗ vi v w1 w2 .

i=1

The inner product definition implies that


 


 |v ⊗ |w  =  |v  ·  |w .
In particular, the tensor product of unit norm vectors is a unit norm vector.
When we use matrix representations of operators, the tensor product is calculated
explicitly via the Kronecker product. Let A be a m × n matrix and B a p × q matrix.
Then,
⎡
⎤
a11 B · · · a1n B
⎢
⎥
..
A⊗B =⎣
⎦.
.
am1 B · · · amn B
The dimension of the resulting matrix is mp × nq. The Kronecker product is used
for matrices of any dimension, particularly for two vectors,
⎡
⎡ ⎤⎤
⎤
a1 b1
b1
⎢
⎢a1 ⎣ ⎦⎥
⎥
⎢
⎢
⎥
⎥
⎢
⎢
⎥
⎥
   
b2 ⎥
⎢a1 b2 ⎥
⎢
a1
b1
⎢
⎢
⎥
⎥.
⊗
= ⎢ ⎡ ⎤⎥ = ⎢
⎥
a2
b2
⎢
⎢
⎥
⎥
b1 ⎥
⎢a2 b1 ⎥
⎢
⎣
⎣a2 ⎣ ⎦⎦
⎦
b2
a2 b2
⎡
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The tensor product is an associative and distributive operation, but noncommutative, that is, |v ⊗ |w = |w ⊗ |v if v = w. Most operations on a tensor product
are performed term by term, such as
(A ⊗ B)† = A† ⊗ B † .
If both operators A and B are special operators of the same type, as the ones defined
in Sect. A.11, then the tensor product A ⊗ B is also a special operator of the same
type. For example, the tensor product of Hermitian operators is a Hermitian operator.
The trace of a Kronecker product of matrices is
tr(A ⊗ B) = trA trB,
while the determinant is
det(A ⊗ B) = (det A)m (det B)n ,
where n is the dimension of A and m of B.
If the diagonal state of the vector space V is |D V and of space W is |D W , then
the diagonal state of space V ⊗ W is |D V ⊗ |D W . Therefore, the diagonal state of
space V ⊗n is |D ⊗n , where V ⊗n means V ⊗ · · · ⊗ V with n terms.
Exercise A.21. Let H be the Hadamard operator

1 1
H=√
2 1
Show that


1
.
−1

(−1)i· j
i|H ⊗n | j = √
,
2n

where n represents the number of qubits and i · j is the binary inner product, that is,
i · j = i 1 j1 + · · · + i n jn mod 2, where (i 1 , . . . , i n ) and ( j1 , . . . , jn ) are the binary
decompositions of i and j, respectively.

A.16

Quantum Gates, Circuits, and Registers

A quantum circuit is a pictorial way to describe a quantum algorithm. The input lies
on the left-hand side of the circuit and the quantum information flows unchanged
through the wires, from the left to right, until finding a quantum gate, which is a square
box with the name of a unitary operator. The quantum gate represents the action of
the unitary operator, which transforms the quantum information and releases it to
the wire on the right-hand side. For example, the algebraic expression |+ = H |0
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is represented by the circuit1
|0

H

|+ .

If a measurement is performed, the representation is
|0



H

0,
1.

A meter represents a measurement in the computational basis, and a double wire
conveys the classical information that comes out of the meter.√In the example, the
state of the qubit right before the measurement is (|0 + |1 )/ 2. If the qubit state
is projected on |0 after the measurement, the output is 0, otherwise 1.
The controlled NOT gate (CNOT or C(X )) is a 2-qubit gate defined by
= |k X k | ,

CNOT |k |
and represented by the circuit
|k

•

|

|k
Xk| .

The qubit marked with the black full point is called control qubit, and the qubit
marked with the ⊕ sign is called the target qubit.
The Toffoli gate C 2 (X ) is a 3-qubit controlled gate defined by
C 2 (X ) | j |k |

= | j |k X jk | ,

and represented by the circuit
|j

•

|j

|k

•

|k

|

X jk | .

The Toffoli gate has two control qubits and one target qubit.
These gates can be generalized. The generalized Toffoli gate C n (X ) is a (n + 1)qubit controlled gate defined by
C n (X ) | j1 ...| jn | jn+1 = | j1 ...| jn X j1 ... jn | jn+1 .
When defined using the computational basis, the state of the target qubit inverts if
and only if all control qubits are set to one. There is another case in which the state
of the target qubit inverts if and only if all control qubits are set to zero. In this case,
the control qubits are depicted by empty controls (empty white points) instead of full
controls (full black points), such as
1 The

circuits were generated with package Q-circuit.
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|j

|j

|k

|k

|

X jk | ,

whose algebraic representation is
| j1 | j2 | j3 −→ | j1 | j2 X (1− j1 )(1− j2 ) | j3 .
It is possible to mix full and empty controls. Those kinds of controlled gates are
called generalized Toffoli gates.
A register is a set of qubits treated as a composite system. In many quantum
algorithms, the qubits are divided into two registers: one for the main calculation
from where the result comes out and one for the draft (calculations that will be
discarded).
Suppose we have a register with two qubits. The computational basis is
⎡ ⎤
1
⎢0⎥
⎥
|0, 0 = ⎢
⎣0⎦
0

⎡ ⎤
0
⎢ 1⎥
⎥
|0, 1 = ⎢
⎣0⎦
0

⎡ ⎤
0
⎢0⎥
⎥
|1, 0 = ⎢
⎣1⎦
0

⎡ ⎤
0
⎢0⎥
⎥
|1, 1 = ⎢
⎣0⎦ .
1

An arbitrary state of this register is
|ψ =

1
1 


ai j |i, j

i=0 j=0

where coefficients ai j are complex numbers that satisfy the constraint
 2  2  2  2
a00  + a01  + a10  + a11  = 1.
To help to generalize to n qubits, it is usual to compress the notation by converting
the base-2 notation to the base-10 notation. The computational basis for a two-qubit
register in the base-10 notation is {|0 , |1 , |2 , |3 }. In the base-2 notation, we can
determine the number of qubits by counting the number of digits inside the ket; for
example, |011 refers to three qubits. In the base-10 notation, we cannot determine
what is the number of qubits of the register. The number of qubits is implicit. At any
point, we can go back, write the numbers in the base-2 notation, and the number of
qubits will be clear. In the compact notation, an arbitrary state of a n-qubit register
is
n
2
−1
|ψ =
ai |i
i=0

where coefficients ai are complex numbers that satisfy the constraint
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n
2
−1

 2
ai  = 1.

i=0

The diagonal state of a n-qubit register is the tensor product of the diagonal state of
each qubit, that is, |D = |+ ⊗n .
A set of universal quantum gates is a finite set of gates that generates any unitary
operator through tensor and matrix products of gates in the set. Since the number of
possible quantum gates is uncountable even in the 1-qubit case, we require that any
quantum gate can be approximated by a sequence of universal quantum gates. One
simple set of universal gates is CNOT, H , X , T (or π/8 gate), and T † , where

T =


1 0
.
iπ
0e4

To calculate the time complexity of a quantum algorithm, we have to implement a
circuit of the algorithm in terms of universal gates in the best way possible. The time
complexity is determined by the depth of the circuit.
For instance, Fig. A.2 shows the decomposition of the Toffoli gate into universal
gates. The right-hand circuit has only universal gates (15 gates) and depth 12.
A Toffoli gate with empty controls can be decomposed in terms of a standard
Toffoli gate and X gates as depicted in the right-hand circuit of Fig. A.3.
Figure A.4 shows the decomposition of a 6-qubit generalized Toffoli gate with
five full controls into Toffoli gates. If the generalized Toffoli gate has n controls, we
use (n − 2) ancilla2 qubits initially in state |0 . The ancilla qubits are interlaced with
the controls starting from the second control.
Exercise A.22. Show that the diagonal state of a n-qubit register is |D = |+
equivalently |D = H ⊗n |0, . . . , 0 .

•
•

•
=

•

•
H

•
T†

T

•

•

T
T†

T
T†

⊗n

T

H

Fig. A.2 Decomposition of a Toffoli gates into universal gates
Fig. A.3 Converting empty
controls into full controls

2 Ancilla

means auxiliary.

=

X

•

X

X

•

X

or
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•
•
− − −−
•
− − −−
•
− − −−
•
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•
•
•
•

|0
=

•
•
•
•
•
•

|0

|0

•
•

|0

•
•

|0

|0

Fig. A.4 Decomposition of a generalized 6-qubit Toffoli gate into Toffoli gates. This decomposition
can be easily extended for generalized Toffoli gates with any number of control qubits

Exercise A.23. Let f be a function with domain {0, 1}n and codomain {0, 1}m .
Consider a 2-register quantum computer with n and m qubits, respectively. Function
f can be implemented by using operator U f defined in the following way:
U f |x |y = |x |y ⊕ f (x) ,
where x has n bits, y has m bits, and ⊕ is the binary sum (bitwise xor).
1. Show that U f is a unitary operator for any f .
2. If n = m and f is injective, show that f can be implemented on a 1-register
quantum computer with n qubits.
Exercise A.24. Show that the circuits of Fig. A.4 are equivalent. Find the number
of universal gates in the decomposition of a generalized Toffoli gate with n 1 empty
controls and n 2 full controls. Find the depth of the circuit.
Exercise A.25. Show that the controlled Hadamard C(H ) can be decomposed into
universal gates as depicted in the following circuit.
•
H

•

=
T†

T†

H

T†

T

H

T

T

Further Reading
There are many good books on linear algebra. For an initial contact, Refs. [24, 28,
200, 305] are good options; for a more advanced approach, Refs. [148, 150, 199] are
good options; for those who have mastered the basics and are only interested in the
application of linear algebra to quantum computation, Ref. [248] is recommended,
especially for the decomposition of unitary gates into universal gates. Linear algebra
for quantum algorithms is addressed in [209]. The Dirac notation is clearly and
comprehensively presented in [287].

Appendix B

Graph Theory for Quantum Walks

Graph theory is a large area of mathematics with a wide range of applications,
especially in computer science. It is impossible to overstate the importance of graph
theory for quantum walks. In fact, graph theory for quantum walks is as important
as linear algebra for quantum computation.
In the quantum walk setting, the graph represents positions and directions for the
walker’s shift. It is not mandatory to use the graph vertices as the walker’s position.
Any interpretation is accepted if it employs the graph structure so that the physical
meaning reflects the graph components. For example, it makes no sense to have a
quantum walk model in which the walker can jump over some vertices, for instance,
a model on the line in which the walker can jump from vertex 1 to vertex 3, skipping
vertex 2. If it is allowed to jump from vertex 1 to vertex 3, it means that there is an
edge or arc linking vertex 1 to vertex 3 and the underlying graph is not the line.
A solid basis on graph theory is required to understand the area of quantum walk.
This appendix focuses on the main definitions of graph theory used in this work with
some brief examples and should not be used as the first contact with graph theory.
At the end of this appendix, introductory and advanced references for starters and
for further reading are given.

B.1

Basic Definitions

A simple graph (V, E) is defined by a set V ( ) of vertices or nodes and a set
E( ) of edges so that each edge links two vertices and two vertices are linked by
at most one edge. Two vertices linked by an edge are called adjacent or neighbors.
The neighborhood of a vertex v ∈ V , denoted by N (v), is the set of vertices adjacent
to v. Two edges that share a common vertex are also called adjacent. A loop is an
edge whose endpoints are equal. Multiple edges are edges having the same pair of
endpoints. A simple graph has no loops nor multiple edges. In simple graphs, the
edges can be named by the endpoints like an unordered set {v, v  }, where v and v 
are vertices.
© Springer Nature Switzerland AG 2018
R. Portugal, Quantum Walks and Search Algorithms, Quantum Science
and Technology, https://doi.org/10.1007/978-3-319-97813-0
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The degree of vertex v is the number of edges incident to the vertex and is denoted
by d(v). The maximum degree is denoted by ( ), and the minimum degree is
denoted by δ( ). A graph is d-regular if all vertices have degree d, that is, each
vertex has exactly d neighbors. The handshaking lemma states that every graph has
an even number of vertices with odd degree, which is a consequence of the degree
sum formula

d(v) = 2|E|.
v∈V

A path is a list v0 , e1 , v1 , . . . , ek , vk of vertices and edges such that edge ei has
endpoints vi−1 and vi . A cycle is a closed path.
A graph is connected when there is a path between every pair of vertices; otherwise
it is called disconnected. An example of connect graph is the complete graph, which
denoted by K N where N is the number of vertices, and is a simple graph in which
every pair of distinct vertices is connected by an edge.
A subgraph  (V  , E  ), where V  ⊂ V and E  ⊂ E, is an induced subgraph of
(V, E) if it has exactly the edges that appear in over the same vertex set. If
two vertices are adjacent in , they are also adjacent in the induced subgraph. It is
common to use the term subgraph in place of induced subgraph.
A graph is H -free if has no induced subgraph isomorphic to graph H . Take
for instance a diamond graph, which is a graph with four vertices and five edges
consisting of a K 4 minus one edge or two triangles sharing a common edge. A graph
is diamond-free if no induced subgraph is isomorphic to a diamond graph.
The adjacency matrix M of a simple graph (V, E) is the symmetric square
matrix whose rows and columns are indexed by the vertices and whose entries are

Mvv =

1, if {v, v  } ∈ E( ),
0, otherwise.

The Laplacian matrix L of a simple graph (V, E) is the symmetric square matrix
whose rows and columns are indexed by the vertices and whose entries are

L vv

⎧

⎪
⎨d(v), if v = v ,
= −1, if {v, v  } ∈ E( ),
⎪
⎩
0, otherwise.

Note that L = D − A, where D is the diagonal matrix whose rows and columns
are indexed by the vertices and whose entries are Dvv = d(v)δvv . The symmetric
normalized Laplacian matrix is defined as L sym = D −1/2 L D −1/2 .
Most of the times in this book, the term graph is used in place of simple graph.
We also use the term simple graph to stress that the graph is undirected and has no
loops nor multiple edges.
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Multigraph

A multigraph is an extension of the definition of graph that allows multiple edges.
Many books use the term graph as a synonym of multigraph. In a simple graph, the
notation {v, v  } is an edge label. In a multigraph, {v, v  } does not characterize an
edge and the edges can have their own identity or not. For quantum walks, we need
to give labels for each edge (each one has its own identity). Formally, an undirected
labeled multigraph G(V, E, f ) consists of a vertex set V , an edge multiset E, and
an injective function f : E → , whose codomain  is an alphabet for the edge
labels.

B.3

Bipartite Graph

A bipartite graph is a graph whose vertex set V is the union of two disjoint sets
X and X  so that no two vertices in X are adjacent and no two vertices in X  are
adjacent. A complete bipartite graph is a bipartite graph such that every possible
edge that could connect vertices in X and X  is part of the graph and is denoted by
K m,n , where m and n are the cardinalities of sets X and X  , respectively. K m,n is the
graph that V (K ) = X ∪ X  and E(K ) = {{x, x  } : x ∈ X, x  ∈ X  }.
Theorem B.1. (König) A graph is bipartite if and only if it has no odd cycle.

B.4

Intersection Graph

Let {S1 , S2 , S3 , . . .} be a family of sets. The intersection graph of this family of
sets is a graph whose vertices are the sets and two vertices are adjacent if and only
if the intersection of the corresponding sets is nonempty, that is, G(V, E) is the
intersection graph of family {S1 , S2 , S3 , . . .} if V = {S1 , S2 , S3 , . . .} and E(G) =
{{Si , S j } : Si ∩ S j = ∅} for all i = j.

B.5

Clique, Stable Set, and Matching

A clique is a subset of vertices of a graph such that its induced subgraph is complete.
A maximal clique is a clique that cannot be extended by including one more adjacent
vertex, that is, it is not contained in a larger clique. A maximum clique is a clique of
maximum possible size. A clique of size d is called a d-clique. A set with one vertex
is a clique. Some references in graph theory use the term “clique” as synonym of
maximal clique. We avoid this notation here.
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A clique partition of a graph is a set of cliques of that contains each edge of
exactly once. A minimum clique partition is a clique partition with the smallest
set of cliques. A clique cover of a graph is a set of cliques of that contains each
edge of at least once. A minimum clique cover is a clique cover with the smallest
set of cliques.
A stable set is a set of pairwise nonadjacent vertices.
A matching M ⊆ E is a set of edges without pairwise common vertices. An edge
m ∈ M matches the endpoints of m. A perfect matching is a matching that matches
all vertices of the graph.

B.6

Graph Operators

Let C be the set of all graphs. A graph operator O : C −→ C is a function that maps
an arbitrary graph G ∈ C to another graph G  ∈ C.

B.6.1

Clique Graph Operator

A clique graph K ( ) of a graph is a graph such that every vertex represents
a maximal clique of and two vertices of K ( ) are adjacent if and only if the
underlying maximal cliques in share at least one vertex in common.
The clique graph of a triangle-free graph G is isomorphic to the line graph of G.

B.6.2

Line Graph Operator

A line graph (or derived graph or interchange graph) of a graph (called root
graph) is another graph L( ) so that each vertex of L( ) represents an edge of
and two vertices of L( ) are adjacent if and only if their corresponding edges share
a common vertex in .
The line graph of a multigraph is a simple graph. On the other hand, given a simple
graph G, it is possible to determine whether G is the line graph of a multigraph H ,
for instance, via the following theorems:
Theorem B.2. (Bermond and Meyer) A simple graph G is a line graph of a multigraph if and only if there exists a family of cliques C in G such that
1. Every edge {v, v  } ∈ E(G) belongs to at least one clique ci ∈ C.
2. Every vertex v ∈ V (G) belongs to exactly two cliques ci , c j ∈ C.
A graph is reduced from a multigraph if the graph is obtained from a multigraph
by merging multiple edges into single edges.
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Theorem B.3. (Bermond and Meyer) A simple graph is a line graph of a multigraph
H if and only if the graph reduced from H is the line graph of a simple graph.
It is possible to determine whether G is the line graph of a bipartite multigraph
via the following theorem.
Theorem B.4. (Peterson) A simple graph G is a line graph of a bipartite multigraph
if and only if K (G) is bipartite.

B.6.3

Subdivision Graph Operator

A subdivision (or expansion) of a graph G is a new graph resulting from the subdivision of one or more edges in G. The barycentric subdivision subdivides all
edges of the graph or a multigraph and produces a new bipartite simple graph. If
the original graph is G(V, E), the barycentric subdivision generates a new graph
B S(G) = (V  , E  ), whose vertex set is V  ( ) = V (G) ∪ E(G) and an edge {v, e},
where v ∈ V and e ∈ E, belongs to E  ( ) if and only if v is incident to e.

B.6.4

Clique–Insertion Operator

The clique–insertion operator replaces each vertex v of a graph G by a maximal
d(v)-clique, creating a new graph C I (G). Figure B.1 shows an example of a clique
insertion, which replaces a vertex of degree 5 by a 5-clique. Note that the new clique
is a maximal clique. Using the degree sum formula, the number of vertices of the
clique–inserted graph is |V (C I (G))| = 2|E(G)|.
There is a relation between the clique–inserted graph and the line graph of the
subdivision graph (called para-line graph).

Fig. B.1 Example of a clique insertion. A degree-5 vertex (left-hand graph) is replaced by a 5-clique
(right-hand graph)
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Theorem B.5. (Sampathkumar) The para-line graph of G is isomorphic to the
clique–inserted graph C I (G).

B.7

Coloring

A coloring of a graph is a labeling of the vertices with colors so that no two vertices
sharing the same edge have the same color. The smallest number of colors needed to
color a graph is called chromatic number, denoted by χ ( ). A graph that can be
assigned a coloring with k colors is k-colorable and is k-chromatic if its chromatic
number is exactly k.
Theorem B.6. (Brooks) χ ( ) ≤ ( ) for a graph , unless
or an odd cycle.

is a complete graph

The complete graph with N vertices has χ ( ) = N and ( ) = N − 1. Odd
cycles have χ ( ) = 3 and ( ) = 2. For these graphs the bound χ ( ) ≤ ( ) + 1
is the best possible. In all other cases, the bound χ ( ) ≤ ( ) is given by Brooks’
theorem.
The concept of coloring can be applied to the edge set of a loop free graph. An
edge coloring is a coloring of the edges so that no vertex is incident to two edges of
the same color. The smallest number of colors needed for an edge coloring is called
the chromatic index or edge-chromatic number, denoted by χ  ( ).
Theorem B.7. (Vizing) A graph of maximal degree ( ) has edge-chromatic
number ( ) or ( ) + 1, that is, ( ) ≤ χ  ( ) ≤ ( ) + 1.
Since at least ( ) colors are always necessary for edge coloring, the set of
all graphs may be partitioned into two classes: (1) class 1 graphs for which ( )
colors are sufficient and (2) class 2 graphs for which ( ) + 1 colors are necessary.
Examples of graphs in class 1 are: complete graphs K N for even N , bipartite graphs.
Examples of graph in class 2 are: regular graphs with an odd number of vertices
N > 1 (includes complete graphs K N for odd N ≥ 3), Petersen graph. To determine
whether an arbitrary graph is in class 1 is NP-complete. There are asymptotic results
in literature showing that the proportion of graphs in class 2 is very small.
Given a graph in class 2, we describe two ways to modify the graph in order
to create a new graph in class 1: (1) Add a leaf to each vertex of , or (2) make an
identical copy of and add edges connecting the pairs of identical vertices.

B.8

Diameter

The geodesic distance (simply distance) between two vertices in graph G(V, E) is
the number of edges in a shortest path connecting them. The eccentricity (v) of a
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vertex v is the greatest geodesic distance between v and any other vertex, that is, it is
how far a vertex is from the vertex most distant from it in the graph. The diameter d
of a graph is d = maxv∈V (v), that is, it is the maximum eccentricity of any vertex
in the graph or the greatest distance between any pair of vertices.

B.9

Directed Graph

A directed graph or digraph G is defined by a vertex set V (G), an arc set A(G), and
a function assigning each arc an ordered pair of vertices. We use the notation (v, v  )
for an ordered pair of vertices, where v is the tail and v  is the head, and (v, v  ) is
called directed edge or simply arc. A digraph is a simple digraph if each ordered
pair is the head and tail of at most one arc. The underlying graph of a digraph G is
the graph obtained by considering the arcs of G as unordered pairs.
If (v, v  ) and (v  , v) are in A(G), the set with (v, v  ) and (v  , v) is called a pair
of symmetric arcs. A symmetric directed graph G or symmetric digraph is a digraph
whose arc set comprises pairs of symmetric arcs, that is, if (v, v  ) ∈ A(G), then
(v  , v) ∈ A(G). Figure B.2 depicts an example of a symmetric digraph G and its
underlying simple graph H .
The outdegree d + (v) is the number of arcs with tail v. The indegree d − (v) is the
number of arcs with head v. The definitions of out-neighborhood, in-neighborhood,
minimum and maximum indegree and outdegree are straightforward generalizations
of the corresponding undirected ones. A local sink or simply sink is a vertex with
outdegree zero, and a local source or simply source is a vertex with indegree zero.
A global sink is a vertex which is reached by all other vertices. A global source A is
a vertex which reaches all other vertices.
A directed cycle graph is a directed version of a cycle graph, where all edges are
oriented in the same direction. A directed acyclic graph is a finite directed graph with
no directed cycles. The moral graph of a directed acyclic graph G is a simple graph
that is obtained from the underlying simple graph of G by adding edges between all
pairs of vertices that have a common child (in G).

Fig. B.2 Example of a symmetric digraph G and its underlying simple graph H
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Some Named Graphs
Johnson Graphs

Let [N ] be the set {1, . . . , N }. There are Nk k-subsets of [N ], where a k-subset
is a subset of [N ] with k elements. Let us define the Johnson graph J (N , k). The
vertices of J (N , k) are the k-subsets of [N ], and two vertices are adjacent if and only
if their intersection has size (k − 1). If k = 1, J (N , 1) is the complete graph K N .
J (N , k) and J (N , N − k) are the same graphs after renaming the vertices. J (N , k)
is a regular graph with degree k (N − k). The diameter of J (N , k) is min(k, N − k).

B.10.2

Kneser Graphs

Let [N ] be the set {1, . . . , N }. A k-subset is a subset of [N ] with k elements. The
Kneser graph KG N ,k is the graph whose vertices are the k-subsets, and two vertices
are adjacent if and only if the two corresponding sets are disjoint. If k = 1, KG N ,1 is
the complete graph K N . KG N ,k is a regular graph with degree N k−k . The diameter
of KG N ,k is (k − 1)/(N − 2k) + 1. The Petersen graph, depicted in Fig. B.3, is
a Kneser graph KG5,2 . It is in class 2 because it is 3-regular and its edge-chromatic
number is 4.

B.10.3

Cayley Graphs

A Cayley graph (G, S) encodes the structure of a group G described by a generating
set S in the context of abstract algebra.
Definition B.8. A group is a nonempty set G together with a binary operation ·
(called product), which satisfies the following requirements:
• (Closure) For all a, b in G, a · b is also in G.
• (Associativity) For all a, b, c in G, (a · b) · c = a · (b · c).

Fig. B.3 Petersen graph
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• (Identity) There exists an identity element e in G such that, for every element a in
G, a · e = e · a = a.
• (Inverse) For each a in G, there exists an element b in G, such that a · b = b · a = e,
where e is the identity element. Element b is denoted by a −1 .
The order of a group is its number of elements. A group is finite if its order is
finite. A group is commutative or abelian if the binary operation is commutative. A
generating set of a group G is a subset S ⊂ G such that every element of G can be
expressed as the product of finitely many elements of S and their inverses. From now
on, we suppose that S is finite. S is called symmetric if S = S −1 , that is, whenever
s ∈ S, s −1 is also in S.
A subgroup of a group G is a subset H of G such that H is a group with the same
product operation of G. No proper subgroup of group G can contain a generating set
of G.
The Cayley graph (G, S) is a directed graph defined as follows. The vertex set
V ( ) is G, and the arc (a, b) is in A( ) if and only if b = a · s for some s ∈ S,
where a, b ∈ G.
If S is symmetric and e = S, the Cayley graph (G, S) is a |S|-regular simple
graph. It is a difficult problem to decide whether a Cayley graph of a group described
by a symmetric generating set is in class 1 or class 2. There is a remarkable conjecture
studied over decades:
Conjecture B.9. (Stong) All undirected Cayley graphs of groups of even order are
in class 1.
Further Reading
Graph theory has many applications, and it is easy to get lost and waste time after
taking some wrong direction. No danger comes from those introductory books [53,
139, 314, 326]. Before starting to read an advanced book, check whether it is really
necessary to go further. In the context of quantum walks, the survey [58] is useful. Harary’s book [138] is excellent (there is a new edition by CRC Press). Other
suggestions are [75, 102, 121]. Wikipedia (English version) is an excellent place to
obtain quickly the definition or the main properties of a concept in graph theory, and
http://www.graphclasses.org is a Web site used by researchers in graph
theory. Some results compiled in this Appendix are described in papers [259, 289,
304, 318, 347].

Appendix C

Classical Hitting Time

Consider a connected, nondirected, and non-bipartite graph Γ (X, E), where X =
{x1 , . . . , xn } is the vertex set and E is the edge set. The hitting time of a classical
random walk on this graph is the expected time for the walker to reach a marked
vertex for the first time, once given the initial conditions. We may have more than
one marked vertex defined by a subset M ∈ X . In this case, the hitting time is the
expected time for the walker to reach a vertex in M for the first time.
If px x  (t) is the probability of the walker to reach x  for the first time at time t
having left x at t = 0, the hitting time from vertex x to x  is
Hx x  =

∞


t px x  (t).

(C.1)

t=0

Define Hx x = 0 when the departure and arrival vertices are the same.
For example, the probability px x  (t) at time t = 1 when x = x  for the complete
graph with n vertices is 1/(n − 1), because the walker has n − 1 possible vertices
to move in the first step. To arrive at vertex x  at time t = 2 for the first time, the
walker must visit one of n − 2 vertices different from x and x  . The probability
is (n − 2)/(n − 1). After this visit, it must go directly to vertex x  , which occurs
with probability 1/(n − 1). Therefore, px x  (2) = (n − 2)/(n − 1)2 . Generalizing
this argumentation, we obtain px x  (t) = (n − 2)t−1 /(n − 1)t . Then,
Hx x  =
Using the identity

∞
t=0

∞

(n − 2)t−1
t
.
(n − 1)t
t=0

tα t = α/(1 − α)2 , which is valid for 0 < α < 1, we obtain
Hx x  = n − 1.

(C.2)

Usually, the hitting time depends on x and x  , but the complete graph is an exception.
In the general case, Hx x  can be different from Hx  x .
© Springer Nature Switzerland AG 2018
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The notion of hitting time from a vertex to a subset can be formalized as follows:
Suppose that M is a nonempty subset of X with cardinality m and define px M (t) as
the probability that the walker reaches any of the vertices in M for the first time at
time t having left x at t = 0. The hitting time from x to M is
Hx M =

∞


t px M (t).

(C.3)

t=0

Again, we define Hx M = 0 if x ∈ M.
Let us use an extended notion of hitting time when the walker starts from a
probability distribution. In the former case, the probability to depart from vertex x
is 1 and the probability to depart from any other vertex is 0. Suppose that the walker
starts with a distribution σ , that is, at the initial time the probability of the walker to
be at vertex x is σx . The most used initial distributions are the uniform distribution
which is defined ahead. In any case, the
σx = 1/n and the stationary distribution,

initial distribution must satisfy x∈X σx = 1. The hitting time from σ to M is
Hσ M =



σx Hx M .

(C.4)

x∈X

That is, Hσ M is the expected value of the hitting time Hx M from x to M weighted
with distribution σ .
Exercise C.1. Show that for the complete graph
Hx M =

n−1
m

if x ∈
/ M.
Exercise C.2. Show that for the complete graph
Hσ M =

(n − m)(n − 1)
mn

if σ is the uniform distribution. Why Hσ M ≈ Hx M for n  m?

C.1

Hitting Time Using the Stationary Distribution

Equations (C.1) and (C.3) are troublesome for the practical calculation of the hitting
time of random walks on graphs. Fortunately, there are alternative methods. The
best-known method uses a recursive method. Let us illustrate this method using the
complete graph. We want to calculate Hx x  . The walker departs from x and moves
directly to x  with probability 1/(n − 1) spending one time unit. With probability
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(n − 2)/(n − 1), the walker moves to vertex x  different from x  and therefore it
spends one time unit plus the expected time to go from x  to x  , which is Hx x  . We
have established the following recursive equation:
n−2
1
+
1 + Hx x  ,
n−1 n−1

Hx x  =

(C.5)

the solution of which is equal to (C.2).
This method works for an arbitrary graph. If Vx is the neighborhood of x, the
cardinality of Vx is the degree of x denoted by d(x). To help this calculation, we
assume that the distance between x and x  is greater than 1. So, the walker will depart
from x and will move to the neighboring vertex x  with probability 1/d(x) spending
one time unit. Now, we must add this result to the expected time to move from x  to
x  . This has to be performed for all vertices x  in the neighborhood of x. We obtain
Hx x  =

1 
1 + Hx  x  .
d(x) x  ∈V

(C.6)

x

Equation (C.5) is a special case of (C.6), because for the complete graph d(x) = n − 1
and Hx  x  = Hx x  unless x  = x  . The case x  = x  generates the first term in (C.5).
The remaining n − 2 cases generate the second term. This shows that (C.6) is general
and the distance between x and x  need not be greater than 1. However, we cannot
take x = x  (distance 0) since the left-hand side is zero and the right-hand side is not.
The goal now is to solve (C.6) in terms of the hitting time Hx x  . This task is
facilitated if (C.6) is converted to the matrix form. If H is a square n-dimensional
matrix with entries Hx x  , the left-hand side will be converted into H and the righthand side must be expanded. Using that
!
px x  =

1
,
d(x)

0,

if x  is adjacent to x;
otherwise,

(C.7)

we obtain the following matrix equation:
H = J + P H + D,

(C.8)

where J is a matrix with all entries equal to 1, P is the right stochastic matrix, and
D is a diagonal matrix that should be introduced to validate the matrix equation for
the diagonal elements. P is also called transition matrix or probability matrix, as we
have discussed in Chap. 3.
The diagonal matrix D can be calculated using the stationary distribution π ,
which is the distribution that satisfies equation π T · P = π T . It is also called limiting
or equilibrium distribution. For connected, nondirected, and non-bipartite graphs
Γ (X, E), there is always a limiting distribution. By left multiplying (C.8) by π T , we
obtain
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Dx x = −

1
,
πx

where πx is the xth entry of π .
Equation (C.8) can be written as (I − P)H = J + D. When we try to find H
using this equation, we deal with the fact that (I − P) is a noninvertible matrix,
because 1 is a 0-eigenvector of (I − P), where 1 is the vector with all entries equal
to 1. This means that equation (I − P)X = J + D has more than one solution X .
In fact, if matrix X is a solution, then X + 1 · v T is also a solution for any vector v.
However, having at hand a solution X of this equation does not guarantee that we
have found H . There is a way to verify whether X is a correct solution by using that
Hx x must be zero for all x. A solution of equation (I − P)X = J + D is
X = I − P + 1 · πT

−1

(J + D),

(C.9)

as can be checked by solving Exercise C.3. Now we add a term of type 1 · v T to
cancel out the diagonal entries of X , and we obtain
H = X − 1 · vT ,

(C.10)

where the entries of vector v are the diagonal entries of X , that is, vx = X x x .
Exercise C.3. Let
M = I − P + 1 · πT .
1. Show that M is invertible.
2. Using equations π T · P = π T , P · 1 = 1, and
M

−1

=

∞


(I − M)t ,

t=0

show that
M −1 = 1 · π T +

∞


Pt − 1 · π T .

t=0

3. Show that solution (C.9) satisfies equation (I − P)X = J + D.
4. Show that matrix H given by (C.10) satisfies Hx x = 0.
Exercise C.4. Find the stochastic matrix of the complete graph with n vertices.
Using the fact that the stationary distribution is uniform in this graph, find matrix X
using (C.9) and then find matrix H using (C.10). Check the results with (C.2).
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Hitting Time Without the Stationary Distribution

There is an alternative method for calculating the hitting time that does not use the
stationary distribution. We describe the method using Hσ M as defined in (C.4). The
vertices in M are called marked vertices. Consider the symmetric digraph whose
underlying graph is Γ (X, E). Now we define a modified digraph, which is obtained
from the symmetric digraph by converting all arcs leaving the marked vertices into
loops, while maintaining unchanged the incoming ones. This means that if the walker
reaches a marked vertex, the walker will stay there forever. To calculate the hitting
time, the original undirected graph and the modified digraph are equivalent. However, the stochastic matrices are different. Let us denote the stochastic matrix of the
modified graph by P  , whose entries are
px y =

!

/ M;
px y , x ∈
δx y , x ∈ M.

(C.11)

What is the probability of finding the walker in X \M at time t before visiting M?
Let σ (0) be the initial probability distribution on the vertices of the original graph
viewed as a row vector. Then, the distribution after t steps is
σ (t) = σ (0) · P t .

(C.12)

Let 1 be the column n-vector with all entries equal to 1. Define 1 X \M as the column
n-vector with n − m entries equal to 1 corresponding to the vertices that are in X \M
and m entries equal to zero corresponding to the vertices are in M. The probability
of finding the walker in X \M at time t is σ (t) · 1 X \M . However, this expression is not
useful for calculating the hitting time, because the walker has already visited M. We
want to find the probability of the walker being in X \M at time t having not visited
M. This result is obtained if we use matrix P  instead of P in (C.12). In fact, if the
evolution is driven by matrix P  and the walker has visited M, it remains imprisoned
in M forever. Therefore, if the walker is found in X \M, it has certainly not visited
M. The probability of finding the walker in X \M at time t without having visited
M is σ (0) · (P  )t · 1 X \M .
In (C.3), we have calculated the average time to reach a marked vertex for the
first time employing the usual formula for calculating weighted averages. When the
variable t assumes nonnegative integer values, there is an alternative formula for
calculating this average. This formula applies to this context because time t is the
number of steps. Let T be the number of steps to reach a marked vertex for the first
time, and let p(T ≥ t) be the probability of reaching M for the first time for any
number of steps T equal to or greater than t. If the initial condition is distribution σ ,
the hitting time can be equivalently defined by formula
Hσ M =

∞

t=1

p(T ≥ t).

(C.13)
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To verify the equivalence of this new formula with the previous one, note that
∞


p(T ≥ t) =

p(T = j),

(C.14)

j=t

where p(T = t) is the probability of reaching M for the first time with exactly t
steps. Using (C.14) and (C.13), we obtain
Hσ M =

j
∞ 


p(T = j)

j=1 t=1

=

∞


j p(T = j).

(C.15)

j=1

This last equation is equivalent to (C.3).
We can give another interpretation for probability p(T ≥ t). If the walker reaches
M at T ≥ t, then in the first t − 1 steps it will still be in X \M, that is, it will be on one
of the unmarked vertices without having visited M. We have learned in a previous
paragraph that the probability of the walker being in X \M at time t without having
visited M is σ (0) · (P  )t−1 · 1 X \M . Then,
p(T ≥ t) = σ (0) · (P  )t−1 · 1 X \M .

(C.16)

Define PM as a square (n − m)-matrix obtained from P by deleting the rows and
columns corresponding to vertices of M. Define σ M and 1 M using the same procedure.
Analyzing the entries that do not vanish after multiplying the matrices on the righthand side of (C.16), we conclude that
p(T ≥ t) = σ M(0) · PMt−1 · 1 M .

(C.17)

Using the above equation and (C.13), we obtain
Hσ M =

σ M(0)

·

∞



PMt

· 1M

t=0

= σ M(0) · I − PM

−1

· 1M .

(C.18)

Matrix (I − PM ) is always invertible for connected, nondirected, and non-bipartite
graphs. This result follows from the fact that 1 is not an eigenvector of PM , and hence
(I − PM ) has no eigenvalue equal to 0.
The strategy used to obtain (C.18) is used to define the quantum hitting time in
Szegedy’s model.
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Exercise C.5. Use (C.18) to find the hitting time of a random walk on the complete
graph with n vertices, and compare the results with Exercises C.1 and C.2.
Further Reading
The classical hitting time is described in many references, for instance, [11, 215, 235,
245]. The last chapter of [235] describes in detail the Perron–Frobenius theorem,
which is important in the context of this appendix.
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278. Rodrigues, J., Paunković, N., Mateus, P.: A simulator for discrete quantum walks on lattices.
Int. J. Mod. Phys. C 28(04), 1750055 (2017)
279. Rohde, P.P., Fedrizzi, A., Ralph, T.C.: Entanglement dynamics and quasi-periodicity in discrete quantum walks. J. Modern Opt. 59(8), 710–720 (2012)
280. Romanelli, A., Siri, R., Abal, G., Auyuanet, A., Donangelo, R.: Decoherence in the quantum
walk on the line. Phys. A 347, 137–152 (2005)
281. Ronke, R., Estarellas, M.P., D’Amico, I., Spiller, T.P., Miyadera, T.: Anderson localisation in
spin chains for perfect state transfer. Eur. Phys. J. D 70(9), 189 (2016)
282. Rosmanis, A.: Quantum adversary lower bound for element distinctness with small range.
Chic. J. Theor. Comput. Sci. 4, 2014 (2014)
283. Rossi, M.A.C., Benedetti, C., Borrelli, M., Maniscalco, S., Paris, M.G.A.: Continuous-time
quantum walks on spatially correlated noisy lattices. Phys. Rev. A 96, 040301 (2017)
284. Rudinger, K., Gamble, J.K., Bach, E., Friesen, M., Joynt, R., Coppersmith, S.N.: Comparing algorithms for graph isomorphism using discrete- and continuous-time quantum random
walks. J. Comput. Theor. Nanosci. 10(7), 1653–1661 (2013)

300

References

285. Sadgrove, M.: Quantum amplitude amplification by phase noise. Europhys. Lett. 86(5), 50005
(2009)
286. Sadowski, P., Miszczak, J.A., Ostaszewski, M.: Lively quantum walks on cycles. J. Phys. A:
Math. Theor. 49(37), 375302 (2016)
287. Sakurai, J.J., Napolitano, J.: Modern Quantum Mechanics. Addison-Wesley, Reading (2011)
288. Salas, P.J.: Noise effect on Grover algorithm. Eur. Phys. J. D 46(2), 365–373 (2008)
289. Sampathkumar, E.: On the line graph of subsivision graph. J. Karnatak Univ. Sci. 17, 259–260
(1972)
290. Santha, M.: Quantum walk based search algorithms. In: Proceedings of the 5th International
Conference, TAMC 2008, Xi’an, China, 2008, pp. 31–46. Springer, Berlin (2008)
291. Santos, R.A.M.: Szegedy’s quantum walk with queries. Quantum Inf. Process. 15(11), 4461–
4475 (2016)
292. Santos, R.A.M., Portugal, R.: Quantum hitting time on the complete graph. Int. J. Quantum
Inf. 8(5), 881–894 (2010)
293. Santos, R.A.M., Portugal, R., Boettcher, S.: Moments of coinless quantum walks on lattices.
Quantum Inf. Process. 14(9), 3179–3191 (2015)
294. Schmitz, A.T., Schwalm, W.A.: Simulating continuous-time hamiltonian dynamics by way
of a discrete-time quantum walk. Phys. Lett. A 380(11), 1125–1134 (2016)
295. Segawa, E.: Localization of quantum walks induced by recurrence properties of random walks.
J. Comput. Theor. Nanosci. 10(7), 1583–1590 (2013)
296. Shakeel, A., Meyer, D.A., Love, P.J.: History dependent quantum random walks as quantum
lattice gas automata. J. Math. Phys. 55(12), 122204 (2014)
297. Shenvi, N., Kempe, J., Whaley, K.B.: A quantum random walk search algorithm. Phys. Rev.
A 67(5), 052307 (2003)
298. Shi, H.-L., Liu, S.-Y., Wang, X.-H., Yang, W.-L., Yang, Z.-Y., Fan, H.: Coherence depletion
in the Grover quantum search algorithm. Phys. Rev. A 95, 032307 (2017)
299. Souza, A.M.C., Andrade, R.F.S.: Discrete time quantum walk on the Apollonian network. J.
Phys. A: Math. Theor. 46(14), 145102 (2013)
300. Souza, D.S., Marquezino, F.L., Lima, A.A.B.: Quandoop: a classical simulator of quantum
walks on computer clusters. J. Comput. Int. Sci. 8, 109–172 (2017)
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